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Abstract. In this article we study nonsingular rational open surfaces of logarithmic
Kodaira dimension zero with connected boundaries at infinity defined over an algebraically
closed field of arbitrary characteristic. We establish a classification theory of nonsingular
affine surfaces of logarithmic Kodaira dimension zero and give a characterization of
Al x Al in arbitrary characteristic.

0. Introduction.

Let k be an algebraically closed field. Let S be a nonsingular (not neces-
sarily complete) algebraic surface defined over k. Let (X, B) be a pair of a non-
singular projective surface X and a reduced simple normal crossing divisor B
on X such that S=X —B. We call such a pair an SNC-completion of S.
Since dim § = 2, SNC-completions of S exist. We say that S has a connected
boundary at infinity if B is connected. Note that if S is a nonsingular affine
surface then S has a connected boundary at infinity.

In [13], when char(k) = 0, the author established a classification theory of
nonsingular rational open surfaces of logarithmic Kodaira dimension zero with
connected boundaries at infinity, which gives generalizations of Fujita’s results
concerning the classification of nonsingular affine surfaces of ¥ =0 with finite
Picard groups (cf. [2, §8]). We can expect that the classification theory of such
surfaces works also in the case char(k) > 0 because the minimal model theory of
open algebraic surfaces (cf. [15]) and the two-dimensional log abundance theorem
(cf. [10], and [3]) are valid in the case char(k) > 0.

In the present article, we attempt to establish a classification theory of non-
singular rational open surfaces of logarithmic Kodaira dimension zero with con-
nected boundaries at infinity defined over an algebraically closed field of arbitrary
characteristic. In §1, following [13, §§1 and 2], we construct an almost minimal
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model (W, C) and a strongly minimal model (V/,D) of a nonsingular rational
open surface S of ©(S) =0 with a connected boundary at infinity. Further, we
prove that a normal affine surface of logarithmic Kodaira dimension zero is
rational (Theorem 1.10), which is a slight generalization of [13, Theorem 1.6]. In
§2, by improving the arguments as in [13, §4], we classify the strongly minimal
nonsingular rational open surfaces of ¥ = (0 with connected boundaries at infinity
(cf. Theorems 2.8, 2.10, and 2.17). By using the results in §§1 and 2, we
prove the following characterization of A! x A! in §3.

THEOREM 3.1. Let S = Spec(A4) be a normal affine surface defined over an
algebraically closed field k of arbitrary characteristic.  Assume that x(S) = 0.
Then rank zA*/k* <2 and the equality holds if and only if S = A} x Al where
Al =4, - {0}

RemARK 0.1. (1) For a ring R we denote its multiplicative group consisting
of invertible elements by R*.

(2) For any algebraic variety X defined over k, the group I'(X,Ox)"/k* is
a finitely generated, free abelian group by Nagata’s imbedding theorem (cf. [17]).

When char(k) =0, Iitaka [6, Theorem II| obtained a characterization of
A! x A! as follows: a normal affine surface S is isomorphic to 4! x A! if and
only if ©(S) =0 and ¢(S) =2 (for definitions of %(S) and g(S), see
1.9). The result [6, Theorem II] was generalized by Kawamata in any
dimension. litaka’s proof used Kawamata’s addition formula on logarithmic
Kodaira dimension for a fibered variety (cf. [9]), which is not yet proved in the
case char(k) > 0.

The terminology is the same as the one in and [13]. By a (—n)-curve
(n > 1) we mean a nonsingular complete rational curve with self-intersection
number —n. A reduced effective divisor D is called an NC-divisor (an SNC-
divisor, resp.) if D has only normal crossings (simple normal crossings, resp.).

Let V' be a nonsingular projective surface and let D, D; and D, be divisors
on V. We employ the following notation. For the definitions of &, p,, P,, and
g, see [7] (see also for the definitions in the case char(k) > 0).

Ky : the canonical divisor on V.

%(S): the logarithmic Kodaira dimension of a non-complete surface S.

p,(S) (or Py(S)): the logarithmic geometric genus of S.

P,(S) (m>?2): the logarithmic m-genus of S.

g(S): the logarithmic irregularity of S.

p(V): Picard number of V.

F, (n>0): Hirzebruch surface of degree n.

M, (n>0): the minimal section of F,.

M, (n>0): a section of the ruling on F, with (M, - M,) = 0.
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¢D: the number of all irreducible components in Supp(D).

f(D): total transform of D.

f.(D): direct image of D.

7'(D): proper transform of D.

[D!]: the integral part of a Q-divisor Df.

Dy ~ Dy: Dy and D, are linearly equivalent.

Dy = D,: Dy and D, are numerically equivalent.

The author would like to express his gratitude to Professor M. Miyanishi
who gave the author valuable advice and encouragement during the preparation
of the present article.

1. Preliminary results.

In this section we construct an almost minimal model and a strongly min-
imal model of a nonsingular rational open surface of ¥ =0 with a connected
boundary at infinity. We will know that the results in [13, §§1 and 2] are valid
in the case char(k) > 0 by virtue of the two-dimensional log abundance theorem
due to Fujita [3].

We recall some basic notions in the theory of peeling (cf. [15, Chapter 1]).
Let (X, B) be a pair of a nonsingular projective surface X and an SNC-divisor
B.  We call such a pair (X, B) an SNC-pair. A connected curve T consisting of
irreducible components of B (a connected curve in B, for short) is a twig if the
dual graph of T is a linear chain and 7 meets B — T in a single point at one of
the end components of 7, the other end of T is called the #ip of T. A connected
curve R (resp. F) in B is a rod (resp. fork) if R (resp. F') is a connected component
of B and the dual graph of R (resp. F) is a linear chain (resp. the dual graph of
the exceptional curves of a minimal resolution of a non-cyclic quotient singu-
larity). A connected curve E in B is rational (resp. admissible) if each irreducible
component of E is rational (resp. if there are no (—1)-curves in Supp(E) and
the intersection matrix of E is negative definite). An admissible rational twig T
in B is maximal if T is not extended to an admissible rational twig with more
irreducible components of B.

Let {T;} (resp. {R,}, {F,}) be the set of all admissible rational maximal
twigs (resp. all admissible rational rods, all admissible rational forks), where no
irreducible components of 7,’s belong to R,’s or F,’s. Then there exists a unique
decomposition of B as a sum of effective Q-divisors B = B' + Bk(B) such that
the following two conditions i) and ii) are satisfied:

) supp(BK(8)) = (U, 7,) U (U, R) U (U, £.).
ii) (B'4 Ky -Z) =0 for every irreducible component Z of Supp(Bk(B)).
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We call the divisor Bk(B) the bark of B and say that B* 4+ Ky is produced by the
peeling of B.
We define the almost minimality of an SNC-pair.

