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Abstract. L. Blum, M. Shub and S. Smale defined a kind of computation
model having parameters that take real values [2]. In this paper we will extend
their computation theory on the basis of the conventional recursion theory which is
constructed on the domain of integers. In particular, we will define the Turing degree
for the set of reals similarly to the Turing degree for the set of integers, so as to derive
some related results.

1. Definitions, Notations and Basic properties.

In order to define computation theory on real values, we will first introduce a
kind of programming language and define a function that is computable with this
programming language.

DEFINITION (Program language PL(R)).
1. Variable symbols.

o Ng, Ny, ... Integer type input output variables

o TNy, TNy,... Integer type auxiliary variables

o Ag, Ay, ... Real type input output variables

oTAy,TA1,... Real type auxiliary variables

o Xo, X1,... Finite real sequence type input output variables

o TXy,TX;q,... Finite real sequence type auxiliary variables
Note:

1) Integer type variables take non-negative integer values.
2) If X is a finite real sequence type variable, then
2.1) the value of X is a finite sequence of reals.
2.2) Let X[i] represent the i—th element of X.
2.3) Let size(X) represent the length of the sequence X.
2.4) Assume that X[i] = 0 if ¢ > size(X) holds.
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2. Statements.
Let N be an integer type variable, A, B, C' and B; (i = 1,2,...) be real type
variables, and X, Y be finite real sequence type variables.

S1) N:=N+1 S2) N:=N-1

S3)  IF N #0GOTO s S4) A:=B+C

S5) A=B-C S6) A:=B-C

S7)  A:=B/C S8) A:=B

S9) A:=a (x¢€eR) S10) IF A< B GOTO s
S11) A := X[N] S12) X[N]:=A

S13) N := size(X) S14) X :=(Bo,Bi, ..., Bu_1)
S15) X :={ap,a1,...,an—1) (; € R) S16) X :=Y

S17) END

A program written in PL(R) has line numbers assigned to every code line.
Now initialize the variables as

No=z0, N1 =71,...,Npo1 =T
Ag=ap, A1 =ay,..., A1 = am_1

Xo=20,X1=21,...,. X111 =211

(0 for the rest of the variables) for input (Z,d@,7) € w™ x R™ x (R<¥)!,
run the program starting with the statement of line number 1, and halt at the
line of ‘END’ statement. The output (€ w™ x R™ x (R<%)V) gives values of
]\/707]\[17 ceey Nn/,l, A(), Al; ey Am/,l,Xo,Xl, - 7Xl’71~

DEFINITIONS (B.S.S. recursive map, B.S.S. recursive set, B.S.S. recursive
predicate).  Assume that X = w™ x R™ x (R<¥)! and @) = w™ x R™ x (R<«)V".

e When a partial map f : X — 2 is computable with a PL(R) program p,
then f is said to be a B.S.S. recursive map.

e When the characteristic function x4 : X — {0, 1} of the set A of X is a total
B.S.S. recursive function, then A is said to be a B.S.S. recursive set.

e When the set {2 € X|P(20)} of the predicate P on X is a B.S.S. recursive
set, then P is said to be a B.S.S. recursive predicate.

The above definition of B.S.S. recursive appears to be different from the one
given in [2]. However it is easy to see that they are identical when we restrict the
parameters to the real numbers.

DEFINITION (Computation with oracle). When S C X = w" x R™ x (R<%)!
is a set, a new programming language PL(R)° is defined as PL(R) plus the
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following new type of statement:

SO) IF (<]\407 ., M, 1,Bg,...,Bmn_1,Y0, ... 7}/1_1> S S) GOTO s

M;’s are integer type variables, B;’s are real type variables, and Y} ’s are finite real
sequence type variables.

A partial map which is computable with PL(R)® is a B.S.S. recursive map in S.
B.S.S. recursive sets in .S and B.S.S. recursive predicates in S are defined similarly.

DEFINITIONS (Coding, Index). Programs written in PL(R) or PL(R)® can
be coded in the form of (e, F) (e € w, F € R<*¥) by employing a proper coding
system. When a B.S.S. recursive map in S is computable with a program which has
(e, E) as a code, (e, E) is called the index of f, and f is expressed as f = {(e, E)}®.

