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Abstract. The goal of the paper is to study the Log-effect for special p-
evolution type models. The loss of regularity is related in an optimal way due to
some unboundedness conditions for the derivatives of coefficients up to the second
order with respect to t. Some counter-examples show that these conditions are sharp.
‘We present the state of art of methods to construct such counter-examples.

1. Introduction.

Recently the study of p-evolution operators with non-regular coefficients was
discussed by several authors. This study was motivated by astonishing progress
was obtained in the last years for strictly hyperbolic operators, in the language of
p-evolution operators these operators are called 1-evolution operators, with non-
regular coefficients. This progress to prove H*° well-posedness of the Cauchy
problem bases heavily on the regularity assumptions the authors taking into ac-
count. There is a C! approach [4] which assumes only some conditions to the first
derivatives of coefficients of the principal part with respect to ¢ and which yields
H*° well-posedness with a finite loss of reqularity. The non-regular behavior is in
fact some non-Lipschitz behavior which allows that the first derivatives in ¢ become
singular in a suitable way if ¢, let us say, tends to 0. Here and in the following
t = 0 is the hyperplane where the Lipschitz behavior of coefficients is violated.
Such a singular behavior is described by so-called local conditions. If one addi-
tionally assumes a global condition to the coefficients uniformly on the interval of
definition [0, T, e.g. some Holder or some Log™-Lipschitz behavior, then it might
be that the global condition allows to weaken the local one [12]. But in this paper
we shall state only local conditions to the coefficients. The question for sharpness
of the obtained results was answered by introducing several counter-examples. If
one studies these counter-examples in the case of local conditions in C'' approach,
that is, one takes into account the first order derivative of the coefficient only, then
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one can find a gap (see [3]) between necessary and sufficient conditions which is
described by a log 1/t term.

This gap was the starting point to create a C2 approach which in the language
of local conditions needs as well as conditions for the first and for the second
derivatives of coefficients of the principal part with respect to ¢ cf. with [5], [8].
This higher regularity allows to close the gap which tells us that the local condition
for the first derivative is weaker than in the C* approach [5], [8]. Nevertheless
we need to control the second derivative. Moreover, several notions of loss of
regularity, no loss, arbitrary small loss, finite loss and infinite loss were introduced
in [8], [10]. Today we have a complete optimal hierarchy of local conditions which
is connected with the hierarchy of loss of regularity. This relation is called Log-
effect because the hierarchy strongly depends on powers of log 1/t (see e.g. [7] or
Remark 2.1).

In several papers [1], [3] the C'! approach was generalized to classes of opera-
tors of p-evolution type. Global or local conditions or the coupling between both
was considered.

The goal of the present paper is to study the Log-effect for classes of operators
of p-evolution type.

In Section 2 we discuss classes of models of p-evolution type with time-
dependent coefficients. Results for H*® well-posedness of the Cauchy problem
is proved.

Section 3 is devoted to counter-examples which show the optimality of our
assumptions in the main result. We introduce the state of art of methods. On the
one hand Floquet’ theory is introduced as an effective tool. On the other hand
the interplay of Lyapunov and energy functional of solutions is used to understand
interactions of oscillations. Finally, an instability argument coupled with an old
approach from [6] yields the information that the loss of regularity really occurs.

Some concluding remarks will be given in Section 4.

2. P-evolution type models with time dependent coefficients.

2.1. Main result.

From the results for the Log-effect of [5] and [8] it seems to be reasonable
that one effective class of Cauchy problems which allows to prove the Log-effect is
the class of operators with the principal part in the sense of Petrowsky

D} — > an(t)DS. (2.1)

|a|=2p

Therefore most of the considerations of this paper are devoted to the forward
Cauchy problem
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2p p—1
Diu— Y ao(t)Dgu— Y ba(t)DSDyu =0,
|a|=0 |a|=0 (2'2)

U(O,IE) = UO(I)a ut(()?x) = ’U,l(iI?)

In the same way we can study the backward Cauchy problem. Although the
principal part of the operator in (2.2) in the sense of Petrowsky is given in (2.1)
we will call

2p p—1
Dt2 - Z aa(t)Dg - Z ba(t)Dth (23)
la|=p+1 lal=1

the principal part of the p-evolution operator. The terms

ZP: aa(t)D2 + bo(£) D, (2.4)
|a]=0

form the part of lower order of the p-evolution operator. Both parts are treated
in a different way.
Now we are in position to formulate the main result of this paper.

THEOREM 2.1.  Let us consider the Cauchy problem (2.2) under the following
assumptions:
o (for the principal part in the sense of Petrowsky)
There exists a positive constant Cy such that

Colél” < Y aa(t)6 < Gyt |Ef*,

ler|=2p
Moreover, with v € [0,1] it holds

1

1 AN
|Dlag| < <t<10g t> > , forl=1,2, and |a] = 2p.

o (for the remaining coefficients of the principal part (2.3))
We assume that a., are real and that

1 1 T\ Cla
|Dlag| < (t(lOgt) ) forl=0,1,2, and|a|=p+1,...,2p—1,
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where
2p — ) 1—00a _
0< 0pq < M’ 10 = (5p = 2]a|)(1 — 00a) + | QD7
2(|a| = p)
_ Bp—lal(—o0a) +lal =

laf —p
Moreover, we assume that b, are real and that

1

1 I Ora
|Dlby| < (t(lOgt> > for1=0,1,2, and |a|=1,...,p—1,

where

p—lof o _ (=l ~ba)+]af
) |a| )
(2p — |a)(1 = boa) + |0/
|

OSHOQS

92& =

e (for the lower order part (2.4))

We assume the integrability condition an,by € L*(0,T) for |a| = 0,...,p. Then
the Cauchy problem is H™ well-posed with loss of regularity exp(Ca(log(D,))7),
that is,

1({D2)"u, Dyu)(t, )| s < C1l exp(Ca(log{D2))") (D)o, ur) | 12+,

where C1 and Cy are suitable positive constants.

REMARK 2.1. The statement of this theorem describes the Log-effect. Log-
effect means that the power v of the Log-term log 1/t has a strong influence on
the loss of regularity. Namely, if v = 0, then we have no loss. If v € (0, 1), then
exp(C(log(D,))7) corresponds to an arbitrary small loss (D, )¢, € is positive and
arbitrary small. If 7 = 1, then we have a finite loss (D,)¢. Finally, we want to
mention again that, if we would include the sum -, ba(t)Dg Dyu in (2.2), then
due to the counter-example from [9] v = 0 in the above assumptions can already
imply a finite loss. This result corresponds to expected results from C* theory,
consequently, the Log-effect cannot be shown (cf. with Theorem 3.1).

REMARK 2.2. To fix the general model with time dependent coefficients
(2.2) we recall one counter-example from [9] which tells us that for the strictly
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hyperbolic Cauchy problem
D?u+b(t)D3u — a(t)D2u =0, u(0,z) = ug(z), us(0,2) = uy (), (2.5)

we cannot expect the Log-effect. The main reason is that the interaction of oscil-
lations of coefficients a(t) and b(¢) does in general not allow to observe this effect.
Consequently, the Log-effect can be proved only under special assumptions to the
coefficients a(t) and b(t) of (2.5), see e.g. the papers for the case b(t) = 0.

In Section 3.1 this counter-example will be generalized to the p-evolution type
model

D?u+b(t)DEDyu — a(t)D*u =0, u(0,z) = uo(x), ui(0,2) =uy(x)  (2.6)

(see Theorem 3.1).

2.2. Proof.
The proof is divided into several steps. After partial Fourier transformation
with respect to x we get from (2.2)

2p p—1
Div— Y aa(t)§®v = Y ba(t)E* Dy =0, (2.7)
|a]=0 |a]=0

where v denotes the partial Fourier transform of u.

2.2.1. Regularization and energy.
With a smooth function x = x(s), x(s) =1 for |s| <1, x(s) =0 for |s| > 2,
X(s) € [0,1] we define the regularization

ae (1) = X(;a>aa(aa) + (1 - X(;))aa(t) for la| =p+1,...,2p,

(03

b (1) = x(nta)ba(na) ¥ (1 x(;a»ba(t) for Jal = 1,....p— 1,

where ¢, and 7, are positive constants. We introduce the following notations:

2p 1 2p

ned = (3 woe) . K= ( X wne)

|a|=p+1 la|=p+1
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1 p—1 p—1
() == S ba(€r, pl(hE) =2 3 b (e,
la|=1 la]=1
1 _0Qalt
Vin(t7£) = (Ai(tv 5)2 +N717(t7£)2)2a ha(t, 5) = ZM\;SG ( )f

Then the equation (2.7) is rewritten as follows:
(Df = AT = v5"ha — 2p11 Dy — bo Dy )v(t, €) = 0.

