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Extremal almost periodic states on C*-algebras
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1. Introduction.

Let (4, G, @) be a C*.dynamical system, namely, a triple consisting of a
C*-algebra A, a locally compact group G and a group homomorphism @ from
G into the automorphism group of A such that G=t—a;(x) is continuous for
each x in A. Assume that A is unital for a while (it will be irrelevant in Sec-
tion 2 whether or not a C*-algebra possesses the identity). Then the state
space of A is weakly* compact. In decomposition theory of states (cf. [1, 4.1-
4.47), we are interested in decomposing a given state as a convex combination
of states which are extremal points of some closed convex subset of the state
space endowed with the weak* topology. The closed convex subset might be
given directly by some physical requirement. In the covariant situation, usually
the set of a-invariant states is considered as such a closed convex subset.
Extremal points in the set of a-invariant states are called ergodic states (or a-
ergodic states), and some of their characterizations are given in [1, Theorems
4.3.17 and 4.3.207.

Now assume that G is a locally compact abelian group. Recall that a
state ¢ of A is called an almost periodic state if, for each x in A, the function
Got—@(ax)) is the uniform limit of a family of finite linear combinations of
characters of G. Then we turn our attention to considering the decomposition
of a given state into the weak* closure of almost periodic states (cf. [1], [2]).
Here note that every a-invariant state is automatically almost periodic. At the
first stage in this paper, we shall examine conditions under which an a-ergodic
state becomes an extremal point in the weak* closure of almost periodic states.
When an a-ergodic state becomes an extremal point in the weak* closure of
almost periodic states, such a state shall be named an ergodic state of almost
periodic type, together with the explicit definition, in Section 2. We shall con-
sider also the class of states corresponding to centrally ergodic states (see [1,
§4.3.2] for the definition of a centrally ergodic state), and every state belong-
ing to such a class shall be called a centrally ergodic state of almost periodic
type, whose explicit definition shall be given later. In the latter half of this
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paper, it is shown that centrally ergodic states of almost periodic type ¢ and ¢

are quasi-equivalent if and only if (p+¢)/2 is a centrally ergodic state of almost
periodic type.

2. Ergodic states of almost periodic type.

Let (4, G, @) be a C*-dynamical system where G is a locally compact
abelian group. Let ¢ be an a-invariant state of A and (zx,, u?, H,, §,) be the
GNS covariant representation associated with ¢, that is, 7, is a representation
of A on the Hilbert space H, with the canonical cyclic vector §, and u? is a
strongly continuous unitary representation of G on H, defined by

ugo(xgp(x))ép - ﬂgﬁ(at(x))sp

for x&A and t=G. Note that
mola(x)) = uf(m (x)uf* .

Then the spectral decomposition of u? is given by

u? = §A<t; T>d1D¢;<r)y
Yo

where dP, denotes the projection-valued measure on the dualjgroup G of G.
For simplicity, we use the notation

(1) = P,({r}).

Then the point spectrum o(u?) of u? is defined by
o(u) = {reGlp, ) # 0},

and this definition implies that y<o¢(u?®) if and only if there exists a non-zero
eigenvector 7, in H, such that

ufny = <&, 19;
for all ¢ in G. Define the projection p, on H, by

be= T p1),
reG
and we refer to p,H, as the subspace of u?-almost periodic vectors.

For r=a(u?), p,(7) is the projection from H, onto the subspace formed by
the vectors invariant under the unitary rpresentation yu¢ of G defined by G=
t—<t, ro>uf. It then follows from the Alaoglu-Birkhoff mean ergodic theorem
([1, Proposition 4.3.4] or [3, 7.12.3]) that p,(y) is strongly approximated by
convex combinations of 7u®. We therefore see that p,(y)sug”, and hence p,=

G »
u§”, equivalently ug'C{p,}’. We shall often use this fact without comment.
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DEFINITION 2.1. An a-invariant state ¢ of A is called an ergodic state of
almost periodic type if

7:'97(14)'(/\{??}/ =C-1.

Note that in the case when A is unital, every ergodic state of almost
periodic type is an extremal point in the weak* closure of all almost periodic
states. In fact, if 7=, (A)YN{p.}'=C-1, the maximal orthogonal measure p cor-
responding to m,(A)N{p,}’ is pseudosupported by the extremal points in the
weak* closure of all almost periodic states ([1, Proposition 4.3.417). Since the
dimension of z,(A4)N{p,}’ is one, p is the one point measure at ¢ (cf. [1,
Theorem 4.1.257), from which it easily follows that ¢ is extremal in the weak*
closure of all almost periodic states.

