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§1. Introduction.

In 1970 Lawson [2] showed that for a simply connected Riemann surface
M there exists a bijective correspondence between minimal immersions of M
into S® and isometric immersions of M into R® with constant mean curvature
(#0).

As a generalization of surfaces of constant mean curvature H=+0 (in abbre-
viation H-surfaces), we can consider solutions of

L1 ar =2t n 3L,
where (x, y) is an isothermal coordinate system,
02f 0*f
Af = 3y
and

afzafa afzafa

_ai a_f— afanu afsafl

ox' "0y | dx dy 0y ox

(see §2).
In this paper we shall show the following generalization of Lawson’s result.

THEOREM. Let M be a simply connected Riemann surface. Then there exists
a bijective correspondence between

{o: M — S*|¢ is a harmonic map}/SO(4)
and

{f: M —> R?|f satisfies (1.1)}/SO3)x R®.
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If f is isometric so is ¢ and vice versa. This part of correspondence is
exactly one cited above in [2] by Lawson. Therefore our proof gives an alter-
native proof of Lawson’s result in [2].
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§2. Preliminaries.

Let (M, g), (N, h) be Riemannian manifolds. A map ¢ from M into N is
called harmonic if it extremizes the energy functional

_1 ;
Eg) = | 1dpl*dVoly
on every compact subdomain of M. The Euler-Lagrange equation for E is

2
oM g — T+ T 37 g%} 0
in local coordinates, where the [" are the Christoffel symbol of M and N.
Now let M be a simply connected Riemann surface and N a compact Lie
group G with its Lie algebra g.
Let £ be the Maurer-Cartan form on G and a a g-valued 1-form on M.
Since M is simply connected, a=¢*{ for some map ¢: M—G if and only if
« satisfies the Maurer-Cartan equation

2.1 da+%[a/\a]:0,

where [aAalX, Y)=2[aX), aY)] for X,YeTM. ¢ is unique up to left
multiplication by an element of G.
And ¢: M—G is harmonic if and only if a=¢*{ is co-closed, i.e.,

(2.2) d*a =0
(see [3], [4D.

So if we consider harmonic maps from M into G, it suffices to consider g-
valued 1-forms @ on M satisfying and [2.2).

For harmonic map theory we refer to [1] as a survey article.

Let M be a Riemann surface. For a 2-form # on R® such that d0=2Hdx!
Ndx*Adx® (H=R~\{0}), we call f: M—R® is an H-surface (a surface of con-
stant mean curvature H) if it is conformal and extremizes the functional

Outf)=EN+| 1o

on every compact subdomain of M.
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In an isothermal coordinate system a simple computation shows that the
Euler-Lagrange equation for @ is [I.I). So we can consider solutions of
as a generalization of H-surfaces. For geometric meaning of @5 see [5, p. 180].

§3. Duality.

We consider R® as a Lie group under addition. Then its Lie algebra is
R*. The Maurer-Cartan form » on R® is given by

1 0 0
n = (0 )dx’-!—( 1 )dx2+(0 )dx3 .
0 0 1

Let M be a simply connected Riemann surface and 8 an R®-valued l-form
on M. Since M 1is simply connected, f=f*y for some f: M—R?® if and only
if B satisfies

3.1 dB=0.
f is unique up to addition by an element of R®.

LEMMA 1. f: M—R® satisfies (1.1) if and only if B=f*n satisfies
(3.2) d*B+Hx(BAR) =0,

where * is the Hodge star operator on M and BAB=2aANbdxAdy for f=adx
+bdy (a, beR?®).

PrOOF. We take an isothermal coordinate system on M.
Since

B=rm

= (s )dx+(f*77)(a )dy
0 of’
- 7](121 8]:876’>d +1]<le 6];) axf)dy

of
3y dy

_of
T ox

458 = —xdsf
—_——*d*(af dx+a—f )

= —*a’(gf dy— g§ )

dx+=—
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- (SZCJngf)d Ady
~(ZL+% ) (dx ).
And
anp=(Lacr 2 ) (gfdx—i-gf )
———(g AYIIN: +(gf/\af>dy/\da

= ( af)dx/\a,'y ]

Note that an element of R® acts on solutions of as a parallel displace-
ment and an element of a Lie group G acts on harmonic maps into G. We
are now in a position to prove the main lemma.

LEMMA 2. Let M be a simply connected Riemann surface. Then there exists
a bijective correspondence between

{o: M —> SU@2)|¢ is a harmonic map}/SU(2)
and
{f: M —> R?|f satisfies (1.1)}/R®.