Let us carry out the complex dissipation transformation

w(t, €) = exp (—i / 5,) ds)va,f).

Then we have

exp < - i/ot (s, €) ds) (D? — X3 —v{""h, — 21 Dy — by Dy) exp (z /Ot wl(s,€) ds>
= D} +2u{ Dy + Do + () = A} = v1"ha = 211 Dy — 2] — bo Dy — bop]
=D} = (A\)” = (A = (AD?) = (u])? = 2(mpf — (17)?) = 2(m1 — p) Dy
—boDy + Dyp] — v5"hg — bop!
=Df — (17" = (A = (AD?) = 2u] (1 — 1)) — 2(pa — u]) Dy — bo Dy
+ Dyl — V5 hg — bo!
=D} — (vi")? — V79, — 2p] gp — 296Dt — bo Dy + Dypt] — v5"hg — bop

_ 2 £,M\2 £,m
=D; — (vy")" =01 — ri2 Dy,
where

/\2 _ ()\6)2
9a = YGa,en ‘= 1V57,7713 9b = Gbe,n = M1 — ,11]17
1

and



p-evolution type models 825

2ulgy  Dypf bop
M=o+ ot — —en Fha+ —tar, 712 =205 + bo.
41 vy vy

Thus our starting equation (2.7) is reduced to

(DF — (vi")? = vi"r1 — ri2Dy)w(t, €) = 0. (2.8)
We define the energy of w by

W(t, &) = (wy,wy)T = (Vf’nw,th)T(t,g).
Our first strategy is that for large frequencies the dominant term in v7"(¢,€) is

Z\OLI:QP ate (t)€%. For this reason we have to pose some dominance conditions to
the terms of lower order of vy (t,€).

LEMMA 2.1.  Let us suppose the dominance conditions

2p — |«
ﬂagi—” forlal=p+1,...,2p 1,
0 (2.9)
5a§p—|a| forla|=1,...,p—1,
90(1

where B, and 8, are defined by the balance between reqularization parameters €4, N,
and frequency variable &

1 1\"7 1 1\"
<10g> — gefPe. (1og) _ glef’=, (2.10)
€ € n

«

with a small constant ¢. Then vy (t,&) > C|E|P for large frequencies with a suitable
positive constant C'.

PROOF. The statement follows immediately from the estimates

1 1 Y\ C0a _ N _
lase (8)€Y] < C(s(log 5) ) |§|\0¢| < Cc|€|ﬁaam|§|\ | < Cc|£|2p,

[e3

(03 (03

1 1 Y 200q 5.0
B (e < o(n (logn) ) €21o] < Qg0 e[l < e

together with the assumptions from Theorem 2.1 for a,, with |a| = 2p. O



826 M. CicoGNANI, F. HIROSAWA and M. REISSIG

2.2.2. Two steps of diagonalization procedure.

In opposite to the C' approach we will carry out two steps of diagonalization
procedure. Using the definition of W we obtain from (2.8) and from the definition
of the energy
D"
&7

— &M t — (1M
thl = 1/1’ wo + Vg w1, thg = (1/1’ + 7’11)11.)1 + riows.
1

Thus from (2.8) we arrive at

01 D" (10 0 0
DW — vy - = — =0. (211
= (§ =P (L w0 w0 e

To carry out the first step of diagonalization procedure we set

1 1
W =: M1W1 with M1 = ( 1 -1 >

Applying this transformation to system (2.11) it yields

10 DM (11
Dth_V?”( 0 —1 >Wl_ 2;5’7 (1 1)W1

(2.12)
_1( i1+ Tri2 T T2

Wy = 0.
2\ —ri1—riz —Ti1 4+ T2 )

To carry out the second step of diagonalization procedure we take into consider-

ation only the structure of the antidiagonal elements of the second matrix from

Dtllla'n .
S e For this reason we

1

(2.12). Here we will later use the special structure of
define

DtVi)n Dt (Vf7n)2
q q( 75) 4(1/?77)2 8(1/?77)3 ( 3)

and apply the transformation

1 —
Wy, = MW, with Mg:z(q q).
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Setting this transformation into the system (2.12) gives

2 3
1- 2L, 294 24,
DWs — v o e
q q
—2¢+ 1442 —1+ I+42
2q 2q2
D [ 1+ 1-
_ t 51 1+1;2 1442 W2 + M;l(DtMQ)WQ (214)
2y \ -2 o 2
1+¢? 1+¢?
1 —
_M2—1< riit T2 rin— T2 >M2W2 —0
2 —T11 — T2 —T11 + 712

But here we supposed the invertibility of Ms. It follows from the smallness of
q in the definition of Ms. This smallness condition can be realized by an additional
balance between the regularization parameters ¢, 1, and the frequency variable

I3

LEMMA 2.2.  Let us suppose the conditions

BaCia < 3p — |a] forla|=p+1,...,2p,
(2.15)

01000y t 0arbha, < 3p —la1| —laz| for |ail, |l =1,...,p =1,

where all Bu, day, day are defined by (2.10) with a small constant é. Then the
matriz My is invertible for large frequencies.

PrROOF. The statement follows immediately if we can show that the above
assumption guarantees the smallness of |g| from (2.13). Together with the assump-
tions of Theorem 2.1 this smallness follows from

1 1 T\ Ol .
— | log — g|lel < glgpPp for || =p+1,...,2p,
€a €a
1 1 y 90041 1 1 vy alaz
(- (o) ) et (o (1o ) ) el <l
Mo Ny Nowg UL
for |aq],|ag] =1,...,p— 1.

The conditions (2.10) and the above assumptions ensure these relations for large
frequencies. O
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2.2.3. Discussion of system (2.14).

Calculating in system (2.14) the first three matrices and leaving the other
ones unchanged we arrive at the new system

1 0 DS (10
DWWy — I/?n< 0 -1 >W2 — 2;577 ( 01 )WQ — BgW, =0, (2.16)

where the matrix By has the following structure:

_2¢ 24 2¢  _ 2¢°
e +¢® T+ Dy I
"1 23 242 + v 242 2
q q 1 _ 2 2
By = I4+4¢%  144° T+¢2 T+4?

_ 0 -1 1. ri1t+7ri2 i —rig
—M;'D — M1 M,.
2 tq( 1 0 ) T3t ( —rin—Ti2 Tt T2 ) ?

We should mention that the above calculations show that the matrix
Dtl/i:’n 01
21/?77 10

disappears after the second step of diagonalization. This is the main use of this
step. From system (2.16) we conclude that the transformation

t €
83 >N
Wy =: My(t,&)Ws with M;(t,€) := exp (/ 2;1’" ds)
0 1

gives the system

10

0, Wy — i
s i (0 -1

)W3 — BiW; = 0, (2.17)

where B has the same structure as By. Summarizing we have proved the following
lemma:

LEMMA 2.3.  After two steps of diagonalization and suitable transformations
the system (2.11) is transferred to system (2.17). All transformations are organized
in such a way that no additional loss of regularity is produced.
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2.2.4. Estimate of [ |B(t,¢)|dt.

To verify the statements of Theorem 2.1 we have to analyze the system (2.17).
The diagonal matrix brings no additional loss of regularity because of the fact that
=" is real. The loss of regularity will be determined from the term

g
exp (/Ot |B1(s,£)|ds) (2.18)

after applying Gronwall’s inequality to estimate the usual energy of W3. Thus it
remains to estimate fOT |B1(t,&)|dt. The analysis of the structure of By from the

previous step shows that therefore we have to estimate fOT over

&M
1)751/17
€M
2]

|Vim

lql?, ’

lal, [Dql, Irizl, il

Here we are able to omit some terms by using the smallness of ¢ (invertibility of
My, cf. Lemma 2.2).

