(©2011 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 63, No. 2 (2011) pp. 473-502

doi: 10.2969/jmsj/06320473

Hausdorff leaf spaces for foliations of codimension one

By Szymon M. WALCZAK

(Received Aug. 18, 2009)
(Revised Jan. 29, 2010)

Abstract. We discuss the topology of Hausdorff leaf spaces (briefly the
HLS) for foliation of codimension one. After examining the connection between
HLSs and warped foliations, we describe the HLSs associated with foliations
obtained by basic constructions such as transversal and tangential gluing, spin-
ning, turbulization and suspension. We show that the HLS for any foliation
of codimension one on a compact Riemannian manifold is isometric to a finite
connected metric graph, and any finite connected metric graph is isometric to
a certain HLS. In the final part of this paper, we discuss the condition for a
sequence of warped foliations to converge the HLS.

1. Introduction.

In 1970s M. Berger has presented the concept of modification of a Riemannian
metric of S? along the fibers of the Hopf fibration. Following this concept, the
author of this paper has introduced the notion of warped foliation [11]. Later on,
the author has examined the limits of a sequence of warped compact foliations
[10] and has proposed the notion of the Hausdorff leaf space (briefly the HLS) for
a foliation on a compact Riemannian manifold.

This paper is the continuation of the research undertaken in [10]. At the
beginning, the author shows that the HLS for any foliation .# on a compact
Riemannian manifold (M, g) is the Gromov-Hausdorff limit of a sequence of warped
foliations with warping functions converging to zero on a dense subset G C M
(Section 3, Theorem 2). Next, he examines the Hausdorff leaf spaces for all natural
constructions of the foliation listed in [3]. Namely, the HLS for tangential and
transverse gluing, spinning, turbulization, and suspension are studied (Section 4).

The main results of this paper are developed in Section 5 (Theorem 9 and
Theorem 10), where the complete description of the Hausdorff leaf space for a
codim-1 foliation on a compact Riemannian manifold is presented. It is shown that
the HLS for a codim-1 foliation is isometric to a finite connected metric graph,
while for every finite connected metric graph G there exists a foliated Riemannian
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manifold (M,.%,g) such that the Hausdorff leaf space for .# is isometric to G.
Finally (Theorem 11), the necessary and sufficient condition for the sequence (f,,)
of warping function on a compact Riemannian manifold carrying foliation of codim-
1 to have a sequence of warped foliations (M}, ) converging to the Hausdorff leaf
space for the foliation .# is shown.

For the theory of foliations we refer to [3] or [6].

The author thanks Prof. Gilbert Hector from Universite Claude Bernard
Lyon-1 in France for inspiration and fruitful discussions.

2. Preliminaries.
We assume that all objects in this note are smooth (C*°).

2.1. Hausdorff leaf spaces.

It often happens that the leaf space of a foliation .# on a Riemannian manifold
(M, g) defined as a quotient space of the equivalence relation of belonging to the
same leaf of . is not a Hausdorff space [3], [6]. To see this, one can consider
the Reeb foliation on a solid torus or a number of compact foliations presented by
Sullivan [9] or Epstein and Vogt [4] as an example.

In [10], the author of this note, has proposed a definition of a metric space,
and hence a Hausdorff space, directly connected with a foliation on a Riemannian
manifold. He called it the Hausdorff leaf space (briefly the HLS). Let us now recall
the notion of it:

Let (M,.%,g) be a compact foliated manifold. Let us set

n—1
p(L, L) = inf{ > dist(L;, LM)},

i=1
where the infimum is taken over all finite sequences of leaves beginning at L1 = L
and ending at L, = L', and dist(F, F’) = inf{d(z,y) : « € F,y € F'} (see
Figure 1). Let ~ be an equivalence relation in the space of leaves .Z defined by:
L~L &p(L,L')=0, L L'e¥. (1)
Let £ =.%/~. Put
(L], [L]) = p(L, L),

where [L], [L'] € £. (£, ) is a metric space. We call it the Hausdor(f leaf space
for the foliation .% (briefly the HLS), and we denote it by HLS(.%).
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L,

L

Figure 1. The idea of p.

REMARK 1. Equivalently, the Hausdorff leaf space can be defined as follows:
Following [1], one can define in a metric space (X, d) equipped with an equivalence
relation R the quotient pseudo-metric dr as

k
dr(z,y) = inf{zd(pi,qz-) ‘pL=2,qr =Y, k€ N}-
i=1

where the infimum is taken over all sequences {p; }1<i<k, {¢i}1<i<k, k € N, such
that

(pit+1,4i) € R.

Consider a pseudometric space (X/R,dg) and identify such points for which dr
is equal to zero. Obtained metric space is called the quotient metric space.

Let (M, .%,g) be a compact foliated Riemannian manifold, and let R be the
relation of belonging to the same leaf of .#. Using R in M we get the alternative
definition.

LEMMA 2.  For every foliation F on a compact foliated Riemannian mani-
fold the HLS(F) is a length space.

PROOF. By the definition of the length metric [5], for every two points
z,y € HLS(#) and any curve ¢ : [0,1] — HLS(.%) such that ¢(0) = z, ¢(1) = y we
have p(z,y) < l(c). The opposite inequality follows directly from the definition of
the HLS. ]

2.2. Gluing metric spaces.
Following [1], we now describe how to glue length spaces.
Let (X4, ds) be a family of length spaces. Set the length metric d on a disjoint
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union IT, X, as follows:

If x,y € Xq, then d(x,y) = do(x,y); otherwise, set d(z,y) = co. The metric
d is called the length metric of disjoint union.

Now, let (X,dx) and (Y,dy) be two length spaces, while f : A — B be
a bijection between two subsets A C X and B C Y. Equip Z = X II'Y with
the length metric of disjoint union. Introduce the equivalence relation ~ as the
smallest equivalence relation containing relation generated by the relation z ~ y
iff f(x) =y. The result of gluing X and Y along f is the metric space (Z/~,d~).

