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Linear approximation for equations of motion
of vibrating membrane with one parameter
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Abstract. This article treats a one parameter family of equations of
motion of vibrating membrane whose energy functionals converge to the Dirichlet
integral as the parameter € tends to zero. It is proved that both weak solutions
satisfying energy inequality and generalized minimizing movements converge to a
unique solution to the d’Alembert equation.

1. Introduction.

Let € be a positive number. We treat a family of second order quasilinear
hyperbolic equations

v
gy — div| ———m e | =0 (1.1)

1+ &2|Vul’

in a bounded domain 2 C R". We impose initial and boundary conditions

u(0,2) = ug(x), % (0,z) = vo(x), =e€qQ, (1.2)

u(t,z) =0, =z € IN. (1.3)

Consider the following equation
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v
gy — div | —— | =0, (1.4)

1+ |Vul?

which is in [7], [11], [12] referred to as an equation of motion of vibrating
membrane. In [7] approximate solutions to (1.4) are constructed by Ritz-Galerkin
method and it is proved that the sequence of approximate solutions to (1.4)
converges to a function u, and that, if v belongs to W' functions and satisfies
energy conservation law, it is a weak solution to (1.4)." In [11], [12] the way of
approximating is changed to Rothe’s method and the condition of the limit wu is
simplified: the sequence of approximate solutions to (1.4) converges to a function
u, and that, if u satisfies energy conservation law, it is a weak solution to (1.4)
(in [11] the boundary condition is not essentially discussed and the observation is
added in [12], compare to [12]). In all works mentioned above the limit should
satisfy the energy conservation law, and existence theorem of a global weak
solution has not been established yet without the energy conservation law.

Considering (1.4) with very small initial data, we find by putting ug = ey,
vy = €lp, and u = €4, and by dividing the equation by ¢ that (1.4), (1.2), (1.3) are
rewritten as (1.1), (1.2), (1.3) with w, wuy, vy being replaced with @, g, 0o,
respectively.

In the end of [12, Section 1] a weak solution to (1.4) is defined as a weak
solution to an evolution equation wuy + 0J(u, Q) 3 0, where J denotes the area
functional, namely,

J(w, B) = \/1+ |Dw|*(B)

for w e BV(R") and for a Borel set B C R" (in Appendix C we present a brief
review about BV functions and some facts related to Equation (1.4)). Here we
regard v as being extended to the whole space by null extention.” The area
functional is a typical one that has linear growth energy with respect to the
gradient and it is appropriate to handle it in the space of BV functions. Seemingly
this definition of a weak solution is different from that of [11]. Moreover in [12]
another seemingly different definition is presented ([12, Definition 2]). If 9Q is
sufficiently smooth, they are equivalent except for the boundary condition. In

IThis result is essentially obtained in [7], though the conditions stated there for the limit u are more
complicated.

*Remark that J(u,Q) = J(u, Q) + [7ullzi(oq) (compare to Appendix C). In [11], [12] J(u,Q) and
J(u, ) are simply denoted by J(u) and I(u), respectively.
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Appendix C we explain relations between these definitions. Since (1.1) is obtained
by replacing u with eu in (1.4) and dividing the equation by €, a weak solution to
(1.1)—(1.3) could be defined as a weak solution to uy + 0J-(u,Q) > 0, where

- — 1 - —

Je(u, Q) = = (J(eu, ) — Z2"(Q)). (1.5)
Remark that Ji(u, Q) = J(u, Q) — £"(2). We subtract the area of Q for the sake
of convenience. Now we mention a definition of a weak solution to (1.1)—(1.3)
exactly. Suppose that 9 is Lipschitz continuous and that uy € L*(Q) N BV ()
and vy € L*(€2). Putting

2 ={p € L*((0,T); L*(Q) N BV(Q)); ¢ € L*((0,T) x )}, (1.6)

we define

DEFINITION 1.1. A function u is said to be a weak solution to (1.1)—(1.3)
n (0,7) x Qif

i) we L>*((0,T); BV(2)), u; € L*((0,T) x Q)
ii) s h\ng u(t) = up in L*(Q)
iii) for any ¢ € CJ([0,T); L*(Q)) N 2,

/ (T (u+6,9) — J.(u, ) }dt>/ /ut@ (t,a dxdt—i—/vo( )6(0, 2)dz.

Formally, letting € — 0, we see (1.1) becomes the d’Alembert equation and it
is natural to be interested in the behavior of weak solutions as € — 0. Although
the existence of a global solution to (1.1) has not been established yet similarly to
(1.4), we can show that, if for each e there exists a weak solution to (1.1) that
satisfies energy functional inequality, then it converges to a weak solution to
the d’Alembert equation as € — 0. More precisely, as our first main result we
have the following;

THEOREM 1.1.  Suppose that 02 is Lipschitz continuous and that ug €
W, (Q) and vy € L*(Q). Let u® be a weak solution to (1.1)~(1.3) in (0,T) x Q that
satisfies energy inequality

1 . — 1 _ _
5/ i (£, 2) 2 + T (uf (8, ), ) < 5/ woPdz + T(uo, D). (1.7)
Q Q
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Then there exists a function u such that

1) u® converges to u as e — 0 weakly star in L>((0,7T); L*(£2))

2) i converges to u; as e — 0 weakly star in L=((0,T); L*(2))

3) foranyT >0, u® converges tou ase — 0 strongly in LP((0,T) x Q) for each
1<p<n/(n—-1)

4) for L -a.e.t € (0,T), Dus(t,-) converges weakly star to Du(t,-) ase — 0 in
the sense of Radon measures

5) we Lo((0,T); Wy*(Q)) N WH((0,T) x Q)

6) w is a weak solution to

uy — Au =0, (t,x) € (0,T) x Q2

u(0,z) = up(x), x € (1.8)
(0, 2) = vo(x), x € '
u(t,z) =0, x € 0.

Rothe’s approximation method employed in [11], [12] is a method of
semidiscretization in time variable. Namely, letting ug, vy be as in the initial
condition and h be a positive number, we construct a sequence {w;};°_; by setting
u_1 = ug — hvy for [ = —1, letting uy be as in the initial condition for [ = 0, and for
[ > 1 letting u; as a solution to the elliptic equation

— 2u_ _ \Y%
L e R o I =0. (1.9)

2
h 1+ |[Vu]?

In [11], [12] this equation is solved by finding a minimizer of

1 — 2uy_ e I
Gy = & [ 1= 2w Lt L g+ T, ) (1.10)
2 Jo h

in L2(Q) N BV(R) (details are reviewed in Appendix C). We define approximate
solutions u”(¢,z) and " (¢, z) as, for (I —1)h < t < Ih,

t—(-1)h Ih—t
— (2
h h

(¢, 2) = (),

ul(t, ) = u-1(z)

(1.11)

and then we have that, passing to a subsequence if necessary, u”, " converge to
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the same function v in the space of BV functions. In the next section we show that
the limit « can be regarded as a generalized minimizing movement associated with
(1.4). Furthermore it is also the case for our problem (1.1)—(1.3), namely, we can
construct a generalized minimizing movement wu. associated with (1.1). Thus
investigating its behavior as € — 0 is also a problem.

Minimizing movement is a new concept in mathematics introduced by De
Giorgi ([9]) and it is closely related to Rothe’s time semidiscretization method.
Rothe has applied time semidiscretization method to solving a parabolic equation
([18]) and Rektorys has combined it with a method of minimizing functionals
([17]). In [13] N. Kikuchi has independently rediscovered Rektorys’s idea and
after [13] there are many works in applying this idea to constructing weak
solutions to nonlinear partial differential equations (for example [3], [16], [19]).
On the other hand, in [1] the method of combining time semidiscretization
and minimizing functionals is also employed in constructing a flow of rectifiable
currents by its mean curvature. Inspired by [1], E. De Giorgi has presented the
theory of minimizing movements.

Following [9], we state the definition of a minimizing movement. Let S be a
topological space.

DEFINITION 1.2. Let F:(l,00)x Zx S xS — [-00,00] and uw:R— S.
We say that u is a minimizing movement associated with ' and S, and we write
u € MM(F,S), if there exists w: (1,00) x Z — S such that for any t € R

lim w(X, [M]) = u(t)

A—00
([x] = max{z € Z;z < z}) and for any A € (1,00),l € Z

F\Lw\ L+ 1), w(A\]D) = migl F(\ s, w(AD). (1.12)
se

Several example of minimizing movements are presented in [9]. The simplest
and the most typical one is as follows:

EXAMPLE 1. ([9, Example 1.1]). Let S= R", f € C*(R")N Lip(R"), and
£ € R". We set

|z — &) if1<0
F\Lz,y) =1 A
5@—yﬁ+ﬂ@ if1>0
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Then u € MM(F,S) if and only if u € Lip(R; R") and

du
E‘FVJC(U):O (t >0),
ult) = ¢ (t <0).

