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Abstract. We introduce a new class of actions of the group Z* x SL(2, Z)
on finite von Neumann algebras and call them twisted Bernoulli shift actions. We
classify these actions up to conjugacy and give an explicit description of their
centralizers. We also distinguish many of those actions on the AFD II; factor in
view of outer conjugacy.

1. Introduction.

We consider the classification of Z% x SL(2, Z)-actions on finite von
Neumann algebras in this paper. Mainly, we concentrate on the case that the
finite von Neumann algebra is the AFD factor of type II; or non-atomic abelian.

There are two difficulties for analyzing discrete group actions on operator
algebras. The first is that we do not have various ways to construct actions. The
second is that we can not analyze them by concrete calculation in most cases. To
give many examples of actions which admit concrete analysis, we introduce a class
of trace preserving Z> x SL(2, Z)-actions on finite von Neumann algebras and call
them twisted Bernoulli shift actions. We classify those actions up to conjugacy
and study them up to outer conjugacy.

An action B(H, i, x) in the class is defined for a triplet (H, u, x), where H is
an abelian countable discrete group, p is a normalized scalar 2-cocycle of H and x
is a character of H. We obtain the action by restricting the so-called generalized
Bernoulli shift action to a subalgebra N(H, 1) and “twisting” it by the character
x- The process of restriction has a vital role in concrete analysis of these actions.

A x-isomorphism which gives conjugacy between two twisted Bernoulli shift
actions B(Hg, ta, Xo) and B(Hy, up, Xp) must be induced from an isomorphism
between the two abelian groups H, and H,. We prove this by concrete calculation
(Section 4). It turns out that there exist continuously many, non-conjugate
Z? x SL(2, Z)-actions on the AFD factor of type II; (Section 5). By using the
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same technique, we describe the centralizers of all twisted Bernoulli shift actions.
Here we should mention that the present work was motivated by the previous
ones [Ch], [NPS], where similar studies were carried out in the case of SL(n, Z).

In Section 6, we distinguish many twisted Bernoulli shift actions in view of
outer conjugacy. The classification for actions of discrete amenable groups on the
AFD factor of type II; was given by Ocneanu [Oc]. Outer actions of countable
amenable groups are outer conjugate. In the contrast to this, V. F. R. Jones [Jon]
proved that any discrete non-amenable group has at least two non outer conjugate
actions on the AFD factor of type II;. S. Popa ([Po3], [Po4], [PoSa], etc.) used
the malleability/deformation arguments for the Bernoulli shift actions to study
(weak) 1-cocycles for the actions. For some of twisted Bernoulli shift actions,
which we introduce in this paper, it is shown that (weak) 1l-cocycles are
represented in simple forms under some assumption on the (weak) 1-cocycles. We
prove that there exist continuously many twisted Bernoulli shift actions which are
mutually non outer conjugate. This strengthens the result mentioned above due
to Jones in the Z% x SL(2, Z) cases.

2. Preparations.

2.1. Functions det and gcd.
For the definition of twisted Bernoulli shift actions in Section 3, we define
two Z-valued functions det and gcd. The function det is given by the following

equation:
det((q>7<qo>>:qrﬂ_r% <q>7<q0> =7
r ) r 70

The value of the function ged at k € Z? is the greatest common divisor of the two
entries. For 0 € Z2, let the value of ged be 0.

LEMMA 2.1.
(1) The action of SL(2, Z) on Z* preserves the functions det and ged, that is,

det(k, ko) = det(y -k, - ko),
ged(k) = ged(y- k), k ko € Z%,v € SL(2, Z).

(2) The following equation holds true:

det(k, ko) = ged(k) + ged(ko) — ged(k+ ko) mod2, k, ko € Z>.
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PROOF. The claim (1) is a well-known fact, so we prove the claim (2). For
the function ged, we get

q q 1 mod2, (either g or r is odd),
C =
& T 0 mod2, (both g and r are even).

Since the action of SL(2, Z) on Z* preserves the functions det and ged, it suffices
to show the desired equation against the following four pairs:

c= (@) () (6) ()
(CICDHGIE)) e

2.2. Scalar 2-cocycles for abelian groups.

We fix some notations for countable abelian groups and their scalar 2-
cocycles. For the rest of this paper, let H be an abelian countable discrete group
and suppose that any scalar 2-cocycle u: Hx H— T={z¢€ C | |z]=1} is
normalized, that is, u(g,0) =1 = (0, g) for g € H. We denote by u* the 2-cocycle
for H given by u*(g,h) = u(h,g), g,h € H. Let p*u be the function on H x H
defined by

g, h) = p(h, g) (g, h), g,h € H.

This is a bi-character, that is, p*u(g, -) and p*u(-, h) are characters of H. By using
this function, we can describe the cohomology class of u. See [OPT] for the proof
of the following Proposition:

PROPOSITION 2.2.  Two scalar 2-cocycles uy and po of H are cohomologous
if and only if pip = p3ps.

Let C,(H) be the twisted group algebra of H with respect to the 2-cocycle p.
We denote by {u;, | h € H} the standard basis for C,(H) as C-linear space. We
recall that the C-algebra C,(H) has a structure of x-algebra defined by

ugup = (g, h) ugin, u, = p(g,—g)u—y, g,h € H.

Let i be the T-valued function on @@ 2 H x €42 H defined by
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A A) = [T ea(k), (k) M, X € @D 2 H. (Eql)

ke Z?

The function ;& is a normalized scalar 2-cocycle for €, H. Let A(H) be the
abelian group defined by

A(H):{A:Z2—>H

finitely supported and Z Ak) = 0}.
keZz?

Its additive rule is defined by pointwise addition.

2.3. Definition of a Z? x SL(2, Z)-action on A(H).

The group SL(2, Z) acts on Z? as matrix-multiplication and the group Z>
also does on Z* by addition. These two actions define the action of Z* x SL(2, Z)
on Z? which is explicitly described as

< q z y) N <Q+$Q()+y7“o

r)’\z w 0 T+ 2qp + wry 7

<<q>, (x y)) € 7% x SL(2, Z), <q°> c 72,
r z w 70

We define an action of Z? x SL(2, Z) on @, H as

for all

(v Nk =2 k), ke 2%,

for v € Z* x SL(2,Z) and \ € @, H.

2.4. On the relative property (T) of Kazhdan.
We recall the definition of the relative property (T) of Kazhdan for a pair of
discrete groups.

DEFINITION 2.3. Let G C T be an inclusion of discrete groups. We say that
the pair (T, G) has the relative property (T) if the following condition holds:
There exist a finite subset F of I" and § > 0 such that if 7 : I' — %(5) is a unitary
representation of I' on a Hilbert space ¢ with a unit vector £ € 5 satisfying
lm(9)€ —&|| < & for g € F, then there exists a non-zero vector 1 € J# such that
w(h)n =nfor h € G.
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Instead of this original definition, we use the following condition.

PROPOSITION 2.4 ([Jol]). Let G C T be an inclusion of discrete groups. The
pair (T, G) has the relative property (T) if and only if the following condition holds:
For any € >0, there exist a finite subset F of T' and 6 >0 such that if
7: 0 — U(A) is a unitary representation of T' on a Hilbert space S with a
unit vector & € J satisfying ||7(g)€ —&|| < 6 for g € F, then ||x(h) —¢|| < € for
heQ@q.

The pair (Z? x SL(2, Z), Z*) is a typical example of group with the relative
property (T). See [Bu] or [Sh] for the proof.

2.5. Weakly mixing actions.

An action of a countable discrete group G on a von Neumann algebra N is
said to be ergodic if any G-invariant element of IV is a scalar multiple of 1. The
weak mizing property is a stronger notion of ergodicity.

DEFINITION 2.5. Let N be a von Neumann algebra with a faithful normal
state ¢. A state preserving action (py)gec of a countable discrete group G on N is
said to be weakly mixing if for every finite subset {a1,as,...,a,} C N and € > 0,
there exists g € G such that |¢(a;py(a;)) — ¢(a;)d(a;)| <€, i,j=1,...,n.