DEFINITION (Computation path). Assume that f is a B.S.S. recursive map
in S which has index (e, E), then:

—.

o If the calculation of (e, F) for input 2 = (&, @, Z) halts at the T-th step, the
sequence p = (lo,l1,...,lr—1) which contains the successive line numbers
executed for the computation of {{e, E)}(2) is called the computation path

of {{e, £)}°(2).

o Let V“P"% = {2 | the computation path of {(e, E)}¥(2) is p}.

DEFINITION (B.S.S. r.e. set).

e When f is a B.S.S. recursive map in S which has index (e, E), the event of
the program (e, E') halting at input 2 is denoted as f(2A) |, and the event
of the program (e, ) not halting at input 2 is denoted as f(21) 7. It is also
assumed that dom(f) = {0 | f(A) |}.

o If there exists a B.S.S. recursive map f in S for a set 2 so that Q = dom(f),
then € is called a B.S.S. r.e. set in S. When {2(| A(20)} is a B.S.S. r.e. set
in § for predicate A, A is called a B.S.S. r.e. predicate in S.

e When S = (), we simply say B.S.S. r.e. set/predicate instead of B.S.S.
set/predicate in (.

DEFINITION (basic semi algebraic set).

e A subset X of R™ is called a basic semi algebraic set when there exist
rational functions hi(z),...,h} (z), h3(z),...,h2 (z) such that

»""nq ? " ng

reX <

hi(z) >0& -+ & hy () >0 & hi(z)>0& -+ & R (z) > 0.
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e Amap h: R — R™, h = (hy,ha,...,hy) is said to be a rational map if
every element h; is a rational function.

e Let S C R™ be a set. A subset X of R™ is called a basic semi algebraic set
in S when there exist rational functions hi(z),..., hy (z), h3(z),...,h2_(z)
and rational maps hi(z),...,h3 (), hi(z),..., ks, (@) such that:

reX =
hi(z) >0& -+ & hy (z)>0 & hi(z)>0& -+ & A2 (x)>0
&hi(x)eS& - &h)(x)eS & hi(x)gS& - &hy (x)€8S.

THEOREM. Let f be a B.S.S. recursive map in S with the index (e, E).

(1) Vp<e’E>’S is a basic semi algebraic set in S, and the coefficients of the rational
maps of its definition are recursively determined by e, E and p.

(2) dom(f) = Upe., V,fe’E>’S. So every B.S.S. r.e. set in S is a countable union
of basic semi algebraic sets in S.

(3) The restriction of f to \/}@(e’E%S is the rational map.

In the theory of B.S.S. recursive functions, many theorems from the classical
version of the theory ([6, Chapter 6 and 7]) remain valid. We present three of
these theorems.

THEOREM (Enumeration Theorem). Let T

n,m,l

(e, B, U, p) = “Ue Vp<e’E>’S”
(€ X =w"x R™ x (R<®)!), then the predicate TimJ(e,E,Ql,p) is a B.S.S. re-
cursive predicate in S. And if A C X is a B.S.S. r.e. set in S, there exists (e, E)

such that

A€ A < IPpewT), (e.EADp).

THEOREM (Parameter Theorem). Let X = w™ X R™ x (R<¥)!, 9 = w™ x
R™ x (R<“)V. There is a B.S.S. map Sy . T(e, B,A) : wx R XX — wx R<¥
such that

(ST (e, B, %)} (B) = {(e, B)}A(2,B) (where A € X, B € ).

n, m,l

THEOREM. Let A(2) be a predicate on X = w" x R™ x (R<%)!, then the
following are equivalent:

(1) A(RA) is B.S.S. r.e. in S,
(2) For some (e, E), A®) <= Ipecw TimJ(e,E,Ql,p),
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(3) For some predicate R which is B.S.S. recursive in S,
ARl) <= Incw R(n,YA).

We also note that Post’s theorem remains valid in B.S.S. recursion theory.

In our theory, we deal with three types of existential quantifiers. The next
theorem shows that “B.S.S. r.e. ness” is preserved under all three types of quan-
tifications.

THEOREM 1.1.
(1) If R(n,A) is a B.S.S. r.e. predicate, then In € w R(n,2A) is also a
B.S.S. r.e. predicate.
(2) If R(a,) is a B.S.S. r.e. predicate, then 3o € R R(«a,2) is also a
B.S.S. r.e. predicate.
(3) If R(X,Q) is a B.S.S. r.e. predicate, then 3X € R<¥ R(X,2) is also a
B.S.S. r.e. predicate.