2.3. Warped foliations.

As we mentioned in the introduction, in the 70-s M. Berger has presented the
concept of modification of a Riemannian metric of S% along the fibers of the Hopf
fibration. In 1969, Bishop and O’Neil in [2] have defined the warped product of
two manifolds. Extending these two notions, the author of this paper has defined
in [11] the notion of warped foliation [10], [11] as a modification of a Riemannian
structure conformally along the leaves of a foliation. The Hausdorff leaf space for
warped foliations will be the main topic of our interest in Section 3. The results
of Section 3 will be used as a tool in Sections 4 and 5.

Let (M,.%,g) be a smoothly foliated Riemannian manifold and f : M —
(0,00) be a smooth basic function on M, i.e. a smooth function constant along
the leaves of .#. We modify the Riemannian structure g to g in the following
way: g¢(v,w) = f2g(v,w) while both v,w are tangent to the foliation .Z, but if
at least one of vectors v, w is perpendicular to # then we set gs(v, w) = g(v, w).
The foliated Riemannian manifold (M, .#, gs) is called here the warped foliation
and denoted by My. The function f is called the warping function.

2.4. Gromov-Hausdorff convergence.

Recall the notion of the Gromov-Hausdorff convergence [5]. Let (X, dx) and
(Y,dy) be arbitrary compact metric spaces. The distance of X and Y can be
defined as

deu(X,Y) = inf{du(X,Y)},

where d ranges over all admissible metrics on the disjoint union X I1Y, i.e. d is
an extension of dx and dy, while dy denotes the Hausdorff distance. The number
deu(X,Y) is called the Gromov-Hausdorff distance of metric spaces X and Y.

THEOREM 1. dgp(X,Y) =0 iff (X,dx) is isometric to (Y,dy). O
The Gromov Lemma (below) will be used widely throughout this paper.

LEMMA 3. Let (X,dx) and (Y,dy) be arbitrary compact metric spaces, and
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let
A={$1,...71'k}CX7
B:{yl,...,yk}CY

be e-nets satisfying for all 1 <1, j <k the condition
|dx (i, z5) — dy (yi, y;)| < e.

Then dgp(X,Y) < 3e. O

3. Convergence theorem.

Consider a sequence (fn)nen, fn : M — (0,00), of warping functions on a
compact foliated Riemannian manifold (M, .%#, g). One can ask, how does the limit
in the Gromov-Hausdorff topology of a sequence of warped foliations (My, )nen
look like. Let G C M be a dense saturated subset (i.e. a dense subset which is
the sum of leaves).

THEOREM 2.  For an arbitrary compact foliated manifold (M, %, g) and any
sequence (fr)nen, fn: M — (0,1), of warping functions on M converging to zero
on G, the Gromov-Hausdorff limit of a sequence of warped foliations is isometric
to HLS(.%).

Before we present a proof of the above Theorem, we should show that a
conformal modification of a Riemannian structure in the direction tangent to .%#
(warping) does not change the Hausdorff leaf space. This is true because the
distance p defined by the formula (1) can be approximated by the length of curves
which are “almost perpendicular to the foliation” (see Figure 2). Readers, who
are not familiar with the methods of the Gromov-Hausdorff topology can omit
following proofs and continue reading of Section 4.

We say that two metric structures g and ¢’ on a compact foliated Riemannian
manifold (M,.Z) coincide on the orthogonal bundle F* if every vector v perpen-
dicular to .% in g is perpendicular in ¢’ and vice versa, and g(v,w) = ¢’ (v, w) for
any vectors v, w perpendicular to .# either in g or g'.

LEMMA 4. Let g and g’ be any Riemannian structures on M which coincide
on the orthogonal bundle F+. Then

1

™
Il

where p and p' are defined by (1).
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Figure 2. The idea for proofs of Lemma 4 and Theorem 2.

PROOF. Since M is compact, we can assume that g < C - ¢’ for a certain
constant C' > 1. Let p and p’ be pseudometrics given by

n—1
p(L, L") = inf{ Z dist(L;, Li+1)},

i=1

n—1
pl(L, L/) = inf { Z diSt/(LZ‘, Li+1)},

i=1

where dist and dist’ denote the distance of the leaves defined by ¢ and g¢’, re-
spectively. Denote by I(y) (I'(y)) the g-length (¢’-length) of a curve 7. Since the
geometry of M is bounded, then for every € > 0 there exists § > 0 and A > 0 such
that for every smooth curve v : [0,1(y)] — M parametrized naturally satisfying

1. 4(0) is perpendicular to %,
2. the g’-length I’(y) is smaller than ¢,
3. the g’-geodesic curvature |ky/ ()| is smaller than A,

the g-length of the component tangent to .# satisfies
HT‘ < e.
Let € >0, L, L' € % be such that d = dist’(L, L') < 6. Let v:[0,'(y)] — M be a

curve with y(0) € L, y(I'(y)) € L’ such that its length in ¢’ satisfies d <1'(y) < 4.
We have
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dist(L, L) gzw):/ 1] s/ W|+/ kal
[0, (7)] [0, ()] [0, (7)]

<coreer [ <0091,
[0, (v)]

Since v was chosen arbitrarily, we conclude that

dist(L, L') < (1 + Ce) - dist' (L, L).

Now, for every sequence of leaves Lq,...,L, such that L1 = L, L, = L' and
satisfying

n—1

> dist'(Li, Li1) < p/(L, L)) + ¢,

i=1

and such that dist'(L;, L;11) < d for all i € {1,...,n — 1}, we obtain

n—1 n—1

p(L, L) <Y " dist(L;, Liy1) < (14 Ce) - < > dist! (L, Lm))
< (1+Ce)-(p(L, L") +e).

Tending with € to zero we get that p < p’. Consequently p < p’. Similarly, we can
show that p' < p. O

We now turn to a proof of Theorem 2. The idea of a proof is to find, for given
€ > 0, two e-nets in My, and HLS(F) satisfying the condition of Lemma 3.

Denote by 7 : M — HLS(%) the natural projection given by m(x) = [Ly]~,
where ~ is the equivalence relation defined in Section 2.1.