ESTIMATE OF fOT [y q|?dt:
Here we use

D VEa'VI 212 B 9
il 5 PUAEEE < 6o D1, €0 + Dt €7
2p 2
St (3 |pair e + 2l ODude )
ler|=p+1

2p
< |5|5p( S | Deaz (0 + €7 Dusl(t 5>|2>

la|=p+1
2p ) p—1 )
s|£|-5p( S Dz e + 6 S D ()€ )
lal=p+1 jal=1

From the supposed unboundedness of D;aq (t) (with 014 > 1 for |a| = p+1,...,2p)
and of D:b,(t) (with 61, > 1 for |a| =1,...,p — 1) we conclude

g 2 5 1 1\ 7\*7 2|a| -5
[ D e Pag o < (ot ) ) el
€ « «

@
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T 9 1 1 I\ 201a
[ i P ((mg) ) o P1el 3.
Ne 77& 7704

If we introduce the balance between e, 7, and £ as in (2.10), then the conditions

20’1aﬁa_ﬁa+2|a‘_5p§07 01a>17 |a|:p+17-~-a2p7

201600 — 00 +2|a| —=3p <0, 014 > 1, || =1,...,p—1, imply (2.19)

T
/ IXS||q|?dt < (log |€])Y  for large frequencies.
0

T Dtul
2v7"

In the same way we can estimate [; ||q|dt.

ESTIMATE OF foT | Dyq|dt:

If we differentiate ¢, then the only interesting new integral is that one over
DZ(v5")?
| 8(1/121" |
integral. Here we use

The other integral which appears can be estimated as the previous

DQ(I/I’n)Q
8(vi")?

2p
5|§|3p( > |Diaz £“I)+I£I QP(Z | Db () )

la|=p+1 lal=1

+1¢1- 3”( Z | Dybe (1) £“|2)

le]=1

From the supposed unboundedness of D?a,(t) (with o2, > 1 for |a] = p +
1,...,2p), of D?b,(t) (with 63, > 1 for |a| = 1,...,p — 1) and of D;b,(t) (with
010 > 1 for o] =1,...,p— 1) we conclude

1 1\ 7\ 72
[ ez wetang= < (L (o 1)) ealete,
T 9 9 1 1 vy 92o¢ 5
/ rDtbzfﬂ(t>5a!dt|5|-ps(n(mgn)) naleflel=2»,

a

T 9 1 1 vy 291@
[ 1w dt|§|3ps(n(logn)) o€ P15,

o

If we introduce the balance between &4, 7, and £ as in (2.10), then the conditions
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UZaﬁa_ﬁa+‘a|_3p§0; 02a>17 |a‘:p+1a---72pa
02000 — 00+ |a] =2p <0, O3, > 1, || =1,...,p— 1,
201606 — 00 +2|a| —=3p <0, 014 > 1, |a|=1,...,p—1, imply (2.20)

T
/ |Degldt < (log|€])Y  for large frequencies.
0

ESTIMATE OF fOT |r12|dt:

The desired estimate for this integral follows from the estimates for
fOT |bo(t)|dt and for fOT lgs(t, €)|dt. To estimate the first integral we use the L1(0,7)
property. To estimate the other integral we proceed as follows:

T T, p-1 p—1 Lon,
/ lgu(t, €)\dt = / S (b)) b )0t S 3 / (b (1) — b= (£))€° |dt.
0 0 Ta)=1 laf=1"0

If we suppose some unbounded behavior for b, (t) as it is described in the assump-
tions of the theorem, then for 6y, < 1 it holds

2Mer 2N o 1 1\"” 00
L 000 - v enestar < g [T (5 (7))

N 1 1 Y 0o
< el l(n(logn> ) o

Using the definition (2.10) for ¢, implies that 6, > 1_'%‘0 gives the estimate

fOT lgn(t, &)|dt < (log |€])7. Summarizing we have shown that the conditions

bop € LY(0,T), 04 > 7 |a9| for oo < 1, |a|=1,...,p—1,
— V0«

. (2.21)
imply / Irildt < (log|€])Y  for large frequencies.
0

ESTIMATE OF fOT 711 |dt:
To estimate this integral we firstly devote to fOT ’bo;—?n|dt. The property of
bo to belong to L'(0,T) implies by W LY0,T).

5
LS

n
We can estimate fOT |gb’;\—%|dt as it was done above to estimate fOT |r12|dt.
To estimate
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/OT |ga<t,5>|dt=/:

2p 2eq
<y / |(aa(t) — ase () €]l |dt

la|=p+1

2p

Y (aa(t) —ag(@)le)l*7|at

la|=p+1

we suppose some possible unbounded behavior for a,(t) as it is described in the
assumptions of the theorem by o, > 0. Then for gg, < 1 and for |a| = p+
1,...,2p, it holds

2e. 2e4 1 1 Y\ T0a
/o !<aa<t>—aif(t))\a'a'—p\dtslﬁ"““p/O (t(logt>> “

B 1 1 Y\ 0«
st (S (e ) ) e

Using the definition (2.10) for G, implies that 5, > m;a gives the estimate

|
1—0'0

r geo(t,O)|dt < (log|€])Y. To estimate r ho(t,€)|dt we use the supposed
o 19e 0

~

LY(0,T) property for a.(t), || = 0,...,p. Finally, it remains to estimate
n
S 1288 dt. Tt holds

¢
T i
/ ‘Dtﬂl
e
o |

From the supposed unboundedness of D;b,,(t) (with 61, > 1 for |o| =1,...,p—1)

we conclude
T 1 1 Yy 0104
[ i@l < (- (10w ) ) wlelel

a

T
dt < |§|*P/ | Dbl (£)€° |dt.
n

o

Summarizing we have shown that the conditions

01600 — 0a + |a] —=p <0, 014 > 1, for o] =1,...,p—1,
an € LY(0,T), for|a|=0,...,p,

ol —
5a21‘|7f0r00a<17 ‘Oé|:p+17,2p,
O

(2.22)

T
imply / [r11]dt < (log|€])Y  for large frequencies.
0
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2.2.5. Verification.
To verify the statement of the theorem we have to take into consideration
the conditions from (2.9), (2.15), (2.19), (2.20), (2.21), (2.22). From (2.9) and

(2.21) we conclude “Ll < p;TMI which is equivalent to 6y, < prm < 1 for

_Q(Ja
la] =1,...,p — 1. The constants J, = 1_‘%'()&. From (2.9) and (2.22) we conclude
BT_OP < 2”#‘0" which is equivalent to og, < 21’%‘0" <lfor|a|=p+1,...,2p— 1.
The constants 8, = lal=p  Tpe assumptions for a,, |a| = 2p, imply o9 = 0,

1—00a
hence (3, = p for |a] = 2p. Using B, < p we see that the restriction for o1, coming

from (2.19) is more restrictive than that one coming from (2.15). Thus the optimal
O1la is

_Sp—2fal+Ba _ (5p —2|a)(1 —00a) +]a| —p
Olq = = >1
284 2(lal —p)
for la|=p+1,....2p—1, o014 =1 for |a| = 2p.
From (2.20) we get immediately
3p — 3p — 1-— -
o = P lal+Ba _ Bp—la))(1 = 00a) + |af Potlforfal=p+1,....2p.

/Ba |C¥‘ -D

Using d§, < p we see that the restriction for 6, coming from (2.22) is more
restrictive than those ones coming from (2.20), (2.19) or from (2.15) together with
(2.9). Thus the optimal 61, is

p—laf+da _ (p—la))(1 = boa) + |o]
da o

010 = >1for|aj=1,...,p— 1.

At the end we conclude from (2.20)

6y, — 22— lod 00 _ Cp o) — o) +lal g al=1,....p—1
o 5 o] R

Thus all assumptions we made during the proof are satisfied. This completes the
proof of the theorem. O

2.3. Examples.
2.3.1. Bounded coefficients in principal part.
Let us suppose that ogq =0 for |o| =p+1,...,2p — 1 and Oy, = 0 for |a] =

dp—|o| 2p
< =0
2(la|-p) la|—p 20

1,...,p—1. We will call this case reqular case. Then o1, =
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for |aj=p+1,...,2p—1 and 6, = ﬁ < I%ﬁ =0y for |a| =1,...,p— 1. If we
set |a| = 2p, then we have 01, = 1, 024 = 2 for |a] = 2p. These are the typical
orders for the leading coefficients a,, |a| = 2p, to observe the Log-effect. If we
compare our assumptions for the first derivatives with respect to ¢ with those from
[1] to carry out the C' approach, then our orders o1, are larger. The orders 6,
coincide with those from [1]. But we have to control derivatives of second order,
too.