PRroor.
(1) is Easy.
(2) Since R(a,2A) is a B.S.S. r.e. predicate, there exists (e, E) such that

R(a,2A)=3p € w Ty my1.(e, E, a, A, p).

And then

dJoe RR(e,A)=Fae RIpew Ty me1,(e, E,a, U, p)
= Hp cwda e R Tn,m+1,l(e7 E>a7m’p)
=dpcwdae RTp10(S(e E,2A),a,p)

(where S is the map Sg: 17’1701 in the parameter theorem.)

=dpcwdacRac V;JS(G’E’QU.

Since VpS(C’E’m) is a basic semi algebraic set, it is defined by inequalities of

rational functions. And Ja € R o € Vps(e’Em) means that the inequalities have a
solution. Now using the quantifier elimination theorem (effective version (see [5]))
on real-closed fields, the existence is shown of inequalities of rational functions
which are equivalent to 3o € R o € Vps(e’E’gl). Furthermore, all coefficients
thereof can be computed recursively from e, E, p, A. Therefore conjunction of
these inequalities (let it be denoted as R'(e, E,2l,p)) is a B.S.S. recursive predicate
such that
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Ja € Rae VI @EN = R(e, B, p).
Hence

Joe R R(a,A)=Tpecw Re, E, A p)

which is a B.S.S. r.e. predicate.
(3) For each n € w, let

Ap() =3ar---Ja, € R R({aq, ..., ap),2A)

then this is a B.S.S. r.e. predicate as shown in (2). Moreover, since it is shown
that A, () can be uniformly defined with respect to n by reviewing the proof of
(2), U(n,A) expressed as U(n,2A) = A,(2) is also a B.S.S. r.e. predicate. Thus

X € R<¥ R(X,A)=3ncw U(n,A)

is also a B.S.S. r.e. predicate. O

COROLLARY 1.2. If f is a B.S.S. recursive map then range(f) is a B.S.S.
r.e. set.

2. B.S.S. Turing Degrees.

In this section, we will define the degree of a set of reals using B.S.S. recursive
maps, and show the existence of incomparable sets in two ways.

DEFINITION (B.S.S. Turing Degree). Suppose X = w” x R™ x (R<%)!,
P =w" x R x (R<)V,
e We say A is B.S.S. Turing reducible from B when there exists a function

f:%X —{0,1} for A C X and B C 9 which is a total B.S.S. recursive
function in B and satisfies

FA) =1 < Ac A

and express this statement as A g%SS B.

e Define A <B5% B & B <BS3 A as A =559 B.
Also define A <B55 B & B «B55 A as A <855 B.

e That A £B%% B & B £B59 A for A C X and B C 9 is expressed by
the statement that A and B are incomparable in the sense of B.S.S. Turing
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degree.
e Denote as ZE°9 = (p(X)/ =B99) and call the element of 2555 the B.S.S.
Turing degree.

Method 1 (Topological method).

Here we will employ a topological method to show that a specific set, namely
the set of all rational numbers, and Cantor’s ternary set are incomparable in the
sense of B.S.S. Turing degree.

THEOREM 2.1. Let A, B be subsets of R". B is a A% set (o > 1) and
A S?SS B then A is also a AY set.

PrOOF. Since A <B%9 B, assume that f: R* — {0,1}, f = {(¢, E)}P is a
total B.S.S. recursive function in B which satisfies f(z) =1 <= z € A.

R" = Upew Vp<e’E>’B holds. V;fe’E%B is basic semi algebraic in B for each p,
and is therefore defined by the following inequalities using rational maps:

hi(z) >0 & -+ &b, () >0 & hi(x)>0 & -+ & h2 () >0
&hi(x) eB& -+ &bl () €B & hi(x)€B& -+ & hyy, (x) € B.

Thus since B is a AY set, V,fe’E>’B is also a AY set. Therefore

r€A = Fpew[f(x)=1&ze VP
r¢ A <= Fpew[f(z)=0&ze VB
Since f can be expressed as a rational function on V,)<E’E>’B7 A and A€ are Eg

sets, and consequently A is a A? set (because it is continuous except for some
closed set). O

THEOREM 2.2. If Q C R is an at most countable set and C C R is an
uncountable measure 0 set [or meager set], then C £259 Q.

