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Abstract. We address the question of the classification under blow-Nash equiv-
alence of simple Nash function germs. We state that this classification coincides with
the real analytic classification. We prove moreover that a simple germ can not be
blow-Nash equivalent to a nonsimple one. The method is based on the computation
of relevant coefficients of the real zeta functions associated to a Nash germ via motivic
integration.

Introduction.

The classification of real analytic singularities is a fascinating topic. In par-
ticular the choice of a good equivalence relation to study is a crucial point. In this
paper we are concerned with the classification of real analytic and semi-algebraic
function germs, called Nash function germs [13], under blow-Nash equivalence [3].
Nash function germs are blow-Nash equivalent if they become real analytic and
semi-algebraically equivalent after some resolution of their singularities (see Def-
inition 1.1 for a precise statement). The study of such an equivalence relation,
typical to the real setting, is motivated by the work of T. C. Kuo [10]. He noticed
that, although the Whitney family w(x,y) = zy(y — z)(y — tx) of real function
germs at the origin admits infinitely many different analytic types for ¢ € (0, 1),
it becomes analytically trivial after blowing-up the origin. He introduced in that
way the notion of blow-analytic equivalence whose semi-a lgebraic counterpart is
the blow-Nash equivalence. For more information concerning blow-analytic and
blow-Nash equivalences we refer to the survey [7].

The classification of complex and real analytic function germs have already a
rich history and many invariants are associated with such germs. The classification
begins with looking at the corank, and index in the real context, of the second
differential. Then we distinguish between more or less basic singularity types. In
the classical book [1] we find notably the classification of all possible types of singu-
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larity up to modality two, with some complete lists given with normal forms of the
singularities. Among them, the simplest singularities of modality zero (who admit
only finitely many different analytic types in a sufficiently small neighbourhood)
are the well-known AD E-singularities. Note that this classification still holds with
Nash function germs by Nash Approximation Theorem ([13] and Section 3).

In [3] we have already established the invariance of corank and index under
blow-Nash equivalence. This result was the first step toward a classification of
Nash function germs with respect to the blow-Nash equivalence. The analogous
result concerning blow-analytic equivalence is still open.

In this paper we go further in the classification and consider simple Nash
function germs. We know that, in general, the classification of real analytic (re-
spectively Nash) function germs does not coincide under analytic and blow-analytic
equivalence (respectively Nash or blow-Nash equivalence) as illustrated by Whit-
ney example. Nevertheless, it is reasonable to hope that, for sufficiently simple
singularities, these classifications may coincide. Theorem 4.1 states that this is
actually the case for simple Nash germs under blow-Nash equivalence. Namely,
simple Nash germs, i.e. Nash germs belonging to the list of AD F-singularities,
are blow-Nash equivalent if and only if they are analytically equivalent.

Actually, we prove even more. The blow-Nash classification not only coincides
with the analytic classification for simple Nash germs, but moreover Theorem 5.1
asserts that a nonsimple Nash germ can not belong to the same blow-Nash class
as that of a simple germ.

We knew already that blow-Nash equivalence had a nice behaviour with re-
spect to moduli. In particular a Nash family with isolated singularities admits
locally only finitely many different blow-Nash types ([3], see also [6], [9]). Theo-
rems 4.1 and 5.1 claim that this equivalence relation has also a very nice behaviour
in terms of classification results.

The paper is organised as follows. In Section 1 we recall the definition of
the zeta functions associated with a Nash function germ [3]. These invariants
of blow-Nash equivalence, coming from the theory of motivic integration [2], are
formal power series whose coeflicients are polynomials constructed by considering
some measure over spaces of arcs associated with the given germ. The proof of
the invariance of the index of corank under blow-Nash equivalence in [4] consisted
in analysing the informations inclosed in the second coefficient of these formal
power series. In this paper we need to inspect deeply inside the zeta functions,
the informations encoding the belonging to a simple singularity type (Section 3).
We put particular emphasis in Section 2 on the case of quadratic polynomials that
will be crucial in the remaining of the paper. Sections 4 and 5 are devoted to the
statement and the proof of the main theorems.
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1. Blow-Nash equivalence.

The blow-Nash equivalence between Nash function germs is the analog in
the Nash setting of the blow-analytic equivalence of T. C. Kuo [10]. Note that a
Nash function (map, isomorphism, space) means a semi-algebraic and real analytic
function (map, isomorphism, space). Blow-analytic equivalence has been proven
to be a relevant equivalence relation between real analytic function germs (see
[7] for a recent survey). Blow-Nash equivalence has been introduced in [3] as a
more algebraic version that enables us to use algebraic geometry, such as motivic
integration [2], for its study.

We first state its definition and then recall some important properties.

DEFINITION 1.1.

(1) A Nash function germ f : (R? 0) — (R,0) admits 7 : (M,7~(0)) —
(R%,0) as a Nash modification if:

- m is a proper surjective Nash map between semi-algebraic neighbour-
hoods of 771(0) in a Nash space M and of 0 in R?,

- 7 is an isomorphism over the complement of the zero locus of f,

- the complexification of 7 is an analytic isomorphism except on some
thin subset,

- fom and jacT have only normal crossings simultaneously.

(2) Nash function germs f,g : (R% 0) — (R,0) are blow-Nash equivalent if
there exists a blow-Nash isomorphism A of (R?,0) such that f = goh, which
means h is a homeomorphism and moreover there exist Nash modifications
my: (Mp,Ep) — (R%,0) for f and 7, : (M, E,;) — (R%,0) for g and a
Nash isomorphism H between (My, E;) and (M, E,), which is an isomor-
phism between the critical loci Ef and E,; considered as Nash spaces, such
that homy =mg 0 H.

Similarly to the case of the blow-analytic equivalence, to find the right defi-
nition of the blow-Nash equivalence is still a work in progress. In particular this
definition, where we impose a strong control on the critical loci, is closer to that
of [5] rather to the original one of [10]. Note that despite its technical aspect, the
blow-Nash equivalence has nice geometric properties. For instance there are no
moduli for Nash family with isolated singularity [3]. Moreover the singular loci
of the function germs are preserved [12]. In particular, a function germ with an
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isolated singularity can not be equivalent to a function germ with a nonisolated
singularity (this fact will be useful in Section 5).