PrROOF. Let € > 0 and let {z1,...,2} be an emnet on M contained in G.
Let 4,5 € {1,...,k}. Choose a family of leaves F = {F’, .. .,Fg} such that
L,, :Féj, Ly, :Fg, Fii C G for any 0 <v < 6{, and

871
> dist (F7,F2) < p(n(La,),m(La,)) +e.
v=0

Consider a family of curves
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/Yéja-'w’y(gil : [07 1] - M

satisfying 7% (0) € F¥, 4 (1) € FEHV and

§7-1
S 1) < p(n(La,), m(La,)) + 2e. (2)
v=0

Let 0 = max{c;g }. Since f, — 0 on G, and the number of leaves involved in
sets F¥_ 4.5 =1,...,k, is finite, there exists N € IN such that for any n > N,
i,j€{l,....k} and v € {0,...,6] — 1} we have

IN

dy, i (77 (1),7741(0))

dn,Féj (xi’ Pyéj (0))

IN IN

Sl Sl S
—
w
S~—

- ij .
dn,F;§71 (75371(1)7 .%‘j)

where d,, p is the distance on the leaf F' induced from the Riemannian metric
fa(F)g |F.

Let us pick one point in each {xy,...,zx} N7 Y (7w(x;)), i = 1,..., k. We
obtain a set {y1,...,¥m} (m < k) with the property n(y;) # m(y;) iff i # j.

Let n > N. Direct calculation shows that the points y1, ...,y form a 4e-net
on (M, gy, ). Moreover, by (2) and (3),

(i ) < p(m(Ly,),w(Ly,)) + 3e,
where d,, is a metric on M defined by the Riemannian structure gy, (see Sec-

tion 2.3). Denote by 5, the metric defined by gy, and the formula (1). By Lemma
4

ﬁ([Lyi]’ [Lij = pn (W(Lyi)vﬂ(Lyj)) < dn(yiayj)-

The set 7({y1,...,ym}) = 7({z1,...,2r}) provides an e-net on HLS(Z#). By
Lemma 3, dgu(Mjy, ,HLS(%)) < 9¢. Tending with € to zero we get that

der(My, \HLS(Z)) = 0.

The uniqueness of the limit and Theorem 1 completes our proof. O
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4. Basic constructions.

Studying foliations one can learn that there are several basic constructions
for building foliations [3]. In this chapter we examine the HLS for the following
constructions: tangential and transverse gluing, two transverse modifications —
turbulization and spinning along a transverse boundary component, and for sus-
pension.

We only provide here a detailed proof for tangential gluing and turbulization,
which are used in Section 5. For transverse gluing and spinning we give the
characterization of their HLS’s and we only provide an outline of a proof. Details,
analogical as for tangential gluing and turbulization, are left to the reader.

4.1. Tangential gluing.

Let us assume that (M;, %#;,¢9;) (i = 1,2) are compact foliated Riemannian
manifolds with boundary, while .%; is a foliation tangent to the boundary. Let
S; C OM; (i = 1,2) be a union of boundary components, and let h : S; — S
be an isometry mapping leaves onto leaves. According to [3], identify S; with S,
using x = h(x), and form the quotient foliated manifold M = M; U, My with
foliation F = %1 Uy, %, defined by the leaves of %#; (Figure 3).

Let us assume that one can obtain a smooth Riemannian structure g on M
with the property g | M; = ¢; (i = 1,2).

Figure 3. Tangential gluing.

Denote by 7 : M — HLS(.%), m; : M; — HLS(.%;) (i = 1,2) natural projec-
tions. Consider the smallest equivalence relation ~ in disjoint union

HLS(.#,) 1 HLS(.%3)
containing the relation defined as follows:
m(L) ~ (L) & Fpermimy )y T2(h(2)) = ma(L).

Let X = HLS(.%1) L HLS(%#3)/~. endowed with quotient metric dx.
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Denote by ® : HLS(.%#) 1 HLS(.%,) — X, 7@ : My I My — HLS(%;) I
HLS(%,), and p : M7 I My — M natural projections (see Figure 4).

p ki

M, 11 M, M HLS(.%)

|+

HLS(F1) [T HLS(F) ——= X

Figure 4. The projections for Theorem 3.

THEOREM 3. The space HLS(.F) is isometric to (X,dx).
We begin the proof by the following:

LEMMA 5. For any x,y € My II Mo

dx (®(7(x)), ®(7(y))) = p(r(p(x)), 7(p(y))).

ProOoOF. Let € > 0. Consider points w(p(z)) and w(p(y)). By the definition
of HLS(.%), there exist points r1,q1, ..., 7'k, ¢ in the disjoint union M; IT M5 such
that r,,q, belong to the same component, and m € Ly, qx € L, (L, and L,
are here the leaves of the appropriate foliation #; or %3). Moreover, p(q,) and
p(ry+1) lie in the same leaf of .7, and

k

Z rv.ay) < p(r(p(@)), 7(p(y))) + e,

where d is the length metric of disjoint union in M; IT My (see Section 2.2). Denote
by d the length metric of disjoint union in HLS(.%) ITHLS(.#3). By the definition
of X, we have

Finally,
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Next, consider points ®(7(z)) and ®(7(y)). There exist points r1,q1,...,
Tk, gk in the disjoint union HLS(.%#;) Il HLS(.#3) such that ®(q,) = ®(r,41) (v =
Lo k), B(r1) = B(7(2). D(gs) = B(R(y)), and

k
Zdry,ql, ) < dx (9(7(x)), ®(7(y))) + e,

where d denotes again the length metric of disjoint union in HLS(.7;) ITHLS(.%).

Now, for every v = 1,...,k, one can find a sequence of leaves L7,..., L]
of the appropriate foliation (% if r,,q, € HLS(#) or %5 if r,,q, € HLS(%3))
satisfying r, € LY, ¢, € Lj , and

l,—1

Z dist (L” L;H) <d(r,,q) + %

pn=1

Since h maps leaves onto leaves, one can consider the leaves described above as
leaves of a foliation .%7. Moreover, @(z) € @(L{), and 7(y) € 7(L}.). Hence we
have

pr(p(@)) 7(p(y)) < dx (D(F(2)), B(7(y)) +2e. (5)

Passing with € to zero in inequalities (4) and (5), we get that

This completes our proof. O
Now, we turn to the proof of Theorem 3.