The following lemmas are used to prove this theorem.

LEMMA 2.3. Let h: R — R be a non-constant rational function and Q be
a countable set, then {x € R | h(z) € Q} is an at most countable set.

LEMMA 2.4. Let f: R— R, f = {(e, E)}? be a total function whose range
is a finite set. Then if Vp<e’E>’B is an infinite set, f is constant over V,fe’E>’B.



318 Y. YONEZAWA

PROOF OF THEOREM 2.2. Suppose that C <B%% @, and that f : R —
{0,1}, f = {(e, E)}?, that is a total function which satisfies f(z) =1 <= z € C.
Since R = {,c,, V},e’E>’Q, Vp<e’E>’Q N C is an uncountable set for some p € w. In

the definition inequalities of Vp<E’E>’Q

hi(z) >0 & -+ & h. () >0 & hi(z) >0 & -+ & A2 (z) >0
Lhi(e)eQ& - &h () eQ & hi(x)¢Q & -+ & hy, () € Q

it may be assumed that each rational function is not constant. Then since such
a set of x as h}(z) € Q is at most countable, expressions having the form of
h3(z) € Q are not included. Further, define a set V' by

hi(z) >0& -+ &b}y (z) >0 & hi(z) >0 & - & K2 (x) >0
& hi(e) Q& -+ & hy (¢) € Q

which is derived by excluding the symbol of equality from expressions having the
form h%(z) > 0 among the preceding inequalities. Then, since V' C V9 and
the difference thereof is at most finite, V', too, is an uncountable set. Since V”’ is
a non-empty open set minus at most countable points, V' — C # @) because C is a
measure 0 set [or meager set]. This leads to V,fe’E)’Q NnC #0, V,fe’E)’Q —C#£0

which contradicts the proposition that f is a constant function on ‘/},<6’E>’Q. O

COROLLARY 2.5. Let Q be the set of all rational numbers, and C' be Cantor’s
ternary set, then Q and C' are incomparable in the sense of B.S.S. Turing degree.

PrOOF. (' is a closed set, and is therefore a AJ set. However, since Baire’s
category theorem dictates that @ is not AJ, Q@ £B95 C according to Theorem
2.1. C £B59 @ is derived from Theorem 2.2. U

Method 2 (Algebraic method).
Now we show the existence of incomparable sets using algebraic methods.

THEOREM 2.6. Let K, L C R be finitely generated fields of Q.
Then K C L <= K <B95[.

PROOF (of K C L = K <B55 ). We show this for the case where L is a
simple extension field of K. Because K and L are finitely generated fields, we can
find reals oy, o, ..., qm such that L = K(a1,as,. .., Q). Then

KgK(Oél) gK(ahOQ) g"'gK((Xl;QQa"'7am)7
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every extension is simple, and the relation S?SS is transitive.
Build a PL(R)* program which accepts K where L = K(a). Let n = [L : K]

(1<n<o0).

1. if z ¢ L then output 0 end.

2. Since z € L = K(w), find a K-coefficient irreducible rational function
f@)/g(t) (f(t), g(t) are polynomials) which satisfies z = f(«)/g(a) and
the degree of f, g are less than n. (In the case n < oo, we take g(t) = 1.)
(Since K is expressed as K = Q(84,...,0;), elements of K and the entire
K-coefficient polynomial can be enumerated by a B.S.S. recursive function.
Furthermore such polynomials f and g are determined uniquely for each x.)

3. if deg f = degg = 0 then output 1 else output O.

4. end. 0

To prove the converse, we show the following lemmas:

LEMMA 2.7.  Suppose that K C R is a subfiled of R, and h(z) is a real
coefficient rational function, such that h(r) € K for infinitely many r € K. Then
h(zx) has elements of K as its coefficients.