The behaviour of the blow-Nash equivalence seems to be better understood
by looking at arcs that cross the singularity at the origin. In that spirit, the
first invariant constructed for such an equivalence relation was the set of possible
orders of series obtained by composition of a given function germ with analytic
arcs passing through the origin. This set, known as Fukui Invariant [8], admits
a natural generalisation via motivic integration [2]. More precisely not only the
set of orders of arcs are invariant, but also some measure of the space of arcs that
realises a given order [3]. The associated invariants, called zeta functions, will play
a crucial role in this paper.

We recall now the construction of these zeta functions. First we recall the
definition and basic properties of the virtual Poincaré polynomial of a constructible
real algebraic set that acts as the measure mentioned before.

ProprosiTION 1.2 ([11], [3]). Take i € N UO0. The Betti number 3;(-) =
dim H; (-, %), considered on compact nonsingular real algebraic sets, admits an
unique extension as an additive map 3; to the category of constructible real alge-
braic sets, with values in Z. Namely

Bi(X) = Bi(Y) + Bi(X\Y)

for' Y C X a closed subvariety of X. The polynomial 3(-) = 3 ;5 Bi()ut with
values in Z[u] is multiplicative: 3(X xY) = B(X)B(Y) for constructible sets
X,Y. Finally B(X) = B(Y) for Nash isomorphic constructible real algebraic sets
X andY.

The invariant 3; is called the i-th virtual Betti number, and the polynomial 3
the virtual Poincaré polynomial. By evaluation of the virtual Poincaré polynomial
at —1 one recovers the Euler characteristic with compact support [11].

The following simple example illustrates the way to compute, in actual prac-
tice, the virtual Poincaré polynomial. We will perform more involved computations
using intensively the additivity property in Sections 2 and 3.

EXAMPLE 1.3. If P* denotes the real projective space of dimension &, which

is nonsingular and compact, then 3(P*) = 1+u+- - -4u* since dim H;(P*, Z) = 1

for i € {0,...,k} and dim H;(P*, %) = 0 otherwise. Now, compactify the affine
line AL in P! by adding one point at the infinity. By additivity 8(Ak) = B(P')—

B(point) = u, and so B(A%) = u* by multiplicativity.

Now we are in position to introduce the zeta functions associated with a
Nash function germ f : (R?,0) — (R,0). Let n € N. Denote by P,[t] the set
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of polynomial arcs with coefficients in R? of degree at most n vanishing at the
origin. We construct the naive zeta function and the zeta functions with sign of
f by considering the measure under the virtual Poincaré polynomial of the spaces
of polynomial arcs A, (f), AV (f) and A, (f) defined by:

An(f) - {V(t) € Pn[ﬂ sord f OV(t) - n}v
AN = {(8) € Palt] : fory(t) = £t" +---} C Au(f)

where the dots mean higher order terms.
The naive zeta function Z¢(T') of f is the formal power series in Z[u][[T]]
defined by:

Zi(T) = B(A.()T™,

n>1

whereas the zeta functions with sign are defined by:

ZPNT) =) BAT T and  Z7H(T) =) BA (H))HT™

n>1 n>1

THEOREM 1.4 ([3]). Blow-Nash equivalent Nash function germs share the
same naive zeta function and the same zeta functions with sign.

REMARK 1.5. The original definition of the zeta functions involves a cor-
recting term of the form u~"? in front of 7™ which is important in the proof of
Theorem 1.4 [3]. We omit it in this paper for simplicity.

In the previous paper [4], we used the invariance under blow-Nash equivalence
of the T?-coefficient of the zeta functions to prove the first step in the classification
of Nash function germs under blow-Nash equivalence:

COROLLARY 1.6 ([4]). The corank and index of a Nash function germ are
invariant under blow-Nash equivalence.

2. Quadratic case.

This section is devoted to the computation of the virtual Poincaré polynomial
of some spaces of arcs related to a quadratic polynomial. These results will be
useful in Section 3. Moreover their proof, based on an induction process and on
the additivity of the virtual Poincaré polynomial, will be the prototype for the
computations of virtual Poincaré polynomial of spaces of arcs in this paper.
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Let p,q € N UO. Let’s denote by @4, or simply  depending on the context,
the quadratic polynomial:

P

q
Qpqy) = Z?JE - Zyszrp'
j=1

i=1
First we recall the virtual Poincaré polynomial of the algebraic set Y, , and Y},
defined by Y}, ; = {Qp4(y) = 0} and Y, = {Q; 4(y) = €} for e € {1, -1}.
PROPOSITION 2.1 ([4]).

(1) /8(}/]3 q) = Up+q71 — umax{p,q}71 4 umin{p,q}.
(2) pr S q, th@n 5(5/;117(1) = uq_l(up _ 1)
(3) If p > q, then ﬂ(Yp{q) - uq(uP*1 +1).

We will also use the notations Y, =Y, 4\ {0} and Y,¢, = RPTI\ 'Y, ,.

Next proposition collects the virtual Poincaré polynomial of the spaces of arcs
associated with ). We will use it later to derive the virtual Poincaré polynomial
of spaces of arcs associated to the AD E-singularities.

PROPOSITION 2.2. Lete € {1,-1} and !> 2.