The following example is probably another typical example. In [9] the case
that J is the Dirichlet integral is mentioned.

EXAMPLE 2.  Let Q be a bounded domain. Given a functional J : L*(Q) —
[c, 0] (c € R), we suppose that (J1) J is convex, (J2) J is lower semicontinuous,
(J3) the set {v; J(v) < M} is sequentially compact. Suppose that uy € L?(£2) and
J(up) < oo. Let S = LY(Q2) and we set

[l — UO”%?(Q) if 1<0
F(\ Lu,v) =4 )
5 ||u — UHLZ(Q) + J(u) ifl>0

Then u € MM(F,S) if and only if
(1.13)

i.e., (S1) u(t,-) € L*(Q) for L-ae. t € (0,00), u € L2,.([0,00); L*()), (S2) s-

loc

}Li\r%u(t,x):ug(m) in L*(Q), and (S3) for each ve€ L*(Q) and for Z'-a.e.
t € (0,00),

J(v) = J(u) > — / u (v — u)dx. (1.14)

Q

In [9] various examples in geometrical problems are also presented. Besides
in [9] several examples and problems on minimizing movements related to some
first order hyperbolic equations are presented. While, as pointed out in [19],
Rothe’s method is available for second order hyperbolic equations and, if the
elliptic equation has a divergence form, then the elliptic equation is solved in a
direct variational method. Thereby minimizing movements are also introduced
for second order hyperbolic equations. For example, a function v is a minimizing
movement associated with the d’Alembert equation if and only if w is a weak
solution to it:
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EXAMPLE 3. Let  be a bounded domain, ug € W, (), and vy € L*(2). Let
S =LY(Q) x L}(Q) and we set

flu— UU||2L2(Q) + [lv — up + )\711)0”%2(9) if k<0

FO\LKUU) = 4z o 1 2 o
5||u— 24+ 0[|72(q) +§/Q |Vul"dz + [|v — a2 k>0

(U = (u,v), U = (@,9)). Then U = (u,u) € MM(F,S) if and only if u(t) = uq for
t < 0 and u is a weak solution to (1.8) for ¢ > 0.
(This is precisely discussed in the next section, see Proposition 2.3.)

In [11], [12] convergence of the sequence of approximate solutions is not
proved, but convergence of a subsequence is proved. Note that De Giorgi presents
an example such that MM(F,S) =0 [9, Remark 1.2]. This motivates the
definition of generalized minimizing movements.

DEFINITION 1.3. Let F:(l,00)Xx ZXx S x S — [-00,00] and u: R — S.
We say that u is a generalized minimizing movement associated with F, S, and
we write u € GMM(F, S), if there exists a sequence {);};~; such that lim \; = oo
and a sequence {w;} of functions w; : Z — S such that for any ¢t € R

hm wt([)\th = u(t)

1—00

and forany i € N, ke Z

F(\i kywi(k+1),w; (k) = I?EiélF()\i, k, s, w;(k)).

In the next section we see that there exists a generalized minimizing
movement associated with a second order hyperbolic equation having convex
energy. In general it seemes to be a hard problem to establish existence theorem of
a time global weak solution to a second order quasilinear hyperbolic equation.
Thus, although a generalized minimizing movement is much a weaker concept
than a weak solution, investigating its properties would probably supply some
useful information for the study of it. Readers should remark that results of the
author’s previous works [11], [12] could be mentioned in terms of minimizing
movement theory: if a generalized minimizing movement associated with (1.4)
satisfies energy conservation law, then it is a weak solution.

For each € > 0 there exists a generalized minimizing movement u. associated
with (1.1)—(1.3) (compare to Proposition 2.4) and our second main purpose is to
investigate the behavior of them as € — 0.
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THEOREM 1.2. Suppose that O is Lipschitz continuous and that ugy €
W&’Q(Q) and vy € L*(Q). Let u° be a generalized minimizing movement associated
with (1.1) with (1.2), (1.3). Then there exists a function u such that for any T > 0
the same assertions as in Theorem 1.1 hold.

Up to the author’s knowledge only a few facts are known in relations between
a second order hyperbolic equation and a minimizing movement or a generalized
minimizing movement associated with it. Problems in the most part of these
relations seem to be open. This article presents an answer to one of such open
problems.

In Section 2 we overview the theory of minimizing movements for second
order equations and in Section 3 we investigate properties of a generalized
minimizing movement associated with (1.1) with (1.2), (1.3) by the use of a
technique of geometric measure theory. Theorems 1.1 and 1.2 are proved in
Section 4. Proofs of them are carried out at the same time. Although each uf
belongs to BV functions, the limit as & — 0 should belong to W? functions. The
technique of geometric measure theory plays an important role to overcome this
difficulty.

2. Minimizing movement theory for second order equations.

In this section we overview the theory of minimizing movements for second
order equations. It is mentioned in a slightly abstract setting.

Let Q be a bounded domain. Given a functional J : L'(Q) — [¢, 0] (c € R),
we suppose the same assumptions (J1) ~ (J3) as in Example 2. Suppose that
ug € L*(Q) with J(up) < oo and vy € L*(Q2). We treat a second order equation

Uy + 8J(u) 350 (21)
in L?(2) with initial conditions
0
u(0, ) = up, a%t (0, ) = vo. (2.2)

Definition of a weak solution to (2.1), (2.2) is as follows:

DEFINITION 2.1. A function u : (0,7) — L?(Q) is said to be a weak solution
to (2.1), (2.2) in (0,7) if

D we WR2((0,7); LX), J(u) € L'0,T)

. _1- — . L2 Q
ii) stl\n&u(t) up in L*(Q2)
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iii) for any ¢ € CJ([0,T); L*(Q2)) N WH2((0,T); L*(9)),

T T
A{ﬂmwydmmmééxﬁﬁwm@@mw+ém@wm@m.

Now we set S = L(Q) x L'(Q) and

llu = wol| 72y + lv = w0 + A vg|Foq) I 1<0

F\LU,U) = (2.3)

F (N, a,0;.) + [lv = |7 if 1>0

(U = (u,v), U = (4, 0)), where

)\2
Fh 6,5 J) = - [lu—2d+ 720y + I (w).

PROPOSITION 2.1.  For these S and F', w as in (1.12) is given by

w(/\7 l) _ { (U(),U() — )\_11)()) (l S 0)
(ul,ul_l) (l > O),

where u; (I > 0) satisfies

F (N up,ui—1,u—9;J) = min F (A u, w1, w95 J)
ueLl(Q)

(here we suppose that u_1 = ug — X\~ tvp).

PROOF. Clearly we have w(\,1) = (ug,ug — A 'vy) for 1 < 0. For [ >0 we
first remark that

F()‘ala (u,v), (ﬂ*,'ﬁ)) > F()‘vlv (uaﬁ')v (ﬂa'ﬁ)ﬂj) = y(/\,uaﬂvﬁ; J)

for each (u,v) € LY(Q) x L'(Q). Thus (u,@) minimizes F(\, [, (u,v), (%,9)) if u
minimizes # (A, u, 4, v; J). Then we have the conclusion by induction on I. O

Remark that Z(h™ u,u_1,u_2;J(-,Q)) = ¥(u), which is presented in
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(1.10). This means that the sequence {u;} in the proposition coincides with the
sequence constructed by Rothe’s method.
A minimizing movement is defined as the limit

lim w(), [\]) —hm“’(h 1 [;LD

A—00 h—0

and a generalized minimizing movement is defined as a limit of a subsequence.
Noting that [t/h] = [ implies Ih <t < (I + 1)h, we put @" = u; for (h <t < (I+ 1)h
(1=0,1,2,...) and @" = ug — hvy for —h < t < 0. Then we have

o ) = ey (oo 0

Clearly limy_qw(h™*,[t/h]) = (up,up) if t <0. Thus our purpose here is to
investigate the limit of @" as h — 0.
The convexity of the functional J and the minimality of each u; implies

szl = s P ) < 2 P+ (o). 25

(compare to [15, Lemma 4.1]), and if we define u"(¢) and u"(¢) as in (1.11), we
have, for each ¢ € |J;2,((l — 1)k, lh),

/|uf )2dz + J(T@ /|u0| dz + J(up). (2.6)

Note that @ (t) =u"(t — ) for te Uz, (- )h [h). This inequality supplies
important information for v, @", and also for @"

PROPOSITION 2.2.  Under the above notations it follows that

) {|lul ||Lm 000)12() ) 18 uniformly bounded with respect to h
2) {||J(@" ﬁ (—h oo)} is uniformly bounded with respect to h
3) {llJ(u )||Lﬁo 0,00)} @8 uniformly bounded with respect to h
and moreover there exist a sequence {h;} with h; — 0 as j — oo and a function u
such that
4)  foranyT > 0, u" converges tou asj — oo weakly star in L((0,T); L*())
5) ui” converges to u; as j — oo weakly star in L>((0,00); L?(2))
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for any T > 0, u" converges to u as j — oo strongly in L>((0,T); L'(£2))
for any T >0, W converges to u as j — oo strongly in L=((0,T); L'())
for any T >0, @' converges to u as j — oo strongly in L=((0,T); L*(2))
for any T >0, ah(t— h;) converges to w as j— oo strongly in
L=((0,7); L'(2))
10 -li t) = in L%(92).