DerINITION 1.1 (cf. [15, §1.11]). An SNC-pair (X, B) is almost minimal if,
for every irreducible curve C on X, either (B*+ Ky - C) >0 or the intersection
matrix of C + Bk(B) is not negative definite and (B + Ky - C) < 0.

LemMa 1.2 (cf. [15, Theorem 1.11)). Let (X,B) be an SNC-pair. Then
there exists a birational morphism p: X — W onto a nonsingular projective surface
W such that the following four conditions (i)~ (iv) are satisfied:

(i) C:=p,(B) is an SNC-divisor.
(i) u, Bk(B) <Bk(C) and u, (B + Ky) > Ct 4 Ky

(iii) P,(X—B)=P,(W —C) for every integer n>1. In particular, k(X — B) =
R(W - C).

(iv)  The pair (W,C) is almost minimal.
We call the pair (W,C) an almost minimal model of (X, B).
We note the following result.

LemMa 1.3. Let (X,B) be an SNC-pair. Assume that (X,B) is almost
minimal and ®(X — B) =0. Then n(B*+ Kx) ~ 0 for some integer n>0. In
particular, B* + Ky = 0.

Proor. By the assumptions and [15, Theorem 2.11], we know that B!+
Ky is nef. Then B+ Ky = (B + Ky) + Bk(B) gives rise to the Zariski-Fujita
decomposition of B+ Ky (cf. [14, Chapter 1)), where B’ + Ky is the nef part.
Hence the assertion follows from the two-dimensional log abundance theorem
(3, Theorem (5.12)]. N

Now, let S be a nonsingular open surface with a connected boundary at
infinity and let (X, B) be an SNC-completion of S. Let (W, C) be an almost
minimal model of (X, B). We call the surface W — C an almost minimal model
of S=X-B.

LEMMA 1.4. With the same notation as above, the following assertions hold:
(1) C is connected.
(2) If S is affine then W — C is an affine open subset of S.

PrOOF. By using the same argument as in the proof of [13, Lemma 1.4], we
obtain the assertions. ]



Open surfaces of logarithmic Kodaira dimension zero 937

D D
1 Cl 9 -2 C4 T
Cz 02 ....... 03
Dr—l
Figure 1.
B3-2  Cs3l-2
Az B CQ
2 2 2 B 2 C 2
Ail-2 Bi|-2 Ci1I-2 A1I—2 Bil-2 cl2
Dol ) Ll Dol ] L]
Figure 2. Figure 3.

LemMa 1.5 (cf. [13, Proposition 1.5]). Let S be a nonsingular rational open
surface of k(S)=0 with a connected boundary at infinity and let (W, C) be an almost
minimal model of an SNC-completion of S. Then the following assertions hold.

(1) If p,(S) = 1 then p,(S) =1, C+ Kw ~ 0 and C is a nonsingular elliptic
curve or a loop of nonsingular rational curves.

2) If p,(S) =0 and Py(S) > 1 then P5(S)=1. Furthermore, if [C*] =0
then C is either a single (—4)-curve or an admissible rational rod with
(—=3)-curves as tip components and n (0 < n < 8) (=2)-curves as middle
components, and if [C*]| # 0 then the configuration of C is given as in
Figure 1.

(3) If p,(S)=P:(S)=0 and P3(S)>1 then P3(S)=1 and the config-
uration of C is given as in Figure 2.

@) If P,(S)=0 for n=1,2,3 and P4(S) > 1 then P4(S) =1 and the con-
figuration of C is given as in Figure 3.

(5) If Py(S)=0 for 1 <n<4 then Ps(S) =0, Ps(S) =1 and the config-
uration of C is given as in Figure 4.

In Figures 1~4, each line represents a nonsingular rational curve and each

number indicates the self-intersection number of the corresponding curve.

ProoF. Since ©(S) =0, P,(S) <1 for any n> 1.

Suppose that j,(S)=1. Then, since h°(W,[C*+Ky]) =h"(W,[C|+Kw) =
p,(S) =1 by [15, Lemma 1.10], it follows from [14, Lemma 1.2.1.3] that one of
the following two cases takes place.

(A) There exists an irreducible curve 4 < [C¥] such that p,(4) > 1, where

p,(A4) denotes the arithmetic genus of A.

(B) Every irreducible curve of [C*] is rational and the dual graph of [CY]

contains a loop, say A, of nonsingular rational curves.
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Then |4+ Kw|# & (cf. [14, Lemma 1.2.1.3]). Since C*+ Ky =0 by
Cemma 1.3, we know that C* = [C*] =4 and 4 + Ky ~0. Then 4 is a con-
nected component of C and hence C = A. The assertion (1) thus follows.

Suppose that p, (S) =0. Then, by virtue of [Lemma .3, we know that [18,
Proposition 2.2] is valid in any characteristic. So the assertions (2)~ (5) follow
from [18, Proposition 2.2]. O

Let S be a nonsingular rational open surface of ©(S) =0 with a connected
boundary at infinity and let (W, C) be an almost minimal model of an SNC-
completion (X,B) of S. Then, by contracting (—1)-curves E with (E-C) <1
successively, we obtain a birational morphism u: W — V such that (F - u,(C))
> 1 for any (—1)-curve F on W. Put D=y, (C) and S':=V — D. The pair
(V,D) is called a strongly minimal model of (X,B).

Note that our definition of a strongly minimal model differs slightly from the
definition in [4]. In fact, let E be an irreducible curve such that (E - C* + Ky) =
0, E < Supp(C) and the intersection matrix of E + Bk(C) is negative definite.
Then E is a (—1)-curve (if (E-C%) >0) or a (=2)-curve (if (E-C*) =0). In
our case, E is contracted if (E-C*) >0 and not contracted if (E-C?) = 0.
Furthermore, we also contract (—1)-curves E contained in Supp(C) provided
(C-E)=1.

LEMMA 1.6. With the same notation as above, the following assertions hold.
(1) D is connected.
(2) If S is affine then S’ is an affine open subset of S.

ProoOF. The assertions are verified by the same argument as in the proof
of [13, Lemma 1.4]. N

LEMMA 1.7.  With the same notation and assumptions as above, the following
assertions hold true.

(1) The divisor D is an SNC-divisor or an irreducible rational curve with one
node. In particular, D is an NC-divisor.

(2) Pu(S") = Pu(S) for any n>1. In particular, K(S") = 0.

3) If p,(S) =0 then D is an SNC-divisor and (V,D) is almost minimal.

(4)  Assume that p,(S)=0 and P,(S)=1. If [D*| =0 then D is either a
single (—4)-curve or an admissible rational rod with (—3)-curves as tip
components and n (0 < n < 8) (=2)-curves as middle components, and if
[D%] # 0 then the configuration of D is given as in Figure 1.

(5) If p,(S) = P2(S) =0 and P3(S) =1 then the configuration of D is given
as in Figure 2.