PROOF. Let us consider a sequence (f, : M — (0,1]) of constant functions
on M converging to zero. Obviously, it can be used as a sequence of warping
functions. By Theorem 2, the limit limgy My, = HLS(#). We will show, that
limGH an = ()(7 dx)

Let {xf,..., 2, } C My and {a%,...,27 } C My be €/2-nets. We can assume
that there exist N € N, K1 < k1, and K5 < ko such that

o T(x;) # w(xj) while i # j (4,5 < K1), 7(x7) # 7(x2,) while I # m (I,m <

K»);

o {x1,...,xf } is an enet in (My)y,, while {z,..., 2%, } provides an e-net
in (Ma)s,, n> N.



484 S. M. WALCZAK

Denote
oy = (fr(le)), j=1,...,Ky;
® Ykt = @(fr(m?)), j=1,...,Ks;
o 1= w(p(x})), j=1,...,Ky;
o zx, 15 =7(pa3)), j=1,..., K;
One can easily check that {y1,...,yx,+K,} and {z1,..., 2K, +k, } have the same

number of elements, and y; = y; iff ; = ;. Thus, putting K = K; + K, we
get two e-nets {y1,...,yx} and {x1,..., 2k} in X and HLS(%), respectively. By
Lemma 5

for all 4,j < K. By Lemma 3, dgn((X,dx),HLS(.%)) = 0. Finally, by Theorem
1, we get the statement. O

REMARK 6. Note that it can be impossible to construct a smooth Rieman-
nian structure g on M such that g | M; = ¢; (i = 1,2). But all Riemannian
structures on a compact manifold are equivalent. We slightly modify the Rieman-
nian structures g; to obtain structures with desired properties. In this case we can
only prove that HLS(%#) of the glued foliation is homeomorphic to (X, dx).

4.2. Transverse gluing.

Following [3], let (M7, %1, g1), (Ma, %2, g2) be smooth compact foliated Rie-
mannian manifolds of dimension n with nonempty boundary and codimension ¢
foliations. Suppose that S; C dM; is a union of boundary components (i = 1,2)
and ¢ : S; — S5 is an isometry mapping leaves to leaves. Suppose further that .%;
is g;-orthogonal to S;. Form a manifold M = M; Ug My from the disjoint union
M, 1T M by identifying x with ¢(z). Endow M with an induced foliation.

Let us denote the natural projections as shown on the Figure 5.

M, 11 M, M —"= HLS(.%)

|+

HLS(.) 1 HLS(%,) —2 > X

Figure 5. The projections for Theorem 4.

Consider the smallest equivalence relation ~ in disjoint union

HLS(Z,) 11 HLS(.%>)
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containing the relation defined by
(x) ~ 7 (p(x)).

Next, glue HLS(.%1) with HLS(:%#,) along ~ and denote the result endowed with
quotient metric by (X, dx).

LEMMA 7.  For any two points x,y € My 11 My

dx (®(7(2)), 2(7(y))) = (7 (p(2)), 7(p(y)))-
PrOOF. Analogical to the proof of Lemma 5. Left to the reader. (|
THEOREM 4. HLS(#) coincides with (X,dx).

ProoOF. Denote by A1 = {z1,..., 2} C M1\OM; and Ay = {y1,...,Ym} C
My \ OM; two e-nets. One can easily check that p(4; U Ag) is an e-net in M,
m(p(A1UA3)) is an e-net in HLS(.%#) and ®(7(A1UA3)) is an e-net in X. Moreover,
by the construction of X we have that

§(®(7(A1 U Az))) = #(m(p(Ar1 U Ag))).

Lemma 7 and Lemma 3 yield the statement. O

M, M,

S S

Figure 6. Transverse gluing.

REMARK 8. Of course, not every foliation transverse to the boundary com-
ponent is orthogonal to it. But one can easily modify (see [3]) any transverse
foliation to obtain a foliation orthogonal to the boundary component with the
same space as the Hausdorff leaf space (see Figure 6). Hence, Theorem 4 is true
for any foliations transverse to the boundary.

4.3. Turbulization.
Let now (M,.#,g) be a foliated Riemannian manifold of dimension n + 1
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endowed with a codimension one foliation which is leaf-wise and transversely ori-
entable. Let v : [0,1] — M be a closed transversal curve and let N () be a fixed
foliated tubular neighbourhood of 7. Let us equip N () = D" x S with cylindrical
coordinates (r,z,t) (we take ¢ modulo 1, while the leaves of .#|N () are the sets
D™ x {t}). Let

w = cos A(r)dr + sin A(r)d¢,

where A : [0,1] — [—7/2,7/2] is a smooth, strictly increasing on [0, 3/4] function
satisfying A(0) = —m/2, A(2/3) = 0, A(¢t) = 7/2 for all ¢ > 3/4, and with deriva-
tives of all orders at zero vanishing. Since w is integrable, it defines a foliation
F., of N(7v), which agrees with % near ON(y) and has a Reeb component R in-
side N(y). Modified foliation %, of M is called a turbulized foliation, while this
deformation is called the turbulization along the curve v [3] (Figure 7).

N

g
T

_ ¥ turb.

Figure 7. Turbulization.

Denote by L, (L}) the leaf of # (%,) passing through z € M. Next, let
m: M — HLS(.%) be the natural projection, and let X be a metric space obtained
from HLS(.#) by identification 7(y([0,1])) to a point (Figure 9). Equip X with
the quotient metric dx.

THEOREM 5. HLS(#,) is isometric with (X,dx).
Before we start a proof, we shall prove technical lemmas.

LEMMA 9.  For every two leaves L1, Ly € F and every € > 0 there exists a
sequence of leaves Fi, ..., F € F,, k <3, satisfying
L Fy\N(y) = L1\ N(7) and F, \ N(y) = L2 \ N(7),
2. Y h L dist(F,, Fyq) < dist(Ly, Ly) + €.
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[071]*7>(M7yag)ﬂ>(May’yag)

(XadX)

Figure 8. The projections for Theorem 5.

HLS(%) HLS(%,)
turb.
() ™(7)

Figure 9. HLS for turbulized foliation.
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PROOF. Lete>0,and z € Ly, y € L be such that d(x,y) < dist(Lq, L2) +
€. We shall consider three cases:

Loz,y ¢ M\ N(y). Put Fy = L] and F» = Lj. Then dist(F, F2) < d(z,y) <
diSt(Ll, LQ) + €.
2.,y € N(v). Choose points 2’ € Ly \ N(vy) and y’ € L \ N(v). Put Fy = L],,
Fy = LZ,. By the definition of the turbulization we have that

diSt(Fl, FQ) =0 S diSt(LhLQ).

