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On polynomials which determine holomorphic mappings
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§1. Introduction.

We say that two meromorphic functions f and g on C share the value a
if the zeros of f—a and g—a (1/f and 1/g if a=oo) are the same, In [N],
R. Nevanlinna showed the following two results:

THEOREM A. If two distinct nonconstant meromorphic functions on C share
four values by counting multiplicities, then one is a Mobius transformation of the
other. ,

THEOREM B. If two nonconstant meromor phic functions on C share five values,
then they are identical.

These results are interesting from the viewpoint of determining meromorphic
or holomorphic functions but it is troublesome to check four or five pairs of
values of meromorphic or holomorphic functions. Also there are results in
and [F2] which show the uniqueness of holomorphic mappings into complex
projective spaces.

Recently, H.-X. Yi proved the following :

THEOREM C. Let n and m be two positive integers such that n and m have
no common factor and n>2m-+4. Let a and b be two nonzero constants such that
the algebraic equation P(w)=w"+aw" ™+b=0 has no multiple roots. If two
nonconstant entive functions f and g satisfy P(g)=aP(f) for some entire function
a without zeros, then f=g.

In this, it is enough for determining holomorphic functions to check only one
pair of holomorphic functions. So, the author asks the following two questions:

QUESTION 1. Do there exist polynomials P, of variables z,, ---, z, with the
property :
if two algebraically nondegenerate holomorphic mappings f and g of C
(P) into C™ satisfy Pn(g)=aP,(f) for some entire function a without zeros,
then f=g.

QUESTION 2. Do there exist homogeneous polynomials H, of variables w,,
<o, Wy with the following property:
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if two algebraically nondegenerate holomorphic mappings f and g of C
(H) into P™(C) with reduced representations f and § respectively satisfy
H,(§)=aH,(f) for some entire function a without zeros, then f=g.

Though the explanation of the terminologies in the above statements is left
to the next section, we see that Yi’'s result shows the existence of P.. In this
paper, we shall show the existence of H,, which makes the existence of P,
trivial.

It is assumed that the reader is familier with the fundamental concepts of
the value distribution theory (or Nevanlinna theory) of meromorphic functions

(see [H]).

§ 2. Basic results in the value distribution theory.

We begin to explain terminologies. For a holomorphic mapping f of C into
P*(C), its representation is a holomorphic mapping F=(fo, -, f») of C into C**!
such that F(C)# {0} and f(2)=(fo(2): - :fa(2)) for each zeC—F"%o), where
(we:-++:w,) is a homogeneous coordinate system of P"(C). If F o=, we
say that 7 is reduced.

DEeFINITION 1. Let f be a holomorphic mapping of C into C". If there
exists no nonzero polynomial P of variables z, -, z, such that P(f)=0, then
it is said that f is algebraically nondegenerate.

DEFINITION 2. Let f be a holomorphic mapping of C into P"(C) with a
representation f.

(i) If there exists no nonzero homogeneous polynomial H of variables w,,
-, w, such that H(f)=0, then it is said that f is algebraically nondegenerate.

(ii) If there exists no nonzero linear homogeneous polynomial L of variables
W, -+, W, such that L(f)=0, then it is said that f is linearly nondegenerate.

REMARK. For holomorphic mappings into C or PC), algebraic non-
degeneracy coincides with nonconstantness.

- For a meromorphic function ¢ and a positive integer p, N?(r, ¢) represents
the truncated counting function of N(r, ¢) by p as N(r, ¢), i.e.,

r r

N?(r, o) :S f—%i’ildz (r > 7o),

To
where n?(i, ¢) is the sum of minimum of p and multiplicity of pole of ¢ at
each point z in {z; |z| <t} and 7, is a fixed positive number. The following is
fundamental :

N?(r, ) = N(r, @) = T(r, )+0(1). , @1
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Furthermore, for a holomorphic mapping f of C into P*(C) and a hyper-
plane H in P*(C) represented by the equation of homogeneous coordinates
aoWot -+ +a,w,=0, we use T,;(r), N; u(r), Nf u(r) and S;(r). We explain these.
Let f=(fo, -, fa) be a reduced representation of f. Then T,(r) and N;, g(r)
are given for »r>r, by

1 (2= ~ . 1 (2= ~ i
Tyr) = 5| “logll Fre )16 —5 | "log| F(roe)1 48

and
Ny g(r) = N(, 1/F)

for r>r, if Fi=a,fo+ - +a.f.30, where |-| is the L®norm in C**'. We

also define
N7 u(r) = N?(r, 1/F).