The following is a basic characterization of the weak mixing property.
Between two von Neumann algebra N and M, N ® M stands for the tensor
product von Neumann algebra.

PROPOSITION 2.6 (Proposition D.2 in [Vaes|). Let N be a finite von
Neumann algebra and tr be a faithful normal tracial state. Let a countable
discrete group G act on N by trace preserving automorphisms (py) The
following statements are equivalent:

geG*

(1) The action (py) is weakly mizing.

(2) The only finite-dimensional invariant subspace of N is C1.

(3) For any action (oy) of G on a finite von Neumann algebra (M, T), we have
(N® M) =1® M, where (N ® M)"** and M® are the fized point
subalgebras.

2.6. A remark on group von Neumann algebras.
Let I be a discrete group and let p be a scalar 2-cocycle of T'. A group I' acts
on the Hilbert space /2T by the following two ways;

uy(8g) = (7, 9)6yg,  py(69) = (9,7 " )41, V.9 €T
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These two representations commute with each other. The von Neumann algebra
L,(T") generated by the image of u is called the group von Neumann algebra of T’
twisted by p. The normal state (-6,&.) is a trace on L,(T"). The vector &, is
separating for L,(I'). For any element a € L,(I"), we define the square summable
function a(-) on I’ by aé. = > a(g)d,. The function a(-) is called the Fourier
coefficient of a. We write a = 3 a(g)uy and call this the Fourier expansion of a.
The Fourier expansion of a* is given by a* = der (g, g7 )a(g " )ug, since the
Fourier coefficient a*(g) = (a*6., 6,) is described as

<6ea apg*166> = <p;1§e» a(g)69> = u(g, gil)a(gil)‘

)

Here we used the equation ,03,1 = (g, 97')pg, which is verified by direct
computation. For two elements a, b, the Fourier coefficient of ab is given by

ab(y) = (bbe, p,-1a"6.) Za Zu L gvalg )bgy).

This equation allows us to calculate the Fourier coefficient algebraically, that is,

ab = Z (Zu Lgva )b(m)> uy =Y alg)b(h)ugun.

v gh=y

For a subgroup A C T', the subalgebra {u, | A € A}" C L,(T) is isomorphic to
L,(A). We sometimes identify them. An element a € L,(T") is in the subalgebra
L,(A) if and only if the Fourier expansion a(-): I' — C is supported on A, since
the conditional expectation E from L,(I') onto L,(A) preserving (-6,6.) is
described as E(a) = Y, a(A)ua

3. Definition of twisted Bernoulli shift actions.

In this section, we introduce twisted Bernoulli shift actions of Z* x SL(2, Z)
on finite von Neumann algebras. The action is defined for a triplet i = (H, u, ),
where H # {0} is an abelian countable discrete group, p is a normalized scalar 2-
cocycle of H and y is a character of H. The finite von Neumann algebra, on which
the group Z* x SL(2, Z) acts, is defined by the pair (H, ).

We introduce a group structure on the set Ty = H x 2> x SL(2, Z) as

(c1,kym)(ea, ) = (Clczxdet N R l%%)
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for any c¢p,c € ﬁ, k,l€ Z° ~v1,7 € SL(2, Z). The associativity is verified by
Lemma 2.1 (1). It turns out that the subsets H = H x {0} x {e} and Gy =
Hx Z? x {e} are subgroups in T'y. It is easy to see that Gy is a normal subgroup of
I'y and that H is a normal subgroup of G and I'y. We get a normal inclusion of
groups Go/H C Ty/H and this is isomorphic to 2> C Z* x SL(2, Z).

Before stating the definition of the twisted Bernoulli shift action, we define a
[g-action p on the von Neumann algebra L (€D, H). We denote by u(A) €
L5 (D7 H) the unitary corresponding to A € € 52 H. We define a faithful normal
trace tr of Ly (€Pg H) in the usual way. For ce€ H,k € Z* v € SL(2,Z), let
p(c), p(k), p(y) be the linear transformations on C; (P H) given by,

_ ( det(k;m)) U(/{i . )\)’
mEZZ

Y=u(y-A), XeA(H).

These maps are compatible with the multiplication rule and the x-operation of
C; (@ H) . Since these maps preserve the trace, they extend to x-auto-
morphisms on Ly (€@ H). It is immediate to see that p(c) commutes with p(k)
and p(v). For k,1 € Z*, we have the following relation:

p(k) o p(l) =TT x\m) ™™ p(ke) (u(i - 3))

meZ?

H X()\( detlm H X l )\ dEtk’” (k(l/\))

meZ? meZz®
=TI xm)™ ™ x(Am)) " Du((k +1) - X).
meZ?

By det(l,m) + det(k,m + 1) = det(k,1) + det(k + I,m), this equals to

det (k)
(H x(/\(m))> IT xOm) (ke 4-1) - 3)

meZ? meZ?

= p(x D) o p(k + 1) (u(N)).

Since det is SL(2, Z)-invariant (Lemma 2.1 (1)), for k € Z* v € SL(2, Z), we get
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p(y- k) o p(7)(w(N) = p(v - k) (u(y - N))
=TT x((r- V@)™ " (- k) - (- A)

lez?

_HX det'ykvl) ( (/{)\))
lez?

= T xO@)™* p(y) (uk - X))
lez?

= p(y) o p(k)(u(X), A€ A(H).
By the above two equations, p satisfies the following formula:

(p(c1) o p(k) o p(m1)) o (p(c2) @ p(l) © p(72))

plc1) o p(ez) o p(k) o p(m1) o p(l) © p(72)

p(cr) o p(ca) o p(k) o p(y1 1) o p(11) © p(72)

pler) o plez) o p(X ") 0 p(k + (11 - 1)) 0 p(1172)
= p(ereax ™ 1) o p(k+ (1 - 1)) 0 p(1172)-

Il
o

G

With p(c, k, ) = p(c) o p(k) o p(7), p gives a Typ-action on Ly (P H).

We define the finite von Neumann algebra N(H,u) as the group von
Neumann algebra Ly (A(H)). By using Fourier coefficients, we can prove that
N(H, ) is the fixed point algebra under the H-action p(H,0,e) on L; (@D, H).
We get a Z* x SL(2, Z)-action on N(H, i) by

Bk, ) (z) = p(1,k,y)(x), ke Z% ve SL?2,Z),x e N(H,pu).

This is the definition of the twisted Bernoulli shift action = 8(H,u,x) on
N(H, p).

We obtained the actions B(H, p, x) not only by twisting generalized Bernoulli
shift actions but also restricting to subalgebras N(H,u) C L; (D H) =
Q2 L, (H). This restriction allows us to classify the actions up to conjugacy in
the next section. In order to give a variety of the actions, we twisted the shift
actions by the character x of the abelian group H.

REMARK 3.1. The action (|, = 8(H, i, x)| 2 has the weak mixing prop-
erty. In definition 2.5, we may assume that the Fourier coefficients of a; € N =
N(H, p) are finitely supported (i = 1,2,...,n), by approximating in the L?-norm.
Then for appropriate k € Z7, we get tr(a;3(k)(a;)) = tr(a;)tr(a;), i,7=1,2,...,n
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4. Classification up to conjugacy.

In this section, we classify the twisted Bernoulli shift actions {8(H, u, x)} up
to conjugacy (Theorem 4.1). We prove that an isomorphism which gives
conjugacy between two twisted Bernoulli shift actions is of a very special form.
In fact, it comes from an isomorphism on the level of base groups H. We also
determine the centralizer of the Z? x SL(2, Z)-action B(H,u,x) on N(H,p)
(Theorem 4.4).

We fix some notations for the proofs. We define 0, ey, ey € Z° as

()0

Let & be the element of Z? x SL(2, Z) satisfying
§-0=e, {-e1=ey &-ea=0.