) s limou(t) = ug in L7(Q)

PROOF. Assertions 1) and 2) immediately follow from (2.6). Since J is
convex, we have

© 00 g
=

lh—1t

tjtiﬁJW%J%ijJWW‘h”

J(u(t,-)) <
(Wt < =
and Assertion 3) also holds.

Assertion 5) is a direct consequence of Assertion 1). Since we have

Mm—ww=LW@@ (2.7)

for each ¢, # > 0, Assertion 1) implies that, for each T' > 0, {\|u”|\Lx(<0_oo>:L2<Q))} is
uniformly bounded with respect to h, and hence Assersion 4) follows. Furthermore
(2.7) and Assertion 1) imply that the function ¢ — u”(t,-) € L*(Q) is equicontin-
uous with respect to h. Moreover by 3) and Assumption (J3) on J we find, for any
T >0, {u"(t,-)} is contained in a sequentially compact subset of L'() which
is independent of h and ¢ € [0,T]. Thus by Ascoli-Arzela theorem we obtain
Assertion 6).
For (I1-1)h <t <lIh,

t—(1—-1)h lh—t
u; — u — Up—1

—h h -
[ (t) = w" (Ol () = " A

ﬂw—t

2(9)

(ug —w-1) < lw = e[| 2y

h ()

By (2.5) we have

llur = wi-all 2y </ (looll” +2J (uo) .

Hence
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sup 1" (t) = u" (O 20y < 3/ (ool + 2 (up))h. (2.8)

Now we have
—h —h h h
" — u||L°0((O,T);L1(SZ)) <@ —u HLw((o,T);Ll(sz)) + flu" = U||Loc<(o,T);L1(sz)>a

the right hand side of which converges to 0 as h — 0 by (2.8) and Assertion 6).
Now we have Assertion 7).
Since ||u@"(t) — ﬂh(t)HLz(Q) = [Jw — w112y for (I —1)h <t < lh, we have

- 2
7" = @"| < o,7y:2009) <V (1ol + 2T (o))

by (2.5). Thus we have Assertion 8) by Assertion 7). For lh <t < (I+1)h,
we have || (t) — @ (t — M)l 12i) = llur — w1 12() and thus Assertion 9) follows
from (2.5) and Assertion 8).

Assertion 10) is obtained in the same way as in the proof of [15, Theorem
41]. 0

THEOREM 2.1.  Let U be a function in L*(Q2) x LY(Q).
1) Ue GMM(F,S) if and only if

(2.9)

where u is as in Proposition 2.2.
2) Ue MM(F,S) if and only if U is as in (2.9) and we do not have to subtract a
subsequence in Proposition 2.2.

PROOF. 1) It immediately follows from Proposition 2.2 8), 9) that (@i (t),
ati(t — h;)) converges to (u,u) in L*(2) x LY(Q) for ¢ > 0. Thus by (2.4) and the
comment after (2.4) the function U as in (2.9) is a generalized minimizing
movement.

Conversely, if U € L*(Q) x L'(Q) is a generalized minimizing movement,
then by the definition of a generalized minimizing movement and (2.4) a
subsequence {@"(t)} converges to a function u(t) in L'(Q) for each ¢ > 0 and
U(t) = (ug,up) for t < 0. By Proposition 2.2 1), 2), 3) we could show that, passing
to a further subsequence if necessary, @ converges to u that satisfies all
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assertions of Proposition 2.2. In particular, @" (¢t — h;) also converges to wu(t)
and thus U = (u(t), u(t)).

2) This is clear by the definition of minimizing movement and
Assertion 1) O

A typical example of a minimizing movement associated with a second order
hyperbolic equation is as follows:

PROPOSITION 2.3. Let Q be a bounded domain, ug € WOI‘Q(Q), and vy €
L*(Q). Let S = LY(Q) x L(Q) and F as in (2.3) with

1 2 : 1,2
J(u) = §/Q|Vu| de if we W™ (Q)

9 if otherwise.

Then U = (u,u) € MM(F,S) if and only if u(t) =wuy for t <0 and u is a weak
solution to (1.8) fort > 0.

PrOOF. By Theorem 2.1 we should show that the function w as in
Proposition 2.2 is a weak solution to (1.8) for ¢ > 0 and that we do not have
to subtract a subsequence in Proposition 2.2. Since wu; is a minimizer of
F(h™Y u,up_1,u_2; J), we have

d

0= —y(h_l,ul —i—EQD,Ul,l,U[fQ; J)la:() = /(
de Q

up — 2up1 + U2

- o(z) + Vu - V(p) dx

for any ¢ € C}(Q). Thus, noting that, for (I—1)h <t < lh, ul(t,z) = ((w(z) —
w-1(x))/h), we have for any ¢ € C}([0,00) x ),

00 h _h _
/ / (ut (t,z) —uw(t—h,x) (¢, 7) + v V(b) dzdt = 0.
o Ja

h
Proposition 2.2 implies that, passing to a subsequence if necessary, uf and
V" converge weakly star to w; and Vu, respectively, in L>((0,00); L3(Q)).
Hence we have

o ul(t,x) —ul(t — h,z)
/0 /Q - ¢(t, x)dxdt

. / N /Q wbn(t, @) dadt — /Q w(@)6(0, x)da
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and

/ / v - Vodrdt — / / Vu - Vodrdt
0 Q 0 Q

(compare to, for example, [19]). Thus u is a weak solution to (1.8).

Since a solution to the linear wave equation is unique, the rest of the
subsequence has another subsequence that converges in the same topology to the
same function u. Thus we do not have to subtract a subsequence. ([

For the sake of simplicity in the sequel we call v as in Proposition 2.2 a
generalized minimizing movement associated with (2.1) with (2.2). If we do not
have to subtract a subsequence, u should be called a minimizing movement.
Remark that, since the functional u +— % (h™!, u, u;_1, u;_9; J) is strictly convex for
each [ > 0, a minimizing movement should be unique if it exists.

Our problem is the case J(u) = J.(u,Q). Recall that we are supposing
J(up) < oo and note that J.(ug, Q) < oo if and only if uy € BV (£2). Now, supposing
up € BV(Q2) and vy € L*(Q), we could obtain slightly stronger estimates than
those in Proposition 2.2.

PROPOSITION 2.4.  Under the above notations it follows that

1) {”u?”LO@(((),oo) 12(9)) } is uniformly bounded with respect to h
2) forany T >0, {{[u"| w0 1):22)n5v () } B8 uniformly bounded with respect
to h
3) foranyT >0, {Hﬂh||Lw<(O’T);Lz(Q)ﬁBV(Q)>} is uniformly bounded with respect
to h
and moreover there exist a sequence {h;} with h; — 0 as j — 0o and a function u
such that

4)  foranyT > 0,u" converges tou asj — oo weakly star in L“((O, T); L*(Q))
5) u;” converges to u; as j — oo weakly star in L=((0,00); L*())
6) for any T >0, u" converges to u as j — oo strongly in L((0,T) x §2) for
each 1 <p<n/(n—1)
7) for any T >0, W converges to u as j — oo strongly in LP((0,T) x Q) for
each1 <p<n/(n—1)
8) we L*((0,00); BV(Q))
9) for L -a.e.t € (0,00), Dul(t,-) converges weakly star to Du(t,-) as j — oo
in the sense of Radon measures
10) s-y\né u(t) = ug in L*(9).
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REMARK. The functional J.(ug, Q) is depending on e and the right hand
side of (2.6) is not uniformly bounded with respect to €. Hence the uniformity with
respect to € is not asserted in this proposition. In Theorems 1.1 and 1.2 wug is
supposed to belong W, *(§2) and in such a case J.(ug, ©2) is uniformly bounded with
respect to & (compare to the proof of Proposition 4.1).

PROOF. Assertions 1), 4), 5), 10) are direct consequences of Proposition 2.2
1), 4), 5), and 10), respectively.

By the use of Assertion 1) HuhHLw((o,T);LZ(Q)) is uniformly bounded with respect
to h (compare to the proof of [11, Theorem 3.3]). Noting that

T(u, ) /\/Luvu 2da + | D*ul(9 /‘hm¢%”1
Q

where D*u denotes the singular part of Du with respect to the n dimensional
Lebesgue measure " and Vu denotes the Radon-Nikodym derivative of the
absolutely continuous part with respect to Z", we have by (1.5)

- — 1

I (u, Q) = / - ( 1+ &2|Vu(z)|” - 1) dx + - |D9u| / |yuld#" . (2.10)
('R

Thus we have

T ) + L) > i WMNM+\WW) émmmy(mn

This with Proposition 2.2 3) and 4) implies Assertion 3). Assertion 2) follows from
(2.8), Assertion 3), (2.11), and Proposition 2.2 2).