(6) If P,(S) =0 for n=1,2,3 and P4(S) = 1 then the configuration of D is
given as in Figure 3.
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(7) If Pu(S)=0 for 1 <n <4 then the configuration of D is given as in
Figure 4.

Proor. By virtue of Lemmas and .5, we know that [13, Lemma 2.4]
is valid in any characteristic. So we obtain the assertions. ]

We define the strongly minimality of a nonsingular rational open surface
with ¥k =0 and with a connected boundary at infinity as follows.

DerFINITION 1.8, Let S be a nonsingular rational open surface of ©(S) =0
with a connected boundary at infinity. We say that S is strongly minimal if there
exists a strongly minimal model (V/,D) of an SNC-completion of S such that
S =V —-D. We then call such a pair (V,D) an SM-completion of S.

We shall give a slight generalization of [13, Theorem 1.6]. We give some
definitions needed later.

DEerINITION 1.9. Let S be a normal (not necessarily complete) algebraic
surface and let 7: S — S be a resolution of singularities of S. We define the
logarithmic Kodaira dimension k(S) and the logarithmic irregularity §(S) of S by

7(S) :== &(S) and g(S) := g(S).

Our definition of & for a normal surface differs from the one in [4]. Note
that #(S) and g(S) do not depend on the choice of =.

We prove the following result.

THEOREM 1.10. Let S be a normal affine surface of €(S) =0. Then S is a
rational surface.

PROOF. Let 7: S5 — S be a resolution of singularities of S. Let (X, B) be
an SNC-completion of S. Since S is a normal affine surface, B is connected and
k(B,X) =2, where x(B,X) denotes the B-dimension of X (cf. [7]). Let (W,C)
be an almost minimal model of (X, B). Then there exists a birational morphism
f:X — W such that f,(B) = C. We have x(C, W) =2 because B < f*(C).

Suppose to the contrary that S is not a rational surface. Then, by using
and the same argument as in the proof of [13, Theorem 1.6], we
know that the pair (W, C) is one of the following (i) and (ii):

(i) W is a minimal surface of Kodaira dimension zero and either C =0 or C

is an admissible rational rod or fork consisting entirely of (—2)-curves.

(i) W is a ruled surface with h'(W,0p) =1 (i.e., W is an elliptic ruled

surface) and C (= —Kyy) is an irreducible nonsingular elliptic curve with

(C* <.
Both in the cases (i) and (ii), we have x(C, W) < 1. This is a contradiction.
U
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2. Classification.

In this section we classify the strongly minimal nonsingular rational open
surfaces of ¥ = 0 with connected boundaries at infinity defined over an algebrai-
cally closed field k of arbitrary characteristic. First of all, we give some examples
(Examples 2.1~2.7) of such surfaces for the case p, = 0.

ExampLE 2.1 (cf. [13, Example 4.1]). Let ¥, =P' x P'. Let C; be an
irreducible curve with C, ~2My+ ¢, where / is a fiber of a fixed ruling = on
Vo. Assume that a morphism =|. : C; — P! is separable. Let 4 (i=1,2) be
a fiber of n such that 4 meets C; in two distinct points, say P; and P;.
Let u,: Vi — Vy be the blowing-up with centers P; and P,. Put E;:= ug'(P;)
(i=1,2). Let u;:V>— V; be the blowing-up with centers Q;:= E;Nuy(¢i)
(i=1,2). Put V:=171 and

D = p(E1 + Ex + py(Cr + (1 + £)).

Then #(V —D)=p,(V —D)=0 and P,(V —D)=1. Further, the configura-
tion of D is given as in Figure 1, where r =1 and (D?) =2. We denote the
surface S := V' — D by X[2|. By the argument as in the proof of [13, Proposition
4.13], Pic(S) = Z @ Z/AZ.

ExAMPLE 2.2 (cf. [2, §8.5], 13, Example 4.2]). Let Jy=F, (n > 1) and let
/o, /1 and ¢/, be three distinct fibers of the ruling on V. Put Pi:=/NM,
(i=1,2). Let yy: Vi — ¥ be the blowing-up with centers P; and P,. Put
E;:=uy'(P;) (i=1,2). Furthermore, let x : V> — V] be the blowing-up with
centers Q; := E;Nyy(¢4;) (i=1,2). Put V:=171, and

2
D :::u{ (El ‘|’E2‘|':u(l)(2/i+Mn+Mn>>-

i=0
Then %(V —D)=p,(V —D)=0 and P,(V —D)=1. Further, the configura-
tion of D is given as in Figure 1, where r = 3, (D}) = —n, (D7) =0 and (D3) =
n—2m=1). Put S:=V-D. If n=1, this is Fujita’s H[-1,0,-1]. If
n> 1, the elementary transformations with centers at Py:=/yN M, and its
infinitely near points will reduce the case n > 1 to the case n =1. Hence, for
any n > 1, the surface S is H[—1,0,—1]. By the argument as in [2, §8.6],
Pic(S) = Z/2Z.

ExAMPLE 2.3 (cf. [2, §8.26], [13, Example 4.3]). Let V5 =P' x P'. Let ¢y,
/1 and 7, be three distinct irreducible curves with /; ~ 7 (i =0,1,2), where / is a
fiber of a fixed ruling on ¥, and let 7y, /| and / be three distinct curves with
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li~My (j=0,1,2). Put P;:=¢N7; (1 s Jj<2). Let to: Vi — Wy be the
blowing-up with centers P; (1 <i,j<2). t V:=1) and

D:,u(’)( Z—I—/)
) =

Then (V' — D) = pg(V D)=0 and P,(V -D Further, the configura-
tion of D is given as in Figure 1, where » =2 and (D ) = (D3) =0. The surface
S:=V —D is Fujita’s H[0,0]. By the argument as in [2, §8.26] (see also [13,
Proposition 4.13]), Pic(S) = Z.

ExAmMPLE 2.4 (cf. [2, §8.26], [13, Example 4.4]). Let Vo =F, (n>1). Let
C, = M,, and G, a nonsingular irreducible curve with C; ~ M, + (n+ 1)/, where
/ i1s a fiber of the ruling on F,. Let /; and /> be fibers of the ruling with
Pi':/mC9¢C1ﬂC2 (iZI 2)

Let wy: Vi — Wy be the blowing-up with centers P, and P,. Put E;:=
wl(P) (i=1,2), /:=ui(t) (i=1,2) and C/:=p\(C) (i=1,2). Let p:
V5 — 71 be the blowing-up with centers Q;:= E;N¢/ (i=1,2). Put V:=17,
and

2

D =y (Z(E, + 4] + C;)).
=1

Then #(V —D)=p,(V —D)=0 and P,(V —D)=1. Further, the configura-

tion of D is given as in Figure 1, where r=2, (Dj)=-n and (D3)=n

(n>1). The surface S:=V —D is Fujita’s H[n,—n|. By the argument as

n [2, §8.26], Pic(S) = Z/4nZ.