The elements & and &2 are explicitly described as

(1)
e (22)

The order of £ is 3. Let n, 6 € SL(2, Z) be given by n = (_01 _01>,5: (é 1)

Let D be the subset of all elements of Z? fixed under the action of §, that is,

o-{(0)]<2}
co (Yoot o {(,0)

We define the subgroup Ap(H) of A(H) by

neZ}‘
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Ap(H) ={\ € A(H) | \: Z* — H is supported on D}.

Let (Hg, fta, Xa) and (Hp, pp, x5) be triplets of countable abelian groups, their
normalized 2-cocycles and characters. For h € H,, we define A, € Ap(H,) as

h (k;: 61),
M) ={ —h (k=0),
0 (k?é 61,0).
For g € Hy, we define o, € Ap(H,) as
g (k: 61),
Ug(k) = -9 (k = 0)7
0 (k?é 61,0).

We denote by v(o) € N(Hy, 1) the unitary corresponding to o € A(Hy).

THEOREM 4.1.  If 7: N(Hg, pa) — N(Hy, ) is a *-isomorphism giving
conjugacy between B, = B(Hq, ta, Xa) and By = B(Hy, i, xp), then there exists a
group isomorphism ¢ = ¢, : H, — H, satisfying

(1) m(u(N) =v(poA) mod T for A € A(H,),

(2) the 2-cocycles pq(-,-) and pp(p(+), ¢(-)) of Hy are cohomologous,

(3) xi = (xwo9)”

Conversely, given a group isomorphism ¢: H, — Hy satisfying (2) and (3), there
exists a *-isomorphism m = mwy: N(Hy, pto) — N(Hy, ) which satisfies condition
(1) and gives conjugacy between B,, By.

We note that by Proposition 2.2 the condition (2) for ¢ is equivalent to
(2)" papalg, h) = pius((9), (), g, h € Ha.

PROOF FOR THE FIRST HALF OF THEOREM 4.1. Suppose that there exists a
(not necessarily trace preserving) *-isomorphism 7 from N(H,, p,) onto N(Hy, )
such that 7o B,(y) = By(y) o, v € Z* x SL(2, Z).

We prove that for every h € H, there exists ¢(h) € H, satisfying
m(u(Ay)) = v(04n)) mod T. Let Uy, denote the unitary in N(Hy, )

Un = n(palh =R (M), h € Hy
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We identify N(H,p) with the subalgebra of the infinite tensor product
&z Lu(H), which is canonically isomorphic to Ly;(@Dz H). The preimage
71 (Up) can be written as u} ® uy,. Here wy is the unitary corresponding to h € H,
and placed on 1 € Z? and the unitary u;, is placed on 0 € Z?. We describe U, as
the Fourier expansion Uy =}, n,) ¢(0)v(0). Since e; and 0 are fixed under the
action of 0, one has

By(8)"(Uy) = 70 Ba(8)" (2 (Uy)) = Up.

It follows that the Fourier expansion Uy =}y, c(0)v(o) must satisfy that
c(o) =c(67™ - o) for every 0 € A(Hy) and n € Z. For o0 € A(H;,) \ Ap(H,), the orbit
of o under the action of §~! is an infinite set, since the support supp(c) C Z? is not
included in D. It turns out that c¢(o) =0 for all o € A(Hp) \ Ap(H,) due to

D e (i) le(0)* =1 < 400, so that Uy, = > oerp(y) €(@)v(0).
The unitary x,(h)U; is also fixed under the action of § and can be written as

xa(WU; = 7 (xa(W)a(h, =RJu(=M0))
= 7 (a(Baa =€ - M) ) 7 (stalh—RJul? - M)
B3(€)(Un) By(€*)(Un).-

Letting ne; = (n,0)" € 22, we get

GO =B (D c@)v(@) = > elo)u(&-o) [ xulotnen),
)

o€Ap(Hy nez

B(ENU) = () (D elo) () = (o) v(€ - o).
)

(IEA]’)(Hb

Since Fourier expansion admits algebraical calculation as in subsection 2.6, the
expansion of x,(h)U} is

Xa(R)U;, = By(€)(Un) Bo(€7) (Un)
= > do)elo)v(&- o) - a2) [ | xe(on(ner))”

Ul,UQEAD(Hb) nez

= Y do)clo)m(é- 01,8 00) [[ xo(or(nen)" v 01 + € - o).

01,02€Ap(Hy) nez
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The map Ap(H,) x Ap(Hy,) 3 (01,02) — & 01 + & - 09 € A(H,) is injective. In-
deed, oy is uniquely determined by & - oy + £2 - 09, since o1 (k) = (£ - o1 + €2 - 09) (€ -
k),k € D\{ei} and oi(e1) = — 3 ycp\ (o) 01(k). Here we used the condition
S o1(k) = 0. The element oy is also determined by & - oy + €2 - 0. Thus the index
(01,02) uniquely determines £ - oy + &2 - 0.

We take arbitrary elements 01,09 € Ap(H,) and suppose that c(oq) # 0,
c(oa) # 0. Since the unitary x,(h)U; is invariant under the action of ¢ and the
coefficient of £ - o1 + €2 - 09 is not zero, £ - o1 + &2 - 09 is supported on D. It follows
that the elements oy and oy can be written as 01 = o4, = 02, by some ¢(h) € H,.
Indeed, since the subsets D\ {0,e1},£D \ {e1,e2} and €2D \ {ez, 0} are mutually
disjoint, the element ¢ - o1 must be supported on {ej,es} and the element &2 - oy
must be supported on {ez, 0}. By the assumption ), 42 0i(k) =0 (i = 1,2), 0; can
be written as o4p,). Then using the fact that (£-o01+&%-02)(e2) = o1(e1) +
72(0) = 0, we get that o1 = o4(,) = 02 for some ¢(h) € Hy. This means that there
exists only one o € A(H}) such that c(o) # 0 and that it is of the form o = oy,).
Then the unitary U, satisfies Uy = w(u(A)) = v(ogp)) mod T.

We claim that the map ¢ = ¢, : H, — Hj is a group isomorphism. For all
hi,he € H,, we get

(A1) = T(w(An,)) T(w(An,)) = v(04(n)) V(O g(hy))

= 0(Tg(m) + To(hs)) = V(To(h)to(ny))  mod T

On the other hand, we get 7(u(An,4h,)) = V(Tg(h+hy)) mod T. Since {v(o)} are
linearly independent, we get oy, +h,) = Tg(h)+a(hs), and hence

¢(h1 + h2) = ¢(h1) + ¢(ha).

This means that the map ¢ is a group homomorphism. The bijectivity of the
x-isomorphism 7 leads to that of the group homomorphism ¢ = ¢,. Since {7 -
M| v € 2% % SL(2,Z),h € H,} C A(H,) generates A(H,), we get m(u(\)) = v(¢ o
A) mod T for A € A(H,).

We prove that the group isomorphism ¢ = ¢, satisfies the conditions (2) and
(3) in the theorem. For all h € H,, there exists c¢(h) € T satisfying

Ui = (pralh=h) u(M) ) = e(b) (6 (R). ~6(h)) vl

Since (e1,n) € Z* x SL(2, Z) acts on Z* as (e1,n) - e =0, (e1,n) -0 = e1, we get
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Un Bo(er,m)(Up) = ﬂ(ua(h, “h) u(Mn) il =) u(—)\h))

) S
= ,ua(hv _h) :ua(Ah; _Ah,) - 17

where the function fi, is defined by the equation (Eql) in subsection 2.2.
The following equation also holds:

Un By(e1,n)(Un) = c(h) pp(@(h), = (h)) v(ogm)) c(h) m(@(h), —p(h)) v(o_gm)

= c(h)’ m(d(h), —¢(h))2/7b(0¢(h), —oym) = c(h)®.
Thus we have c(h) € {1,—1} for h € H,.
Since £-e; =eg, £-eo =0 and £-0 = e;, we have
Un Bo(€)(Un) By(€%)(Up)
- w(ua(h, ~h) u()\h)) W(Xa(h) 1o (s —R) (€ - Ah)) w(ua(h, “h)u(e? )\h))

On the other hand, we have the following:

Un Bo(€)(Un) By(€*)(Un) = c(h) s (¢(h), —p(h)
c(h) xp(¢
( )

AA
<
=
S)
<
| ~

=

It follows that

c(h) = xp(d(h)) Xal(h) (Eq2)

and x,(6(h))? = xa(h)?, for all h € H,.