Recall here that an a-invariant state ¢ of A is said to be a G-central state
of almost periodic type if for each x, yEA4, z=n,(A), =G and &, n=p H,,
the following is satisfied:

inf|(z,([x', ¥1)z&|7)| =0,

where the infimum is taken over all x’ in the convex hull of {{{, r>a/(x)|t=G}
(see [2, 2.2]). The notion of a G-central state of almost periodic type was
introduced in [2] in order to consider the subcentral decomposition of an a-
invariant state into almost periodic states. An a-invariant state ¢ is said to be

Gr-abelian when z is chosen as 1 in the above definition (see [1, Definition
4.3.297).

THEOREM 2.2. Let (A, G, a) be a C*-dynamical system where G is a locally
compact abelian group. Let ¢ be an a-invariant state on A. Consider the follow-
ing conditions:

(1) p, has rank one.

(2) ¢ is an ergodic state of almost periodic type.

(3) m (A Nm A N{p,}'=C-1.

Then it follows that (1)=(2)=@3). If ¢ is a Gr-abelian state, then (2)=(1).
If ¢ is a G-central state of almost periodic type, then (3)=(1).

Proor. (1)=(2). Since p,=p,0) and p,(0)§,=§,, it follows from cyclicity
of &, for m,(A)” that T (ANJ{p,} is irreducible.

(2)=(3). This is obvious.

We first assume that ¢ is Gr-abelian. We now show that the implication
(2)=(1). Since 7w (A)Nug'Cr (A)N\{p,}'=C-1, ¢ is a-ergodic. Thus it fol-
lows from [1, Theorem 4.3.31] that for y=e(u?), there exists a unitary element
v,Em,(A) such that
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for all t=G and that
{vyex (A lreecu?)}” = n (A N{p,} =C-1.
Hence we have
vy = ufvuf* =<8, 1oy

for all ¢ in G, which means that y=0. We thus conclude that p,=p,(0). Since
every Gr-abelian state is automatically G-abelian (see [1, Definition 4.3.6] for
the definition of a G-abelian state), it follows from [1, Theorem 4.3.17] that
ergodicity of ¢ implies that p,(0) has rank one.

Next we assume that ¢ is a G-central state of almost periodic type and
show the implication (3)=(1). Since every G-central state of almost periodic
type is Gr-abelian, we have only to prove the implication (3)=(2). Since
(A N A Nug' CTr (A)Y Nr (A N {p,}'=C-1, ¢ is centrally ergodic. Since
¢ is automatically a G-central state (see [1, Definition 4.3.6] for the definition
of a G-central state), central ergodicity of ¢ implies that ¢ is a-ergodic (see [1,
Theorem 4.3.14 (3)]). It therefore follows from [2, Theorem 2.4] that

r (ANt = m (A Nr A NP} =C-1.
Thus we complete the proof. Q.E.D.

Let m be an invariant mean on G. For an a-invariant state ¢ on A and
each =G, we define a linear map Q¢ from x,(A)” onto the closed subspace

{x € m (A |@(x) = upxup* =<t, yx for all t € G}
by
Qf(x), ¢> = m(ra)x), ¢y)

for xen,(A)” and ¢=n,(4)"%, where y@ is defined by

(ra(x) = <t, 1>a(x)

for all xer,(A)”. Here it is significant to note that Q¥ maps the center of
m,(A)” into itself. This fact immediately follows from the definition of Qf and
will be used in the proof of

THEOREM 2.3. Let (A, G, &) be a C*dynamical system where G is a locally
compact abelian group. Let ¢ be an a-invariant state on A. Consider the follow-
ing conditions:

1) m (AN {p,}'=C-1.

(2) P, has rank one.

(3) ¢ is an ergodic state of almost periodic type.

Then it follows that (1)=(2)=(3). Moreover, (1) implies that &, is separating
for =, (A). Conversely, if &, is separating for m,(A)”, then conditions (1)-(3)
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are equivalent.

PrOOF. Since 7w, (A)"Nuf' Cr (A)"N{p,}’, it follows from [1, Theorem
4.3.207 that condition (1) implies that &, is separating for =,(A)” and that p,0)
has rank one.