ExAMPLE 2.5 (cf. [2, §8.37], [13, Example 5.1]). Let H; (i =1,2,3) be three
non-concurrent lines on ¥, := P>. Put P, := HNH,, P,:= H,NH; and P; :=
H3;NH,. Let Hy be a fourth line not passing any of the P; (1 <i<3). Let
to : Vi — ¥y be the blowing-up with centers P; (i=1,2,3). Put E; := ;' (P;)
(i=1,2,3). Let u;:V, — V; be the blowing-up with centers Q; := uj(H;)N
E (i=1,2,3). Put V:=V, and

4
D=yl <E1 +E, + E; +u(’)(ZHZ->>.

i—1
The surface S := V' — D is Fujita’s Y{3,3,3}. By the argument as in [2, §8.38],
Pic(S) ~ Z/9Z.

EXAMPLE 2.6 (cf. [2, §8.53], [13, Example 5.2]). Let ¥ =P! x P!, Let
{1, {» and /3 be three distinct irreducible curves with /; ~ /7, where / is a fiber
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of a fixed ruling on ¥, and let /;, />, and /3 be three distinct curves with /; ~
M,. Put P, .=/ ﬂ/_b P, = fzﬂf_l, P; = fzﬂ% and P, := /3ﬂf_3. Let g :
i — V¥ be the blowing-up with centers Pi,...,Ps;. Put Ej:=pyy I(P) and
E, = yal(PA,). Let u;: V>, — V; be the blowing-up with centers Q) := EN
Yo(Z1) and Qs == E4Npy(/3). Put V=1, and

3
D = (El + E4 + 1) (Z(/i + Zi))) :
i1
The surface S := V' — D is Fujita’s Y{2,4,4}. By the argument as in [2, §8.55],
Pic(S) = Z/8Z.

EXAMPLE 2.7 (cf. [2, §8.59], [13, Example 5.3]). Put ¥ := P! x P, Let ¢
(i=1,2,3) and /; (j=1,2,3) be the same as in Example 2.6. Put P;:=/
6, Py =604, Pyi=0N70 and Py := /N4, Let yy 2 Vi — Vy be the blowing-
up with centers Py,...,Ps. Put E;:=pu;'(P;), 1<i<3. Let g :V,— Vi be
the blowing-up with centers Q; := E; Nu(42), Q2 := ExNpj(¢2) and Qs := E5N
yy(43). Put V=7V, and

3
D := (El + Ey + E3 + (Z(/i + Zi))) :
i1
The surface S := V' — D is Fujita’s Y{2,3,6}. By the argument as in [2, §8.62],
Pic(S) ~ Z/6Z.

Now, let S be a strongly minimal nonsingular rational open surface of
#(S) =0 with a connected boundary at infinity and let (V,D) be an SM-
completion of S. We shall consider the following three cases I~1II separately.

Case I p,(S)=1. In this case, the proof of [13, Theorem 3.1] works in
positive characteristic case as well. ~Since ©(S) = 0, we have p,(S) = 1. Lemmas
.3 (1) and 1.7 (1) imply that D is an NC-divisor and D + Ky ~ 0. If there
exists a (—1)-curve E on V then (E-D)= —(Ky-E)=1. This contradicts the
hypothesis that (7', D) is a strongly minimal model of an SNC-completion of
S. Hence V = P? or F,, n # 1. Then such pairs (¥, D) can be classified easily.
Namely, we have the following result.

THEOREM 2.8. Let S be a strongly minimal nonsingular rational open surface
of K(S)=0 with a connected boundary at infinity and let (V,D) be an SM-
completion of S. Suppose that p,(S)=>1. Then p,(S)=1, D is an NC-divisor
and the pair (V,D) is one of the following 1)~16), where if V =F, we denote
by ¢ a general fiber of the ruling on F,. Furthermore, if S is affine then (V,D) is
one of 1)~13n).
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1) (%(9)) V = P? D is a nonsingular cubic curve.

2) (009)) V =P* D is a cubic curve with one node.

3) (*(8)) V=P'x P', D~ —Kp p is a nonsingular elliptic curve.

4) (08)) V =P' x P', D~ —Kpi p is a rational curve with one node.

5)  (Fujita’s 04,0)) V =P' x P!, D= G+ C, where G~ M, and C ~
My + 2/

6n) (Fujita’s O(n+4,—n)) V=F, (n>2), D=M,+ C, where C~
M, + (n+2)/.

7) (Fujita’s O(4,1)) V=P>, D=H+C, where H is a line and C is a
conic.

8) V=P'xP', D=H+G+C, where H~M,, G~/ and C~
My+7.

On) V=F, n=>2),D=F+ M,+ Cs, where F is a fiber of the ruling and
Cy ~ M, + (n+ 1)/ is a nonsingular rational curve.

10)  (0(2,2) V=P xP', D=C| + Gy, where C;i ~ My+¢ (i =1,2).

11)  (Fujita’s O(1,1,1)) V = P?>, D = H, + H, + H3, where H; are lines in
general position in P>

12) V=PrP'x P!, D=H,+ H, + G| + Gy, where H; ~ M, (i=1,2) and
G ~7¢ (j=12).

13n) V=F, n>2), D=M,+ M, + F, + F,, where F| and F, are fibers
of the ruling.

14)  (%*(8)) V =F,, D~ —KF, is a nonsingular elliptic curve.

15)  (O(8)) V =Fy, D~ —Kp, is a rational curve with one node.

16) (6(2,2)) V=F,, D=C|+ C,, where C; ~ Mz (i = 1,2).

REMARK 2.9. If (V,D) is one of 7), 8) and 9n) in then S =
V' —D is of type O(4,1). If (V,D) is one of 11), 12) and 13n) then S =V —
Dx~A! x4l

Case I j,(S) =0 and Py(S)>1. Then P5(S)=1 and D is an SNC-
divisor by (3). If [DY] = 0 then D is either a single (—4)-curve or an
admissible rational rod with (—3)-curves as tip components and n (0 <n < 8§)
(—2)-curves as middle components by (4). We shall prove the fol-
lowing result (Theorem 2.10). When char(k) = 0, [Theorem 2.10| is [13, Theorem
4.5]. The proof of [13, Theorem 4.5] used a covering method and the classi-
fication of Gorenstein log del Pezzo surfaces of rank one (cf. [16]), which do not
hold in the case char(k) > 0.