By Sobolev’s theorem BV () C LP(§2) compactly for each 1 <p <mn/(n —1).
Then in the same way as in the proof of [7, Proposition 5.1] we obtain Assertions
6) and 7). The limits are the same because of (2.8). Assertion 8) immediately
follows from 3), 4), and 7). Assertion 9) follows from 7). O

In our terminology u as in Proposition 2.4 should be called a generalized
minimizing movement associated with (1.1) with (1.2), (1.3).

3. A generalized minimizing movement associated with (1.1).

In this section we investigate some properties of a generalized minimizing
movement wu associated with (1.1) with (1.2), (1.3). First we show energy
inequality.
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PROPOSITION 3.1.  For £ -a.e. t € (0,T), (1.7) holds.

REMARK. Exactly v is depending on €. However, in Proposition 2.4 we do
not specify it and this omission is continued in this section.

PROOF. For ¢ € L'(0,T) with ¢ > 0,

T
og/ w/|uil7ut|2dxdt
/ ¢/|u \dedt—Q/ w/ututdxdt+/ 1/)/|ut| dzdt

By Proposition 2.4 5), the second term of the right hand side converges to
2 fOT wa \ut\2dmdt. Hence we have by dominated convergence theorem

T T
/ w/ | *dadt < limsup/ w/ lulPdadt < whmsup/ |ul|*dazdt.
0 Q o Jo Q

Since 9 is arbitrary, we have, for Z'-a.e. t € (0,7T),

lim sup |uf(t,x)\2d$2/|Ut(t733)|2d37-
o Jo Q

By Proposition 2.4 7) we have, for Z'-a.e. t € (0,T),

liminf J. (@ (1), 9) > J-(u(t, ), ).

Thus energy inequality (2.6) implies the conclusion. d

In [11] properties of a generalized minimizing movement associated
with (1.4) is investigated and mentioned by the use of terms of oriented varifolds
([11, Section3]). Let Gy denote the collection of all oriented n-dimensional
vector subspaces of R"™'. Let us call a Radon measures in R" x R x Gy an
oriented varifold in R" x R.?

In the sequel each BV function v € BV() is extended to the whole space by

30riginally varifold is introduced for treating nonoriented surfaces in the context of geometric
measure theory and a varifold in R" X R is usually defined as a Radon measures in R" x R x G, where
G denotes the collection of all n-dimensional vector subspaces of R"™. Our treatment of oriented
varifolds is much closer to that of gradient Young measures (compare to [14]).
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the null extension and it is still denoted by v. For v € BV(R"), we define E, C
Rn+1 by

E, ={(z,y);z € R",y > v(x)}*

It is a set of locally finite perimeter in R"™!, hence its reduced boundary 9*E, is a
countably n-rectifiable set and the inward pointing approximate unit normal to
O0*E, exists at s"-a.e. z € " E,. In this article it is denoted by vg, (2).

Note that each element of G is characterized by an n-vector £ which is
represented as £ =7 A -+ AT, where {7,---,7,} is an orthonormal basis of this
element. Thus Gy is often identified with the set of all simple n-vectors having
unit norm ([6, 1.6.2]). For each £ € Gy there exists a unique vector v such that
EANv=e1 A Aepp1. This map € — v = v(£) is a homeomorphism from Gy to the
n-dimensional unit sphere S", and v(€) is the unit normal to the vector subspace
associated with £&. Now for each BV function v we associate an oriented varifold

(A" LO"Ey) ® 614, (2))

and it is denoted by wvi(v) (compare to [11, Section 1]). For each oriented n-
varifold V in R"™' a Radon measure - on R is defined by uy(A) = V(A x Gy)
for a Borel set A C R"!. From [4, Theorem 10, p. 14] there exists a probability

Radon measure ngf) on Gy for py-a.e. z € R such that

/ Bz, &)dV = / ( B(z, f)dn(v”)duv (B € CYR" x Rx Gp)). (3.1)
R'"<xRxGy R'"XR Gy

Now, for Z'-a.e. t, we associate @"(t,-) with oriented varifolds and write
V" = v, (a"(t,-)). By Proposition 2.4 3) we obtain the following proposition
(compare to [11, Proposition 3.5] and [7, Proposition 4.3]).

PROPOSITION 3.2.  There exists a subsequence of {V/'} (still denoted by
{V"}) and a one parameter family of oriented varifolds V, in R" x R, t € (0,00),
such that, for each ¥(t) € L*(0,00) and 8 € C§(R" x R x Gp),

lim /0 (1) / S B(z,€)dV(z,€)dt = /0 W(t) /R S B(z,&)dVi(z, €)dt.

h—0

4In [11] E, is considered in € x R. In this article null extension is introduced for the sake of
controlling boundary condition.
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For each v e BV(R") we have by the definition of w.(v) that, for any
BeCHR" x R x Gy),

/ Bz &)dv ()= | Blav (s ()AALOIE).  (32)
R'xRxGy QxR

The energy could be expressed as

- — 1
1@ 0= [ S (o P - vt )doen Lo ED),

QxR g2

where El' = Eony (compare to Theorems 1, 4, and 5 of [8, I Section 4.1.5]),
moreover, since vg(z) =(0,...,0,1) for z = (2,0), z € R"\ Q, we have

_ _ 1
J.(a,90) = /R S (@i P+ P - v Yo Lo )
. ,

[ (Ve - v,

"y RxGy €

By the lower semicontinuity of Radon measures we have for each ¢ € L'(0, 00)
with ¢ >0

liminf / h Y(t)J.(T", Q) dt (3.3)
0

h—0

= [ v [ — 5 (V (€ + 2 (O un+1<g>>dwdt.

Let n%,f) be the measure ng,z) as in (3.1) for the oriented varifold V;, let E; =
E,,) with u being a generalized minimizing movement associated with (1.1) with
(1.2), (1.3), and let pp, = #" LOE,.

PROPOSITION 3.3.  For £'-a.e. t € (0,00),

D [ @ = [ o) ( / u(f)dn‘v?)duv, for any g € CY(R" x
R'XR R'XR Gy
R; Rn+1)
2) py(A) > ug (A) for each Borel set AC R" x R
3) i) = [ Dy (i, + (i L2)A) for A€ RY, where Dy is
A

the derivative of py, with respect to pg, and Z is the pg,-null set defined by
Z = {2 Dyuy, i (2) = o0}
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4) / y(g)dn@ =0 for uy L Z-a.e. z

0
5) spt ng) C irr(Gy) for py, L Z-a.e. z, where irr(Gp) = {&v"F1(€) =0}
6) |Du|(Q) < Vi(Q x R x irr(Gy)).
PROOF. Assertions 1) ~ 5) in the case of e =1 are proved in Lemma 3.6
and Theorem 3.7 of [11], and the proofs for € < 1 are the same. Here we only have
to show Assertion 6).

We fix a ¢ at which Assertions 1) ~ 5) hold. By 1) and 3) we have, for up,-a.e.
z€ R" X R,

VEF(2) = Dy i (2) /G V(€.
0

Then, since D,,, py,(z) > 1 for pg-a.e. z€ R" x R, szfl(z) = 0 implies

| i@ <o,
Gy

which means spt 77%/7) C irr(Gp). Thus, for pyg-a.e. z€ R" X R,

Sy :={z € & Ey; Vi (2) = 0} C {2z € spt puy;; spt 77%) C irr(Go)} =: Sy,

more precisely, ug (S, \ Sy;) = 0. Since |D*u|(Q) = ug,(S,) by Theorems 1 and 5
of [8, I Section 4.1.5], we have

D*u/(@) = s (S.) < i (Svy) = Vi(Su; x Go) = / 72(Go)dpy,
Sy

— / 0y (irr(Go))dpuy; < / ) (ire(Go))duy, = Vi(Q x R x irr(Gp)).
’

7 R'"<XR

O
Remark that the left hand side of Assertion 1) is expressed as

| s @i = [ (=@ u(t.) - dDu+ ¢ (o, u(t, )
R"<R R"

Taking account of this fact we have

PROPOSITION 3.4.  For Z‘-a.e. t,
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R"

[ ot@y-dpu= [ o) v

for any ¢ € CJ(R"; R").