3.z € N(y)andy € M\ N(vy). Let z € L1 \ N(v). Put Iy = LY, F», = L7,
F3 = Lj. We have

dist(F1, Fp) + dist(Fy, F3) < 0+ d(z,y) < dist(L1, L2) + €.

This completes the proof.

LEMMA 10.

For any x,y € M the following inequality holds:

dx (p(7(2)), p(r(y))) < dist (L7, L}).
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ProOOF. Let z,y € M. We shall consider few cases.
Case 1: LY N N(y) =Ly N N(y) =0. Then L, = L], L, = L}, and

dx (p(ﬂ(a:)),p(w(y))) < dist (Lg, Lg)
Case 2: L7 N N(vy) #0, L) N N(v) # 0. Then, by the construction of .7,
L.AN() £0, and Ly N(y) £0.

Finally,
dx (p(m(x)),p(n(y))) = 0 = dist (L], L]).
Case 3: LYNN(y) #0, L7 N N(y) = 0. Let € >0, and r € L, ¢ € L} be such

points that d(r,q) < dist(L], L)) + €.
Suppose first that = ¢ N(v), r ¢ N(~). Then L, = L,, L, = L,, and

dx (p(m(2)),p(n(y))) < dist(Ls, Ly) < d(r,q)
< dist (LY, L)) + €.

Next, suppose that ¢ N(v), r € N(v). Set Ly = Ly, Ly = L,, Ly = L,. Recall
that L, = L,. Hence, by Case 1,

dx (p(n(x)),p(n(y))) < dx (p(r(2)),p(n(r)) + dx (p(r(r)), p(n(q)))
<0+d(r,q) <dist (L], L)) +e.

Analogically we show that

dx (p(m (@), p(r(y))) < dist (L7, L}) + ¢,

forx € N(v),r ¢ N(v), and x € N(v), r € N(7).
Passing with € to zero gives the desired inequality. O

Let us denote by 7, the natural projection from (M, %, g) to HLS(#,) (see
Figure 8), and by p, the metric in HLS(%,).
Let f: X — HLS(.#,) be defined as follows:

Fp(n(x))) ==y (L7)- (6)
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LEMMA 11.  For any x,y € M we have

dx (p(ﬂ'(l‘)),p(ﬂ'(y))) < Py (Wv(Lg)v WV(L.Z))'

PROOF. Let € > 0, z,y € M. There exists a sequence of leaves L],..., L]
such that L] = L), L} = L}, and

k—1
> dist (L), L)1) < fy (o (L), 7y (L)) + €.
v=1
Let r1,q1,...,7k—1,qr—1 € M be such that r, € L}, ¢, € L), |, and

d(""anU) < dist (LZ7LZ+1> + g

Note that LY = L}, Ly = L7 and L} = L7 . By Lemma 10,

qk—1"

07
dx (p(m(y)), p((gr—1))) =0,
dx (p(m(rv41)), p(7(qv))) =0

forall v € {1,...,k — 1}. By the construction of X,
dx (p(m(2)), p(7(y)))

k—2
<Y dx (p(r(r)), p(r(a) + D dx (p(x(ru41)), p(m(an)))

Passing with € to zero gives us the statement. O

LEMMA 12.  For any x,y € M we have

pry (10 (L), 74 (L])) < dx (p((2)), p(n(y))).
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PrROOF. Let 2,y € M, e > 0. There exist points r1,q1, ..., ', g € HLS(F)
such that p(g;) = p(ri+1), 7(x) = r1, 7(y) = qx, and

k—1
p(risqi) < dx (p(m(x)), p(m(y))) + e (7)
i=1
For any i € {1,...,k} one can find a family of leaves L;,...,L; ,, satisfying
Li+1)1 = Li#i, x € L171, Yy € Lk,um and
pi—1 ¢
Z dist (L, Liwy1) < p(ri, qi) + e (8)
v=1
By (7), (8), and Lemma 9, one can find a finite sequence L7, ..., L7, of leaves of
F. such that L] = L], L}, = L) and
m—1
Py (my (L), my (L)) < Z dist (L), L7, 1)
< dx (p(r(2)), p(n(y))) + 3e.
Passing with € to zero gives us the statement. O

LEMMA 13.  f is bijective.

PROOF. Suppose that p(n(z)) = p(7(y)), x,y € M. Consider two cases.
Case 1: m(z) = m(y). i 7= (7(x))Ny([0,1]) = @ then 7= (7 (y))Ny([0, 1]) = 0, and
7w (my () = 5 (my (y). Hence my(L]) = my(L]), and f(p(n(x))) = f(p(m(y)))-
Case 2: If m(z) # w(y), then there exist & € 7 !(x(x)) N ([0,1]) and &, €
= (m(y)) N~([0,1]). Hence, 7, (&) = 74 (&) = 7y (R), where R denotes the Reeb
component. But 7, (L}) = 7 (L] ). Thus f(p(r(x))) = f(p(7(y)))-

Finally, f is well defined. By the definition, f is “onto” HLS(.#,). Checking
that f is one-to-one we leave to the reader. O

Now, we can turn to the proof of Theorem 5.

PrROOF. By Lemma 13, f defined in (6) is a bijection from X onto HLS(.%,).
By Lemmas 11 and 12, f is an isometry. U

4.4. Spinning.
Following the definition given in [3] we recall the notion of spinning a foliation
along a transverse boundary component (see Figure 10).
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Let (M,.%,g) be a compact Riemannian manifold carrying codim-1 foliation
transverse to the boundary OM # (). Let S be a connected component of M
with 89S = (. Assume that .Z|S can be defined by a closed non-singular 1-form
w e AY(S).

Figure 10. Spinning along the boundary component.

Let N(S) =S x [0,1) be a foliated collar, i.e. the leaves of .Z% | N(S) are of
the form L x [0,1), where L is a leaf of .% | S.

Decompose T4+ (N (S)) = T(S) ® T:([0,1)). One can write a vector field
€ X(N(9)) as

C = Ut +gat7

where g € C*°(N(S)), 0; = 9/0t, and v; denotes the component of ¢ tangent to
S. Thus, w extends to a closed non-singular form wy(s) by

wn(s)(ve + g0;) = w(vy).