We recall that the algebra L (€, H,) is canonically identified with the
infinite tensor product @, L, (H,). The unitary 7 '(U,) € N(Hg,pta) C
& L, (H,) can be written as 1 ® u} ® uy, where 1 is placed on —e; € Z%, uj is
placed on 0 and w;, is placed on e;. Since 7€ Z* x SL(2,Z) acts on Z? as
n-e1 = —ep,n-0=0, the unitary 7' (6(n)(U,)) can be written as u, ® u; ® 1. We
have the following equation:
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Uy By(n)(Un) Uy By(n)(Un)*
= m((1® uy @ uy) (up, @ up, @ 1)(1 & uy @ ug)" (up @ ujy @1)") = i p1a (g, h).-

The unitary Uy can be written as c(h)(1@v, ®vyn)) € N(Hy, ) C @ g2 Ly, (H,).-
Here we write vy for the unitary in L, (Hy) corresponding to ¢(h). The unitary
By(n)(Uy) can be written as c(g)(vy(y) ® vy, © 1). Then we get

Uy By (n)(Un) Uy Bo(n)(Uy)
= (1@ V1) © V() (V) @ Vi) @ 1)(1 @ Vi) @ Vs5))” (Vi) © Uiy © 1)°
= p,((9), ¢(h)).

Thus we get () 1a(g, h) = ppp(o(g), 9(h)), for all g,h € H,. We proved that the
group isomorphism ¢ = ¢, satisfies the conditions (1), (2) and (3). O

From a group homomorphism which satisfies the conditions (2) and (3), we
construct a s-homomorphism from N(H,, p,) to N(Hy, ) with the condition (1).
In the construction, the function 7 on A(H) given below is useful. We fix an index
for Z% as Z% = {ko, k1, ko, ...} throughout the rest of this section. For a scalar 2-
cocycle p of H, we define the function i by

n J—1
j=1  \'i=0

where A is supported on {ko, k1, k2, . .., ks }. This definition depends on the choice

of an order on Z2. Since >_; A(k;) = 0, the function fi is also given by the following

relation in C,(H):

o~

BT = Up () U () Un(Ry) " Un(k)s A € A(H).

If 1t is a coboundary, then the definition of /i does not depend on the order on Z2,
since C,(H) is commutative.

LEMMA 4.2.  Let ug be another normalized scalar 2-cocycle for H. Let iy be
the scalar 2-cocycle on A(H) x A(H) given in the same way as equation (Eql) in
subsection 2.2 and let [y be the function on A(H) constructed from py in the above
manner. If the scalar 2-cocycles p and py are cohomologous, then for all
A, A2 € A(H), we have the equation
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(A1, A2) B(A1) B(A2) (A + A2) = fio(Ar, A2) fin (M) fio(A2) fio (A1 + Aa).
PROOF. We denote by {v(g,h)} the scalar 2-cocycle {po(g, h)u(g, h)} of H.

Since v is a 2-coboundary, there exists {c(g)},cy C T satisfying v(g,h) =
b(g)b(h)b(g + h). Then the map v becomes U(A) = [, b(A(k;)). Since

Az) = wakz-)) b(Aa(k:)),

(A1, A2) Hb (Ar(ki)) b(A2(ki)) b( A1 (ki) + A2 (ki)),

D+ Ao) = Hb)\l )+ Ao (ki)

we get U(A1) D(A2) = D(A1, A2) (A1 + A2). By the definitions of [, iy, & and fig, the
maps U and U are given by

D) =) V), (A, ) = (A, A2) i (M, Aa).

Thus the desired equality immediately follows. (I

PROOF FOR THE SECOND HALF OF THEOREM 4.1. Suppose that there exists
a group isomorphism ¢ satisfying the conditions (2) and (3) in the theorem. We
prove that there exists a *-isomorphism 7 = 7, from N(H,, p,) onto N(Hy, up)
preserving the Z? x SL(2, Z)-actions with the condition (1).

We define a group homomorphism ¢y from H, to {1,—1} C T by

C¢(h) = Xb(¢(h))Xa(h)7 h e H,.
Let ¢, be the group homomorphism from A(H,) to {1,—1} C T given by

= T co®)=® = T xuE)=" D a@Om)™ ", e A(L).

keZ? ke Z?

We define a linear map 7 from the group algebra C;-(A(H,)) onto C5 (A(Hy)) by
(IO uN) = GOAGo N w(doN), A€ A(H,).

By direct computations, for all A, A\s € A(H,), we get
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w(@(Al u()\l)) w(@(AQ)u(A2))
A1) € (X2) fin (¢ 0 M) i (h 0 A2) (@ o A1) v(p o Ag)
)\1 + X2) fin (¢ 0 A1) (@ 0 Aa) i (¢ 0 A, 0 Aa) w(@ o (A + A2)).

On the other hand, we have the following equation:

3
Ve
g)
>

it () u(h) u(re))
= 7(OD O A, Ao u(h + X))
= )0 AV + ) (A + D) (v + Ma))

= (M + A2) fla (M) fla(A2) fra(A1; A2) fra (M1 + Aa)
(@ o (A + A2)) v(do (A1 + Aa)).

By Lemma 4.2 and the condition (2) for the group isomorphism ¢ in the theorem,
we have that

(¢ 0 A1) 1y (¢ © Aa) fin(¢ 0 A1, ¢ o Xa)
= fla (A1) fra(A2) fla( A1, A2) fra (A1 + A2) fin (@ o (A1) + ¢ o (A2)).

Therefore we get m(u(A)) m(u(Xe)) = m(u(A1) u(A2)). The linear map =7 also
preserves the x-operation. As a consequence, m is a x-isomorphism from
Ci-(A(H,)) onto C;(A(H,)) and this preserves the trace. The map 7= 7y is
extended to a normal *-isomorphism from N(H,, u,) onto N(Hy, up).

We next prove that this 7 preserves the Z* x SL(2, Z)-actions. The group
homomorphism ¢, from A(H,) to {1, —1} is invariant under the action of SL(2, Z),
by Lemma 2.1 (1). The scalar 2-cocycle v(g,h) = uq(g, h)w(d(h), #(g)) satisfies
v(g,h) = v(h,g) by condition (2), so the function U(-) =g (-)@(¢ o) on A(H,)
does not depend on the order on Z? chosen before. Since

™o Ba(V)(u(A)) = m(uly - A))
o(7 - Ny - M (@0 (v - A)v(go (- A))

Co

Co(N) (N (9 0 Nu(y - (¢ 0 A))
B(
(

I
3

Il
N

b

N(GN RN Ne(so )
Mor((N), € SLE2,2),A € A(H,),

- b
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it turns out that the x-isomorphism = is compatible with the SL(2, Z)-actions

ﬂa|SL 2,7) and ﬂb|SL 2,72)
For all \ € A(H,) and k € Z*, we have

70 Ba(k) _ W(H Xa(A det(k.,l)u(k . /\))
lez?
= T ol M@ TT XM@Y F - X) T o (B W) el o (k- ).

lez? lez?