(1) If p =0 then B(A}(Q)) = 0 whereas if ¢ = 0 then B(A;1(Q)) = 0.
(2) Ifp=q=1, then forl=2n+1

B(A41(Q)) = mu® 1 B(Y])
whereas for l = 2n
B(A5,(Q)) = (n — Du”B(Y(') + u*" B(YSy).
(3) In the other cases, if | is odd, say !l =2n+ 1, then

unPta—2) _ 1

B(A5,11(Q)) = u(n+1)(p+q)7lﬂ(ypfq)m7

whereas if | is even, say | = 2n, then

(n=1)(p+q-2) _ 1
¢ _ (D) (o) -2 gyx \ Y
BA5,(Q)) = ulm D =2R(V ) ) —

n(p+q)+2n €
+ (T ﬂ(Yp,q)'
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Let us introduce some notation. We consider polynomial arcs (¢) of the form
Y(t) = (et + ettt BT 4 g T

and denote by ¢; the vector (c},...,c?*?). We denote by ®, ,, or simply & if the

79

context is clear, the function defined on RP*Y x RPTY by

p q
Cpg(2,y) =2 2y — 2> TpyUpts-

j=1 j=1
PROOF. We focus on the general case, so that we assume pq # 0 and (p, ¢) #

(1,1). Let us assume ¢ = 1. We begin with the case [ = 2n + 1.
The composition with @ of an arc «y(t) produces the formal series

n—1
Qe+ 0lenc 4+ Qe + Y Blewenn) )

s=1
n
+ <Z D(cy, 02n+1_s)>t2"+1 +oe

s=1

therefore the set A3, (Q) is the algebraic set defined by the system:

Q(Cn) + Z?;ll @(657 C2nfs) =0
22:1 D (cs, Contr1-s) = 1.

We compute its virtual Poincaré polynomial using the additivity property via
a suitable decomposition of A3, ;(Q). Namely, we decompose A3, ,;(Q) following

the vanishing of ¢, ¢?, ..., ¢} in order to underline an induction process.
First, if ¢] # 0, we must choose ci, for i = 1,...,p+¢q, in Y, 4\ Yp_1,4-
Now, we may choose freely all other variables in the system, except c3,ci, ..., ck,

for which we impose the necessary values in order the equalities in the system to
be satisfied. This part is linearly isomorphic to Yy, \ Yp_1,4 x R2(P=D+2na+l
therefore its contribution to the virtual Poincaré polynomial of A3, ,(Q) is
wP P URB(Y, 0\ Ypo1,9)-
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When ¢ = 0, assume first that ¢ # 0. We now choose the ¢} for i =
2,...,p+qinY,_1 4\ Y,_2 4, and similarly we may choose freely all other variables
except ¢3,¢c3,...,c2,. This contribution is equal to «?"P+a=D+13(Y,_; \Y,_a,).

We repeat the argument until ¢§ # 0. It produces a contribution equal
to uQ"(p“'q_l)"'lﬁ(Yl’fq). Finally if ¢/ = 0, then ¢J*” = 0 for j = 1,...,¢ so
that the first step of the computation is completed with a contribution equals to
u2nrta-h+lg (Y,,) by additivity of the virtual Poincaré polynomial.

The new system is similar to that defining A}, |(Q), with new variables
=i

¢, = céﬂ fori =1,...,p+qgand s = 1,...,2n — 1. Note however that the
remaining p + ¢ variables cénﬂ fori=1,...,p+ q remain free. Therefore
ﬂ(Aén-&-l(Q)) = u2n(p+q71)+lﬂ(yp>iq) + up+q6(A%n—1(Q))'
An easy induction implies
n
5(A§n+1(Q)) = B(Y;,) Z u@nt1=s)(p+g—1)+s
s=1
() pr)—1 gy WD — 1
=u B e =1
since at the last step, namely when ¢!, = 0 for i = 1,...,p + ¢, the remaining

system does not admit a solution.

In case [ = 2n, the same method applies with the difference that at the
last step the remaining equation, namely Q(c,) = 1, still admits solutions. As a
consequence

n—1

5(14%”(@)) — 5(Yp*,q) Z wn=s)(pta—1)+s | u”(”‘J)B(Yp{q)- O

s=1

3. Blow-Nash types of ADE-singularities.

We know that the corank and index of a Nash function germ are invariant
under blow-Nash equivalence (Corollary 1.6). In order to go further in the clas-
sification of singularities, the next step is to deal with simple singularities. For
real analytic function germs, their simple singularities have been classified [1]: a
real analytic function germ with a simple singularity is analytically equivalent to
a polynomial germ belonging to one of the family:
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Ay 2" 4 Q4 (y) for k> 2,
Dy (a3 + 2572) + Q,q(y) for k>4,
Eg :af £ a3+ Qpq(y),

By« 2 + w13+ Qpg(v),

Es i+ a5+ Qpaly),

for some p,q € N U0. This classification holds for Nash function germs. Indeed,
let f and g be analytically equivalent Nash function germs. Then there exists an
analytic isomorphism A such that f = g o h. By Nash Approximation Theorem
[13], there exists also a Nash isomorphism h such that f=g o h. Therefore f and
g are Nash equivalent.

In this section, we state the classification of simple Nash function germs with
respect to blow-Nash equivalence.

3.1. Blow-Nash types of Aj-singularities.
The Ajg-singularities are the singularities given by the germs flj[
(RPTa+10) — (R,0) defined by

f;jt(xa y) = ot 4 Q@p,q(y)

for k > 2 and some p,q € N UO0. Note that for k even f; (z,y) = f; (—z,y) so
that f;7 and f, are linearly equivalent, thus blow-Nash equivalent. In that case
we will simply write fg.

We perform now some computations of virtual Poincaré polynomials that will
be useful to distinguish the blow-Nash type of Ag-singularities in Proposition 3.4.

LEMMA 3.1.

(1) BH{fho1 = 0}) = B(Ypt1,4) and B({fon_1 = 0}) = B(Yp,q+1)-
(2) If p <q, then
6({f;1—1 = 1}) 7é ﬂ({fQ_n—l = 1}) = uﬂ(Ypl,q)7
whereas if p > q then

uf(Yyy) = B({foh1 =11 # B{fzn1 = -1}

PrROOF. Let us blow-up the origin in the algebraic variety defined by
fi ,(x,y) = 0. In the chart given by = = u,y; = viu with i = 1,...,p + ¢,
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the blowing-up variety is defined by
u2f2i7%3(u,v) =0

where v = (v1,...,Uptq). The blowing-up is an isomorphism outside the origin
between the strict transform f;;_g =0 and fj;_l = 0, therefore

B{f3n-1 =03\ {0}) = B({f2r—5 = 0} \ {0}).