PROOF. Set ¢(z,y) = ¢(z)pr(y) with ¢ € CJ(R"; R") and pr € CJ(R),
0<pr<1, prly) =1 for |y <R, =0 for |y| > R+ 1. By Proposition 3.3 1) we
have

/ (2)or(y) - Vi ()dpin, = / S@)prly) VOV (34)
R'xXR

R"xRxGy

Letting R — oo in the left hand side of (3.4), we have by the above remark and
dominated convergence theorem

/ @)Wy (2)dur, = — | $(z) - dDu,
R'"<XR R"

while by the dominated convergence theorem again the right hand side of (3.4)
converges to the right hand side of the assertion. (I

In the same way as in the proof of Theorem 2.2 of [11] we have that, for any

¢ € C1(2 x R) having bounded first derivatives, J.(v+ op(z,v),Q) is differ-
entiable at ¢ = 0 and it is expressed as

d - _
5 JE(U + 0@(%”),9”
do

(V.o U, Vn+1+y/ 2/
. _/ (Vo v Vg [V, "0y 4. (3.5)
“E,

VD + e

In particular we are able to insert ¢(z) € CL(Q2) or v itself as ¢(z,v).
Since v is the minimizer of %;(v), we have, for any ¢,

d
0= diyl(ul + O'(P(QT,UI))LT:O
g

w(x) — 2u—1 (x) + w—o(x d - —
:/ () 1(@) + o )<p(x,u1)dx+—Jg(ul+a<p(3:,ul),Q)|a:0.
0 h2 do
Then, noting that, for (I — 1)h < t < lh, u?(t, x) = M, we have for any

T > 0 and for any ¢ € C([0,7] x 2 x R) having bounded first derivatives
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/0 [/Q ul(t, z) —Zf( —h,x) o(t, z, 7"t x))da (3.6)

! ) gﬁl+\uEh| oy

(Vaip
+/ +1
o By \/(ng )’ +52|VE5|

d%ﬂn}dt =0.

—(Vap - V(W (E) + |V (¢

Applying (3.2) to @" and e for v and f(z,¢),
@+ evof

respectively, we obtain

/ —(Vugp - V;Eh) Z;lrl + |VEh| Py 4
o B \/(u;;;t,fl) +52\VE;L|

n / 2
) / _(vx(p y (5))V +1(€) + |V (f)l Py thh’<Z, g)
R"1'%xGy \/Vn+1(§)2 +52|V/(§)|2

PROPOSITION 3.5.  For each T at which wu; is left approximately continuous
and for each ¢ € C}([0,T] x Q)

., n+1
/ /Ut@ t,x)dz + —Veb VOO dVy pdt
0 OxRxGy \/yanl 52|V/(§)|2

:/Qvo(x)(ﬁ(o,x)dm—/Ut(T7$)¢(T7$)d$

Q

PROOF. It is easy to check that conditions for § in Proposition 3.2 could be
weakened as B(z,€) = B(z, )" (€), B € COU>R" x R x Gy), B(x,y,€) = 0 if || is
large, and |3| < C (C is a constant). Hence, letting h — 0 in (3.6) for ¢ = ¢(t, z),
we obtain the conclusion by (3.7). O

Readers should compare to the following proposition, which is immediately
obtained by testing smooth functions and solution u itself and using (3.5) and
(3.2). Compare also to Proposition A.1 in our Appendix.

PROPOSITION 3.6.  Let u be a weak solution to (1.1)~(1.3) and we define a
one parameter family {V,},., of oriented varifolds by V, = vy (u(t,-)). For each T
at which uy is left approximately continuous,
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1) foreach ¢ € CL([0,T] x Q)

T "
/ /Ut¢t t,x)dx +/ Vet e dVy pdt
) Qx RxGy \/V""'l 52|Vl(€)|2

:Avo(x)¢(0,x)d$—/Uf(Tax)¢(T’x)dz

Q

/T / V) Vit
0 JOxRxG, \/l/"""l 2+62|l/(f)‘2

/0 / vdudt + / o(x)uo(z)dr — /Q (T, 2)u(T, z)da.

4. Proof of Theorems 1.1 and 1.2.

In this section we prove Theorems 1.1 and 1.2 at the same time. Our strategy
of the proof is as follows:

Step 1: Showing that u® converges to a function u by the use of Energy
inequality (Proposition 4.1)

Step 2: Corresponding each u® to an oriented varifold V; that satisfies
“equation” (compare to Propositions 3.5 and 3.6)

Step 3: Showing V; converges to an oriented varifold V; and investigating
properties of u and V; (Lemmas 4.1-4.4 and Proposition 4.2)

Step 4: Letting ¢ — 0 in the above “equation”.

First we show the following proposition.

PROPOSITION 4.1.  Suppose that 0X) is Lipschitz continuous and that uy €
W, ?() and vy € L2(9).

1) gl o)z b s uniformly bounded with respect to e
2) {1l e 0. r)22 By } B8 uniformly bounded with respect to

Then there exist a sequence {e;} with e; — 0 as j — oo and a function u such that
3) u converges to u as j — 0o weakly star in L>((0,T); L*(2))
4) w,’ converges to u; as j — oo weakly star in L®((0,T); L*(Q))
5) for any T > 0, u% converges to u as j — oo strongly in LP((0,T) x Q) for
each1 <p <n/(n—1)
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6) we L>*((0,T); BV(Q2) N L*Q))

7) for L -a.e. t € (0,T), Dui(t,-) converges weakly star to Du(t,-) as j — oo
in the sense of Radon measures

8) 5—11\{1& u(t) = ug in L3(Q).

PROOF.  Since uy € Wy*(R), |D*ug| =0 and ~ug = 0. Thus by (2.10) we
have

T.(u0, ) < /Q Vo () d, (4.1)

This and energy inequality (1.7) immediately imply Assertion 1). Since the

function e — e 2(y/1 4 2|p|* — 1) is decreasing, we have [wllpyioy < Ji(us, Q) +
L) < Jo(ue, Q)+ £"(Q). Thus it also follows from (1.7) and (4.1)

that ess.sup{[lu"(t, ")l py ()0 <t <T} is uniformly bounded with respect
to e. Other Assertions are proved in the same way as in the proof of Theorem
3.3 of [11]. O

REMARK. In the sequel {u%} is denoted by {u¢} for simplicity.

In the case of the proof of Theorem 1.1 we let {V},., denote a one parameter
family of oriented varifolds associated with the weak solutions u°(t,-) and in the
case of that of Theorem 1.2 a one parameter family of oriented varifolds in R" x
R presented in Proposition 3.2 as V;. In both cases V satisfies

T n+1
/ / ¢ttm+/ ~(V:6 VOO ey,
0 QOxRxGy \/V7z+1 €2|y/(§)|2

= / vo(x)o(0, x)dx
Q

(4.2)

for each ¢ € C}([0,T) x Q x R) (Proposition 3.5 or Proposition 3.6).
Proposition 4.1 2) implies

€ss. sup
>0

/ B(z €)dVE (2, €)| < Cx sup B
KxRxGy

for each compact set K C R" and some constant Ck depending on K. Thus we
obtain the following theorem in the same way as in the proof of [7, Proposition
4.3] (compare to Proposition 3.2).
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LEMMA 4.1.  There exists a subsequence of {VF} (still denoted by {Vi}) and
a one parameter family of oriented varifolds V; in R" x R, t € (0,T), such that, for
each y(t) € L'(0,T) and 3 € CY(R" x R x Gy),

lim /0 ") / g, B OV (2 it = /0 o) /R B COLUCHES

e—0

As a collorary of Lemma 4.1 we have

T T
LEMMA 4.2. PutV: = / Vidt andV = / Vidt. Then V- =V in the sense
0

0
of Radon measures in R" x R x Gj.

PROOF. Letting 1 = xp,], the characteristic function of [0,7], in
Lemma 4.1, we immediately have the conclusion. O

Remark that each V satisfies Proposition 3.3. Furthermore, repeating the
process of the proof of Proposition 3.3, we have

LEMMA 4.3. For £'-a.e. t € (0,T),

D[ g@weEdus = [ g@u(©avi for any g € YR x BB
R'"XR R"<xRxGy
2) v, (A) > ug (A) for each Borel set AC R" x R

3) uy(4) = / Dy, 1w (2)dpg, + (py; LZ)(A) for A C U, where Dy, pv; is the

A
derivative of py, with respect to pg, and Z is the pg,-null set defined by
Z = {2 Dy, (2) = oo}
4) / v(€)dn\ =0 for py, L Z-a.e. z
GU )
5) spt n%fl) C irr(Go) for puy, L Z-a.e. z
6) |Du|(Q) < Vi(Q x R x irr(Gy)).
LEMMA 4.4. | Dsu(t,)|(Q) =0 for L -a.e. t.

Remark that Lemma 4.4 implies, in particular, yu = 0.