Since ¢ (h) D ey (R)EAED = ¢ (R)EW e, (R)2Y | by Lemma 2.1 (2), the unitary
7o Ba(k)(u(X)) equals to

H % gcd E+1) H <C¢(A(l))det(k,l)xb(¢ o )\(l))det(k,l)>

lez? lez?
fia(k - X) (b o (k- ) v(¢ o (k- A))

— H C¢()\(l))gcd(k) H C¢()\(l))g0d(l) H Xb((bo )\(l))det(k,l)

lez? lez? lez?
fra(k - A) fin(¢p o (k- A)) v(k - (¢ 0 A))
= Co(A) ftalk - A) iy (- (¢ 0 X)) By(K) (v(¢ 0 A))
= Bo(k) o m(u(X)).

This means that the x-isomorphism 7 preserves the Z*-actions.
We get the s-isomorphism 7 =7y from N(H,, p,) onto N(Hy, ) giving
conjugacy between 3, and (. O

REMARK 4.3. The proof of the first half of Theorem 4.1 shows that any
isomorphism 7 giving conjugacy between 3, and 3, is of the form 4. This means
that an isomorphism which gives conjugacy between two twisted Bernoulli shift
actions must be trace preserving.

This proof shows that an isomorphism giving conjugacy between the two
actions B(Hy, ta, Xa), B(Hy, p, Xp) is of a very special form derived from a group
isomorphism between H, and H,;. Taking notice of this fact, we can describe the
centralizer of a twisted Bernoulli shift action. We define two topological groups
before we state Theorem 4.4.

Let 3 be a trace preserving action of some group I' on a separable finite von
Neumann algebra (N, tr). We denote by Aut(N,3) the group of all automor-
phisms which commute with the action (3, that is,
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{a € Aut(N) | B(v) ca=aop(y), yeTl}

We regard the group Aut(N,[) as a topological group equipped with the
pointwise-strong topology. When [ is a twisted Bernoulli shift action on IV, an
automorphism a commuting with 3 is necessarily trace preserving by Remark 4.3.
We consider that Aut(N, §) is equipped with the pointwise-2-norm topology.

Let Aut(H,u,x) be the group of all automorphisms of an abelian group H
which preserve its 2-cocycle p and character y, that is,

{¢ € Aut(H) | pu(g,h) = p(o(9), ¢(h)), x(9) = x(¢(9)), g,h € H}.

We define the topology of Aut(H, p, x) by pointwise convergence.

THEOREM 4.4. For 7€ Aut(N(H,u),B(H, 1, x)), there exists a unique
element ¢ = ¢ € Aut(H, pu*u, x?) satisfying m(u(\)) = u(¢poA) mod T for \ €
A(H). The map m— ¢, gives an isomorphism between two topological groups

Aut(N(H, p), B(H, p, x)) = Aut(H, pi*p, x°).

PROOF. We use the notations in the proof of the previous theorem, letting
H,=H,=H, po=mw=p and x,=xp=x. Denote N=N(H,u) and =
B(H, p,x). We have already have shown the first claim. Let

Aut(H, p* 1, x%) 3 ¢ — 7y € Aut(N, ),
be the map given as in the proof of Theorem 4.1, that is,

7o (AT () = GG N g0 N), A€ A(H),

where

Co(N) = H X()\(k))gcd(k) mgcd(k)'

keZ?

It is easy to prove that ¢, = ¢ by the definition. Thus the map 7+ ¢ is
surjective. We prove that this map is injective. Let ¢ be an element of
Aut(H, p* i1, x%). Suppose that 7 is an arbitrary element of Aut(N, 3) satisfying
¢ = ¢r. The set {B(v)(w(M\)) | h € H, v€ Z* x SL(2,Z)} generates N, so we
have only to prove the uniqueness of ¢(h) € T satisfying
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(1, =h) u(wn) ) = elh) w(@(R), —(B)) ulAs):

for all h € H. In the proof of the first half of the previous theorem (equation
(Eq2)), we have already shown that c¢(h) = x(h)x(¢(h)). Thus the *-isomorphism
7 is uniquely determined and the map 7+ ¢, is injective.

We prove the two maps ¢ — 7 and 7 — ¢, are continuous. Let (¢;) be a net
in Aut(H, u*p, x?) converging to ¢. For all h € H, we have

7, () 1, =) () ) = X (@i () 1B (), — i) X ).

The right side of the equation converges to

X)) (@), =6 () ulAsny) = s (XY il =h) u(n) ).

This proves that m; converges to my in pointwise 2-norm topology on the
generating set {3(7)(u(M\)) | h € H, v € Z* x SL(2, Z)} of N. Thus 7y, converges
to Ty on N.

Conversely, let (m;) be a net in Aut(N, 3) converging to 7. For all h € H, we
get mi(u(An)) = u(Ay, (n)) mod T. The left side of the equation converges to
T(u(An)) = w(Ag, (). If ¢x,(h) # ¢x(h), then the distance between Tu(M, () and
Tu(Ag, (1)) is V2 in the 2-norm. Thus ¢, (h) = ¢(h) for large enough i. This
means that (¢,,) converges to ¢,.

As a consequence, the two maps ¢ — 7, and 7 — ¢, are continuous group
homomorphisms and inverse maps of each other. O

5. Examples.

5.1. Twisted Bernoulli shift actions on L>*(X).

In this subsection, we consider the case of y =1 and H # {0}. Then the
algebra N(H,1) is abelian and has a faithful normal state, so it is isomorphic to
L*(X), where X is a standard probability space. The measure of X is determined
by the trace on N(H,1). Furthermore, X is non-atomic, since N(H,1) is infinite
dimensional and the action B(H,1,x) is ergodic. As corollaries of Theorems 4.1
and 4.4, we get trace preserving Z* x SL(2, Z)-actions on L>(X) whose central-
izers are isomorphic to some prescribed groups.

REMARK 5.1.  The Z? x SL(2, Z)-action on X defined by 8= 3(H,1,) is
free. An automorphism a € Aut(L*®(X), ) is free or the identity map for any
twisted Bernoulli shift action 8 on L*°(X). This is proved as follows. We identify
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B(y) (v € Z* x SL(2, Z)) and a with measure preserving Borel isomorphisms on X
here. Suppose that there exists a n(}vn—null Borel subset Y C X whose elements are
fixed under a. All elements in Y = J{B(y)(Y) | v € Z* x SL(2, Z)} are fixed

under a.. By the ergodicity of 3, the measure of Y is 1. Then « is the identity map
of L*(X).

COROLLARY 5.2.  For any abelian countable discrete group H # {0}, there

exists a trace preserving essentially free ergodic action 3 of Z* x SL(2,Z) on
L>®(X) satisfying

Aut(L¥(X), ) = Aut(H).

PROOF. When we define 8= 3(H,1,1), we have the above relation by
Theorem 4.4. [l

In the next corollary we use the effect of twisting by a character .

COROLLARY 5.3.  For every abelian countable discrete group H # {0}, there
exist continuously many trace preserving essentially free ergodic actions {8.} of
Z? % SL(2, Z) on L®(X) which are mutually non-conjugate and satisfy

Aut(L>®(X),.) =2 H x Aut(H).

Here the topology of H x Aut(H) is the product of the discrete topology on H and
the pointwise convergence topology on Aut(H).

PROOF. Let ce {e™ |t€ (0,1/2)\ Q}. We put 8. =B(H ® Z,1,1 X x.),
where the character x. of Z is defined as x.(n) = ¢". By Theorem 4.4, we get

Aut(L>(X),3.) = Aut(H @ Z,1,1 x x2).

Since the character x? is injective, a group automorphism o € Aut(H &
Z,1,1 x x?) preserves the second entry. For all o € Aut(H & Z,1,1 x x?), there
exist ¢, € Aut(H) and h, € H satisfying

a(h,n) = (¢pa(h) + nhy,n), (h,n) e HD Z.

The map Aut(H & Z,1,1 x x?) > a+ (ha, ds) € H x Aut(H) is a homeomorphic
group isomorphism.