As a consequence
B({fzn-1=0}) = B{f3—5 = 0})

by additivity of the virtual Poincaré polynomial. Repeating n — 2 times more the
blowing-up at the origin leads to the first result.

For the second result, let us assume p < ¢q. Applying the change of variables
Ui = Yi + Yitp, Vi =Yi — Yitp for ¢ =1,...,p, the equation f;h1 = 1 becomes

P q
:i:xQ"JrZuwif Z y32'+p =1.
i=1

Jj=p+1

In order to compute the virtual Poincaré polynomial of this variety, we decompose
it with respect to the vanishing of the variables u; for i = 1,...,p. If uy # 0, we
impose the value of v; so that the equality is satisfied. This contribution equals
(u—1)uPt9=1 Tf u; = 0, we repeat the argument with uy # 0, for a contribution of
(u— 1)uPT972. Repeating this argument until the case u; = --- = u, = 0 implies
that 3({fif,_, = 1}) is equal to

(u— 1);:#’*‘1" +upﬁ<{ + %" — zq: y; = 1})

Jj=p+1

=uB(Y,,) + ul’ﬂ({ + 2" — zq: y; = 1})

J=p+1

To conclude, remark that the non-empty variety {z?" — ;?:p e %2' 1p = 1} hasa

nonzero virtual Poincaré polynomial contrary to {—z?" — Z;?:p 41 yjz =1} 0
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3.1.1 Spaces of arcs for Ai-singularities.

We compute the virtual Poincaré polynomial of some spaces of arcs Alil( fki)
associated with the function germs f,;t Namely, we consider those polynomial
arcs y(t)

V() = (art+ - +at! et + - At BT T
defined by
fe(y(®) = £t + -

where the dots stand for higher order terms. In case k is sufficiently large with
respect to [, only the quadratic part of fki plays a role in the space of arcs AljEl ( fki)
Therefore the next lemma is a direct consequence of Proposition 2.2.

LEMMA 3.2. Let k > 1 > 2 and ¢ € {1,—1}. Then B(A(fY)) =
u'B(Af(Qp,q))-

Second, we deal with the first space of arcs associated with flf that takes into
account the z-variable, namely Af | ( £5).

LEMMA 3.3. Take e € {1,—1}.

(1) ﬂ(A§n+1(f2n)) = gt pta)+2n u2n+1ﬂ(A§n+1(Q))-
(2) B(AS,(f3n_1)) = u"B(A5,(Q)) +ur@HOT2=Y(B({ f3 | = e})—uB(Yy,)).

PROOF.
(1) The system of equations is the same as that of Lemma 2.2 up to the last
equation that has an additional additive term “+a7"*'” namely

n
2n+1 E —
aln + (b(cw 02n+1—5) = €.
s=1

The same method applies, with the only difference that at the last step,
namely when cﬁ =...= cil =0fori=1,...,p+ g, the remaining equation
a?" ! = ¢ still admits a solution. Therefore the value of A§, +1(f2n) under
the virtual Poincaré polynomial is the sum of that of A5, ,;(Q) plus the last
contribution that equals u(*t1(P+a)+2n

(2) Similarly, the last equation of the system changes with respect to that of
Lemma 2.2, so that the system of equations defining A, (fon—1) is
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Z’Z;ll q)(csv Canlfs) =0

a%n +Q(cn) + Z::ll P(cs, con—s) = €.

Once more the first part of the computation is the same as that of Lemma
2.2, whereas at the last step the variable a; is no longer free. As a conse-
quence the term u”(”q”znﬁ(Y;q) is replaced by uPra+2n=1gf L —
€}). O

3.1.2 Classification of A,-singularities.

Recall that in case k is even, the function germs f,j and f, are blow-Nash
equivalent. We distinguish all other blow-Nash types by using the invariance under
the blow-Nash equivalence of the zeta functions recalled in Theorem 1.4. Recall
that equivalent function germs share the same quadratic part (Corollary 1.6).

PROPOSITION 3.4.  If fi* is blow-Nash equivalent to f*, with ey, e € {4+, -},
then k = 1. Moreover if k =1 is odd, then e, = €.

COROLLARY 3.5.  Two germs with Ay-singularities are blow-Nash equivalent
if and only if they are analytically equivalent.

PROOF OF PROPOSITION 3.4. If k # [ assume for instance k < [. For even
k, then B(A,lﬂ_l(fk)) is different from ﬁ(A}H_l(fli)) thanks to Lemma 3.3.1. For k
odd, Lemma 3.3.2 combined with Lemma 3.1.2 assert that either

BlAkia (F) # (A4 (F))
or

BALL (D) # BAL (F9).
Therefore the zeta functions of f,j[ and fli are different, and thus f,;t and fli can
not be blow-Nash equivalent.

If K =1 is odd, Lemma 3.3.2 combined with Lemma 3.1.2 assert once more
that either

B(AL (D) # BAa (),
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in the case p < ¢, or
BAGH () # B (D)

if p > ¢, so that f,:r and f, can not be blow-Nash equivalent. O

3.2. Blow-Nash types of Dj-singularities.
The Dj-singularities are the function germs g¢;"' : (RPT7t20) — (R,0)
defined by

g (21, 22, y) = z1 (€125 + 22y ) + Qpa(y)

for k >4, €1,e5 € {+,—} and some p,q € N UO.
Note that for k odd, the equality g;*(—z1,29,y) = g5 *(21,72,y) holds

so that g,j’” and g, " are linearly equivalent, and therefore blow-Nash equiva-
lent. Similarly, for k even g;"(—z1,22,y) = g, > (21,22, y) so that g and
g, '~ are blow-Nash equivalent.

The next lemma will be useful in order to determine the blow-Nash types of
Dy-singularities in Proposition 3.11.

LEMMA 3.6.
(1) If k is odd, then B({z 23 + 2¥~1 = 1}) = 2u.
(2) If k is even, then f({z 234281 =1}) = w and B({x 125 —2""1 = 1}) = 2u.