The correspondence to is

Nf u(r) £ Ny g(r) < T;(r)+0Q). 2.2)
Finally, S,;(r) represents quantities such that

Syr)=0(Ty(r)) (r— o0, r & E),
where E is an exceptional set of (r, oo) with finite linear measure.

THEOREM D ([C], [Sh], [St]). Let f be a linearly nondegenerate holomor phic
mapping of C into P"(C) and H,, ---, H, hyperplanes in general position in
P*(C). Then

(G—n—1T,0) < ji‘, NP u ) S,

Also, we will need the following

THeEOREM E ([C], [M]). Let f be a nonconstant meromorphic function on C
and a,, ---, aq distinct complex numbers. If -all the zeros of f—a; have the
multiplicity at least m;, where m; are arbitrarily fixed positive integers (1<7<q),
then

PROOF. In the situation [Theorem E, the inequality of [Theoreml D becomes
q
(q—=2)T(») éjé]l Ni(r, 1/(f—a)+S;().

By the assumption of multiplicity of zeros of f—a; and [2.2), we have
Nir, 1/(f—a))SN@r, 1/(f—a,))/m;<T (r)/m;+0(l). Hence, we get
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@=DT ) = B T+5,00).

This induces the inequality required.

§ 3. Existence of H,.

THEOREM 1. Let p and d be two positive integers with d>2p+8 and p=2
which have no common factors. Then H,\(w, w))=w*+w,?w,* ?+w,* has the
property (H).

We prove a more precise result:

THEOREM 2. Let H, be the homogeneous polynomial as in Theorem 1. Let
f and g be algebraically nondegenerate holomorphic mappings of C into P'(C)
with reduced representations f=(fo, f1) and §=(g. g:) respectively. If

Hi(go g1) = af\(fo, [1) 3.1
holds for some entive function a without zeros, then

go=pfo and g = Bfi,
where B is an entive function such that f*=a.

PrROOF. Consider the holomorphic mapping F of C into P?*C) with the

reduced representation F=(g,%, (g,°+2:7)g:*"?, af,*). Since there exist positive
constants C, and C, such that the inequalities

I+Hlwe ?P+w?|® =z C,(1+|w?|?) = C.(14|w]?)*
hold for all weC, we get |F||=+/C,)|gll* and

1F)2 = {1 g 4+(goP+ 2 ") @t P—afe '+ | afo® |

2
= S a(fPHAPfE P | af )
= Slal- 170

These induce
d x sy g L
log|| || = 5 (log|| || +logl|Z 1))+ log | a| +-O(1)
and

Tetr) 2 (T, O+T ) +0). 3.2
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Also, by considering the hyperplanes H;: wo+a,w,=0 (1=<;=<d) in PYC), where
a; are defined by the factorization w,®+w,w,* ?+w, ‘=1L (wo+a,w,), we

have, by D and [2.2),

(@=2T40) < 3 Nova (r)+S4(0)

d 1

= BN g ) S0

_ éN( 1 ) Sg() £ AT ()+540)
=1 fo ]fl ¢ o d ’

and, similarly,
(d=2)Ty(r) £ dT,(r)+S,(r).

Assume that F is linearly nondegenerate and consider hyperplanes

ﬁlszZO, Hg w1—0 Hg w2~0
and
H4 w°+wl W2:0

in P*C). Then by D, we have
To(r) < 3 N& () +Se(r)
ji=1
1 1
Nz(r, *go"d—)‘*'Nz(V, ——_(gop+g1p)ézafi)
N LN g ) S
= Z(N(r, ~1—)+N<r, —g}~>+N(r, —-1——)+N(r, %))

+N (r,

i

P+ )N fP+f1 7))

< (P+HT()+T o (r)+Sk(r).