THEOREM 2.10. Let S be a strongly minimal nonsingular rational open sur-
face of ®(S) =0 with a connected boudary at infinity and let (V,D) be an SM-
completion of S.  Assume that p,(S) =0, P»(S) > 1 and [D*) #0. Then the pair
(V,D) is one of the pairs enumerated in Examples 2.1 ~2.4.
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In what follows (~[Lemma 2.13), we prove [Theorem 2.10.
Since [D7] # 0, the configuration of D is given as in Figure 1 by
(4). Then D'+ Ky =0 and D' is given as

14 1 4
D'=) "D+ EZ C;.
i—1 =1
4
Put D/ = ZJZI C}'.
LemMa 2.11.  The pair (V,D’) is almost minimal and ©(V — D) = —o0.

PrOOF (cf. [13, Lemma 4.6]). Since D’ consists of disjoint four (—2)-curves,
we have D" =0. Hence k(¥ — D') = —oc because V is a rational surface.
Suppose that (¥, D’) is not almost minimal. Since D" = 0, there exists a (—1)-
curve E such that the intersection matrix of E + Bk(D’) = E + D' is negative
definite. Then (E-D’)=0 or 1. Assume that (E-D’)=0. Since D!+ Ky =0
and D' =" D;+1/2D', we have

(E-D)=(E-D") = —(E-Ky)=1.

This contradicts that (7, D) is a strongly minimal model of an SNC-completion
of S. If (E-D')=1then1=—(E-Ky)=(E-D')=(E-Y.[_, D;)+ 1/2, which
is also a contradiction. Hence (V,D’) is almost minimal. O

LEmMA 2.12.  With the above notation, we have p(V) =15 or 6.

Proor (cf. [13, Lemma 4.7]). By [1], there exists a birational morphism
n:V — V which is the contraction of Supp(D’). Then ¥ has four rational
double points of type 4; as singularities and hence Ky ~ n*(K;;). By
2.11 and (15, Theorem 2.11], K is not nef. Hence there exists an extremal
rational curve 7 on V (cf. [12], [15]). Let ¢ be the proper transform of 7 on V.
Since (V,D’) is almost minimal by Lemma 2.11, ¥ is relatively minimal, i.e.,
there are no irreducible curves C on ¥ with (C?) <0 and (C-K;) <0 (cf. [4,
p. 469]). Hence, by [15, Lemma 2.7], one of the following two cases takes place:
(A) The intersection matrix of / 4+ Bk(D') is negative semi-definite, but not
negative definite. Furthermore, (/%) = 0.

(B) p(¥)=1 and —Kj is ample.
If the case (A) takes place then p(¥) =2. A little explanation is desirable.
[

LemMaA 2.13.  There exists a (—1)-curve E such that E is not a component of
D and

(E-CG)=(E-G) =1,
where i #j if r=1 and ie{1,2} and je {3,4} if r>2.
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ProoF. The proof consists of two steps (I) and (II) below.

Step (I). We shall find a (—1)-curve which meets two of the C; (1 <i<4).
The argument in this step is similar to (2, §8.24].

Since p(¥) > 5 by [Lemma 2.17] there exist (—1)-curves. Let E be a (—1)-
curve. If E< D then r>2. Indeed, if r=1 then D; =E is a (—1)-curve.
Since D'+ Ky =0 and D! = D; +1/2D’, (K%)= (D*)* =1 and hence p(V) =
10 — (K7) = 9, which contradicts Cemma 2.12. Since (¥, D) is a strongly min-
imal model of an SNC-completion of S, we know that £ = D; or D,. Thus,
we obtain a (—1)-curve meeting two of the C; (1 <i<4).

Assume that D contains no (—1)-curves. For any (—1)-curve C, we have
(C-DY)=1/2(C-D)+(C-X./_ D;))=—(C-Ky)=1. So (C-D)=(C-D")=2
because (V,D) is a strongly minimal model of an SNC-completion of S.
Suppose that, for any (—1)-curve C, we have (C-D') = (C- C;) =2 for some j,
1 <j<4. Let E; be a (—1)-curve on V. We may assume that (E;-C))
=2. Let g, : V— ¥V be the contraction of E;. Since p(V}) =p(V)—12>4,
there exists a (—1)-curve, say E,. Then (Es-p (DY) =1/2(E>-u, (D)) +
(B> - 1,(>° Di)) = —(Ky, - E») = 1. Since y,,(D) contains no (—1)-curves and
(V,D) is a strongly minimal model of an SNC-completion of S, we have
(Ey -y, (D"))=2. Then (E;-p;, (D) =(E-p;,(Cr)) for some 4, 1 </ <4.
Indeed, if not, the proper transform of E, on V is a (—1)-curve meeting two of
the C; (1 <i<4), which is a contradiction.

Assume that / > 2. The proper transform u(E,) of E is then a (—1)-curve
with (Ey - 4 (E>)) =0. Then (2E, + C1)* = u}(E>) + C/)* =2 and (2E; + C; -
2u{(E») + C;) = 0. This contradicts the Hodge index theorem. So /=1. In
this way, we obtain a birational morphism u: V' — F,, onto a Hirzebruch surface
F,, such that px, (C,), 1, (Cs) and u,(Cs) remain as (—2)-curves. This is a con-
tradiction. Hence we obtain a (—1)-curve meeting two of the C; (1 <i<4).

Step (II). Let E be a (—1)-curve meeting two of the C; (1 <i<4). Since
D'+ Ky =0 and (V,D) is a strongly minimal model of an SNC-completion of
S, we may assume that one of the following three cases (a)~(c) occurs:

(a) E =Dy or D,.
(b) (E-C))=(E-Cy) =1 and E is not a component of D.
(c) (E-C;)=(E-C;)=1 (and hence E is not a component of D).

It suffices to show the assertion of if the case (a) or (b) takes place.
We consider the cases (a) and (b) separately.

Cask (a). We may assume that £ = D;. Note that r > 2. Then a divisor
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F:=2D, + C; + G, moves to define a P'-fibration @ := D V — P! and D,
becomes a 2-section of @. We consider the following two subcases (a)-1 and (a)-
2 separately.

SUBCASE (a)-1: r>3. Then D3+ ---+4 D, + C; + Cy4 is contained in a fiber
G of @. Since p(V) <6 by and 4G > 3, we know that p(V) =6,
#G =3 and @ has no singular fibers other than F and G. Then r=3 and
D, (=D;) is a (—1)-curve. Since (Ky-D+Ky)=1/2(Ky-D')=0, (K})=
10— p(V) =4 and (D7) = (D3) = -1, we have (D3) =0.

A complete linear system |D;| defines a P'-fibration ¥ : V' — P! and D, and
D; become sections of ¥. Let F; (i=1,2) be a fiber of ¥ containing C;.
Since p(V) =6 and #F; > 3, i = 1,2, we may assume that there exist (—1)-curves
E| and E, such that F; = C; + E; + Ciyp for i = 1,2. Then (E; - C;) = (E; - Ciz2)
=1, i=1,2. In this subcase, is thus verified.