ProoOF. We compute the virtual Poincaré polynomial of these plane curves
by compactifying the curve, and then resolving its singularities. Assume k is odd.
Compactifying the nonsingular curve {z123 + zf~! = 1} in the projective plane
gives a singular curve C' with one point p, singular, at infinity. By invariance under
algebraic isomorphisms of the virtual Poincaré polynomial, we obtain

B{z1af + ot = 1}) = B(C\ {p}).
Let C be a resolution of the singularities of C'. Then C has two connected

components homeomorphic to a circle, each of them containing a preimage, say p;
and po, of p. Therefore

BC\Ap}) = BIC\ {p1,p2}) = 2(u+1) =2

by additivity of the virtual Poincaré polynomial. Finally
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Bzl + 277 = 1}) = B(C\ {p}) = 2u.

The results in the case k even come from the fact that the resolution of the

singularities of the nonsingular plane curve {zx3 +x’f‘1 = 1} has one component,

whereas that of {z;23 — 287! = 1} has two components. O

3.2.1 Spaces of arcs for Di-singularities.

Similarly to the Ag-singularity case, we compute separately the virtual
Poincaré polynomial of the spaces of arcs Aif! (gx) and AiF'(gx) where k > [ + 1.

In order to fix some notation, we consider those polynomial arcs (t) of the
form

(art+ - +ait byt + -+ byt et 4+ it AT T
defined by

G (1) =+t + -

As an intermediate step, we are interested in the spaces of arcs for the function
G(x1,22,y) = 2123 + Qpq(y).

LEMMA 3.7.  Letl > 3 be an integer and take € € {1, —1}.

(1) If (p,q) = (0,0) then

u?" T2 (yn — 1) if l=2n+1

pA (@) :{

w T (wt — 1) if 1 =2n.

(2) When 'l is odd, sayl=2n+1, if (p,q) = (1,0) or (p,q) = (0,1) then
B(Ag41(G)) = nu — 1)u'"*2,

(3) Whenl is even, say l =2n, and p+q =1 then

(n —1)(u — Dut™ + 2yl
B(AS,(G)) = if (e,p)=(1,1) or (ep)=(-1,0),
(n—1(u—1Du™ if (e,p) =(=1,1) or (ep)=(1,0).

(4) When 1 is odd, sayl = 2n + 1, then B(AS, ,,(Q)) is equal to
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unpte—1) _ 1

n+1)(p+ 5 *
u(r D q)< wrra—1_1 ¢ B(Yy)
(n=1D)(p+q-1) _ 1
+- e G 1 N G (B 1)>'
u —

(5) When 1 is even, say |l = 2n, then

(n=1)(p+¢—1) _ 1
€ u n n *
6(A2n(G)) = e w2 (p+a)+3 (ﬂ(yp,q) + (u—1))

+ un(p+q)+3"+1ﬁ(Y; q) )

PrROOF. We concentrate on the general case p 4 g > 1.
(4) The system of equations defining A5, |(G) is:

Q1) =0
alb% + @(01,02) =0
2a1b1by + azb? + Q(c2) + ®(c1,¢3) =0

Zz;ll b§a2n72s +2 22;12 bs 2322_28 bta2n7tfs + Q(Cn) + Zz;ll ©<CS7 C2nfs) =0

S BRagngi—as + 230 b St T banna1—i—s + Sony P(cs, Congr—s) = €.

We adopt the proof of Lemma 2.2 to the case of G in place of the quadratic
polynomial Q. At the first step, we consider the disjoint cases given by cf # 0,
then by ¢! =0 and ¢2 #0, ..., finally by ¢} =--- = &' =0 and ¢ # 0. Note
that the as and bg variables do not intervene. So, similarly to the proof of Lemma
2.2, the corresponding contribution is uzn(pﬂ’1)+2(2”+1)5(Y;q).

Now, when ¢! = -+ =@ =0, then &1, ..., & must vanish and the second
equation imposes the condition a1b? = 0. If b; # 0, then necessarily a; = 0. We
may describe the solutions of the system by imposing the values of as, ..., a2, 1.

This part contributes to B(A43,,1(G)) as (u — 1)u?"+2+2np+a),

The remaining equations correspond to the system defining AS,,_;(G) via the
change of coordinates as = as,Es = bsH,éi = ci,H with s = 1,...,2n — 1 and
i=1,...,p+q. Note that the variables as,, a2n+1,b2n+1, cénﬂ, fori=1,...,p+q
are free. Therefore
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(A5 41(G)) = uPrPHa-DT2ED 5y )

p,q

+ (u— D)2 +2rneta) ypratsgAs —(G)).
We repeat this argument until obtaining 8(A(G)). A similar computation implies
ﬂ(Ag(G)) _ u2(1)+q)+55(ypfq) + u2(p+q)+4ﬁ({xlx§ _ 6})

As B({z123 = €}) is simply equal to u — 1, it follows that B(AS, ,,(G)) equals

n—1 n—2
u(n+2)(p+q)+3n5(ypﬂiq) Z wsPra—1) + (u _ 1)u(n+3)(p+q)+3nfl Z wSPra—1)
s=0 s=0

+ u("+1)(z)+q)+3n+1(u —1).

(5) The same method applies to compute the virtual Poincaré polynomial of
AS,,(G). In this way we obtain the following relations between the virtual Poincaré
polynomial of the spaces of arcs A5, (G) and AS,_5(G):

ﬁ(A;n(G)) — u(2n—1)(1ﬂ+q—1)+4n6(y§:q) + (u _ 1)u2n+1+(2n—1)(p+q)

+ul T B(AS, 5(G)).

Repeating the argument n — 1-times leads to the virtual Poincaré polynomial of
AS(G). Tt equals

BAS(G)) = u™PTIB(Yy ).

Finally the formula computing G(AS,, (G)) is:

n—2 n—2
u(n+2)(p+q)+3nﬁ(yp*q) Z psPra=1) 4 (u— 1)u(n+3)(p+q)+3n—1 Z wsPta=1)
s=0 s=0
+ un(p+q)+3n+16(y;iq). n

In case k > [ + 1, the spaces of arcs of g;"“* and G are similar since the

monomial :I:x’f_l has a higher degree.