If c1,c0 € {e™ |t €(0,1/2)\ Q} and ¢ # ca, then there exists no isomor-
phism from H & Z to H @& Z whose pull back of the character 1 x xé is equal to
1x le. The two actions (., and ., are not conjugate by Theorem 4.1. (]
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COROLLARY 5.4. There exist continuously many trace preserving essen-
tially free ergodic actions {B.} of Z* x SL(2, Z) on L= (X) which are mutually non-
conjugate and have the trivial centralizer Aut(L>®(X), 8.) = {idp=~x}-

PROOF. Let {x.|c=¢"™t€(0,1/2)} be characters of Z such that
Xe(m) = ¢™. Since x?(1) is in the upper half plane, the identity map is the only
automorphism of Z preserving x*>. By Theorem 4.4, we get Aut(8(Z,1,x.)) =
{id}.

If 8(Z,1,x¢),8(Z,1,x.,) are conjugate, then there exists a group isomor-
phism on Z whose pull back of x? is x? by Theorem 4.1. This means ¢; = ¢,.
Thus the actions {8(Z,1, x.)} are mutually non-conjugate. O

5.2. Twisted Bernoulli shift actions on the AFD factor of type II;.
Firstly, we find a condition that the finite von Neumann algebra N(H, u) is
the AFD factor of type II;.

LEMMA 5.5.  For an abelian countable discrete group H # {0} and its
normalized scalar 2-cocycle u, the following statements are equivalent:

(1) The algebra N(H, u) is the AFD factor of type I1;.

(2) The group von Neumann algebra L,(H) twisted by the scalar 2-cocycle p
is a factor (of type II; or1,).

(3) For all g€ H\ {0}, there exists h € H such that u(g, h) # p(h, g).

PROOF. The amenability of the group A(H) leads the injectivity for
N(H, u). The injectivity for N(H, ) implies that N(H, u) is approximately finite
dimensional ([Co]). We have only to show the equivalence of conditions (2), (3)
and

(1)" The algebra N(H, u) is a factor.

By using Fourier expansion it is easy to see that condition (2) holds true if and
only if for any g € H\ {0} there exists h € H satisfying wyup # upu,. This is
equivalent to condition (3). Similarly, condition (1) is equivalent to

(1)" For any A\; € A(H) \ {0}, there exists \y € A(H) satisfying

(A2, M)A, ) # 1.

Suppose condition (3). For any Ay, choose element k,1 € Z* so that k € supp()\;)
and [ ¢ supp(A1). By condition (3), there exists h € H satisfying p* (A (k), h) # 1.
Let Ao be the element in A(H) which takes h at k, —h at [ and 0 for the other
places. The element A, satisfies 11( Ao, M)A, Ao) = p* (A (k), h) # 1. Here we get
condition (1)". The implication from (1)" to (3) is easily shown. O
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REMARK 5.6. The twisted Bernoulli shift action 8 = 8(H, u, x) is an outer
action of Z? x SL(2, Z). Any non-trivial automorphism in Aut(R, B(H,u,x)) is
also outer. This is proved by the weak mixing property of the action S(H, i, x) as
follows. If o € Aut(R, B(H, i, x)) is an inner automorphism Ad(u), then we have

Ad(B() (u))(2) = B(Y)(uB(y) " ()u") = B(y) 0 o B(y) ' (x)
= a(z) = Ad(u)(2),

for all z € R and v € Z% x SL(2, Z). Since Ad(B(y)(u)u*) =id, Cu C R is an
invariant subspace of the action 8. The only subspace invariant under the weakly
mixing action 3 is C1 (Proposition 2.6), thus we get o = id.

Using Theorems 4.1 and 4.4, we give continuously many actions of Z* x
SL(2,Z) on R such that there exists no commuting automorphism except for
trivial one.

COROLLARY 5.7.  There exist continuously many ergodic outer actions {f.}
of Z* x SL(2, Z) on the AFD factor R of type I, which are mutually non-conjugate
and have the trivial centralizer Aut(R, 8.) = {idgr}.

PROOF. We can choose and fix a character x on Z2 such that x? is injective.
Let {u. | c=¢e™,tc (0,1/2)\ Q} be scalar 2-cocycles for Z* defined by

S1 S9
He ) = c(gltz_tlsza Sl,tl,SQ,tQ €Z.
t1 to

We put 8. = B(Z>, i, x)- The 2-cocycle pu,. satisfies condition (3) in Lemma 5.5.
Thus f. defines a Z? x SL(2, Z)-action on R. By Theorem 4.4, we get the
following isomorphism between topological groups:

Aut(R, B,) = Aut(Z®, pipe, xX°) = Aut(Z%, e, X%).

Since the character x? of Z” is injective, so the group of the right side is {id|,}.
This means that the action (3, has trivial centralizers.

Finally, we prove that the actions {3. | ¢ = €™, ¢t € (0,1/2) \ Q} are mutually
non-conjugate. Suppose that actions 3., and 3., are conjugate. By Theorem 4.1,
there exists a group isomorphism ¢ of Z? satisfying

He2 (g’ h) = He ((;5(9), ¢(h))7 g:h € z.
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A group isomorphism of Z* is given by an element of GL(2,Z). If the
automorphism ¢ is given by an element of SL(2, Z), we get ¢3 = c. If ¢ is given
by an element of GL(2, Z) \ SL(2, Z), then we get ¢3 = —c?. Since both ¢; and ¢,
have the form €™, t € (0,1/2), we get ¢; = . O

Any cyclic group of an odd order can be realized as the centralizer of a
twisted Bernoulli shift actions on R.

COROLLARY 5.8. Let q be an odd natural number > 3 and denote by H, the
abelian group (Z/qZ)Q. We define the 2-cocycle pq and the character x, on Hy as

ﬂq<<2> <Z>> = exp (2misita/q), m((i)) = exp (2mis1/q).

Then the algebra N(H,, 1) is the AFD factor R of type I, and the centralizer of
the twisted Bernoulli shift action 8, = B(Hy, g, Xq) @S isomorphic to Z/qZ.

PROOF. By Lemma 5.5, it is shown that the algebra N(Hg, ug) is the AFD
factor of type II;. Using Theorem 4.4, we have only to prove that Aut(Hq,uZuq,
X;) = Z/qZ.

Let ¢ be in Aut(Hy, p1; g, Xi). The automorphism ¢ of H, is given by a 2 x 2
matrix A of Z/qZ. Since ¢ preserves kg, the determinant of A must be 1. Since ¢
is odd, the value of xg determines the first entry of (Z/qZ)* and ¢ preserves XZ.
The matrix A is of the form

e 20z
.ty € :
ty 1 o =2

The map ¢ — t4 is an isomorphism. In turn, if the matrix A is of this form, it
defines an element in Aut(Hy, 11} tig, X3 )- O

COROLLARY 5.9.  For a set Q@ consisting of odd prime numbers, let Bg be the
tensor product ®qu By of the actions B, on the AFD factor of type 1I;. The
centralizer of Bq is isomorphic to quQ Z/qZ.

PROOF. The action ( is the twisted Bernoulli shift action B(Hg, 1o, xq)
where Hg is the abelian group @qu H, and the scalar 2-cocycle u, and the
character xg on Hg are given by
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1Q((sq), (tg)) = Hﬂq(sqvtq)’

q€Q

xq((sq)) = HXq(Sq)a (sq), (tq) € Hq, 54,4 € Hy.
q€@

Using Theorem 4.4, we have only to prove

Aut(Hg, piyuq: xo) = [ [ Z/q2.
q€Q

A group automorphism ¢ of Hg = P, H, has a form ¢((k,)) = (¢4(ky)), for some
{¢qy € Aut(H,)}. Thus we get

Aut(Hg, uhpq xg) = | [ Aut(Hy, 111, X72)-
q€Q

Together with the previous corollary, we get the conclusion. (I

REMARK 5.10. If @1 # Qa, then the two groups [[.o Z/qZ and
[l,cq, Z/qZ are not isomorphic. The continuously many outer actions {3g} are
distinguished in view of conjugacy only by using the centralizers {Aut(R, 5g)}.