SUBCASE (a)-2: r=2. Let Gy and G, be fibers of @ containing C; and
Cy, respectively. Since p(V) <6 by and #G; >3 for i=1,2, we
know that p(V) =6, G; = G, and there exists a (—1)-curve E; such that G; =
Cs + C4+2E;. Since D' = Dy + D, +1/2D" and D* 4 Ky =0, we have (D?) +
(D3)=0. So (D3)=1. Let f:V — Y be the contraction of Ej, C4, D; and
Cy. Then Y =~ F,, and f.(Dy) ~2M,, + (m+ 1)/, where / is a fiber of a P'-
fibration ® o' : ¥ — P!, because (f,(D1)?) = (D3) +3 =4, f.(D?) = —Ky and
f.(C1) ~ f.(C3) ~£. Since

0< (Mm f*(DZ)) =1- m,

we have m < 1.

If m=1 then (f,(D;)-M;)=0. Since the fundamental points of f lie
on f,(D,), the proper transform f'(M;) of M; on V is a (—1)-curve with
(f'(My)- Cy) = (f'(My)-C3) =1. Suppose that m = 0. Then f,(D>) ~2M,+
/. Let L~ M, be an irreducible curve on Fy=P' xP' such that Q:=
f(D;+Cy)eL. Since (L-f.(D2)) =1, (L*)=0and (L-£.(C3)) =1, the proper
transform f'(L) of L on Vis a (=1)-curve with (f'(L)- Cy) = (f'(L)- C3) = 1.
In this subcase, the assertion of is thus verified.

Case (b). If r=1 then is clear. So we assume that r > 2.
Put F :=2E + C; + C;. Then a complete linear system |F| defines a P'-fibration
D =PV — P! and D, becomes a 2-section of @. Let G be a fiber of @
containing D, +---+ D, + C3 + C4, where we note that r>2. Since G >3
and p(V) < 6 by [Lemma 2.12, we know that G = 3 and p(V) = 6. Hence r =2
and (D?) = —1. In this case, by using the same argument as in Subcase (a)-2,
is verified. ]
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In Figure 1, we put a;:= (D?), i=1,...,r.

Lemma 2.14. Assume that r=1. Then ay =2 and (V,D) is the pair
considered in Example 2.1.

Proor. By [Lemma 2.13, there exists a (—1)-curve E meeting two of the C;
(1 <i<4). We may assume that (E-C;) =(E-C;)=1. Then a divisor F :=
2E + C| + C; defines a P'-fibration @ := Dip : V — Pl, Dy 1s a 2-section of @
and C, and C4 are contained in fibers of @. Let G be a fiber of @ containig C,.
Since §G > 3 and p(V') < 6 by Lemma 2.12] we know that p(V) =6, G = 3 and
G contains C4. Then we obtain a (—1)-curve E’ such that G =2E' 4+ G, + C4
and (E'-C)) = (E'-Cy) =1. Since p(V) =6 and D*+ Ky =0, we have

ay+2= (D) =(K2) =10—-p(V) =4

So a = 2.

Let 4:V — Y be the contraction of E, E’, C3 and C4. Then Y = F, and

(h*(Dl)z) =a;+2=4. Since h.(D;) ~2M, + of, where a € Z and / is a fiber
of a P'fibration ®oh™': Y — P! we have

4= (h(Dy)?) =4(z —n).

So «=n+1. Further, since 0 < (M, -h.(D;))=1—n, we have n=0 or 1.
If n=1 then (M;-h.(D;))=0. So, by contracting C, instead of C4, we may
assume that n=0, ie, ¥ =P!xP'. Then D,:=h,(D|)~2My+/. Note that
the morphism @ o /! 5 : D1 — P! is separable even if char(k) =2. Hence we
obtain the case considered in Example 2.1. O

LemMa 2.15. Assume that r > 2. Then (V,D) is one of the pairs enum-
erated in Examples 2.2~2.4.

PrROOF. Assume that @) >a,. We consider the following two cases
separately.

Case 1: r=2. By [Lemma 2.T3, there exists a (—1)-curve E such that
(E-C))=(E-C3)=1. Put F:=2E+ C; + C;. Then F defines a P'-fibration
D =PV — P! and D; and D, become sections of ®@. Let G be a fiber of
@ containing C,. Since p(V) < 6 and §G > 3, we know that p(V) =6, 1G=3
and @ has no singular fibers other than F and G. Then there exists a (—1)-curve
E' such that G=2E'+ C+ C4. Since D* =D+ Dy, +1/2D', D* + Ky =0
and p(V) =6, we have aj +a, =0. Let h: V — Y be the contraction of E, E’,
Cs; and C4. Then Y = F,,, m= —a, and h.(D;) = M,,. Therefore, we obtain
the case considered in Example 2.4 if m > 1.

We see that if @) = a; = 0 then the pair (V, D) is constructed in the fashion
as in Example 2.3. A complete linear system |D,| then defines a P'-fibration
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D:=Dp,: V— P! and D,, C; and C, become sections of @. Let F; (i=1,2)
be a fiber of @ containing C;. Then F| # F, and #F; >3, i=1,2. Since
p(V) =6, we know that §F; =F>, =3 and @ has no singular fibers other than
F; and F,. In particular, Supp(F;) (i =1,2) consists entirely of (—1)-curves
and (—2)-curves. If Supp(F;) (i =1 or 2) contains a (—2)-curve C/ other than
C; then C/ND = & because D'+ Ky=0and D'=D; + D, + 1/2D'. Then a
unique (—1)-curve in Supp(F;), which has the multiplicity 2 in F;, must meet C;
and C4 which are sections of @. This i1s a contradiction. Hence there exist four
(—1)-curves E|, E{, E; and E} such that F; =E;+ C;+E/, i=1,2. Since C;
and C, are sections of @ and D*+ Ky =0, we may assume that (E;- C;) =
(El-C4)=1, i=1,2. Let h: V — Y be the contraction of E;, E{, E; and
E;. Then Y = F, and (h.(D))*)=0. So Y ~P'x P! because i, (D)) is a
section of the P'-fibration ®oh~!:Y — P!. Therefore, we obtain the case
considered in Example 2.3.

CasE 2: r>3. By [Lemma 2.13, there exists a (—1)-curve E such that
(E-C))=(E-C3)=1. Put F:=2E+C;+C;. Then |F| defines a P'-fibration
D =PV — P! and D; and D, become sections of @. Let G and H be a
fiber of @ containing {D, ..., D,_1} and C,, respectively. Then Supp(G) contains
none of the C; (1 <i<4)and §H > 3. Since p(V) < 6, we know that p(V) =6
and fH = 3. Then G is an irreducible fiber and there exists a (—1)-curve £’ such
that H =2E'+ C, + C4. In particular, r =3 and a, = 0.