COROLLARY 3.8. Takel > 3. If k > 1+ 1 then B(A5(9,")) = B(A{(G))
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foree {1,—1} and €1,e2 € {+,—}.
We compute now the virtual Poincaré polynomial of Afil(gk).

LEMMA 3.9. Take e € {1,—1}, 1,62 € {+,—} and n > 1.
(1) If (p,q) = (0,0) and k > 4 then

u3n—1 Zf k= 2’17,7
BAj—1(g ) = BIAL_1(G)) +  w?"B({g;* (21,0,0) = €})
if k=2n+1.

(2) B(A%11(92n15)) is equal to
(A5 41 (@) + ul"FDPHOFE ({502 (21,20, 0) = €}) — (u— 1)).
(3) B(A3,(95051)) is equal to

B(AS,(G)) + ur PO+ (B2 (21,0, y) = €}) — uB(Y,)).

PRrROOF. Let us focus on point (2), the proof of points (1) and (3) being
similar. Computations are analog to that of Lemma 3.7, except concerning the
last equation of the system defining A$, ,;(g5.,%%) in which an additional additive
term a%”“ appears. Therefore, following the induction process of the proof of
Lemma 3.7, the preceding contribution of S(A§(G)) coming from the last equation,
namely

B(AE(G)) _ u2(17+q)+5ﬂ(y;q) + u2(p+q)+46({x1x§ = ¢}),
is replaced by
ﬂ(Ag(G)) _ u2(1’+¢1)+5ﬁ(yp>iq) + u2(p+q)+4ﬁ({g§;’j22(x1,xg, 0) = 6}) 0

REMARK 3.10. Note that the computations of the virtual Poincaré poly-
nomial related to the spaces of arcs for the naive zeta function are similar. For
instance B(Azn(g5,,41)) is equal to

B(A2n(G)) + u"PFOT(B({g53% (21,0, y) # 0}) —uB(Y:,))-
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3.2.2 Classification of Dy-singularities.
Take €1,e2 € {+,—}. Recall that in the case k odd, the germs g; > and
g, <> are blow-Nash equivalent whereas in the case k even g, LT

62 and g, 2 are
blow-Nash equivalent.

PROPOSITION 3.11.  Take €, €2,01,02 € {+,—}. If g;* is blow-Nash equiv-
alent to g/ "7, then k = 1. If moreover k =1 is odd then e; = o3, whereas if k is

even then €1€3 = 01073.

COROLLARY 3.12.  Two germs with Dy-singularities are blow-Nash equiva-
lent if and only if they are analytically equivalent.

PROOF OF PROPOSITION 3.11. Assume k& < [. We prove that the coeffi-
cients of T#~! in at least one of the zeta functions of g;"** and g/ are different.
If (p,q) = (0,0) the result follows directly from Lemma 3.9.1. Otherwise, if k

is even it suffices to prove that
Bge = (w1, 22,0) = €}) = (u—1)

can not be the zero polynomial thanks to Lemma 3.9.2. This is guaranteed by
Lemma 3.6.2.
If k£ is odd, it suffices to prove by Remark 3.10 that

6({9}21752 (xhovy) 7é 0}) - uﬁ(}/pc,q)

can not be the zero polynomial. If e = 4 note that

ﬂ({gzlﬁ(‘rla Oa y) 7é O}) = ﬂ(ch-&-l,q)

by Lemma 3.1.1. But 5(Yp4+1,4) can not be equal to u3(Y, ,) thanks to Lemma
2.1. Actually for p < ¢ the former equals u?T7 — u9~! + uP*! whereas the latter
is uPT9 — w9 4+ uPT!, and for p = ¢ the former equals u?”? whereas the latter is
u?P — uP 4 uPt!, Therefore the TF~1 coefficients of the naive zeta functions of
g and g7+7* are different. Similarly if e = — then
B({gr (21,0,y) #0}) = B(Yy 441)

which can not be equal to u3(Y,;,). Thus the Tk=1 coefficients of the naive zeta

01,02

functions of g;"'~ and g, are still different.
If k = [ is odd, the difference between the T*~!-coefficients in the zeta func-
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tions with sign of gi"®* and g7"*’> may appear in the expressions B({ez¥ 1 +

Q(y) = €}) and B({o22" ™' + Q(y) = €}) by Lemma 3.9.3. But k — 1 being even,
these polynomials are equal if and only if e = 02 by Lemma 3.1.2. The argument
is similar for k = [ even, combining Lemma 3.9.2 and Lemma 3.6. (]

3.3. Blow-Nash types of Fg, E7, Eg-singularities.
The Eg, E7, Eg-singularities are the function germs defined on (RPT9%2 0) by

h?(ﬂfl, x2ay) = QE? + :L'g + Qp,q(y)a

h7(z1,22,y) = z‘f + le% + Qpqa(v),

hs(z1, w2, y) = 2§ + x5 + Qp.q(Y),

for some p,q € N UO.

3.3.1 Spaces of arcs for Fg, Fr, Es-singularities.
We compute the virtual Poincaré polynomial of some spaces of arcs related
to hg, hg, h7, hg.

LEMMA 3.13.  Lete € {1,—1}.

(1) For h = h{, hg,hr or hs, then B(A§(h)) = v*PHOTTZ(Yyr ) + u2PHO+5,
(2)
B(As(hg)) {(“ = DudPrOROF(Y )+ uPHOTOB(YE, ) if o =+,
4\ g =

(= DO, ) + w2 OHOB(YE ) if o=
and

B(Aa(hr)) = B(Au(hs)) = (u— DuPTTDTO[(Y) )+ u®PHOTTR(YE ).
(3) B(A4(h7)) = B(Ag(hs)) = u?PFDFOB(Y ) + wPHOFTR(YS ).
(4)
B(A5(hi)) = {

ﬁ(Ypfq)(u4(P+q)+7 +utPTOTE) 4 (y — D3P+ G =17
* 4 7 e

B(Yy ) (u (PHa)+7 4 3 (P+a)+8) 4 4 3(p+a)+8 if i=8.