PROOF. If we have Vi(Qx R xirr(Gp)) =0 for Z'-a.e. t, then the
conclusion immediately follows from Lemma 4.3 6), and, since V; >0, this
follows if we have

V(Q x R x irr(Gy)) = 0. (4.3)



Linear approximation for equations with one parameter 151

Hence we prove (4.3).
In the case of the proof of Theorem 1.1 we have by (1.7)

’ 2
- ¥ () wr
TR i1 (€ + 2 + 041 (€)

1 _ _
<! / oo dz + J.(up, )
2 Jo

In the case of the proof of Theorem 1.2 we have by (2.6) and (3.3) that for each
¥ € LY(0,T) with ¢ > 0

V@)

T

[ eo [

0 QxRxGy \/Vn+1 §)2+€2|V/(£)|2+Vn+1(§)
gh%?f/ (t)J.(T" Q)dt<( /|Uo| dx 4 J.(ug, )/ U(t)

Let o be a positive number. Then

AV dt (4.5)

/ V(I
QxRxGon{v+i<o} \/VnJrl(g)Z + 52|1/(§)|2 4 pntl

vy

1— o2

>7VEQXRXGQV71+1<O' .
v 0Nt D

Integrating from 0 to 7', we have by (4.1) and (4.4) or (4.5)

. 2 2 1
V(@ x Rx Gy {"*! < o)) < 7"1“02” (5/ oo |2 +/ |Vuo(m)|2da:>T
- Q Q

Thus, letting € — 0, we have by Lemma 4.2 and the lower semicontinuity of

( /|U0| dx+/\Vuo dm) (4.6)

Letting o — 0, we have (4.3). d

Radon measures

VOQx RxGyn{v"™ <o} <



152 K. KIKUCHI

PROPOSITION 4.2.  u € L®((0,T); Wy () N W2((0,T) x Q)

PROOF. Lemma 4.4 implies that the distributional derivative Du
coincides with Vu and hence u(t,-) € W' (Q) for #'-a.e. t. Thus it is sufficient
to show

u € L®((0,T); WH(Q)) (4.7)
for each T' > 0. Since
/ 2
Qx RxGon{vtl>e} \/l/"""l(f)2 + €2|l/(§)‘2 + pntl
/ 2
. [ V() v

Qx RxGon{v+1>e} v (6)(y/1 + |V'(£)|2 +1)

[ VL .
V2+1 QX RxGoyn{p"+1>e} v(€) t

we have by (4.1) and (4.4) or (4.5), for each ¢ € L'(0,7T) with ¢ > 0,

r P .
/0 W(t) /S_2 dvFdt (4.9)

x RxGon{v"+1>e} Zan (f)

< (\/§+1)(%/9|v0|2dx+/Q|Vu0(a:)|2dx) /UT¢(t)dt.

For each o > ¢, since {v"*! > o} C {v"™! > ¢}, we have by (4.9)

T IV/|2
/ w(t) /— n+1 dvfdt
0 QxRxGyn{v"tl>g} V

<(VZ+1) (%/Q|vo|2d1:+/Q|Vuo(x)|2dx) /OT¢(t)dt.

On {v"™ > o} the integrand of the left hand side of above is positive and
continuous. Thus, letting ¢ — 0, we have by Lemma 4.1 and the lower semi-
continuity of Radon measures
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T |I/‘2
| oo [ "L i
0 OxRxGon{rti>g} V7

< (\/§+1)<;/Q|vo|2dx+/Q|Vu0(az)2dx> /OTW)dt

and thus

/|2

1
ess. sup | v AV, < (V2+ 1) = [ |volPdz+ [ |Vuo(z)|*dz ).
e 2 Jo Q

>0 QxRxGyn{v"*+' >0}

Hence, for £'-a.e. t, we have by letting o — 0

v
V7L+1

1
/7 dv;, < (\/§+1)(—/ |v0|2dx+/ |Vuo(:zc)|2dx). (4.10)
Ox Rx(Go\irr(Gy)) 2 Jo Q

By a mapping ¢:Gp\irr(Go) 3 & V(€)/v"(€) € R* the measure
ng/zt) Ly in Gy \ irr(Gp) induces a measure in R". Namely we have

T Bx(Go\ine(Go)) V! ar Joginay V'

:/_ /IPIQdL#(n(V?LV”“)duw
OxR "

By (4.3) we have / V”Hdng,f) #0 for Z'-a.e. t and py-a.e. z. Then we
Go\irr(Go)

define a measure ® on R" by

-1
P = / Vn+1dn£/f) Ly (ngj) L V’!H—l).
Go\irr(Go) ' '

Then, noting

@(Rn)

-1
/ U”+1d1’]$/f) Ly (7,}&/»’;') L Vn+1 ) (Rn)
Gﬂ \il’r(Go)

-1
/ Vn+1dn€/f) / Vn+1dn£/f) =1,
Gg\il‘r(Gg) Gn\irr(Gg)
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we have by Jensen’s inequality

/ Ip*d® > ’/ pdd
n Rn

2

Here, note that

-1
/ pd‘b _ / Vn+ld77€;:> / de# (ng) L I/n+1)
& Go\irr(Gp) R"
-1
= / 1/"’+1d77§}j> / V’dng/?).
Go\irr(Gy) Go\irr(Gp)

On the other hand Lemma 4.3 1), 3) imply
d (2) =D -1
vdny, s i (2) " VE (2).
Gn\irr(Gn)

Finally we have

v el (s
/— . n+1 d‘/; = /_ / ) v +1d77§/r) /n |p|2d<1>duv,
QX Rx(Go\irr(Gy)) v QxR J Go\irr(Gy) R

-1 2
> /_ / V) / V)
QxR Go\irr(Gy) Go\irr(Gp)

- /_ Dy () ) 1D ()7 (O Dy (Dl
X

dpw,

2
-/ v, (2)]
Sen Vi (2)

This implies (4.7) by (4.10).

dug, :/_|Vu(t,a:)|2d:v.
Q

LEMMA 4.5.  For £ -a.e. t, VF(Q x R x Gon{v"™ <e}) — 0 ase — 0.

PROOF. Since
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V@I

el (g + vt

dVedt

/ /Q><R><(‘Uﬂ{1/”“<g} \/l/n+1

1—¢
VE(Q x Rx GoNn{v"™ <el)dt
e sy

we have by (4.1) and (4.4) or (4.5)

T
/ VE(Qx Rx Gyn{v"™ <e})dt — 0
0

as € — 0. Then by Fatou’s lemma

T
0< / liminf VE(Q x Rx Gon {1 <e})at
0
< hmlnf/ VE(Q x R x Gyn{v"™ <e})dt

which implies the conclusion. ([

END OF THE PROOF OF THEOREMS 1.1 AND 1.2. Up to a subsequence
Assertions 1)-4) are obtained in Proposition 4.1. Assertion 5) is obtained in
Proposition 4.2. Now we prove 6).

For #'-a.c.t € [0, T], Proposition 4.1 7) and Lemma 4.5 hold. Now we fix one
of such t. For each ¢ € C}([0,T) x Q)

/ V/(g)yn+1 (5) d‘/;g (411)
QOxRxGy \/Vn+l 82|V/(§)|2
Z/"H
= [ veveawit [ Ve O P
QOxRxGy QOxRxGy \/Vn+1(§)2+52|1/(£)|2

n+1
:/_ Vqu’(ﬁ)deJr/_ Vo -V (€) V) — 1| dV¢
QxRxGy Qx Rx{v+1<e} \/Vn+1(€)2+€2|1/(£)|2
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n+1 (f)
+ Vé-v(©) z
/QXRX{”"*'>5} \/zﬂ“(f)2 +e2 (&)

=1+ II+1II

—1|avy

By Proposition 3.4 and Proposition 4.1 7) we have

1/_w.dpuu/_wwu(/w-wdaz)
Q Q Q

and by Lemma 4.5
|I1] < 2sup |[VIVE(Q x R x Gon {v"™ <e}) —0.

For each ¢ that satisfies v"1(£) > ¢, we have

O ~1 (4.12)
V(e + ()
| (e
(€1 (©)F + SV (O + 2 (&) + v (6)
. (e
v (©e(y/1+ (O + el (O +2)
V()]
s€ Vn+l(£) :

Thus we have by (4.9)

T T / 2
I d < W EOr .
< esup|Ve| ——~dV/dt
0 0 JOxRx{v+l>e} vt (5)

1
< esup |[Vo|(V2+1) (5/9 |vo|*dx + /Q |Vuo(a:)|2dx)T —0
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as € — 0. Hence, letting e — 0 in (4.2), we have

T
/ {—/ut(bt(t,x)da:—l- VqS-Vudx}dt:/vg(x)QS(O,x)da:,
0 Q Q 0

which with Proposition 4.1 8) and Proposition 4.2 means wu satisfies (1.8) in
(0,T) x © in a weak sense.

Finally the uniqueness of a solution to the linear wave equation implies
the rest of the subsequence has another subsequence that converges in the
same topology to the same function u. Thus we do not have to subtract a
subsequence. O

Appendix
A. Remark on the proof of Theorem 1.1.

In Section 4 the proof of Theorem 1.1 is carried out at the same time as
that of Theorem 1.2 by putting V7 = v, (u®). However most of the readers are
probably not familiar to varifold theory, and thus in this appendix we try to
mention the proof of Theorem 1.1 without using the varifold theory except for
that of Proposition 4.2. This proposition does require varifold theory.