Since (Ky-D + Ky) = (Ky-D*+Ky) =0 and p(V) = 6, we have

(Ky - Di+ Dy +D3) = —(6+ a1 +ar +a3) = —(K}) = —4.

So, a3 = —(a; +2). Then a; <0 or a3 <0. So we may assume that a3 <0.
Let 7: V — Y be the contraction of E, E', C; and C,. Then Y ~F,, m=

—as, h.(D3) = M,, and h.(D;) ~ M,,. Therefore, we obtain the case considered
in Example 2.2. [

The proof of [Theorem 2.10 is thus completed.

Case III:  P(S) =0. The proof of [13, Theorem 5.4] works also in positive
characteristic case by virtue of Lemmas [L.3 and [.L7. So we have the following
result.

THEOREM 2.16. Let S be a strongly minimal nonsingular rational open surface
of B(S) = Py(S) =0 with a connected boundary at infinity and let (V,D) be an
SM-completion of S. Then P;(S)=1 for i =3,4 or 6. Furthermore, the fol-
lowing assertions hold.

() If P5(S)>1 then Ps(S)=1 and S is Fujita’s Y{3,3,3}. The pair
(V,D) can be constructed in the fashion as in Example 2.5.
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TABLE 1.
Type m | r | Pic(S) for details, see:
*(9) 1 |0]| Z/3Z Theorem 2.8
0(9) 1 |10]| Z/3Z Theorem 2.8
*(8) 1 | 0| Z®Z/2Z | Theorem 2.8
0o(8) 1 |0 Z®Z/2Z | Theorem 2.8
Omn+4,-n) (n=20,n#1) |1 | 0| Z/(n+2)Z | Theorem 2.8
0@4,1) 1 11]0 Theorem 2.8
0(2,2) 1 |11|Z Theorem 2.8
o(1,1,1) 1 (210 Theorem 2.8
X[2] 2 10| Z@Z/4Z | Example 2.1
H[-1,0,—1] 2|1 | Z)2Z Example 2.2
HI[0,0] 2 (1| Z Example 2.3
Hn,—n] (n>1) 2 | 0| Z/4nZ Example 2.4
Y{3,3,3} 3 10| Z/9Z Example 2.5
Y{2,4,4} 4 10| Z/8Z Example 2.6
Y{2,3,6} 6 | 0| Z/6Z Example 2.7

(2) If P3(S) =0 and Py(S) > 1 then Py(S) =1 and S is Fujita’s Y{2,4,4}.
The pair (V,D) can be constructed in the fashion as in Example 2.6.

(3) If P5(S) = P4(S) =0 then P¢(S) =1 and S is Fujita’s Y{2,3,6}. The
pair (V,D) can be constructed in the fashion as in Example 2.7.

By using Theorems 2.8, and 2.16, we obtain the following result.

THEOREM 2.17. Let R be a nonsingular affine surface defined over an alge-
braically closed field k.  Assume that K(R) = 0. Then there exists an affine open
subset S = Spec(A4) < R such that

i) Pu(S) = Py(R) for any n>1, in particular, <(S) = k(R) =0, and

(i) S is strongly minimal in the sense of Definition 1.8.

Furthermore, the surface S is one of the surfaces in Table 1, where m is the least
positive integer such that P,(S) >0 and r:=rank zA4*/k*.

Proor. Let (V,D) be a strongly minimal model of an SNC-completion of
R. Then the surface S:= V — D is an affine open subset of R by
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TABLE 2.
Type gle| m
(9) 03| z/32
0(9) 0|21 z/3z
%(8) 04| 21z
0(8) 03| zpz

On+4,—n) m=20n#1) |02 | Z/n+2)Z

0(4,1) 11|z

0(2,2) 121z

o(1,1,1) 210 Z2?

X2 02| z/4z
H[-1,0,~1] LLO | <ny/(yty 1)
HI[0,0] 11| Zz

Hlk,—k] (k>1) 01| z/skz
Y{3,3,3} 01| z/9z
Y{2,4,4} 01| z/82
Y{2,3,6} 01| z/6Z

(2). By [Lemma 1.7 S satisfies the conditions (i) and (ii) in Theorem 2.17. Note
that if p,(S) = 0 (then D is an SNC-divisor by (3)), P»(S)=1 and
[D?] =0 then V' — D cannot be affine because D is an admissible rational rod (cf.
(4)). Hence (V,D) is one of the pairs in Theorems 2.8, 2.10 and
L.16. When p,(S) =1, the Picard group Pic(S) can be calculated casily. We
put S := Spec(4). By using in §3, we can calculate rank zA4*/k*.
Hence S 1s one of the surfaces in Table 1. ]

REMARK 2.18. When k is the complex number field C, we have the fol-
lowing list (Table 2) of the logarithmic irregularities g, the Euler numbers e and
the fundamental groups 7; of the strongly minimal nonsingular affine surfaces of
k=0. For details, see [13].

3. Characterization of A! x 4!

In this section we give a characterization of A! x A in arbitrary charac-
teristic. A main result of this section is the following theorem.
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THEOREM 3.1. Let S = Spec(A4) be a normal affine surface defined over an
algebraically closed field k. Assume that &(S) =0. Then rank zA*/k* <2 and
the equality holds if and only if S~ A x Ax1

We give a definition which we need later.

DErFINITION 3.2. Let (X, B) be a pair of a nonsingular projective surface X
and a reduced effective divisor B and let B= ). | B; be the decomposition of B
into irreducible components. We define 7(X,B) as follows:

7(X, B) := rank zKer (é Z[Bj] — PiC(X)> ;
i=1

where P/, Z[B;] — Pic(X) is the natural mapping.

Now, let S = Spec(4) be a normal affine surface defined over an algebraically
closed field k. Let n:S — S be a minimal resolution of S and let (X, B) be an
SNC-completion of S. Then B is connected. We note the following result.

LemMA 3.3.  With the above notation, we have rank zA*/k* = (X, B).

PrROOF. An element f € A4 is invertible if and only if the divisor (f) on X
is supported by B. Hence any element f € A* gives rise to a relation among
the irreducible components of B, and two such relations given by f, ge 4" are
the same if and only if g = ¢f with c e k*. ]

When char(k) =0 and #(S) =0, we have the following result.

LemMa 3.4. With the above notation, we assume further that char(k) =0
and ©(S) =0. Then g(S) =rank z4*/k*.

Proor. Since #(S)=0, S is a rational surface by [Theorem 1.10l So
q(X) =h'(X,0x) =0. By [5, Lemma 2], we have §(S) = #(X,B). Hence the
assertion follows from [Lemma 3.3. O

REMARK 3.5. The author does not know whether is true or not
in the case char(k) > 0.