PROOF. Assume h(z) = f(z)/g(x), (f(z), g(x) are polynomials). We show
this by induction with respect to n = deg(f) + deg(g).
When n = 0, this is clear.
When n > 0, we can assume deg(f) > deg(g) (by considering the inverse 1/h(x)).
Let h(r) = ¢, then

hz) = (f(z) = q9(x))/9(x) + ¢ = (x —7) [1(z)/9(x) + ¢

and then the induction hypothesis may be applied to fi(z)/g(x). O

LEMMA 2.8. Suppose that K C R is a subfiled of R, and h(x) is a real
coefficient rational function. If « € K and q1,q2 € K (1 # q2) satisfy

3I°r € K[h(r + ¢;a) € K] (i=1,2)

then h(x) is a constant function.

PRrOOF. Since the rational function h(z + g;«) takes values belonging to K
for an infinite number of r € K, Lemma 2.7 asserts that this is a K-coefficient
rational function. Thus h(z + ¢;«) = p;(x) where p;(x) is a K-coefficient rational
function for ¢ = 1,2. Since pi(z) = h(z + 1) and pa(x — ger) = h(x), we
conclude p1(z) = h(z +q1a) = p2((z + q1) — g2a) = p2(r+qa) (¢ = q1 —q2 # 0).
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Comparison of coefficients on both sides of this equation shows that p;(x) and
hence h(x) is constant. O

PROOF (of K g?ss L=KCL). AssumeK g?ss Land K ¢ L. We will
derive a contradiction. Suppose that f: R — {0,1} is f = {(e, E)}*, total, and
satisfies

fle)=1 < ze€ K

Since R = Upew Vp<e’E>’L, Vp<e’E>’L is an uncountable set for some p € w, then

clearly Vp<e’E>’L - K #0.
It can be assumed that each rational map h; (z) is not constant in the defini-

tion inequalities of Vp<e’E>’L

hi(z) >0& -+ &b, () >0 & hi(x)>0& -+ &R} () >0
&hi(x)eL& - &h (x)eL & hi(x) gL & -+ & hy,(x) € L.

Then, since such a set of z as h(z) € L is at most countable, expressions having
the form of h(z) € L are not included. Let U be an open set defined by

hi(z) >0& -+ & hy (z) >0 & hi(z) >0& -+ & h} (z) >0
and W be a set defined by
hi(zx) ¢ L& -+ & hyy,(z) € L.

Vp(e,E),L

Then U N'W is not empty since is an uncountable set.

Cramm. UNWnNK #0.
If UNnW N K is empty, then

reUNK=hi(x)eL Vv -~ V hp (z) € L.

Since the set K — L is a dense subset of R, we take an @ € U N (K — L). Now
consider x = r+qga € UNK(r,q € Q), then there exist j and g1, g2(gq1 # g2) such
that there are infinitely many r € @ which satisfy h?(r + ¢;o) € L for i = 1,2.
Therefore, from Lemma 2.8, hj(z) is a constant function, which contradicts the
proposition.
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VEEERE A K £ s derived from UNW N K # 0 and UNW C V<P which,

together with V}.feE%L — K # (), contradict the proposition that f is a constant
function on V}.@(e’E%L. O

3. The embedding of the real line to B.S.S. Turing degrees.

Deduction from Theorem 2.6 shows the existence of a countable ascending
sequence, a countable descending sequence and countable incomparable elements
within B.S.S. Turing degrees. In this section we prove that there exist continuum
many of these.

In this section, we suppose that I = {ay, | k € w} satisfies the conditions

[1] VE €w a ¢ Q(ap, a1, ...,ap—1) (Overline means algebraic closure),
[2] T C R is dense.

Then it is readily shown that I satisfies the condition:
'] VE € w ap ¢ QI — {ak}).

THEOREM 3.1. Let A, B C R be B.S.S. recursive sets, then the following
statements hold:

(1) If AC B then ANI <BSS BN1.
(2) If (B—A)° # 0 then BNT £B59 ANT.

Proor.
(1) clear.
(2) Assume that BNT <B%5 ANT. Let f: R — {0,1} be a total B.S.S. recursive
function in A N I that satisfies

flz)=1 < zeBNI

and set f = {(e, E)}*"1. Since f is a total function and

e,E),ANI
R s

pEW
then

V;C’E%Am N (B — A)° is uncountable for some p € w.

Cram.  VSeFPAY (B A nT=0.
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Since V;fe’E%Am is an infinite set, f is constant on this set. If
V,fe’E>’Am N(B—A)°NI # (), then V;fe’E%Am N BN is not empty, and therefore
FIVEERAN — - This means V™A™ C BN I, which contradicts that I is a
countable set.