2.3.2. Optimal unbounded coefficients in principal part.

Now let us allow the optimal unbounded behavior for coefficients a,, |a] =
p+1,....,2p—1 and by, |a] = 1,...,p — 1, that is, 0¢9q = 2’)%‘0" for |a| =
p+1,...,2p—1 and 6y, = p_TJ("l for |a] =1,...,p — 1. We call this case critical
singular case. Then o1, = ?’p%la‘ < 41’%‘@' =094 for ol =p+1,...,2p—1 and

gla:%%M<?m+M:92a for o] =1,...,p—1.

REMARK 2.3. Not only from the examples but also from Theorem 2.1 we
see the following two tendencies:

e As more singular the allowed behavior of the above coefficients a,, and b,, is,
as more restrictive are the conditions for the derivatives of first and second
order.

e The allowed behavior of the derivatives of second order is more singular
than that one for the derivatives of first order.

3. Counter-examples.

3.1. Possible interactions of oscillations.

The possible interaction of oscillations of coefficients of the principal part in
the sense of Petrowsky of a p-evolution operator is described in the following
result (cf. Remarks 2.1 and 2.2).

THEOREM 3.1.  Let us consider the Cauchy problem
D?u+ b(t)DEDyu — a(t)D?Pu =0, u(0,x) = up(x), us(0,2) = uy(x), (3.1)

where D? + b(t)DE Dy — a(t)D2P is a p-evolution operator. There exist coefficients
a and b from C?(0,T) which satisfy the conditions

o ag < a(t) <ai, by <b(t) < by,

o | (O +a" ()] S (L(log 1)),

o POF + ") < (5 (log §)7)%,
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with positive constants ag, a1, by, by and with an arbitrary small positive v such
that the Cauchy problem (3.1) is not H*> well-posed.

PrROOF. The proof follows exactly the lines of the proof of Theorem 1 from
[9]. O

3.2. Counter-examples for conditions of principal part.

3.2.1. Optimality of conditions for the principal part in the sense

of Petrowsky.

In this section we want to show the sharpness of the assumptions to the
coefficients of the principal part from Theorem 2.1. That the assumptions for
an(t), |a| = 2p, are sharp shows the generalization of the results from [8] to the
operator D7 — ag,(t)D2P.

THEOREM 3.2.  Let us consider the Cauchy problem

D?y — w((log t>7+1>D§pu =0, u(0,2)=wup(x), us(0,2) =us(z), (3.2)

where w(T) € C*[0,00) is a positive and 1-periodic function. Then the Cauchy
problem (3.2) is not H* well-posed with the loss of regularity exp(C(log(Dz))"),
Yo < 7, that is, the inequality

| ({Dz)Pu, Dyu)(t, M ms < Ci|lexp(Ca(log(Dx))°)((Da)Puo, u1) || ms

does not hold, where Cy and Csy are arbitrary positive constants and 0 < vyo < 7.

PROOF. The proof is similar to the proof of Theorem 3.3. For this reason
we omit it. (]

3.2.2. Optimality of conditions for the coefficients a; of the re-
maining principal part.
First of all we remark that instead of the forward Cauchy problem we are able
to study the backward Cauchy problem under the assumptions of Theorem 2.1.
This leads to the more general inequality

1({Dz)"u, Dyu)(t, )| < C1l exp(Ca(log(De))”) (D) u, Dyu)(r, )| e,

where C7 and C5 are suitable positive constants independent of ¢,r € [0, T].
In the next theorem we will give a counter-example and will formulate a
corresponding result to the previous theorem. The proof bases on the application
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of Floquet’ theory (see [13] and [15]), which is an effective tool to prove counter-
examples.

THEOREM 3.3.  Let us consider the Cauchy problem

D?u—D?Pu—ay(t)DFu =0, u(r,z) = uo(x), ui(r,z) = uy(x), r € [0,T], (3.3)

where k = p+ 1,...,2p — 1. Then, there exists a positive, non-constant and
1-periodic functwn = ) € C™[0,00) such that the Cauchy problem (3.3)
with ai(t) = (+(log 1)7 ) w((log $)7%1) is not H> well-posed with the loss of

reqularity exp(C(log(D))7), vo < 7, that is, the inequality
1({(Dz)Pu, Deu)(t, )| e < Chll exp(C2(log(Dz))??)((Da)Pu, Deu)(r,-)||me (3.4)

does not hold, where C1 and Co are arbitrary positive constants which are inde-
pendent of r,t € [0,T].

PROOF. Let us assume that the above inequality (3.4) is true uniformly for
r,t € [0,T]. Transfer into the phase space this means (L?* := .#(H*))

1((€)7 v, Dyo)(t, )|l L2.s < Chll exp(Ca(log(€)))((§) v, Dyv)(r, )Lz (3.5)

for the partial Fourier transform v of the solution w. We understand from the
L?5-L*% estimate (3.5) that the fundamental solution E = E(t,r, &) satisfying

((€)Pv, D) (. €) = E(t,r,6)((€)v, Dev)" (r,€) (3.6)
can be estimated by
|E(t,r,&)] < C1exp(Ca(log(€))™).

Consequently, the proof of the statement of the theorem follows immediately from
the following proposition. O

PrROPOSITION 3.1.  Let us consider the Cauchy problem
Dt2/U - 521)@ - ak(t)fk'l} = 07 U(’I’7 6) = ”0(5)7 Ut(rv 5) = vl(f)v S [OvT] (37)

Let E = E(t,r,£) be the fundamental solution from (3.6). Then, there exist for
any given & time levels t¢ and te satisfying 0 < t¢ < t¢ and lime| 00 te = 0 such
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that the following inequality holds for the fundamental solution E:
|E(te, te, €)| > exp(C(log(€))"), (3.8)

where C' is a positive constant which is independent of &.

PROOF. For a smooth, 1-periodic and non-constant function w(s) satisfying
wo < w(s) < (3.9)

with some positive constants @y and @; we consider the following Cauchy problem:
d 0 1
%X(So—T,So)— ( Aod(so—7) 0 )X(So—T,S()),

XGowsso) = (5 1 ):

where \g is chosen as a positive constant taking into account the following property
which results from Floquet’ theory:

(3.10)

LEMMA 3.1 (Floquet’ theory). Let &(s) be a smooth, 1-periodic and non-
constant function, and let X (7;sg) be the solution to the first order system (3.10).
Then there exists a positive real number \g such that X (so + 1;s0) has the eigen-

values p and p="t satisfying |p| > 1.

(For the proof see [13] or [15], for instance.) O

REMARK 3.1. Here the constant Ao belongs to an interval, which is called
an interval of instability. Generally, for any given large positive number L, there
exists a real constant A\g > L such that )y belongs to an interval of instability.
On the other hand, Ay can be chosen from intervals, which are called the intervals
of stability; thus we have |u| = 1. Therefore, Lemma 3.1 can be represented as
Lemma 3.4 below in the case that Ay belongs to an interval of stability.

Let us introduce the notations

(8 = 1<log 1)7 s(t) = (log t)w and  w(s) = Ao(y + 1)%3(s) — 1.

Then we define the coefficient ay(t) of (3.7) as follows:
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2p—k

ax(t) == k() 7 w(s(t)).

Here we note that w(s) satisfies
wo <w(s) <wq (3.11)

for some positive constants wy and wy since L > 1/(@o(y + 1)?) by (3.9).
Let us define v = v(s) by

v(s) = =5/ (t(s)) = (v + 1)s 77 exp(s77) = (7 + 1)(t(s)),
where t(s) = exp(—s'/("*1)). Then we introduce the following notations:

M(s,6) == (y+ 1) u(s) r ek,

Ao(s) = iu’(s)2l/(s)_2 - %V”(S)l/(s)_l,
Gl i= 2RI 55,6 =) + (5.0

and
)‘(Sa 53 g) = )\1(5,5)]7(5, 5, 5)

Denoting w = w(s,€) := v(s)zv(t(s),£), the equation of (3.7) for t € (0,7] is
reduced to the following equation:

D2w — \(s,5,&)w =0 (3.12)
for s € [s(T"),00). Here we remark that the first variable, and the second variable
of A(s,s,-) describe the decreasing, and oscillating behavior of the coefficient re-
spectively. Moreover, we can suppose that the parameter £ is positive and large

without loss of generality.
For a given £ € R, we define s¢ implicitly by

v(se) = (v +1)€%, (3.13)

it follows that
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Mi(se,€) = (v +1)7% and ((s¢, ) = 1+ (v + 1)*Aa(s). (3.14)

Therefore, noting lims_.o A2(s) = 0 we conclude ((s,£&) > 0 if s is large and
Mg, 5,6) = (v + 1) 72 (w(s) + 1) + Aase) — Ao@(s) as s¢ — o0. (3.15)

Then we have the following lemma:

LEMMA 3.2. Let d be a positive small constant. Then the following estimates
are established:

sup {|A(se, 56 —7,6) = A(s¢ = 7,5¢ = 7,€)|} < Os 777
T€(0,1)

and

S]é)pl){|A(S£_j+l_T75€_j+1_7—7§)_)‘(Sf_j_Tvsf_j_T7€)|}
T7€(0,

< Cs;ﬁ

forany j+1< 652/(7“).