6. Malleability and rigidity arguments.

In this section, we give malleability and rigidity type arguments invented by
S. Popa, in order to examine weak 1-cocycles for actions. See Popa [Po2], [Po3],
[Po4] and Popa-Sasyk [PoSa] for the references. S. Popa in [Po3] showed that
every 1-cocycle for a Connes-Stgrmer Bernoulli shift by a property (T) group (or
w-rigid group like Z? x SL(2, Z)) vanishes modulo scalars. As a consequence, two
such actions are cocycle conjugate if and only if they are conjugate. In our case, 1-
cocycles do not vanish modulo scalars but they are still in the situation that
cocycle (outer) conjugacy implies conjugacy. We need the following notion to
examine outer conjugacy of two group actions.

DEFINITION 6.1. Let a be an action of discrete group I on a von Neumann
algebra .#. A weak 1-cocycle for a is a map w: I' — % (M) satisfying

Wy, = wyog(wy) mod T, g,hel.

The weak 1-cocycle w is called a weak 1-coboundary if there exists a unitary
v € % (M) satistying w, = va,(v)” mod T. Two weak 1-cocycles w and w' are said

to be equivalent when w/, = vwyay(v)” mod T for some v € %(M).
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Let N be a finite von Neumann algebra with a faithful normal trace. The
following is directly obtained by combining Lemmas 2.4 and 2.5 in [PoSa],
although these Lemmas were proved for Bernoulli shift actions on standard
probability space. The following can be also regarded as a weak 1-cocycle version
of Proposition 3.2 in [Po4].

PROPOSITION 6.2. Let G be a countable discrete group. Let B be a trace
preserving weakly mizing action of G on N. A weak 1-cocycle {w,,}gea C N forpis
a weak 1-coboundary if and only if there exists a non-zero element xy € N @ N
satisfying

(wy ®1)(By ® By)(20)(1 ® w;) =175, ge€G.
The following is a weak 1-cocycle version of Proposition 3.6.3° in [Po4].

PROPOSITION 6.3. Let I' be a countable discrete group and G be a normal
subgroup of I'. The group T acts on a finite von Neumann algebra N in a trace-
preserving way by B. Suppose that the restriction of B to G is weakly mizing. Let
{wy} cr be a weak 1-cocycle for B. If w|; is a weak 1-coboundary, then w is a weak
1-coboundary for the I'-action.

PROOF. Suppose that w|, is a weak 1-coboundary, that is, there exists a
unitary element v in N such that w, = v8,(v*) mod T for g € G. It suffices to show
that {w)} = {v*w,B3,(v)} is in T for all v € T. Take arbitrary y € I', g € G. Write
h =~"'gy € G. Let m, be the unitary on L*(N) induced from f3,. Since w), wy, € T,
we get

/

u/7r w’*
g ol

Sy, = (w

) (W) (W, my)* = Wy, Ty =7 modT.
By applying these operators to 1 € N C L*(N), it follows that w! By (w.") € T.
Since the G-action is weakly mixing, we have wg eT. O

By using the above propositions, we will “untwist” some weak 1-cocycles
later. We require some ergodicity assumption on the weak 1-cocycles.

DEFINITION 6.4. Let T' be a discrete group and G be a subgroup of T
Suppose that its restriction to G is ergodic. Let § be a trace preserving action of '
on N. A weak 1-cocycle w = {wg}ger for (3 is said to be ergodic on G, if the action
B* of G is still ergodic, where 5" is defined by ﬁ'gw = Adw,o gy, g€ G.

Let 8 be a I'-action on N. Suppose that the diagonal action 8® (3 on (N®
N, tr ® tr) has an extension 3 on a finite von Neumann algebra (N, 7). The algebra
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N is not necessarily identical with NV ® N. When the action B is ergodic on a
normal subgroup G C I, we get the following:

PROPOSITION 6.5.  Let {w,},.r C N be a weak 1-cocycle for 3. Let o be a
trace preserving continuous action of R on N satisfying the following properties:

e qi(z®1)=1®x, forallzeN.

o o 03(\)(%) =p()oauF), foralite R,veT andi € N.

Suppose that the weak 1-cocycle {w, ® 1} C N is ergodic for the G-action §|G If
the group inclusion G C T has the relative property (T) of Kazhdan, then there
exists a non-zero element Ty € N so that (w, ® 1)B,(z0)(1 ® w;) = 7o, g € G.

This is proved in the same way for Bernoulli shift actions on the infinite
tensor product of abelian von Neumann algebras ([PoSa], Lemma 3.5). Since we
are interested in actions on the AFD II; factor, we require the ergodicity
assumption on weak 1-cocycle {w, ® 1}. For the self-containedness and in order to
make it clear where the ergodicity assumption works, we write down a complete
proof.

PROOF. For ¢t € (0,1], let K; be the convex weak closure of
{(wy® Day(w; ®1) | g€ G} C N
and 7; € K; be the unique element whose 2-norm is minimum in K;. Since
(wy ® 1)By((wy, ® ay(w), ® 1))y (w) @ 1)
= (wyBy(wg,) ® 1)au(By(wy, Jw, © 1)
= (wgm ® ]‘)at(w;{/l ® 1)7 9,91 S Ga
we have (w, ® 1)@,(Kt)at(w; ® 1) = Ky, for g € G. By the uniqueness of 7y, we get
(wy ® V)T )ou(wy @ 1) = Z, g€ G (Ea3)

By the assumption, the action (Ad(w,® 1) ogg)geG is ergodic on N. By the
calculation

(wy ® 1)y (&3 ) (w], © 1)
= (wy ® 1)B,(T0)ou(w), ® 1wy @ 1)y (3, (w) @ 1)
=5&", g€G,

we get x;z;* € C1. The element x; is a scalar multiple of a unitary in N.
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We shall next prove that 1, is not zero for some positive integer n. The pair
(T, G) has the relative property (T) of Kazhdan. By Proposition 2.4, we can find a
positive number ¢ and a finite subset F' C I satisfying the following condition: If a
unitary representation (m, ) of I' and a unit vector £ of S satisfy
Im(1)E — € <8 (v € F), then ||n(g)¢ — €] < 1/2 (g€ G). By the continuity of
the action a, there exists n such that

[(wy @ Dayym(w] @ 1) =1l <6, v €F.

The actions § and (ai/n)lez on N give aI' X Z action on N. Let P be the crossed
product von Neumann algebra P =N x (I'x Z). Let (U,),.r and W be the
implementing unitaries in P for I' and 1€ Z respectively. We put V, =
(w, ® 1)U,, v € T. We regard AdV. as a unitary representation of I' on L*(P).
Since

[AdVL (W) = Wl 2py = [[(wy @ W (w] @ 1YW = 1| 12p)

= ”(w"/ ® l)al/n(wf/ ® 1) 6, v e Fa

=1, 5 <
L*(N)
we have the following inequality:

> [AdVy(W) = W[ p2p) = [[(wy © D)aym(wy @ 1) =1 geG.

L2(N)’

N~

We get 1/2 > ||z, — 1||L2(1V) and zy, # 0.
Let uy;,, be the unitary of N given by a scalar multiple of z,/,. By equation
(Eq3), the unitary satisfies

(wy ® 1) By (urjn)arjn(w) @ 1) = @), g€ G

Let zy be the unitary defined by

ﬁ) = 71?/77,0[1/71,(1717;7,)052/n(m)a(nfl)/n(ul/n)'
By direct computations, we have the following desired equality:
(wy ® 1)5!1(50)(1 ® w;) = (wy ® 1)59(3?0)0‘1 (w; ®1)=z), geG. O

THEOREM 6.6. Let 8= [(H,u,x) be a twisted Bernoulli shift action on
N(H,u). Suppose that N(H, ) is the AFD factor of type 11y and that there ezists a
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continuous R-action (af”)teR on L,(H) ® L,(H) satisfying the following proper-
ties:
e Foranyxze L,(H), ago)(:r ®l)=1®.

o The automorphism aio) commutes with the diagonal action of H.