ProoF. It is easy to see that equations and are equivalent to

3.3 d*(xf) =0,
3.4 dxB)—H*BA*B) =0.
We define a bijective map
¢: R — 2u(2)

by

x! ( ixt — x4 xt

el | x? = )

X xi4-7xt —ixt

for

xl
x?le R,
x3

Then we have ¢(aAb)=—[¢(a), t(b)]/2 for a, beR®. ¢ is extended to a map
from R°®-valued 1-forms on M into &u(2)-valued 1-forms on M. We also denote
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it by «.
Then using the Hodge star operator * we can define a “dual” map ¢o*. An
easy computation shows that equations and are equivalent to

(3.5) d*(c(+p) =0,
3.6 )+ STDAI = 0.

Since we may assume H=1 by rescaling, equation is the Maurer-
Cartan equation for 8u(2)-valued l-forms on M and is harmonic map equa-
tion (see and [2.2)). So we can obtain a harmonic map from M into
SU@Z). =

We identify SU(2) with the standard unit 3-sphere S*® by

y 1

0_|_' 1 __ M2 748
(ﬁzﬁfw iofﬁi ) €SUQR) < (0", ¥4 ¥, ) € 5°

and take a coordinate system {u?, u?, u’} with

j

G=123

W =

\<|\<

0
in {(»° 2%, ¥% ¥)1¥° =0t S
LEMMA 3. The Maurer-Cartan form § on SU(2) is given by

N ON — Wy +1w,
C - ( 0)2+ia)3 _Z'(Ulv ) ’
where

1
w; = m(du‘—ﬁduz—{—uzdus),

1
Wy = m(duz-uldu3+u3dul>,
s 1 (du*—udu'+u'du®).

- 14+ 303 (w)?
PrROOF. It is an easy exercise. So we ommit the proof. m

If we consider SO(3)x R® action on solutions of and SO(4) action on
harmonic maps into SU(2)=S®, we obtain the following main theorem.

THEOREM 4. Let M be a simply connected Riemann surface. Then there
exists a bijective correspondence between
{p: M —> S*|¢ is a harmonic map}/SO4)
and
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{f: M— R?| f satisfies (1.1)}/SOB)x R®.

PROOF. We may assume H=1. Let f be a solution of and ¢ a cor-
responding harmonic map in Lemma 2. Then

3.7) ~L —pro)  U=123

(3.8) U = g (—aéy—) (=1,2, 3).

Put w/.p=¢’ (=1, 2, 3). Then by

P N

610 o =G e s

@11 5 =G H e P

3.12) S = e D

(3.13) %—]; = (Q%Z ¢ %gfv +¢3%§)m,

@19 O R e
]71

¢ ¢
Let A=S0O(3). Put ({c ) Af and ( ;) A(goz). Then a direct computation
¢ 4
shows that in (3.9)-(3.14) we can replace f*' (=1, 2, 3) and ¢’ (i=1, 2, 3) with
7 G=1,2,3) and ¢' (=1, 2, 3). Note that SU(2) is inclused in SO4) by

yo _yz _yl _ya
y0+l'y1 _y2+zy3 yz yO _yB yl
( 2 T3 0o__, 1) 1 3 0 2
yi4iy® Y1y vy y y

ys _yl yz yo

Since for any element A’€S0(4) there exists a decomposition

= A”(é 2

such that A”7eSU(2) and A=S0O(3), the theorem is proved.

AI
|

PROPOSITION 5. In theorem 4 conformal (resp. isometric) harmonic maps
correspond to conformal (resp. isometric) solutions of (1.1).
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PRrROOF. For (»°, y', ¥% »*)=S°® we use a coordinate system {v!, v%, v°} with

L)1

R TS IO
. 2v!
Y =TS T e
1+2j=1 (v])
. 2v°
Y =TSy e
1+2j=1 (U])
3 20°

R R R

(this is a stereographic projection) in {(»°, »*, ¥ ¥5)eS*|y°#1}.
Then

Q,

.15 o M
(8.15) O = S I

(7=1,2,3),

where
2, = 2(— W)+ @)+ ) —Ddv'— 4 + v dv* +4(*—v* ) dv?,
2, = 2(— W)+ )+ ) - 1) dv*— 4w +v*®) dvP +40* — v dot,
Q5 = 2(— @2+ W)+ )2 — 1D dv — 42+ v o) dvt +-4(v —v2®) dv’.

Let f be a solution of for H=1 and ¢ a corresponding harmonic map.
Put vep=¢’ (j=1, 2, 3). Then by [3.7), and a direct computation

shows that

of of _ 4 dp 0p

ox 0y (o (¢)P+D)Fax oy

0f\2 4 00 \?
(W) - <22:l<<pf>‘~"+‘1“>2(a*f) ’

Of \? 4 dp\?
<37> - (Z§=1(g07)2+1)2<5gy€> '

Since the metric of S? is given by

4 3 ) )
A(—-*Zg‘:l <Uj>2+l)2 ng dv’@dvf ’

the proposition is proved. m®
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