PROOF. Let a be a non-zero real number and d be a positive constant
satisfying 0 < d < §57/(v+1 for large 5. Then we have

> C-lds™ 7T exp (aﬁ)

Jexp (as7H7) = exp (als - @) 7H) o
< Cds™ 7+ exp (am)

and

. L (>1+C716
exp (sm —(s— d)W)

<1+ .
Consequently, we have

IMi(s5,8) = Ails — d, &) < Cds™ 77 My (s,€),

Aa(s) = Aa(s — d)| < Cds™ 7T Ay(s)
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and

1-C5< )\1(5761,5)

<14 C6é.
o )\1(875) h

It follows with the above inequalities that

¢(5,8) = ¢(s = d,§)]

o)+ U | ol ) 026
)\1(875) )\1(5 - dag)

< Cds_vll<
< Cds™ 77 ((s,€).

In particular, by (3.14) we have

C(56,€) — C(s¢ — d,€)| < Cads 7.
Therefore, for 7 € (0,1) it holds
|>\(S§a3§ - 7—35) - /\(55 —T,5¢ — Ta€)|
< w(se = 7) + C(se — 76| |Arse, €) — Ma(se — 7,9)|
+/\1(5§7£)|C(3§_Tag)_<(557£)|
< Csd ™ (w14 Mise,€) +C(se,6)) < Osg ™
By using the 1-periodicity of w we conclude
|)\(85—j+1—T,S§—j—‘r‘].—T,g)—)\(Sg—j—T,Sg—j—T7£)|
SC(55—j+1—7)7ﬁ)\1(35—j+1—7’,§)
X (w(sg—j+1=7)+((s¢e —j+1-1,5))
+>\1(S§ 7].77-35)‘((85 7]+ 1 77—75) - C(SE 7.7 7T,£)|

. J—. .
<Cs; A (se,€) (1 + jse ) < Cse .

Thus the lemma is proved.

O

Let Ao and p(= ©(0)) be determined from Lemma 3.1. Then, by the contin-
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uous dependence of eigenvalues on the coefficients there exists g > 0 depending
only on @(s) such that an eigenvalue u(e) of X (so+1, so; €), which is a solution of

d
EX(S()—T;S(),E) = (

10
X (s0;80,¢) = ( 01 );

satisfies minj.<.,{|p(¢)|} > 1. Indeed, taking into account of (3.15), and substi-
tuting sg = s¢ and € = Aa(s¢) in (3.16) we shall apply Floquet’ theory to the
following Cauchy problem:

0 1

X I
—)\0(:)(80 — T) + e 0 > (SO s 8076)7

(3.16)

d 0 1
- X . _ X .
gr X (56 = 7ise) ( —A(sg, 8¢ = 7,€) 0 ) (s¢ = 735),
(3.17)
10
X (s¢;8¢) = .
Let us introduce the positive integer n by
Jilie
n=n(s¢) == {555“} (3.18)

for a positive small constant §, where [-| denotes the Gauss symbol. Moreover, we
consider the following Cauchy problems for first order systems:

d

0 1

X;(1:0),
“Asg—j+1—=7,8—j+1-7,§) 0) i(7:0)

(3.19)

.X}-(O;O)z(é (l))forjzl,...,n.

Here we denote the solutions of (3.17) and (3.19) at 7 =1 by

X(s¢ — 1 5¢) = ( Tt ) and  X;(1;0) := (””“(j) 712() > (3.20)

T21 T22 $21(j) 3522(])

and we denote the eigenvalues of X (s¢ —1; s¢), and X;(1;0) by u(Xa(se))*t = ptl,
and ujﬂ respectively. It holds
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1

T T = pp o — |+ |wer — pl > — .

Therefore, due to Lemma 3.1

max{[z11 — pl, [222 — p|} = %\M —pu~H > 0.
Let us assume
max{|z11 — pl, [v22 — pl} = [211 — pl,
the other case can be treated in the same way, we have

_ 1 _
w22 = p M = Slp =7,

Then the following lemma is valid:

LEMMA 3.3.  There exist positive real numbers 6 and C such that for any
j=1,...,n—1 the following estimates hold:

(nax Aaim(7) = 2im G+ DI+ g = pinl} < Cse (3.21)

for any l,m=1,2 and

min {|u;|} > 1. (3.22)

1<j<n
PrOOF. By Lemma 3.2 we immediately obtain the estimate (3.21) and

sup {|X;(7;0)[} <C.
T7€(0,1)

Let us introduce Z;(7) := X (s¢ — 7;5¢) — X;(7;0). Then Z;(7) is a solution to

dilTZj(T) - < —A(Sfai - 7.8) (1) >Zj(T)

0 0
+< Ase —j+1—7,86—j+1—7,6) — Msg, 8¢ —7,6) 0 )Xa‘(TaO)
(3.23)
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for j=1,...,n. A Gronwall type argument and Lemma 3.2 imply

sup {|Z;(7)]} < stgm < C’nsf_m.
7€(0,1)

Therefore, we have from the definition of x;,, and 2, (j) that

=il < C(lenn — 211(5)] + |22 — w22(5)]) < Cns, ™ < O,

and, recalling || > 1, the choice § = (|u| —1)/(2C) brings the estimate |p — ;| <
(l¢| — 1)/2, it follows that |p;| > min{|u|, (Jx| + 1)/2} > 1. Thus the proof is
concluded. g

Denoting

z12(j) 1
Bj:= < ”j_gﬁlll(j) 221(4) ) and G = B; ' Bj1 — 1,
1))

we have the following representation:

( w(sg,§) )=X1(1,0)---Xn(1,0)< w(s¢ —n,§) )

ws(s§7 f) ws(SE —n, f)
_ 1 w(se —n,8)
=m0 )
where
Y, :(“1 0 )(I+G)-~~(I+G )<un 0 ) (3.24)
n - 0 ,U,fl 1 n—1 0 ;1 . .

Then Lemma 3.3 ensures the boundedness of each of the elements of By, B;l and

of Bj_1 — Bj, and the estimate |G,| < ng—v/(wl) holds for any j < n.
To estimate the entries of Y;, we write

e 0 >
Y, = o n _ +M1+"'+M_1, (325)
" ( 0 [Tx=1 Mkl "

where M, is the matrix which is the sum of all the products of matrices from the
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right-hand side of (3.25) containing exactly [ of the G matrices; observe

|Ml|s(kf[1uk)( 5 ﬁ|G)

1<iy<--<iy<n—1j=1

Therefore,

=1 k=1
- 1 - —Iin . 1 cs\"
< (H |uk|> §C’nsE A+ Cs )T < (H |Mk|> 205(1 + n)
k=1 k=1
- 1 cs
< H | ek 5066 )
k=1

Thus we obtain

(ol = (Tt )1 - 0= 5 (TL i)

taking account of the smallness of §. On the other hand, |(Y,)u|, (k,1) # (1,1)
is very small—it is less than € [T}_; |ux|, where we can take ¢ as small as we like.
Introducing the notation R, := B:Y,, we conclude from the above estimates the
following ones:

((Ra)u| = C T il 1Rzl < e T lel, (3.26)
k=1 k=1

where C' is a positive constant and € is positive, but as small as we wish. Taking
account of

w(se, &) = (Rp)11 (br1w(se — n, &) + biaws(se — n,€))
+ (Rn)i2 (82111)(35 -n, &) + 522105(55 - n»f)),

w(s, €) = v(s)2u(t(s),€),

here by, denote the entries of B, 1, the special choice of data
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/

ws(s¢ —n, &) = l;<(5))w(85 -n,§) (3.27)

on s = s¢ —n implies vy(te, &) = 0, where we choose t¢ = t(s¢) and t¢ = t(s¢ —n).
Moreover, noting the estimates

Clse < (log(€))"™ < Cse, (3.28)

we get from (3.26) and (3.27) together with the smallness of ';,(Ss)) for s — oo the
estimate

[w(se, )| > Cexp (C(log(€))") lw(se —n, €. (3.29)
Transforming this inequality back and using the proof to Lemma 3.2 gives

VS —n 1/2 ~
ot €)= CEEE—T— exp (CUoB(6))) (e €

> Coexp (C(log(€))”)lv(te, )l

The last inequality and v;(Z, &) = 0 imply

()7[v(te, €)] = Coexp (C(log(€)) ) ((E)Pv(te, €), ve(le, ).