Let the definition inequalities of V%™ be

hi(z) >0 &--& hy (z) >0 & h3(z) >0 & & hl (z) >0
&hi(x) e ANT & & h3 (z) e ANT & hi(x) g ANT & &I} () ¢ ANT
(it is assumed that every rational function is not constant.) Then the set of x such
that h?(x) € ANI is an at most countable set, so that expressions having the form
h3(z) € ANT are not included.
Let U be an open set defined by
hi(z) >0& -+ & hy (z) >0 & hi(z) >0& -+ & h2 (z) >0
and W be a set defined by

hi(z) ¢ ANT & -+ & hpy (z) € AN

Then since Vp<e’E>’Am is uncountable, U N W is not empty. From the claim that

UNWn(B-A)NI={0itcan be derived that
reUNB-A)°NI=hi(x)e ANI V --- V h ()€ ANI.

Since U N (B — A)° is a non-empty open set, and I is dense in R, UN(B—A)°NI
is an infinite set. Thus there is a j which satisfies

I®z e UN(B - A)°NIhj(x) e AnI] (%)
Denote K = Q(I), and
Iz e K[h?(x) € K]
is derived from the above equation, and therefore, from Lemma 2.7, h?(x) isa K-

coefficient rational function. Thus when h;‘(x) is expressed as h(z,ak,,...,qk, )
(coefficients of h are rational numbers) and set C' = {ay,, . .., a,, }, then (x) leads
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to
I¥reUn(B-A)°NI-Clh(z,ar,,. .., ak,) € ANI| (xx)
However, since h is not constant, it can be seen that

JeUN(B-A)°NI-Ch(z,ar,...,a,) € ANIT —C].

Let « be ay and h(o, ag,, ..., ok, ) be ag, then oy # oy is deduced from a, € A
and oy € (B — A)°. Also because a; & C,

Qg € Q(ataak1a .. 'aakm) g Q(I - {Oés})

which contradicts condition [17]. O

COROLLARY 3.2.  Suppose p(a) = [(—o0,a)NI] ([ ] is the equivalence class of
B.S.S. Turing degrees), then @ is an ordered embedding from R to B.S.S. Turing
Degrees.

COROLLARY 3.3.  Let X5 =, c,(n,n+1) foro C w, then X, is a B.S.S. re-
cursive set. Therefore F is an almost disjoint family of [w]“(={X Cw | |X]| =
w}) which has continuum cardinality, so {[X,NI]|| o € F} is an incompatible set
of B.S.S. Turing degrees which have the continuum cardinality.

4. Open problems.

Now we state some open problems.

In classical recursion theory, we can unite two consecutive quantifiers of type
1. However since R and R? are not isomorphic, it is not clear that we can do this
in B.S.S. recursion theory.

QUESTION 1.  When R(«,8,n,2) is a B.S.S. recursive predicate, can
Yo € RV € R In € w R(a,8,n,2) be expressed in the form of
Va € RIn € w R'(a,n,A) (R (a,n,A): B.S.S. recursive predicate)?

The use of elimination of quantifiers for the theory of real-closed fields was
essential in the proof of Theorem 1.1 (2). Therefore the same proof cannot be
used when we try to relativize this theorem to S.

QUESTION 2. When R(o, %) is B.S.S. r.e. in S, is Ja € R R(a,2) also
B.S.S.re. inS?
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In the theory of Turing degrees, the jump operator plays an important role.
In the theory of B.S.S. Turing degrees, we can define the jump operator by S’ =
{{e,E) | {{e, E)}*(e, E) | }. However in this case, for S C R", S’ will be a subset
of w x R<¥. So we ask the following question:

QUESTION 3. Assume S C R". We set j(S) = {{e,a1,...,an) |
{{e,an, ..., an)}o (e a1, .. an) |} Does S <255 j(S) hold?

In B.S.S. recursion theory, topology and algebraic structure play important
roles. Thus in the sense of B.S.S. recursion theory, R and R? are not isomorphic.
It is not clear that the degree for subsets of R? corresponds to the degree for
subsets of R.

UESTION 4. oes - - = old?
Q 4. D VYA C R?3IBC R(A ?SSB hold?
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