Before proof we remark the following fact. It is obtained by testing smooth
functions and solution w itself and using expression formula (2.10) of J.(u, Q).
Compare to Proposition 3.6.

PROPOSITION A.1. Suppose that a function u is a weak solution to (1.1)—
(1.3) in (0,T) x . Then

iii);”  for any ¢ € C}([0,T) x ),

t,x)dx pdt

T \Y
/0 —/Qutqi)t(t,a:)dx—k/g\/H;ﬁng(

= / vo(x)9(0, z)dx
Q

iii)y’  for any v € C}([0,T)),
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/OT{‘ /wa’@)uw(t)ut)dx

t)/ NS ¢ | D*ul()
Q

/14 e2|Vul

—(t) /au [yuld 2"~ }dt=¢(0)/gvo(ﬂf)u()(1?)dﬂf-

REMARK. If 99 is of C? class, then the converse of Proposition A.1 holds.
Namely, a function u is a weak solution to (1.1)—(1.3) in (0,7) x £ if and only if u
satisfies i), ii) of Definition 1.1 and iii);’, iii)s’ hold (compare to [12, Theorem
A1]).

Proposition 4.1 is proved without using varifold theory. Proof of Proposi-
tion 4.2 requires varifold theory and it should be the same as that of Section 4.
Thus we do not repeat them. The following lemma corresponds to Lemma 4.5 in
Section 4.

LEMMA A.1. / |V (z)|dz + | D*uf|(Q) — 0 as e — 0.
{|Vws|>1/e}

PROOF. By (1.7) and (4.1) we have

- Ve |® 1 _
0 :/ V] de + - | D |(Q) (A.1)
3

2 142V +1
1

S—/ |v0|2d3:—|—/ V()P d.
2 Ja Q

Since

Ve
/ | | do + — |D5u¢|( )
{IVus|>1/¢}

V14 e Ve +1 €

>¥/ |Vu5|dx+ D | (9,
T (V24 1) Jyvelz1/e

we have by (A.1)
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/ Ve (2)|dz + | D () < Const. e
{IVw|>1/e}

as € — 0. O

PROOF OF THEOREM 1.1. Up to a subsequence Assertions 1)-4) are
obtained in Proposition 4.1. Assertion 5) is obtained in Proposition 4.2. Now
we prove 6).

Noting

Ve |? 1
/ Vel e / IV Pda,
{IVer|<1/e} |\ /1 + €2|VUE|2 +1 \/§ + 1 J{ves|<1/e}

we have by (A.1)

1
/ |V Pde < (\/§+1)</ |v0|2dx+/|Vuo(x)|2dx>. (A.2)
{|Vws|<1/e} 2 Q Q

Now, for each ¢ € C}([0,T) x Q)

Vo - Vu V-V
\/m {Ivwr=1/e} (/1 4+ 62|vue {IVus|<1/e}

1
+/ Vo -V | ————=-1|dx
{IVus|<1/e} /1 + 2| Vue|?
=I4+I1I+1II
First we have by Lemma A.1
|| < sup \V¢|/ |Vu©|dx — 0.
{(IVus|>1/e)

Again by Lemma A.1
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I = /_ Vé - dDu — ( / Vé - Vurdr + /_ w-mm)
Q {|Vus|>1/e} D)

_,/Qw.dpu(z/gw-vudx).

Since

1 2| Ve |
1=

\/ 1+ 2| Ve[ 1+e2|Vue|” 4+ /1 4 2| Vue

we have by (A.2)

|[I11) < Esup|V¢|/ Vs |Pdx
(IVus|<1/e}

1
< (V2 + 1)esup |V (5/9 vo|*dx + /Q |Vu0(x)|2dm) — 0.

Hence, letting ¢ — 0, we have by Proposition A.1 iii);’

/OT{_/Qut<i51f(t73«")6l£10-l-/QV¢-Vuala:}dt:/Qvo(gg)qg((),gc)dx7

which with Proposition 4.1 8) and Proposition 4.2 means wu satisfies (1.8) in a
weak sense.

Finally the uniqueness of a solution to the linear wave equation implies
the rest of the subsequence has another subsequence that converges in the
same topology to the same function w. Thus we do not have to subtract a
subsequence. O

B. The case ug € WP (Q2),1<p< 2.

In Theorems 1.1 and 1.2 we suppose that the initial data uy belongs to
Wol’Q(Q). However a weak solution to (1.1)—(1.3) is defined just for uy € BV ().
In order to fill this gap we observe the case that ug € Wol"p(Q), 1 < p < 2. Insuch
a case energy inequality (1.7) does not imply the uniform estimate with respect
to €. We only have the linear approximation holds provided that (a subsequence
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of) u® converges to a distribution u. In the case that uy belongs only to BV(Q)
we still have no answer to our problems.

THEOREM B.1.  Suppose that u is a weak solution to (1.1)—(1.3) in (0,T) x
Q that satisfies energy inequality (1.7). Further suppose that (a subsequence of) u®
converges to a distribution uw in (0,T) x Q. Then u satisfies the d’Alembert
equation in the sense of distributions in (0,T) x 2.

THEOREM B.2. Suppose that u® is a generalized minimizing movement
associated with (1.1)—(1.3). Further suppose that (a subsequence of) u® converges
to a distribution w in (0,T) x Q. Then u satisfies the d’Alembert equation in the
sense of distributions in (0,T) x .

Similar to the case of our main theorems we prove these two theorems at
the same time by letting {V/},., denote a one parameter family of oriented
varifolds corresponding to the weak solutions u°(¢,-) in the case of the proof of
Theorem B.1 and a one parameter family of oriented varifolds in R" X R
presented in Proposition 3.2 as V; in the case of that of Theorem B.2. In both cases
Vy satisfies (4.2).

LEMMA B.1.  For Z'-a.e. t, VF(Q x R x GoN{v"™ <¢e}) =0 ase — 0.

PROOF.  Since ug belongs to W(Q), we have

\Y
5 UO; / | UO dx < 6_(2_p)/ \Vuo(x)\pdx (Bl)
Q Q

\/1+€2|Vu0 )+ 1

Note that (4.4) or (4.5) still holds in the case of the proof of Theorem B.1 or B.2,
respectively. Thus, since p > 1, we have the conclusion by (4.4) or (4.5) and (B.1)
in the same way as in the proof of Lemma 4.5. O

PROOF OF THEOREMS B.1 AND B.2.  Since (4.8) still holds under assump-
tions here, (4.4) or (4.5) and (B.1) imply

’ V@
/ / dVEdt (B.2)
n+1
0 JOXRxGyn{pvrti>e} V

<(Va+ 1)(5 / o2z + &2 / |Vu0(x)|pdx)T
Q Q

Let us fix t€(0,7) at which Lemma B.1 holds. Now, for each ¢ €
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C((0,T) x £2), (4.11) holds. By Proposition 3.4 we have
1= —/V(]ﬁ-dDuE :/u€A¢dﬂc
Q Q
and thus

T
/ Idt = —(u®, Ad) — —(u, A¢),
0

where (-,-) denotes the coupling of distributions in (0,7) x Q, while by
Lemma B.1

II| < 2sup |[VO|VE(Q x R x Gy N {v"! <e}) — 0.
t

Noting that (4.12) still holds under assumptions here, we have by (B.2)

T T ! 2
[ dt| < v LACTRES
= esup | (b' = n+1 t
0 0 JOxRx{vmtl>e} V (5)

1
< (\/§+1)sup|v¢|<€§/ |UO|2dx+aP*1/ |Vu0(as)|pdx)T—>0
Q Q

as € — 0. Hence, letting € — 0 in (4.2), we have
<7.L, ¢tt - A¢> = 07

which means u satisfies the d’Alembert equation in the sense of distributions. [

C. Review.

Finally we review some properties of BV functions. For details about BV
functions, consult to, for example, [2], [5], [10]. We also review several facts which
are discussed in [11], [12] and give some additional comments.

C.1. BYV functions.
A function u € L'(Q) is said to have bounded variation in Q if

sup{/ udivgdzr;g=(g1,..-,9n) € C’S(Q;Rn)7 lg] < 1} < 00.
0
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This means that the distributional derivative Du is an R"-valued finite Radon
measure in 2. The vector space of all BV functions in € is denoted by BV (Q). It is
a Banach space equipped with the norm ||ul| gy, = [lull () + |Du().?

Since the distributional derivative Du is an R"-valued finite Radon measure
in Q, we have a decomposition Du = D + D’u, where D®u is the absolutely
continuous part and D’u is the singular part with respect to the n dimensional
Lebesgue measure .Z".

Suppose that 99 is Lipschitz continuous. Then each BV function u has its
trace yu. v is a bounded operator from BV () to L'(9Q) such that, for each
ge C' (L RY),

/udivgdx:f/goDu+/ yug-adA"", (C.1)
0 Q o0

where 77 is the outer unit normal to 9€Q.
Remark that W1(Q) is not dense in BV(£2). We only have

THEOREM C.1.  For eachu € BV(Q) there exists {u;}72, C C*(2) such that
i) w; — u strongly in L'(Q)
i) 1Dul(@) — Dl

as j — oo.