Thus we have (3.8) and the proof of Proposition 3.1 is concluded. O

3.2.3. Optimality of conditions for the coefficients b; of the re-

maining principal part.

Finally, let us check the assumptions for b,, |a] = 1,...,p — 1. It turns out
that a new strategy to prove counter-examples is used. The strategy bases on
the interplay between the Lyapunov and energy functional as it was used to prove
necessity of Levi conditions (see e.g. [11] or [14]). By this interplay we are able to
understand interactions of oscillations in coeflicients. The proof of the following
theorem is an essential refinement of the proof of the main result from [9]. We
will show that microlocal (this means, in some part of the extended phase space)
the coefficient agx(t) has a stabilizing influence, but by (t) has a non-stabilizing
influence there.

Let us consider the following Cauchy problem:
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(D? = €% — agi ()" + ()" Dy )v = 0, (v(te, &), vilte, €)) = (vo(€), v1(€)),
(3.30)

where the equation is reduced by inverse partial Fourier transformation with re-
spect to & to

(D} — D2P — agy,(t)D2F + by () DEDy )u = 0. (3.31)

Let w(s) € C*(R) be a positive 1-periodic function satisfying

2 on  [0,1/4],

_J monotone decreasing on (1/4,1/2),

wis) = 1 on [1/2,3/4],
monotone increasing on (3/4,1).

Let us define agy(t) by (for the definition of k(t) and s(t) see the previous section)

2(p—k)

azk(t) = K(t) "7 w(s(t)).

Then we verify that ag(t) satisfies the conditions of Theorem 2.1, precisely, oo
is given by oo =1+ 2(p — k)/p. Therefore if by (t) satisfies

—k
| Dby, (t)| < Crw(t)?  with O =1+ PP for 1=0,1,2, (3.32)
p

then one can conclude that all solutions of (3.30) satisfy the following estimate:

(€)% 1o(t, &)1? + Dy (t, ) < exp (Co(log(€))) ((€)*|u(te, ) + [ Div(te, §)[?)
(3.33)

for any t¢,t satisfying 0 < ¢¢ < t uniformly with respect to §.
Let us prove now the optimality of the conditions to by (t) from Theorem 2.1
in the following sense:

THEOREM 3.4. Let v be a solution of (3.30) and ~y be a positive real number.
If by(t) = 0, then there exist initial data (vo,v1), which are prescribed on t = t¢
and there exist t¢ such that 0 < t¢ < t¢ and
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(€)*Po(te, )17 + [Dyv(te, ) < CL{()[u(te, ) + | Dev(te, €)),  (3.34)

where Cy is independent of te and t}. On the other hand, there exist initial
data (vo,v1), which are prescribed on t = t¢ and there exist fg and a coefficient
br(t) € C3(0,T) satisfying |Dibg(t)] < Cir(t)TP=F)/P for | = 0,1,2,3 such that
the following estimate holds:

(€)% |o(te, €)1 + [Drv(fe, §)? > exp (Ca(log(€))7) ((€)*u(te, ) + |Dyv(te, €)I?)
(3.35)

for any &, where Cy is independent of t¢ and t¢.

ProOF. The estimate (3.34) is proved by the same arguments as in the
proof of Theorem 3.3 under a suitable choice of g in an interval of stability. Let
us introduce the following lemma, which is another description of Lemma 3.1.

LEMMA 3.4. Let @(s) and X (s;so) be defined as in Lemma 3.1. Then there
exist different positive real numbers Aoy such that for any Ao € (Ao—, Ao+ ), X(so+
1; 80) has the eigenvalues p = u(Xo) and u=t = u(Xo) =t satisfying |p| = |~ = 1.

Let Ao be a constant from Lemma 3.4, and (s¢,&) is determined by (3.13).
Then the eigenvalues p = p(A2(s¢))*! of X (s¢+1; s¢) to the solution of (3.17) with
7 = 1 satisfies |u| = 1 for large s¢ by the continuous dependence of eigenvalues on
the coefficients. Here we note that Lemma 3.2 is valid if A\ belongs to intervals of
stability. Therefore, the eigenvalues ,u;tl of X;(1;0) to the solution of (3.19) with
7 = 1 satisfy

.
(i} < 14057

and |G,| < C’ng(WH) forany j =1,...,n, where n = [632/(7“)]. Consequently,
we have

((Vaim] < (14 Csg 71)" < (1 + ff) < o0,

which implies the estimate (3.34) for t¢ = t(s¢) and e = t(s¢ —n).

Let us now prove the estimate (3.35). By putting w = w(t,&) =
e=i6" S bu(s) dsy(t,€) the equation from (3.30) is rewritten as

(D? — 2% — (Dyby)E")w = 0, (3.36)
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where

¢ = elt, ) = \ /20 4 agy (1) + by (1)2.
Let us define for I = 0,1,2,3 the sequences {t;;}52; by t;; = exp(—(j —
1/4)F1)) in particular, we denote ¢;o = ¢;. Then we define by (t) satisfying
(3.32) and

monotone increasing on  (t;,%;1),

() = VEh(t) T on [tj1,tj2],

") monotone decreasing on (¢;2,t;3),
—k

m(tj—1) 7 on  [tj3,tj-1]

for j =1,2,.... Here we remark that s(¢;;) = j — /4, it follows that

2 on [t

monotone decreasing on ( 1,t 2),

w(s(t) = e
)

1 on [j27 1,315

monotone increasing on (jg, -1

Let us define the zone Zy by Zy = {(t,§) € (0,T] x R; t > t¢, [§] > 1},
where t¢ = t(s¢) and s¢ is defined by (3.13) with the constant Ag which allows
to derive the estimate (3.34). By denoting K := )\g/k(’y +1)?P/% and choosing Ao
large, Zp is represented as follows:

Zy ={(t,§) € (0,T] x R; Kx(t) <[], [§] > 1} (3.37)
We introduce the following symbol classes in Zy:

S m) = {f(t,€) € C™(Zn); [0 f(t,6)| < CjlE/"P k()™ 1=0,...,m}.

J

Then we immediately have the following properties:

If f € .]"(m), then 9} f € %ﬂl(m —1).
If fi € S (m1), fa € .72 (ma), then fi fy € .72 (min{my, my}).
We have the inclusion .} (m) C eyjhjl(m) for any [ > 0.

It holds azk(t), bi(t) € S0y, (3), et €) € FP~/P(3) and (t,)!
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yO*(P*k)/PC))).

Denoting Wy = Wy(t,€) = {(Dyw(t,§), c(t, ) w(t, £)), (3.36) is represented by
the following system:

0 ctF+ D‘Tb’“
D; — o b Wy = 0. (3.38)

Moreover, by using the matrix M;:

M1:—<1 1>
1 -1

in the first step of diagonalization procedure, (3.38) is rewritten as follows:

(Dt - Al - B)Wl(tvg) = 07 (339)
where Wy := MW,
ctk + % 0
A=A (8,8 = ¢
1 =AM (t,€) ( 0 gk 4 Due )

and

Db —Dy (b + _p=k
B = B(t,€) = — . A P e)
2c Dt(bk — C) *Dtbk T

The second step of diagonalization procedure is carried out by using the following

matrix My = Ms(t,€):
1 —Bu
L chk
e (L)
2cEk

where By, denotes the (I,m)’th element of B. Here the property My — I €

o~ (2p—k)/p
(2p—Fk)/p

respectively. Thus, (3.39) is rewritten as follows:

(2) guarantees the invertibility of My for a large K, and a large Ag
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(Dy — Ay — Bo)W, =0, (3.40)

where Wy := M2_1W1,
NS T T
2= 0 g 4 Die thsk )
and
B12Bs; B11B12
B 0 Tonek . T T oaek
a1 . 11 2c€ 2c€ B
32 o M2 <(I M2)< 0 B22 ) + ( Bs1 Bao _312B21 ) Dth) :
2cEF 2cEF

Our proof requires the third step of diagonalization procedure by the matrix Mz =
M3 (t7 g)

1 __{B2}12
2cgk +7Dtcbk
Ms = {B2}21 1
2ceh 42t

Then the properties 1/(2¢£* + Diby/c) € %5 *(2) and By € 15”31§2pk)2/p(1) guar-
antee the invertibility of M3 for large K, and a large A\g respectively; thus (3.40)

is rewritten as follows:

(Dy — Ay — B3)W; = 0, (3.41)

where W3 := My "W, and Bs € 5”( 4p3p2k?2/ P(0). Here we note the following
properties:

_ _ B 0 _5p—2k
M; " ByMs + M ' [Ag, Ms] — ( {Ba}u ) € Fopat (1),
0 {Bz}22 v

_ 3p—2k _ 3p—k
{Boti1, {Ba}ao € Lup ot (2), My'(DiMs) € 7,7 (0).