Let h : [0,1) — [0,1] be a C*°-function such that h(t) = 0 for ¢ € [1/2,1),
h(0) =1, and h is decreasing strictly monotonically on [0,1/2]. Moreover, let the
derivatives of all orders of i vanish at ¢ = 0. Set

0=(1- h(t))wN(S) + h(t)dt.

6 agrees with wy gy on Sx[1/2,1) and with dt on Sx{0}. Moreover, 6 is integrable
and S becomes a leaf of a new foliation .#g on S x [0,1). But .# coincides with
Fg outside the collar S x [0,1/2). Thus, we extend Fg to a foliation .F#g on M
which is tangent to the boundary component S.

Now, identify in HLS(&#) the points of w(S) and denote the result by X.
Endow X with the quotient metric denoted by dx.

Before we examine the Hausdorff leaf space for a spinned foliation we formu-
late technical lemmas. Easy proofs are omitted and left to the reader.
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M —"—= HLS(%)

-

HLS(Zs) X

Figure 11. The projections for Theorem 6.

Let m : M — HLS(#), ng : M — HLS(Z#g), and ¢ : HLS(.#) — X denote
the natural projections (Figure 11). Denote by L, (L?) a leaf of . (Fg) passing
through z € M.

LEMMA 14.  For every two points p,q € M such that L? = Lg we have

dx (8(n(Ly), 6(n(Ly)) =0. -

LEMMA 15.  For any two points p,q € M such that L, = L, we have

ps(ms(Ly),ws(Ly)) = 0. O

LEMMA 16.  For any two points xz,y € M we have

dx (QZ)(’R—(LI))» QS(’/T(LZ/))) = ps (Ws(l'), WS(y))' O

THEOREM 6. HLS(%) coincides with (X,dx).

HLS(7)

spin HLS(75)
g (S)

m(S)

Figure 12. HLS of a foliation spinned along the boundary component S.

ProOOF. Let f, = 1/n be a constant function on M. Let A" = {z1,...,
Zy} C M be an €/2-net on M. One can select a subset A = {z1,...,2,} C A" and
N € N such that 7(z;) # 7(x;) (i # j) and A an e-net on M, = (M,F,g1/n)
for all n > N. We may assume that the points xx_;, ...,z are the only ones that
belong to 71 (7(S)). Now, pick from the points zy_y,...,zx exactly one, let say
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Ll—1-

Observe that ms({zk_1,...,zx}) is a single point in HLS(.#g). Hence, there
exists N’ such that {x1,...,z5_;} is an enet on Mls/n = (M, Zs,g1/n) for all
n > N'. Moreover, since xj_j, ...,z € 7 1(m(S)),

o(m(zy)) = d(m(z)), mrve{k—1,... k}

Set §; = ¢(n(x;)), & = ms(x;) (4,5 = 1,...,k —1). By the construction and
Lemma 4, the sets {¢;} and {{;} are 2e-nets on X and HLS(Zg), respectively. By
Lemma 16,

dX(C’mC]) = ﬁS(giagj)) for all 27,7 S {1a .. 7k}

By Lemma 3, dgp(X,HLS(%#s)) = 0, and by Theorem 1, X is isometric to
HLS(.Z.»). O

4.5. Suspension.

Denote by B a smooth connected manifold, and by p : B — B the universal
covering of B. Let xg € B. Recall that the covering transformation group I' acts
from the right on B and hence I' C Diff(B). Let F be a g-dimensional manifold.
Consider a group homomorphism h : T' — Diff(F)). Then I' acts on B x F by

’y(l‘,Z)Z(l"’y,h(’}/)(Z)), ($€B7 ZEF)'

Consider a foliation F = {B x {z},z € F}. Using canonical projection one can
project F onto a foliation .# of M = (B x F)/T. The foliation .% is called the
suspension of the homomorphism h. One can check that M is a fibre bundle over
B, and F' coincides with its fibre.

Analogically as in Section 2.1, one can define the Hausdorff orbit space:

Let G be a group acting on a metric space (X,dx). Denote by & the space
of orbits of G-action. Set

P(C(), Gly)) = inf{ 3 dx (@ Gm)},

where the infimum is taken over all finite sequences of orbits beginning at G; =
G(z) and ending at G,, = G(y), and G(z) denotes the orbit of z € X. Define an
equivalence relation ~ in & by:

G(z) ~G(y) & p(G(2),G(y)) =0, =x,y € X.
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Let 6 = 0/.. Put

where [G(2)],[G(y)] € €. (6, p) is a metric space. We call it the Hausdorff orbit
space of the G-action, and we denote it by HOS(X/G).

THEOREM 7. HLS(&) is homeomorphic to HOS(F/h(T)).

PROOF. By the construction of suspension, there exists a homeomorphism
between the space of leaves of .%# and the space of orbits of h(I'). It induces a
homeomorphism between HLS(.%) and HOS(F/h(T)). O

5. Main results — HLS for codim-1 foliations.

5.1. HLS for compact I-bundles.

Let (M, .Z,pr) be a foliated I-bundle, I = [0,1]. Note that there are at most
two boundary leaves. Let us denote by Ly the boundary leaf passing through the
points 0 € I of every fiber. Consider the function d : .£ — [0,1] (.Z denotes here
the space of leaves of the foliation #) defined by d(L) = p(Lg, L), where p denotes
the metric in HLS(.%). Let w : M — HLS(.%) again be the natural projection.

LEMMA 17.  For any two leaves L # L' such that w(L) # w(L') we have
d(L) # d(L').

PRrROOF. Since w(L) # w(L') then p(w(L),n(L')) > 0. Let € > 0, and let
Lq,..., L be a family of leaves such that L, = L/, and

k—1

> " dist(Ly, Lyt1) < p(Lo, L) + €.
v=0

Without loss of generality we can assume that there exists j € {0,...,k — 1}
satisfying L; = L (if not then rename the leaf L to L’ and L’ to L). Then

j—1 k—1
p(Lo, L) + (L, L') < dist(Ly, Lyy1) + 3 dist(Ly, Lyy1) < p(Lo, L) + .
v=0 v=j
Hence,

d(L) + p(L,L') < d(L').