Let 81 be another action of Z* x SL(2, Z) on the AFD factor N of type I1; and
suppose that its restriction to Z* is ergodic. The action 3Y) is outer conjugate to 3,
if and only if BY) is conjugate to .

PrROOF. We deduce from outer conjugacy to conjugacy in the above
situation. Let @ be a *-isomorphism from N onto N(H, u) which gives the outer
conjugacy of the action SV and 3= B(H,u,x). There exists a weak 1-cocycle

{wV}vezszL(Q,Z) for (8 satisfying

905(1)(7) = Adw, 0fB(7)o0l, ~e€ 72 % SL(2, Z).

Since the action 3 is ergodic on Z2, the weak 1-cocycle w is ergodic on Z2.
We use the notations I'g, Gy given in Section 3. Let p be the diagonal action
p® p of I'g on the tensor product algebra M = Ly(P H) ® L;(D 4, H):

p(10)(a®b) = p(0)(a) @ p(70)(b)-

The fixed point algebra N C M of the diagonal H-action contains N(H, p) ®
N(H, ). Since Z* x SL(2, Z) = I'y/ H, the action p gives a Z> x SL(2, Z)-action 3
on N. The action E is the extension of the diagonal action G® [ on
N(H,u) ® N(H, ). We denote by «y the action on M = &2 (Ly(H)® L, (H))

given by the infinite tensor product of the R-action aio). By the assumption on

ago), the R-action a; commutes with the action p. It follows that the subalgebra N

is globally invariant under oy.

The set of unitaries {W, = w, ® 1} 22, 510.2) C N is a weak 1-cocycle for 3.
We shall prove that this weak 1-cocycle is ergodic on Z2. Let a be an element in N
fixed under 3"|,.. The element a can be written as a = Z)‘E@ZZHG)\ ®@u(A) in

L2M, where ay @ 1 = Eyge(a(l ® u(X))"). Since a is fixed under the action of Z2,
we have



Classification and centralizers 163

a=0"k)(a)= Y Adwpop(lk)(a) @ p(1,k)(u(}))

)‘e@zz H
= Y Adwpop(Lk)(a) @ [T xA@)* ulk - N).
re@p,. H lez?
Since Adwy o p(1, k) preserves the 2-norm, we get [|ax|ly = [|aj 1.4]],. Since |a|j =

S laxlls < oo and the set {ay1., | k € Z?} is infinite for A # 0, it turns out that
ay =0 for A # 0 and thus a € NN (M® C)=N(H,u) ® C. By the ergodicity of
the Z2-action {Adwy, o B(k)}, we get a € C. We conclude that the weak 1-cocycle
{W,} c N is ergodic on Z>.

By the relative property (T) for the inclusion Z*C Z? x SL(2,Z) and
Proposition 6.5, there exists a non-zero element zy € N satisfying

(wy, @ 1)B(k)(20) (1 @ w}) = 7o, k€ Z°

The element xy can be written as the following Fourier expansion:

o= el )ulh) @ uh) € N ¢ Li(@D 2 H) @ Ly(€D 2 H).

Here ¢(A1, A2) is a complex number and (A, A2) € (€D, H)® runs through all pairs
satisfying > .2 (M (k) + A2(k)) = 0. Choose and fix a pair (A1, A2) satisfying

=Y M) =h=> k), c(h, ) #0.

keZz? keZz?
Let v), € M be the unitary written as v, =u, ® 1 ® 1® - -, where uj, € L,(H) is
placed on 0 € Z%. The following unitaries {wl} C N(H, ) give a weak 1-cocycle
for g
w’(k%) = VW () P(L, K, %)(W,),  (k,70) € Z* x SL(2, Z).

Letting § = (v, ® 1)Zo(1 ®@ v},)" € M, we get

7= (@ )R Ao ), ke 2z’

Applying the trace preserving conditional expectation £ = En(g )en(m ), We get
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E(y) = (w, ® DE@Bk))(1 @ w)")
= (w, @ DBR)EM) (L ©w’), ke 2"

Since the Fourier coefficient of £y at (A1, Aa) € (,2 H)? is not zero, that of E(7)
at (A1 + p0, A2 — Opo) € A(H)2 is not zero, where 6,0 € € ,» H is zero on Z*\ {0}
and is h on 0 € Z% By Proposition 6.2, it follows that the weak Il-cocycle
{w/ (he) Yeeze C N(H 1) is a weak 1-coboundary of | ,. Since the Z-action |, is
Weakly mixing, w' is a weak 1-coboundary on Z* x SL(2, Z), by Proposition 6.3.
In other words, there exists v € N(H, u) satisfying

ul, = uB()(w) mod T,
wy, = v}, vp(1,7)(v*v}) mod T, ~ € Z*x SL(2, Z).

Noting that u = v*v) € M is a normalizer of N(H, p), we get

(Ad(u) 0 0) 0 SV (y ) Ad(u) o Ad(w,) 0 B(7) 0 ¢
Ad(p(1,7)(w) o B(v) 0 0
( v) o Ad(u) o 0

=B(y) o (Ad(u) o), ~€ Z*x SL(2,2Z).
Thus we get the conjugacy of two Z% x SL(2, Z)-actions ) and 3. O
We can always apply Theorem 6.6 if H is finite.

COROLLARY 6.7. Let H be a finite abelian group and let § = B(H, p, x) be a
twisted Bernoulli shift action on N(H, u). Suppose that N(H, ) is the AFD factor
of type I1,. Let BY) be an action of Z* x SL(2, Z) on the AFD factorN of type I1;
and suppose that its restriction to Z° is ergodic. The action 8 is outer conjugate
to 8, if and only if BV is conjugate to .

PROOF. We have only to construct an R-action on L,(H)® L,(H)
satisfying the properties in Theorem 6.6. Let U be an element of L,(H)®
L,(H) defined by

Up & uh
i

We note that p*u(g, ) is a character of H and that it is not identically 1 provided
g # 0 by Lemma 5.5. The element U is self-adjoint and unitary, since
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1/22 n®

1 2 AY *
Vi > p(h, —hyu_p @ p(h, —h)u*, = U,
heH

|H\ |
1 * *
|H\ Z Ugup @ Uyuy, = Il Z W (g, h)ugn @ gy,
g,heH g,heH
S0 PO T
gGH heH

The operator U is a fixed point under the action of fAI, so the projections
P =(1+4U)/2 and P_; =(1—-U)/2 are also fixed points. Thus the R-action
E) = Ad(P, + exp (int)P_1) commutes with the H-action. The automorphism
g ) satisfies
ago)(ug® D)=U(u,@)U"'=(1Q0u)UU"=1®u, g€cH.

This verifies the first condition for a9, O

COROLLARY 6.8. Let Q) be a set consisting of odd prime numbers and (g be
the twisted Bernoulli shift action defined in Corollary 5.9. Let 3 be a
Z? x SL(2, Z)-action on the AFD factor of type II; whose restriction to Z* is
ergodic. The actions Bg and B are outer conjugate if and only if they are conjugate.
In particular, {Bg} is an uncountable family of Z* x SL(2, Z)-actions which are
mutually non outer conjugate.

PrROOF. We will use the notation given in Corollary 5.8 and 5.9. Let at ) be
the R-action on L, (H,) ® L, (H,) constructed as in the previous corollary. We
define the R-action o9 on Ly, (Hg) ® Ly, (Hg) by af* (®,cq 1) = @ ,eq i’ (z,),
where z, € L, (H,) ® L, (H,) and x, # 1 only for finitely many ¢. The R-action
satisfies the conditions in Theorem 6.6. By Corollary 5.9, {8¢} are mutually non
conjugate and their restriction to Z? is ergodic. Thus they are mutually non outer
conjugate. O
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