PRrROOF. The proofs of (1), (3) and (4) run as that of Lemma 3.3. For (2), let

us deal with hg for example (the other cases are similar). The system of equations
defining A4(hd) is
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Q(c1) =0
a$ + ®(cq,c0) =0
3a2as + bf + Q(c2) + ®(c1, c3) # 0.

We use the following decomposition of A4(h¢) in order to compute its virtual
Poincaré polynomial. Let’s choose a nonzero p + g-uplet (ci,... 7cﬁ'ﬂ) €Y,
satisfying the first equation. Say for example ¢} # 0. To describe the solutions
of the system, we may impose the choice of ¢} in order the second equation to be
satisfied, and exclude one value for ¢ for the last equation. This part contributes
to B(As(hd)) as (u— DudP+O+0(Y* ). Now if cl,...,c} " vanish then a; must
vanish also and the last equation becomes

bl + Qlez) # 0.

The corresponding virtual Poincaré polynomial is (3 (ch+1, q) by Lemma 3.1.1, hence
an additional contribution of u2(p+Q)+65(ch+1yq) that completes the proof. O

3.3.2 Classification of Fj, E7, Eg-singularities.

The classification of Fg, E7, Eg-singularities under blow-Nash equivalence is
obtained by combining Lemma 3.13 and the invariance of the zeta functions of
Theorem 1.4.

PROPOSITION 3.14.  The function germs h{,hg ,hz, hs belong to different
blow-Nash equivalence classes.

COROLLARY 3.15.  Two germs with E6i,E7 or Eg-singularities are blow-
Nash equivalent if and only if they are analytically equivalent.

PROOF OF PROPOSITION 3.14. The germs h{ and h; can not be blow-
Nash equivalent by the first two equalities of Lemma 3.13.2. It follows also from
Lemma 3.13.2 that h{ and hg belong to different blow-Nash equivalence classes
from the classes of h7,hg. Finally hy; and hg are not blow-Nash equivalent by
Lemma 3.13.4. 0

4. Classification of simple singularities.

We have proven so far that, inside each list of simple singularities, the blow-
Nash classification coincides with the analytic one. Actually this result remains
true without specifying the membership of any given list.

The following theorem states the classification under blow-Nash equivalence
of Nash function germs equipped with a simple singularity.
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THEOREM 4.1.  Let f,g: (R% 0) — (R,0) be Nash function germs. Assume
f and g are simple. Then f and g are blow-Nash equivalent if and only if f and
g are analytically equivalent.

The proof consists in comparing the different virtual Poincaré polynomials of
the spaces of arcs associated with the AD E-singularities.

PROOF. A germ with a Ag-singularity can not be blow-Nash equivalent to
a Dy, Eg, E7 or Eg-singularity by Corollary 1.6 since the former has corank one
whereas the latter has corank two. Therefore it suffices to consider only corank
two germs.

Assume g = gy has a Dy-singularity. The computations of Lemmas 3.7 and
3.13 prove that the virtual Poincaré polynomial of the space of arcs A} for gj is
different from that of hét7 h7, hg if k > 4. Therefore gi, is not blow-Nash equivalent
to hét, hz, hg if k > 4. Tt remains to prove that gff can not be blow-Nash equivalent
to hg, hr or hg. Note that B(Agﬂ(gff)) is equal to the virtual Poincaré polynomial
of the space of arcs Agi for hﬁi, h7, hg by Lemma 3.13.

Actually:
ﬁ(AZ(ng)) — u3(p+q)+65(ypﬂiq) + (u— 1)u3(p+q)+5 + u2<p+‘1)+6ﬁ(Y;q),
5(AZ(9Z)) — u3(p+q)+65(ypﬂiq) +3(u— 1)u3(p+q)+5 + UQ(p+q)+6ﬂ(Yp€,q)7
B(As(97) = (u—DuPPFTOTOR(Yr ) 4 (u— 1)2uPPFOF 4 2PtOT05(ye ),
5(]44(947)) _ (u - 1)u3(p+q)+65(y;:q) + 3(u . 1)2u3(p+q)+5 + u2(p+q)+65(yziq).

We postpone the details of these computations for a moment. Note that
BAs(R) = W FTOTOBYy) + w? TR

for h = h7,hg and € € {1,—1} by Lemma 3.13, and this polynomial is different
from B(A4(g95)). Indeed the equality would imply that B(Yy,) is equal either to
(u—1)uPTa1 or 3(u—1)uP*9~1. That can not happen thanks to Proposition 2.1.
Therefore gf can not blow-Nash equivalent neither to h7 nor to hs.

Finally, let’s prove that gjlt can not be blow-Nash equivalent to hg[. Consider
h¢ first. The equality of the virtual Poincaré polynomial of Ay(gi) and Ay (hd)
would imply by Lemma 3.13.2 that

afu — 1)2u3(p+q)+5 + u2(p+q)+65(ypﬁq) — u2(p+q)+65(ypc+1vq),
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where v = 1 for g and o = 3 for g; . As a consequence B(Y,, ) —B(Y,,) should
be equal to a(u — 1)2uP+4=1. This can not happen since

(u—1)2uPra=t 4 uP(1 — u) if p<aq,
A( pc+17q) - ﬁ(ypp;q) = {

(u—1)2uPtet P~ (u—1) if p>¢q

by Proposition 2.1.
Similarly gff and hg can not be blow-Nash equivalent because the equality of
the virtual Poincaré polynomial of their spaces of arcs A4 would imply the equality

(u—1)2uPte=t 40 Yu—1) if p<q+1,

afu — 1)%uPta1 = {

(u—1)2uPta=1 4 49(1 — u) if p>q-+1.

This is forbidden by Proposition 2.1.

To complete the proof, it remains to check the value of the virtual Poincaré
polynomial for A4(gff) and A§ (gff) announced above. The corresponding system
of equations is (keeping the notations from Section 3.2):

Qc1) =0
a;(b? £a?)+ ®(c1,c2) =0

2a1b1by + asb} + 3atas + Q(c2) + P(cr,c3) =€

Similarly to the proof of Lemma 3.1, we decompose this algebraic set in order
to compute its virtual Poincaré polynomial. Note that the difference between
B(AS(g5)) and B(A§(gy)) comes from the fact that, at the step ¢i = 0 for i =
1,...,p + g, the second equation becomes a1 (b? + a?) = 0. If a; # 0, then no
solution exists for g whereas for g; it gives a contribution of 2(u — 1). Then if
a1 = 0, the third equation is the same in both cases.