By the triangle inequality and the above, we obtain
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d(L) + p(L, L) = d(L).

But g(L,L’") > 0. Hence, d(L) < d(L’). This completes the proof. O

THEOREM 8. Let (M,.%,pr) be a foliated I-bundle. HLS(.%) is isometric
to a metric segment or a singleton.

PrOOF. Let Ly denote the same leaf as in Lemma 17, d be a function on the
space of leaves of .# defined by d(L) = p(Lo, L), and let 6 = maxpegz d(L). Let
m: M — HLS(%) be a natural projection, while p : M — [0, ] be the mapping
defined by p(x) = d(L;). By Lemma 17, for any two leaves such that 7(L) # w(L')
we have

d(L) # d(L).

Let € > 0, and L, L' € .Z be two arbitrary leaves such that d(L) < d(L’). Let
Ly,...,Lg, Lgt1,...,Lgy; be a family of leaves satisfying Ly = L, Ly = L/,
and

k+1-1

> dist(Ly, Lys1) < p(m(Lo), w(L')) + €.
v=0

Since j(m(Lo),m(L)) < YF—} dist(Ly, L,11), we have

v

k+1—-1

(L), 7(L) < 3 dist(Ly, Lut)
v=~k

< p(m(Lo), (L") + € — p(m(Lo),m(L)) = d(L') —d(L) +e. (9)
Now, let L1,..., Lk, Lgy1,..., Ly be a family of leaves such that Ly = L, Ly =
L/

k—1

> dist(Ly, Ly+1) < plr(Lo) 7(L)) + 5.
v=0

and
k+l—1

3" dist(Ly, Lus1) < p(r(L),7(L)) + %
v=k
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Then
k4l-1 . .
d(L') < > dist(Ly, Lyi1) < p(n(Lo), m(L)) + 5 + p(r(L), (L") + 5
v=0
< d(L) + p(m(L), m(L)) +e.
We get

d(L') — d(L) < p(n(L), 7(L")) + . (10)

We finally get, by (9) and (10),
| d(L) = d(L")| = p(m(L),w(L')] < e. (11)

Let A = {x1,...,2%} be an e-net on M. Then 7(A) and p(A) are e-nets on
HLS(.#) and ([0,d], | - |), respectively. Moreover, fim(A) = ip(A). By (11), we have

| [p(Ls) = p(Ly)| = p(m(Li), w(Ly))| < e,
where L, = L,,. By Lemma 3, dgy(HLS(%#),[0,d]) < 3e. Finally,
dGH(HLS(g\)a [07 d]) = 07

and, by Theorem 1, HLS(.%) is isometric to the metric segment I = ([0,d],|-|). O

5.2. HLS for codim-1 foliations.

Recall now [1] that the metric graph G is the result of gluing of a set of a
disjoint metric segments E = {F;} and points V = {v;} along an equivalence
relation defined in the union of V' and the set of the endpoints of the segments
equipped with the length metric. A graph G is called finite if V and E are finite.

THEOREM 9. HLS(%) of any codimension one foliation on a compact Rie-
mannian manifold is isometric to a finite connected metric graph.

ProOOF. Following the proof of the main theorem of [7], we can cover M by a
finite number of mutually disjoint saturated neighbourhoods N; (i = 1,..., k) such
that the HLS of the foliation restricted to IV; is a singleton, and a finite number
of mutually disjoint foliated I-bundles (denoted by C4, ..., C,,) with their HLS’s,
by Lemma 8, isometric to [0,d;], d; > 0, 1 < j < m. We can assume that
N;NC; CON;NoC;, 1 <i <k, 1<j<m (Figure 13), and that the sets IV;
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(i = 1,2,...,k) are maximal, i.e. 7= 1(7(N;)) = N;, where 7 : M — HLS(%)
denotes the natural projection.

Figure 13. The sets N; and Cj.

Let v; = HLS(Z|N;), and V = {v1,...,v;}. Next, let
E={L,....In}, I;=HLS(Z|C;)=0,d;].

Denote by m; : C; — [0,d;] natural projections.

Introduce in V' and in the set of the endpoints of the segments I;, 1 < 7 < m,
the smallest equivalence relation ~ generated by the following relation:

A point v; is in the relation with an endpoint a (a can be equal to 0 or d;) of
the segment I; iff N; N7 ' (a) # 0.

] 2
v Uy

L

Figure 14. Construction of a graph.

Now, let glue points from V' and segments from E along ~. We now endow
obtained space with the length metric. In this way we create a metric graph G
(Figure 14). By the construction of G and Theorem 3, HLS(.%) is isometric to G.

O

REMARK 18.  One can easily check that, for a given foliation .% of codimen-
sion one, it is possible to construct a number of metric graphs, not necessarily
finite, isometric to HLS(.%#), but all of them are isometric as metric spaces with
length metric. For example, consider a foliation of T2 by a infinite number of
Kronecker components separated by circles foliation (Figure 15). Then every Kro-
necker component can define itself a node of a graph, and every circle foliation
can define an edge. One also can select only one Kronecker component to be a
node, and the rest of foliation to be an edge. One can check that any metric graph
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Figure 15. A part of a foliation by Kronecker components and circles.

constructed this way is isometric to a circle.

ExXAMPLE 19. Recall that any compact connected manifold of dimension 1
is either an interval I or a 1-dimensional sphere S'. Hence, a foliated bundle of
codim-1 is either I-bundle or S'-bundle. One can see that the Hausdorff leaf space
for a codim-1 foliated bundle is a singleton, a metric segment or a circle S*.

LEMMA 20. For every k € N there exists a compact foliated manifold
(M,.F) such that M has exactly k boundary components and HLS(F) is a sin-
gleton, and the holonomy mappings h of the boundary leaves satisfy h(0) = 0,
R (0) =1, h™(0) = 0 for all n > 2.

PROOF. Let M = S* x %, where ¥ is a compact surface of dimension 2, and
let .% be the product foliation by {2} x5, z€ SL. Let x1,...,2, € 8. Let N;
(i =1,...,k) be disjoint tubular neighbourhoods of v; = S* x {x;}. Turbulize .%
simultaneously along «;. One can check [3] that it is possible to turbulize in such
way that the holonomy mappings h of the compact leaves of the Reeb components
satisfy h(0) =0, h/(0) = 1, h(™(0) = 0 for all n > 2.