We assume that #(S) =0. By [Theorem 1.10, S is a rational surface. Let
(V,D) be a strongly minimal model of (X,B). Then there exists a birational
morphism f: X — V such that f,(B)=D. Let f=f;0---ofy ({>-1) be a
decomposition of f into blowing-ups at single points f;: X; — X;11, where we
define f=i1d if /=—-1 and put Xp:=X and X, :=V. Put By:=B and
Biv1 =/, (B;), i=0,...,/. It is then clear that

f(A/lv Bl) < F<Xvi+17Bi—|—l)

for i=0,....7.
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LemMA 3.6. Let (V,D) be an SM-completion of a strongly minimal non-
singular rational open surface of K =0 with a connected boundary at infinity.
Then #(V,D) <2 and the equality holds if and only if (V,D) is one of the
pairs 11), 12), and 13n) in Theorem 2.8. In particular, V —D =~ A} x A! if
F(V,D)=2.

Proor. By using the classification of SM-completions of strongly minimal

nonsingular rational open surfaces of ¥ = (0 with connected boundaries at infinity
in §2 (Theorems 2.8, and 2.16), we obtain the assertion. O

ProOF OF THeOREM 3.1. We use the same notation and assumptions as
above. The first assertion easily follows from and the above remark

rank zA*/k* = #(X,B) < #(V,D).

The “if” part of the second assertion is clear. We prove the “only if” part of
the second assertion.

If rank z4*/k* = 2 then, by Lemma 3.6, (V/,D) is one of the pairs 11), 12)
and 13n) in Theorem 2.8. The fundamental points of the birational morphism
f:X —V lic on D. Indeed, if there exists a fundamental point Qe V — D
then S contains a (—1)-curve, which is a contradiction because S is affine and
the resolution of singularities 7 :S — S is minimal. Hence X;— B; 2 X;—
Supp f*(Biy1) for i=0,....7.

If X;—B; = X; —Supp f,*(Bi1) for all i=0,...,/ then S=X—-B=V-D.
So S=S=4!x4! by Cemma 3.6. Suppose that there exists an integer
Jj (0<j</?) such that X;— B; 2 X;—Supp f"(Bj+1), i€, Bj < (fj(Bj+1))eq-
We assume that j is maximal among the integers j' (0 <j’ < /) such that B, <
(/i (Bj+1))eq-  Let Pjy1 be the center of the blowing-up f;: X; — Xj;1. Note
that Py € Bjy1. Put E;:= fji_l(PjH). Then E; is not a component of B,.

CLam 1. Pjyq is a nonsingular point of Bj.i, i.e., there exists a unique
component of Bjy; passing through P;y.

Proor. By [Lemma 3.6, B;;; is an SNC-divisor and each component of
Bj;1 is a rational curve. Further, Bj;; contains a unique loop of curves, say
gj-l—l-

Suppose that there exist two components Bj,i 1 and Bjyi > such that Py =
Bi11NBjs If one of Biyy; and By, is not a component of B, then
B; =f/(Bj+1) is not connected. So B= By is not connected, which is a con-
tradiction. Assume that both Bjy; | and Bj;, are components of B;.;. Then
the dual graph of B; is a tree because there is a unique loop of curves in Bj,.

So p,(X; — B;) =0 by [14, Lemma 1.2.1.3]. On the other hand, p,(X; — B;) =
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p,(V—D)=1 by Lemmas [L7 (2) and 3.6. This is also a contradiction. This
proves Claim 1.

Let Bjy1 =Y., Bjy1,; be the decomposition of Bjy; into irreducible com-
ponents. Assume that Pjj € By 1.

CrLamM 2. There exist integers o) > 0, op,..., % such that

r
E aiBj—i—Li ~ 0.
i=1

Proor. Let D; be a component of D such that f,o---ofi11(Bjy1.1) < D.
Since (V,D) is one of the pairs 11), 12) and 13n) in [Theorem 2.8, for any
irreducible curve D, < D adjacent to D, we can find positive integers f; and f,
and a divisor D’ with Supp(D’) < Supp(D — (D + D»)) such that ;D + p,D, +
D' ~0. Then (0 ~) (fiyy0---ofy) (B D1+ D>+ D') can be expressed as in
Claim 2, where we take D; so that f,o---ofi (Bjr11) =D NDy if f0-- 0
fi+1(Bj41,1) 1s a singular point of D. This proves Claim 2.

The natural map f;, : Pic(X;) — Pic(X;;1) induces an injection

1

1

Jis Ker( Z1B;i] — PiC(Xf)> - Kef( Z[Bjy1i] — Pic(X,-H)),

~1 —1
where B; =) . | B;; is the decomposition of B; into irreducible components.
Note that §B; = §Bj.1 =r. For m=j,j+1, we define K, := Ker((—B::1 Z|B, i
— Pic(X,,)). Let oy >0, o,...,0, be integers specified as in Claim 2.
Then f/ (3o %iBjr1i) = 2oiy ouf (Bs1i) ¢ K; because 0~ /(301 %iBjii) =
S (T iBjy1,i) + o Ey by Claim 1. So, rank o(Kjy1/f;,(K;)) ® 7 @ = 1. Then

2=7V,D)= f(V}'+1,Dj_|_1) > f(V},Dj) > rank zA4*/k* = 2,

which 1s a contradiction.

The proof of is thus completed.

As a consequence of [Theorem 3.1, we have the cancellation theorem for
Al x A! (Theorem 3.8).

DEerFINITION 3.7 (cf. [8, §1]). Let Y be an algebraic variety defined over an
algebraically closed field k, not necessarily nonsingular or complete over k. We
call Y a resoluble variety if there exists a resolution of singularities 7: X — Y
such that X has an NC-completion (V, D), where V is a nonsingular complete
algebraic variety and D is an NC-divisor on V such that X =V — D.

Note that an algebraic variety Y defined over k is resoluble if char(k) =0 or
if dim Y <2; also if dim ¥ =3 and char(k) > 7.
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THEOREM 3.8. Let S = Spec(A) be an affine algebraic variety and T a
resoluble algebraic variety, both defined over an algebraically closed field k.
Assume that there exists a k-isomorphism S x; T = (A! x A}) x, T. Then S =~
Al x4l

Proor. By the same argument as in [8, §3.2], we know that S is a non-
singular affine surface. By [8, Theorem 1.6], 7(S) =&(A4! x A!) = 0.

For normal algebraic varieties V' and W defined over k, we have the fol-
lowing natural isomorphism

TV X W, 0pw) [k* =T(V,0p)" Jk*@T(W,0n)" [k

by virtue of [8, §4.5]. Let N be the singular locus of 7. Then, S x; T =~
(Al x ALY x; T implies that S x; (T—N) = (4! xA!)x; (T—=N). By the above
remark, we have rank z4*/k* =2. Hence S =~ A x A! by Theorem 3.1. O

REMARK 3.9. When char(k) =0, we can drop the assumption that S is
affine in Theorem 3.8. See [2, §9].
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