The same method applies for G(A4(g5)). O

5. Simple versus nonsimple singularities.

Next step in the classification is to be able to distinguish between simple and
nonsimple singularities. Namely, may a nonsimple Nash function germ belong to
the same blow-Nash equivalence class as that of a simple one?

THEOREM 5.1.  Let f,g: (R%,0) — (R,0) be Nash function germs. Assume
f is simple. If f and g are blow-Nash equivalent, then g must be simple.
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For the proof of Theorem 5.1, we need first to reduce the possible types for
the nonsimple germs before analysing more in details the possible spaces of arcs
as in the proof of Theorem 4.1.

COROLLARY 5.2. Let f,g: (R%0) — (R,0) be Nash function germs. As-
sume f is simple. Then f and g are blow-Nash equivalent if and only if f and g
are analytically equivalent.

REMARK 5.3. This result is maximal in the sense that it remains no longer
true among nonsimple singularities. The family f;(z,y) = 2* + 2tz?y? + y* + o°

defined on (R?,0) is blow-Nash trivial along ¢t > 0 since its homogeneous part ad-

Bff 8ff )
ox ' Oy
is 9 for t # 1 whereas for ¢ = 1 it becomes 11, therefore the analytic structure

changes.

mits an isolated singularity [3]. However the dimension dimg R{xz,y}/(

In view of the proof of Theorem 5.1, we recall part of Arnold list of corank two
nonsimple real isolated singularities [1]. We are interested in those singularities
with nonzero 3-jet.

Let’s denote A1 = 0 and Ai(z) = ap + a1z + -+ + ap_ox® 2 for k > 1
and ag,...,ax_2 € R. A nonsimple Nash function germ of corank two with an
isolated singularity at the origin and a nonzero 3-jet is Nash equivalent to one of
the following function germs:

Jho a3 +brlak + a3 + Ay 1 (z2) 122 for k> 1 and 463 + 27 # 0,

Tk : = x%xé + Ak(xl)x:fk“ for k> 1,i>0,a9 #0,
Eep : x5 + x%kﬂ + Ak(xl)xlxgkﬂ for k> 1,

Byt @ 25 + xw%kﬂ + Ak(ml)xngrz for k>1,

Eepyo: x? + m§k+2 + Ak(acl);vlrrgwr2 for k> 1.

Actually, the result holds in the real analytic setting, and the Nash case is a
consequence of Nash Approximation Theorem (see Section 3).

PROOF OF THEOREM 5.1. To begin with, note that ¢ must have an isolated
singularity similarly as f because f and g are blow-Nash equivalent [12].

For the same reason they also share the same corank and index by Corollary
1.6. Therefore we may suppose that f and g have the same quadratic part Q.
Note that possible coranks for simple function germs are one or two. In case of
corank one, then g has an Ag-singularity and Theorem 5.1 is proved. Otherwise,
we may suppose that f and g are defined by
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f(@1,22,y) = f(21,72) + Q(y),
g(r1,22,y) = g(x1,72) + Q(Y),

where f has a corank two simple singularity and g is a Nash germ with order at
least 3. Note that f must be of type Dy or Eg, F7, Es as a corank two simple
germ. Let’s assume that ¢ is not simple.

We have proved in Section 3 that, for such a simple germ f = f—i—Q of corank
two, the virtual Poincaré polynomial of the arc spaces Aét (f) is not simply equal
to the contribution coming from the quadratic part (z1,z2,y) — Q(y), but an
additional term does exist. Namely

B(AZ(f)) = B(AT(Q)) + w*PHD B(AF(f))

with B(A?jf(f)) # 0, where (p, q) denotes the index of f.

Therefore 3(Af (g)) must be different from B(AF(Q)) because f and g share
the same zeta functions. As a consequence g must have a nonzero 3-jet. According
to Arnold list, the degree 3 homogeneous part g3 of g can be supposed to be equal to
g3(z1,72) = 23, and g must belong to one of the families of corank two nonsimple
real isolated singularities with a nonzero 3-jet.

Moreover g can not be blow-Nash equivalent to a Dy-singularity. Actually

B(AF (23 + Q(y, 2))) = B(AF(Q)) + u*PTO+5
is different from
BAF(G) = B(AF(Q)) + u* T (u — 1)

by Lemma 3.7, so g can not be blow-Nash equivalent to a Dy-singularity for & > 4.
Moreover 3(A5(z$ + Q(y, 2))) is different from

B(AS(x12% — e + Q(y, 2))) = B(AT(Q)) + 2u>PTO+5

by Lemma 3.9, so g can not either be blow-Nash equivalent to a D4-singularity.
To complete the proof, it suffices to show that g can not belong to the same
blow-Nash class as that of a EGi, E; or Eg singularity. Assume that f is of one of
these types.
Analogously, the computations of Lemma 3.13 prove that at least one of the
virtual Poincaré polynomials of the arc spaces AT (f) or AZ(f) is not equal to the
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corresponding polynomial for the germ h : (x1,z2,y) — 3 + Q(y), namely
BAY (h) = w*PFOFO3(Yy )+ u®PTOTT BV )
and
BIAZ () = w*PH OV T3(Yy ) + b PHOSB( ),
Therefore g must have a nonzero degree 4 or degree 5 homogeneous part since
BIAT () = B(AT(9)) and B(AF(f)) = B(A5 (9))-

As a consequence, the function germ g must belong to one of the families Js g,
J3.0,J2,4,J3,; for i > 0. But, even for members of these families, the arc spaces
A3 (g), AZ(g) are the same as that of h. Indeed the composition with g of an arc
v(t) = (a1t + -+ ,bit + -+ -) is of the form

so that the vanishing of a; implies the freedom of all other variables.
Consequently ¢ takes either out the blow-Nash types of Eét, FE7 and Ejg sin-
gularities. O
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