Next, let M be a foliated manifold obtained from (M,.%) by removing the
interior of the Reeb components of the turbulized foliation. It follows that M
is compact, and its boundary has exactly k components homeomorphic with the
torus T2. Moreover, every leaf different from boundary leaves accumulate on
every boundary component. Thus HLS(.%#) is a singleton, and % is a foliation
with desired properties. O

REMARK 21. One can see that all leaves of the foliation constructed in
Lemma 20 are proper.

LEMMA 22.  For any metric segment I = [0, d] there exists a compact foliated
Riemannian manifold (M, %, g) carrying codim-1 foliation such that HLS(Z) is
isometric to 1.

ProOOF. Taking M = [0,d] x X, where again ¥ is a compact surface, with
product foliation {¢} x ¥ and the product metric we get the statement. d
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THEOREM 10.  For every finite connected metric graph G there exists a com-
pact foliated Riemannian manifold (M, %, g) such that HLS(.%) is isometric to G.
Moreover, every leaf of F is proper.

PrROOF. Let G = (V, E) be a finite connected metric graph with & nodes.
“Cutting” every edge in the middle we obtain k connected metric graphs G; (Fig-
ure 16).

€1

U (%

Gy G,
(&) (&) €y

Gs G,
Us [ Uy

Figure 16. Star graphs G;.

Consider a graph G;. If all nodes of G; have only one edge, then assign for
G; a foliated manifold indicated in Lemma 22.

Let v be a node having more than one edge, let say m. One can assign for v
a 3-dimensional foliated Riemannian manifold (V;,.%;, ¢;) indicated in Lemma 20
with exactly m boundary components homeomorphic to the torus T2, and such
that HLS for V; is a singleton, and the holonomy mappings h of the boundary
leaves satisfy h(0) =0, h/(0) = 1, h(™(0) = 0 for all n > 2.

Next, for every edge assign a manifold EY = [0,d;] x T? (as described in
Lemma 22), 1 < v < m. Note that both .%#; and foliations of E,’j are tangent to
the boundary components.

Since the holonomy mappings h of the boundary leaves satisfy h(0) = 0,
R'(0) = 1, K™ (0) = 0 for all n > 2, then by Theorem 3, one can glue manifolds
V; and E! to obtain a compact foliated Riemannian manifold (M;,.%;,g;) with
HLS(%;) isometric to G; (Figure 17). Moreover, the boundary components of M;
(i = 1,...,m) are homeomorphic to T2, the foliation .%; on each M; is tangent

Figure 17. Construction of a manifold M; for the graph G;.
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U 2l Uy
€ (] €4
U3 [ Uy

Figure 18. The graph G and the manifold (M, %, g).

to the boundary, and holonomy mappings h of boundary leaves satisfy h'(0) = 1,
h(™(0) = 0 for all n > 2.

Again, by Theorem 3, one can glue manifolds M; to get a compact foliated
manifold (M,.#, g) such that HLS(.%#) is isometric to G (Figure 18).

By Remark 21, all leaves of .% are proper. This ends our proof. O

5.3. Warped foliations in codim-1.

Let (M,.Z,g) be an arbitrary compact foliated Riemannian manifold with
codim-1 foliation. Let (fn)nen, fn: M — (0,1], be a sequence of warping func-
tions (see Section 2.3). We will now provide the necessary and sufficient condition
for a sequence of warped foliations (M, )nen to converge to the Hausdorff leaf
space for the foliation .%.

First, note that on any connected finite metric graph G with at least two
nodes there exist a measure p and constants 8 > 1, ng > 0 such that for all
0<n<mnand z € G

%n < p(Ba(z,m)) < Bn, (12)

where By(xz,n) = {y € G : d(x,y) < n}. Indeed, denote by V = {e1,...,er}
the set of vertices, and by E = {I1,...,I,,} the set of all edges of the graph G.
Let p be a measure induced by the Lebesgue measure on edges I; of G and let
no = (1/2)minl(I;) and f = max{2, max;—1 . xn(e;)}, where [(I) denotes the
length of an edge I, and n(e) denotes the number of edges in a vertex e. Such p
satisfies (12).

Let (fn)nen, fn: M — (0,1], be a sequence of smooth warping functions on
(M, %,g), where .Z is a foliation of codimension one.

THEOREM 11.  dau((M,gy,), HLS(F)) — 0 if and only if for every ¢ > 0
there exists N € N such that for any n > N the following is satisfied:
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There ezists a finite family of leaves F™ = {F{',..., F}'} such that

1. UF™ is e-dense in M,
2. fn|UFn < eE.

The proof of the sufficient condition is analogical to the proof of Theorem 2
in Section 3. The proof of the necessary condition is the same as the proof of
Theorem 6.5 in [10]. We don’t repeat them here and we leave them to the reader.

6. Final remarks.

One can ask, what is the classification of HLS for foliations of codimension
greater than one. This question still is open. We only present some results for an
arbitrary codimension.

Let (M, %,g) be a compact connected foliated Riemannian manifold, and
again let w : M — HLS(.%) be the natural projection. One can easily check that
7 is continuous. Moreover, for any leaf L € .# the set 7~ !(w(L)) is a closed,
nonempty, saturated subset of M.

Let us recall that a subset A C M is called minimal if it is nonempty, closed
and saturated and there is no proper subset of A with these properties [3]. From
the construction of HLS(.%) it follows that for any leaf L € .Z the set m—!(mw(L))
contains a minimal set.

As a simple consequence of the above observations we have:

THEOREM 12. If the number of minimal sets of F is countable then the
HLS(.7) is a singleton.

PROOF.  Since the number of minimal sets is countable, then HLS(.Z) is a
countable set. The projection 7 : M — HLS(%) is continuous, hence HLS(.%) is
compact and connected. This ends our proof. O

THEOREM 13. If % contains a compact leaf with finite holonomy then
HLS(F) contains an open subset U homeomorphic to an open set of R, where q
is a codimension of 7.

PROOF. The statement is a direct consequence of the Reeb Stability Theo-
rem (see [3] or [6]). O
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