P

The main contribution of the third step of diagonalization procedure is that the

symbol class of remainder part of the equation is improved (with respect to the £
. (2p—k 3p—2k

variable) from .7, pk)/;/p( )t 5”(415 o /Z))/p(O).

For a posmve constant T we define the matrix = = Z(¢, T, £) by
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et dm@(@@@@ﬁ c(s,€) ds) 0 )7
o(T,€) 0 exp(fsz 17 e(s,€) ds)
W := ='Ws, and Q := i='B3E. Then (3.41) is rewritten as follows:
(at - Qi’zt(té) ( oY ) _ Q(t,@)W(t,g) o, (3.42)
where Q € .7, (%%, 2/

(4p—2k)/p

(0). Let 6 = 0(t,€) € L1 10c(Zm), and define © = (¢, )
and Y =Y (¢,¢) by

0 ©

O(t, &) := exp </tT 0(s,g)ds> and Y = ( 6 0 >W.

Then the equation (3.42) is rewritten as follows

(at - (Zl +9> ( (1) _(1) ) - ( (@ 07Che )) Y =0, (3.43)

Q) {Q

Let us define the Lyapunov functional S = S(t,£) and the energy functional E =
E(t,§) with Y = *(y1,y2) by

—|? ¥ |y2)* and E = |y1|* + |ye]?. (3.44)

Then there exists a positive constant gg such that
bl
0SS = —< + 29>E 2R{Q}11|y1]? + 2R{Q}22|ya|?
—2R(0*{Q}121172) + 2R(O*{Q}217102)

A0 pio
> (= 2 = 20(0.6) ~ alel () =5

“(e(t,¢)? +@(t»€)_2)>E

Let us denote

q(t,€) = qolé| =P w(t) T

and
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by (1)
c(t, )

'(/J = ’(/)(t,f) == - 29(t?£) - q(t,é) (®(t7§)2 + @(tvf)_Q)'

If » > 0 on [te,t¢] for any fixed &, then we have 9,5 > ¥S. It follows from a
Gronwall type argument that

S(te, &) exp < ‘ (s, ) ds) < S(t},g) < E(fg,f), (3.45)

te

which is an estimate of regularity loss of order exp(ftt: (s, &)ds) since S(te,&) >0
if we can additionally guarantee E(t¢,&) < CS(t¢,&). Indeed, the behavior of this
integral is dominated by the integral over —bj /c by grace of our special choice of
agy and by. Moreover, one can determine the function 6(¢,£) such that ¢» > 0.
Actually, these properties are contained in the following proposition:

PROPOSITION 3.2.  For any given & with large || we define N € N by
N := [s¢]. Then, there exist positive constants § > 0, K in (3.37), and 0(t,§) €
L1 10c(Zp) providing the following properties:

T
sup {‘/ 0(s,€) ds } < B (3.46)
(t,£)EZu t
and
tN-—n
| vteg) s> pltonte))” (3.47)

for some positive constants p and 0y, where n is defined by (3.18).

If the above statements are valid, then by taking ¢t¢ = ¢y and 1?5 =tN_n We
have

S(tg,é-) €xp (p(10g<€>)’y) < 5(5575) < E(Eg,f)

Noting the equivalences

ly1(t,€)| =2 | Dev(t, &) + €5 (bi(t) + c(t, ) (t, €|,
ly2(t,€)] = | Dyv(t, &) + EF (bi(t) — c(t,€))v(t,€)|

and
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E(t,€) = [Wo(t,&)]® = [P |u(t, &) + [ve(t, €) |
in Zy we see that a suitable choice of the initial data gives
[Wo(te, §) = E(te, §) < CS(te, §)-

This yields the estimate (3.35).

We shall introduce the following lemmas for the preparation of the proof of
Proposition 3.2.

LEMMA 3.5.  Let us denote v; := (k(t;)|¢|P)P=R)/P. There exists a positive
constant py independent of K such that

B B(s) ;
< — ?
[, s o

J

foranyj=2,...,N.

PrOOF. Let us denote v;; = (k(t;;)|¢|7P)P~R/P for | = 1,2,3. Noting
b% Z 0 on (tj,th), b;c S 0 on (tj,g,tjg,) and b% =0 on (tj71,tj,2) U (tj,3,tj_1) we
have

/Jl b/ /11 b/()dS
t \/€Q(p k) 4 el

2n(s) " + bi(s)?

/ b’( )ds
Ve 420t 5 + by (5)?

1 (b’f(tj,l) - \/52(”_’“) +2n(ty0) T+ bk(tj,l)2>
~ log
by,

B 2(p—k)

(tj) +E2=h) 4 2k(t;1) " 7 + bi(t;)?

2(p—k) 2(p—k)

H(tj)p’%k+\/52(p7k)+2”(tj,1) ot k(ty) T

\/§Vj+,/1+21/ 1—|—21/
= log .
,/1—|—21/ 1—|—1/

1 (ﬁn(tj)ppk /€209 1 2m(t; )T + 2H(tj)2(ppk))
og
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In the same way we get

tis 7/ vi—1+4/1+ 1/2»_ +v2
/ J bk(S) ds < log ( J 7,2 j—1 '
to C(8:6) V2 + /1412, + 202

Here we note that

p—k
K(tn) | 7 ok
- < = < K »p
S (ng)) =

for any j < IN; thus one can suppose that v; is small for large K. Therefore, by
straightforward calculations we get

(ﬁl/j +/1+207, + 21/]2) (I/j_l + 1+ vy + V?_l)

- (I/j+\/1+21/]2»,1+I/]2)(\[2Vj+ﬁ/1+l/j2,2+21/j>

V2-1 V2 -1
I _TV?—l 227% ng')) + ﬁ(l/;'l)v

vj + ﬁ(z/;-l) < -

where we used the inequalities

p—k 1
. j2 ) ~y+1
Vi-1 J—1

for any large j. Therefore, we obtain

ti—1 p/t _
/ bh(s) 4 < log (1 _ V2ol + ﬁ(ﬁ)) < —pov§

o cls) 22y

for a positive constant pg. g

LEMMA 3.6. With a positive constant Cy we define in Zy the functions
n; =n;(&) and 0(t,€) as follows:
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ti-1 /s
/,, ([f(ks(,f))L + Coq(s,§)> ds

where [flo = f (f >0), =0 (f <0) and [f]l- = f — [fl+. Then ¥(t,£) > 0 in
Zu and the estimate (3.46) is valid under the following choice of 6:

e =5 (w0 5]+ g, remn0)

forte [tj,tj_l].
PROOF. Recalling the proof of Lemma 3.5 we have

[ [ ot

_k
nj=1- <1—(po—qu i+ o),

()
- / ols.8) 9
tio

Js

where we used the estimates

3p—2k

tj—1 B tj—1 4p—2k K(t; » _k
[ s as—ale e [ s < (F) T <k
tj tj

Therefore we have 7; < 1 by choosing K sufliciently large. On the other hand, for
te [tj,tjfl] we have
/ 0(s,€)d

it follows that ©2 + ©~2 < 2¢2. Consequently, by choosing Cy = 2¢? we obtain

J 1

0(s,&)ds| <1

0.6 = =0 o) | G|+ | HE] e co-2at0
)

—(1—n;(¢)) { b
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PrRoOOF OF PROPOSITION 3.2. By the previous arguments it holds