3.3)

3.4

3.5)

It follows from [3.2), [3.3), [3.4) and [3.5) that Sz(») is S,(r) and also S,(»), and
that d/2<p+4, which contradicts to d>2p+8. Hence we conclude that F is
linearly degenerate. So there exist constants ¢, ¢, and ¢, such that (¢, ¢i, ¢3)

#(0, 0, 0) and that
Coo (8o’ + 81781 P Fcrafy® =

Because g is nonconstant, ¢,#0.
First, we assume that ¢,=0. In this case, noting ¢,#0, we have

3.6)
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Cy
Cy

By adding this to on each side, we have also

g0% = —af,’. (3.7)

(1+7§:ﬁ)g0d+(gop+g1p>g1d—p = a(fop+f1p)f1d_p- 3.8)

Furthermore, if 14¢,/c,#0, then consider the nonconstant holomorphic mapping
h=((1+co/c2)g0% : (goP+2:7)g:¢7?) of C into P*C) and hyperplanes

ﬁlsz:O, FIZ: w, =0 and ﬁazwo—i—wl:O
in P{C). By D, we have
AT (r)+0Q1) = dT,7r)

= N‘(r, é—)-l—Nl(r, (go”+g11”)g1"’p>
+N7(r, T ffp) fld_,,)+sg(r>

= N(r, é-)-l—N(r, }?:l—glp)+N(r’ z}T)
Fagra )N (g S

S A4+PT)+@R+P)T (r)+S (7).
Hence we get d<(d/(d—2))(p+1)+(p+2) by [3.4). This and d>2p+8 induce

d
d—2

+N (r,

d—38
2

d—8 4
)+2+—2— = d—4——"5 < d,

d < (1+

which is a contradiction. Hence 1+4c¢,/c,=0. So we get two identities

(P +8:7)8:4 77 = a(f P +f1P) f,47? 3.9)
and

go* = af?, (3.10)

from [3.7) and [3.8). Put ¢=f./f, and ¢=g./g,, then it follows that from above
two identities that ¢? ?+¢%=¢* ?4¢? In the deformation

/-1 _ 1
(O/§)e7—1 g7

of this, the multiplicity of each zero of ¢/¢—a is a multiple of p, where a (#1)
is any dth root of 1 or (d—p)th root of 1. We have used the assumption that d
and d—p are relatively prime. If ¢/¢ is nonconstant, then E claims
that (d+-(d—p)—2)(1—1/p)<2. However, by the assumptions d >2p+8 and p=2,
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we see that the left hand side is greater than 2, which is a contradiction.
Hence ¢/¢ is constant. Since gives g,=a,f,, we further get g,.=a,f,,
where a,*=a and «; is a non-zero constant multiple of a, Substituting these

into gives
(a—aopald—p)fopfld—p‘I‘(a_ald)fld =0.

Since f is nonconstant, we get a=a,a;®? and a=a;?. These and a=a,*
induce that ay=a;, and so f=g.

Secondly, we consider the case ¢,=0. We may assume that c¢;=1 w1thout
loss of generality. Then [3.6) becomes

(8o +8.7)8:% P+craf® = 0.

From this we see that the multiplicity of each zero of g, and g,—ag; is a
multiple of d, where a is any pth root of —1. By [Theorem E, we get
(1+p)1—1/d)<2. However, the left hand side is greater than 2, which is a
contradiction. So ¢,=0 is impossible.

Finally, we consider the case that any c¢;#0 (=0, 1, 2). Consider the

holomorphic mapping (c,g,%: ¢i(go?+£:7)g:%"?) of C into PYC). By
D, we have

1
T (g +g.P)g.t? fo®

< N(r, Elo—)+N<r, lgTPQILZ?)HVQ’ ‘;,‘)JFN( - )+S )

< @D+ S Tl +50).

dT ) < N'(r, 51;7)+N1(r )-I—N‘(r, )+S,<r>

Hence we get d<24+p+d/(d—2)<p+4. This contradicts to d>2p+8.
After all, if [3.1) holds, then

8o — .Bfo and g, = ,Bfu
where S=a,=a; with f?=a. Q.E.D.

§4. Existence of H,.
First, we prove the following lemma:

LEMMA 1. Let H, be the homogeneous polynomial as in Theorem 1. Let f
and g be algebraically nondegenerate holomorphic mappings of C into PY(C)
with reduced representations f:(fo, f1) and g=(g,, g1), respectively. If

Hi(go, g1) = h*H\(fo, f1) ) 4.1)



296 M. SHIROSAKI

holds for some meromorphic function h, then h is an entire function without zeros.