([2, Theorem 3.9], [5, Theorem 2, Section 5.2.2], [10, Theorem 1.17])

C.2. Constructing approximate solutions to (1.4) with (1.2), (1.3).

When we construct approximate solutions to (1.4) with (1.2), (1.3) in Rothe’s
method, we should solve elliptic equation (1.9). Note that a C? function u is a
solution to (1.9) if it is a minimizer of the functional

1 [ |u—2u1+ u1,2\2
5/9 2 dz + J(u, ), (C.2)

where J denotes the area of the graph, namely,

J(u, Q) = /Q 1+ |Vultde. (C.3)

This functional has linear growth order with respect to Vu and thus it is finite for

5Given a vector valued Radon measure p1, we write its total variation as |pu/.



164 K. KIKUCHI

u € WH(Q). If we extend it to LY(Q) by J(u,Q) = oo for u € L'(2) \ Wh(Q),
we obtain a convex functional on L'(2). However it is not lower semicontinuous
and thus the existence of a minimizer is not assured. This brings us to the idea
of relaxation (lower semicontinuous envelope), and the relaxed functional of J in
the L'(Q) norm is defined as

J(u, Q) == inf{lim inf J(uj, Q); {u;} € Wy (Q), s-limj_oo uj = u in LI(Q)}.
oo

In the same way as in the proof of Theorem C.1 we could obtain that for each
u € BV(Q) there exists {u;} € C*(Q) such that s-limj o u; =u in L'(Q) and

lim; o J(uj, Q) = \/1 4 |Dul*(Q), where /1 + |Dul* denotes the total variation

of R"'-valued Radon measure ‘(Du, #"). Using this fact we easily obtain

J(u, ) = /14 | Dul*(9). (C.4)

Note that

A1+ |Du|2(Q) = sup{/(udivg/ +¢")dz; 9= (d,9°) € CJ(Q; R, |g| < 1}
Q

and that

1+|Du /\/1+|Vu )P dz + | D*ul (2

where Vu denotes the Radon-Nikodym derivative of D%u with respect to .£".

Suppose that 01 is sufficiently smooth. Considering the boundary condition,
we should solve (1.9) with (1.3). Hence we should find a minimizer of (C.2) in
a class of functions satisfying (1.3). In order to carry out it, we replace J in (C.2)
with another functional

J(u, Q) if u e WyH(Q)

00 if otherwise.

I(u,Q) = {

This is not lower semicontinuous, either. Similar to the case of (C.4), the relaxed
functional I is obtained as
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T(,Q) = sup{ [ (wdivg + )iz = (4. 9) € '@ R, g < 1}.
Q

Let u still denote the null extension of u to the whole space. Then u € BV (R")
and thus Du is a R"-valued Radon measure in the whole space R". Moreover

we have I(u, Q) = /1 4 |Dul*(Q). Taking account of this fact, we write I(u,2) as
J(u, Q). Noting that |D*u|(0Q) = [,q, [yuld#""", we have

J(u, Q) /\/1 + |Vu(z)|Pdz + | D*ul (9 / |yu|ds" "

Thereby a weak solution to (1.9) with (1.3) is obtained as a minimizer of ¢; in
L*(Q) N BV (), where ¢, is as in (1.10). Indeed in [11], [12] (1.9) is solved by
finding a minimizer of ¢,.

C.3. Definition of a weak solution to (1.4) with (1.2), (1.3).

Finally we review definitions of a weak solution to (1.4) with (1.2), (1.3) that
are discussed in [11], [12].

Originally Equation (1.4) is derived as the Euler-Lagrange equation of the

action integral
T 1 B
/ (—/ luy(t, ) de — J(u, Q))dt. (C.5)
0o \2Jao

However J is not always Gateaux differentiable on BV(Q) and thus we cannot
calculate (d/do)J(u+ op,Q)|,_, directly. The area functional J(u,) coincides
with the n-dimensional Hausdorff measure of 9*E, N x R (E, is as in Section 3)
and we should only calculate a variation of " (0*E, NQ x R). Noticing that the
equation describes the longitudinal vibration, we could calculate the variation by
the use of a one parameter family of diffeomorphisms of {2 x R, each of which is
written as Q@ x R > (z,y) — (z,y+ op(z,y)) € Q x R, where o is the parameter
and ¢ is a given function on Qx R. If ¢ € C}(Q x R), the function o+
J(u + op(x,u),Q) is differentiable and its derivative at o = 0 is expressed by the
use of v, (which denotes the inward pointing approximate unit normal to 0*E,,
see Section 3):

d -
% J(u + 090(55; ’LL), Q)|(7:U

:/ [_(V‘L(p ' V/ ) e + |VE | @y]d%n ( E, (VEu’ %Tl))
O*E,NQxR
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(compare to [11, Theorem 2.2]).
In [11], taking account of these facts, a weak solution to (1.4) with (1.2), (1.3)
is given as follows:

DEFINITION C.1. A function w is said to be a weak solution to (1.4) with
(1.2), (1.3) in (0,7) x Q if
i) we L>*((0,T); BV(), us € L*((0,T) x Q)
i) s-limu(t) =y in L?(Q)
i) 712 0 for Zlae. t e (0,T)
iv) for any ¢ € C}([0,T) x U),

T
/ {— [ wtenttnw) + et wuds + | (V- vy, Wi
0 Q

0By NOXR

+ Vg, .>|2<py]d«%””}dt = / () (0, z, ug () )de.
’ Q

In [11, Theorem A.1] it is proved that, if Q is of C? class, Definition C.1 is
equivalent to the definition of a weak solution to u; + 0J(u,Q) 3 0: putting

Xo={p € X;76 =0 for L'-ae. tec(0,T)},

where 2" is as in (1.6), we define

DEFINITION C.2. A function u is said to be a weak solution to (1.4) with
(1.2), (1.3) in (0,T) x Q if i), ii), iii), and

iv)’ for any ¢ € CJ([0,T); L*(Q)) N 27,
T B B T
/0 (T(u+ 6,9) — J(u, Q)}dt > /O /Q w(t, z)dadt + /Q v0(2)6(0, 2)da.

Seemingly the main theorem of [11] asserts that the function u satisfies
condition iii); however this condition is in fact implicitly assumed in the
assumption of the energy conservation law (compare to [12, Section 1]). In [12]
Dirichlet condition (1.3) is weakened by replacing J(u, Q) with J(u, Q). Namely,
in [12] a solution is defined as in the following and in this article we employ this
definition. Remark that this weaker formulation of (1.3) makes the condition of
energy conservation law weaker. In [12] it is proved that the same result as in [11]
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still holds even if we only suppose this weaker condition.

DEFINITION C.3. A function w is said to be a weak solution to (1.4) with
(1.2), (1.3) in (0,7) x Q if and only if i), ii), and

v) for any ¢ € C§([0,T); L*(Q)) N 2,
T L T
i {J(u+ ¢,Q) — J(u, Q) }dt > ./0 /Qutqﬁt(t,x)dxdt —l—/ﬂvo(x)qb(o,x)dx.

Further in [12] it is proved that, if 9Q is of C? class, Definition C.3 is
equivalent to

DEFINITION C.4. A function u is said to be a weak solution to (1.4) with
(1.2), (1.3) in (0,7) x Q if and only if i), ii), v);’ (= iv) of Definition C.1), and

v)y for any ¢ € C&([O,T)),

T
/ { / wn (¥ (£ + (Eyur)da + (t) / vy, [P
0 Q

8 By )NOxR

() /a e }dt — 4(0) / op(#)uo()d.

Finally we remark that, looking at the proof of the equivalence between
Definitions C.3 and C.4 carefully, we find that it is obtained by testing only
smooth functions and u itself. Namely, if 9 is of C? class, Definitions C.3 and C.4
are also equivalent to

DEFINITION C.5. A function w is said to be a weak solution to (1.4) with
(1.2), (1.3) in (0,T) x Q if and only if 1), ii),

v)," for any ¢ € C§([0,T) x Q),

T Vu
_ d S LN v dz Sdt = 0,2)d
/0 /szut¢t(t’x) x+/ﬂ 14 |Vul® ol o) g di /Qvo(x)qs( @)

v)y" for any ¢ € C3([0,T)),
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[ 3= [ w@ s vwuds +ve | do -+ (t)| Dul()
0 Q Q

[V’
V14 [Vul

+(e) /d ruldae b= (0 /Q vo (@) o (x)de

Implication relations among these definitions are as follows:

— Definition C.1 =

Definition C.2 Definition C.4 =>Definition C.5 .

= Definition C.3 —

If 00 is of C? class, the converses except for C.3 = C.2 and C.4 = C.1 also hold.
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