/t:“ P(s,€) ds > — /;N (Cb(/’;(?) +20(s,€) + Coq(s,é)) ds

N N

> (ﬂo—Coqufg) Z Z

j=N-n j=N-n

for a positive constant p; by choosing K satisfying K > (Coqo/po)p/k. Then,
denoting r = 3(p — k)/p we conclude

N r N
1 Ty 1
Z V > <t> / S$7FT exp (rswﬂ) ds
j=N-n ( f) N—-n—1
>7 L +7H o ( Ea: )] N
v
- Kli(tg P Nen-1
L ) 3 o )
- Kr(te) exp " N-n-1
1 v 1
2 N (n+ 1)N™ 7+ exp (?"NV‘H)
8 (tg
> ( LGNS C( ~{tn) > N7+
Kr(tnt1)
> ON7 > C(log(€))".
This proves the statement of Proposition 3.2. g

3.3. Does the loss of regularity really appear?

Up to now we have shown for several examples that the Cauchy problem
cannot be H> well-posed with the loss of regularity exp(C(log(D,))™), 7o < 7.
But our strategies Floquet’ theory or interaction of Lyapunov and energy functional
do not answer the question if the v loss does really appear. Therefore we recall
a method to prove counter-examples which originated from the paper [6]. Using
an instability argument this method was developed in [2] to show for hyperbolic
Cauchy problems that a loss of regularity really appears. In the following we
generalize these ideas to apply them to p-evolution type models.

Let us consider the Cauchy problem



p-evolution type models 857
D?u — D¥u — a3, (t)DFu =0, w(0,2) = up(x), u(0,2) = ui(z), (3.48)

ke{p+1,...,2p— 1}, with 27-periodic data ug, u;.
All the derivatives Dlaj, of the coefficient ay, | € N, will be estimated by
means of the exponents

5o UF DD =R —do) ki —p ok

k—p P

(3.49)

Comparing with the exponents oy, [ = 0,1,2, in Theorem 2.1, we have that o,
and op can be chosen in the same interval [0, %]. If we make such a choice
dor = 0ok, then we have

01k < 01k, O2k = Ook.

The inequality for [ = 1 becomes an equality if and only if oo = Qijk, SO we

have

i = o, 1=0,1,2,

in the critical singular case (see Section 2.3.2).
For a 2m-periodic solution u = wu(t,z) in the x variable, we introduce the
energies

Ey(u(t) == [u®)|F. + lue®)|F.-,, s € R, (3.50)
where H* denotes the homogeneous Sobolev space of exponent s on the torus
T=R/2rZ.

THEOREM 3.5. Let w = w(t) : (0,7] — (0,400) be a given continuous
decreasing function with lim;_,o4 w(t) = 4o00. There exists a sequence {apm,m =
apm(t)}, m € N, of real coefficients from C°°(0,T] such that

1 1 Y\ Sok
sup |agm (t)] S (t<10gt) ) ; (3.51)

1 1 I\ Otk
sup ’Diakm(tﬂ S w(t) (t (log t) ) foralll > 1, (3.52)

where the exponents Oy, are given by (3.49), and a sequence {u, = un(t,x)} of
solutions from C([0,T] x T') of
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D?u,, — D*up, — @ (t)DEu,y, = 0
such that
sup B, (u,,(0)) < 2, (3.53)
but
sup Ep(exp (— C(log(Dg))")um(t)) = +oo (3.54)

for all t € (0,T] and all C > 0, where the energies Ey are given by (3.50).

Proor. The proof is inspired by the constructions of counter-examples in
[6], [2], [3], [B]. For € > 0, let us define

ac(t) == 1 — de(t) sin(2t) — 2’ (t) sin® t — 42 ()% (t) sin ¢, (3.55)

t
we(t) := sintexp (25/ o(7)sin® 7 dT), (3.56)
0

where ¢ is a real non-negative 2m-periodic C*° function on R which is identically
0 in a neighborhood of ¢ = 0 and such that

2
/ o(t)sin®t dt = .
0
The functions o, and w. belong to C*°(R) and satisfy
wl (t) + e (Hwe(t) =0, w:(0) =0, w.(0)=1. (3.57)

We consider then three monotone sequences {&,,}, {Vim}, {0m} of positive
real numbers such that

em — 0, Uy — +00, 0m — 0, (3.58)
3 1
Vi, < Z”’") € N forallme N, (3.59)

and, after setting
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3om Om Om
tn = —— Im == |tm — —tm + — |,
4 |: 4 + 4
we define
m t— tm
Qe,, <8mj()) for t € I,,,
a0m(t) = Om (360)
1 for t € R\ I,.

Since ag,, is identically equal to 1 in a neighborhood of the boundary of I,,, we
have ag,, € C*°(R). Moreover, from &, — 0 we have

1 3
9 < aom(t) < ) (3.61)
for all m sufficiently large.
The sequence of coefficients {ag,} is then defined by
apm (t) = (aom(t) — 1)RZP™F, (3.62)

where the h,,’s are the positive integers given by

- (87%‘) %. (3.63)

Om

From (3.55), (3.60), (3.62) and (3.63), we make the conditions (3.51) and (3.52)
to be satisfied by fixing the parameters in such a way that

(A—=dgp)P

%Nlog(w(gm))(é)l(logly) o (3.64)

m m Qm

k—p—(1—bg3)p
k

o~ toglolen) 7 (= (106 2) )T e

Om Om

Then, we look for a sequence {u,,} of solutions of the type
Uy (t, ) = Uy (1) (3.66)

where h,, is still the integer defined by (3.63). We have
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D?u,, — D*up, — @ (t)DEu,y, = 0

o () + h2Po(t) + hE agm (t)o(t) = 0,

that is, from (3.62), if and only if

vl (t) 4+ hZPag,, (t)v(t) = 0.

If we take the solution v,, of (3.67) with initial values

Um (tm) =0, U;n(tm) =1,

then, from (3.57), (3.60) and (3.63), we have

m t*tm
wem<87w ( )> for t € I,,.

U ()

Om

8TV,

In particular, by (3.56), we have

o — QZL> =0, U;n (tm - QZL> = 6727\'6me7

¥
o

Now, let us define

Om

Om

0 :
b + 4> — 0, v, (tm + f) = 2memvn,

E,.(t):=

(07 () + B aom () v (£) .

From (3.67) and (3.60), we have

SO

El(t)=0 fort € R\ I,

Em (t) — 6_27757717/771 ,

En(t)

_ 2TEmVUm
- )

e

Om
fort < ==
or t < 5

for t > op,

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)
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by taking also (3.69) and (3.70) into account.
We get the first desired inequality (3.53) for u,, from (3.66), (3.72) and (3.61).
By (3.64) and (3.65), we have

EmVm ~ (log(w(gm)))% (log 1) ) (3.74)

so, from (3.63) and (3.64), we obtain

lim e,vm — C(loghp)? = +00 (3.75)

for any C' > 0.
We get also the last desired estimate (3.54) for w,, from (3.75) by taking
(3.66), (3.73) and (3.61) into account. O

REMARK 3.2. If we take instead of the function w = w(t) a positive con-
stant function w(p) = Cp in Theorem 3.5, then the coefficients ag,, satisfy all the
assumptions of Theorem 2.1. All the choices of the parameters ¢0,,,, €m, Vi in the
proof are still possible provided that o < % (now we need this condition in
(3.64) and (3.65) in order to have still v,,, — 400, £, — 0). So, now (3.73) and
(3.74) with w(g) = Cy (Cp > 1) show that in this case the Cauchy problem (3.48)
is H* well-posed, where the loss of derivatives exp(C(log(D,))") really occurs.
Thus this loss cannot be avoided in Theorem 2.1, at least in the non-critical case
dor < %. This proves the optimality of the classification of loss of regularity
for p-evolution operators (for p = 1 see [2], [7]).

4. Concluding remarks.

REMARK 4.1. An interesting question is that for the proof of optimality
of conditions in the non-critical singular case or in the bounded case. Here the
question if the loss of regularity really occurs is of special interest.

REMARK 4.2.  We formulated our main result for C? coefficients a,, |a| =
p+1,...,2p and for C? coefficients by, |a| = 1,...,p — 1. Special regularization
methods introduced in the papers [10] and [12] might be open an opportunity to
weaken these regularity conditions in ¢ to a “bit more regular ones” than C?.
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