PrROOF. We can represent h=A/B, where A and B are entire functions
without common zeros. Then [4.1) can be replaced by

B(go*+8:7 8.4 P+ 411 = ANfo* +f o217+, 4.2)

As in the proof of let consider the holomorphic mapping F of C
into P%C) with the representation F=(B?g,%, B4(g."+g:")g.%"?, A%f,%) which
can be proved to be reduced. Then, we have

Tw(r) 2 %(Tf(r)-l-Tg(r)-%-N(r, 1/A)+N(r, 1/B)+0Q). (4.3)

Assume that F is linearly nondegenerate and consider hyperplanes

H11w0=0, H2:w1=0, H3 wZ—O
and
H:wetw,—w, =0

in P*C). Then by D, we have
4
Te(r) = j;l NE u (r)+Se(r)

= Nz(r' Bdl )+N2( " Bd(gop"}jglp)gxd—p)

+N Z(r,

Adf,,)-l—NZ(r, Ad(fop+f 7 )+ S5(r)
S 2(N(r, 1/g0)+N(r, 1/8)+N(r, 1/fo)+N(r, 1/f)
+4(N(r, 1/A)+N(r, 1/B))

(g V(s )+ 500)

= (p+IT (4T () +4(N(r, 1/ A)+N(r, 1/B))4-Sp(r)
S +HITs(r)+T,(r)+N(r, 1/A)+N(r, 1/B)+Sp(r). (4.4)
It follows from (4.4) that Sg(r) satisfies
Se(r) = o(T y()+T ((r)+N(r, 1/ A)+N(r, 1/B)) (r— oo, v & E),

where E is a subset of (r,, oo) with finite linear measure. Hence, we get by
- (4.3) and (4.4) d/2<p+4, which contradicts to d >2p+8. Therefore we conclude
that F is linearly degenerate. So there exist constants c,, ¢, and ¢, such that
(co, €3, €5)%(0, 0, 0) and that

Bd(’«'ogod"I'Cl(gop+g1p)gzd-p)+CzAdfod = 0. 4.5)
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Since g is nonconstant, c,#0.

First, let z, be a point such that B(z,)=0. Since A and B have no common
zeros, we have f,=0 at z, by and f,+foPf1¢7P+f1%=0 at z, by
However, these imply f,(z0)=/1(2,)=0, which is impossible. Therefore B has
no Zzeros.

Secondly, let z, be a point such that A(z,)=0. Then, we have g,*+g,?g,¢"?
+g,%=0 and cog,¢+¢:1(goP g4 P+ g:%)=0 at z,. Since g,% and g,*g,* ?+g,* have
no common zeros, we get ¢,=c,#0. However, we can see from [4.2), and
co=c,; that f is algebraically degenerate. Therefore A has no zeros. Q.E.D.

THEOREM 3. Homogeneous polynomials H, (n=2) of wy, -, w, with degree
d™ inductively defined by

n-1_,

H,(w,, -+, wa) = Hi(H, _1(wo, -+, wy_y), Wi Wa)

have the property (H).
We prove more precisely

THEOREM 4. Let f and g be algebraically nondegenerate holomorphic map-
pings of C into P"(C) with representations F=fo -, fn) and F=(go, -+, gn)
respectively. If

Hn(go: Ty gn): aHn(fo; ttty fn) (4-6)

holds for some entire function a without zeros, then

gi=pfi O=j=n),
where B is an entire function such that B*" =a.

Proor. We proceed the proof by induction on n.
For n=1, let A and B be entire functions such that f/A and /B are
reduced. Then, [(4.6) changes into the form

e (&0 &\ _ aag(fo S1
BB F) = adH( 1 ).
says that A/B is an entire function without zeros. Hence, we can
use and obtain

g/ B=pifo/A and g/B=pifi/A,

where 8, is an entire function such that 8,*=a(A/B)*. Put =g,B/A, then
we get the conclusion for n=1.

Assume that the result is true for n—1 and consider the case for n. Since
we can rewrite the identity into the form
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dn—l

H1<Hn_1(go, ttty gn—l)p godn_l—lgn> - aHl(Hn—l(fO) Y fn-l)y fo —an),
it follows from the above result for n=1 that
Hn_x(go. oy Gnor) = ,BlHn-l(fo; oy fuct) (4.7)
and
2" lgn = Bifot" T M, 4.8)

where B, is an entire function such that §,°=a. By the assumption of induc-

tion and [(4.7), we have
gi=Ppf;i O=7=n-1), (4.9)

where B is an entire function such that 84" '=g,. By using [£9)and 82"~ =g,,
we obtain from

gn = Bi(fo/80%" T u= Bl/B T = BiBL/ B fu = B
Also, we have B¢ =(8*" )¢=p,%=a by %" =B, and B,’=a. Q.E.D.
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