(1)=(2). We have only to show that p,=p,(0). Note that Q¢(zx (A4)")C
n (A N{py}'=C-1 (see [2, Lemma 3.1]). This means that Qf(rx,(A4)")={0}
for any 7+0. Since &, is separating for =,(A)”, the point spectrum of the
automorphism group & of w,(A)” coincides with o(u?) (see [1, Theorem 4.3.27]).
Hence we see that ¢(u?)={0}. This means that p,=p,(0).

(2)=@3). This follows from

We assume that &, is separating for 7z, (A)” and show the implication (3)=
(1). Let S be the closed antilinear operator on H, defined by

Sx§, = x*&,
for x&n,(A)”. We then have
Sufxb, = Sufxuf*§, = ufx*uf*§, = ufSx§, .

Since 7, (A)"§, is a core for S, we obtain that Suf=u¢S. Hence the uniqueness
of the polar decomposition of S shows that juf=u{J, which means that Jp,(7)
=p,(r)J for all reg, ie., Jb,=b,J, where J denotes the modular conjugation
associated with &, (cf. [1, §2.5.2] or [3, 8.13]). Since Jr,(A) J=7r,(A4), we
have

T AV Nt = Tz (AN b)) -

Since m,(A)YN{p,}'=C-1, we obtain condition (1). Q.E.D.

LEMMA 2.4. Let (A, G, @) be a C*-dynamical system where G is a locally
compact abelian group. Let ¢ and w be a-invariant states on A. Asswme that
n, and w, are quasi-equivalent. Then m (A)Y' N\w(AY N\ {p,}’ is isomorphic to
To(A) NT(A) N Do}’

PrROOF. Let r be an isomorphism from =,(A)” onto x,(A)” such that
(my(x))=m,(x) for all x&A. Since

t(ufm (x)uf*) = v(w(a(x) = mola(x)) = ufm,()up* = upr(z (x)up*
for all x= A and since r is ¢-weakly continuous, we see that
t(ufxuf*) = upr(x)uy*

for all xer,(A)”, i.e., 7 is G-covariant. Take any element x from = (4)"N
T (AYN{p,}'. We then have

(PeMx§,ln) = m((ru?x&, | 9) = m(Quxus*§,| ) = (Qf(x)E, 1)
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for all p=H, and some invariant mean m on G. We therefore have

p(Nxé, = Q¥(x)E,.
We then assert that

x = ,_?_, Q¥ (x).
For yer,(A)”, in fact, we have

18, = yx§, = yxp &, = Vp,x&,
=y S‘F; pe(Nx&, =y 2; Q¢(x)6, = ; Qf(x)€, .
Since
uT(Qf(x)Nud* = r(ufQe(x)uf*) = (<, rrQ¢(x)) = <&, 1>r(Qf(x),

we see that 7(Qf(x))=Qf(w,(A) )T {p,}" and thus t(x)=7(3,Q¢f(x))< {p.}’. Since
it is clear that t(x)=rn, (A)’N\w,(A), we conclude that r(x)=zn,(A)Y "\7,(A)
N {po}’, from which it follows that 7(z (A" N\x,(A)N{p,} )CTr(A) N7T(A)
M\{p}'. Since the above discussions are valid also for z~!, we obtain the
reverse inclusion. Q.E.D.

DEFINITION 2.5. An a-invariant state ¢ of A is called a centrally ergodic
state of almost periodic type if

T (A N (AN {p,} =C-1.

Note that every centrally ergodic state of almost periodic type is always a
centrally ergodic state. It is well known that centrally ergodic states ¢ and
¢ are quasi-equivalent if and only if (¢-+¢)/2 is a centrally ergodic state [1,
Theorem 4.3.197.

THEOREM 2.6. Let (A, G, @) be a C*-dynamical system where G is a locally
compact abelian group. Let ¢ and ¢ be centrally ergodic states of almost periodic
type. Then ¢ and ¢ are quasi-equivalent if and only if (p-+¢)/2 is a centrally
ergodic state of almost periodic type.

PrOOF. If (¢+¢)/2 is a centrally ergodic state of almost periodic type, it
is a centrally ergodic state. Hence ¢ and ¢ are quasi-equivalent. Thus we
have only to show the necessary condition.

Assume that ¢ and ¢ are quasi-equivalent. Let p be an isomorphism from
m,(A) onto my(A)” such that p(z,(x))=ny4(x) for all x=A. Then p is G-
covariant from the proof of Lemma 2.4 Define

H=H,DH,, T = 1,D7,, u = u*Pu?.

Then we denote by FE the projection from H onto the closed subspace
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[a(AXE,DEy)].
Put
o = (p+¢)/2.
Then the GNS representation (z,, u®, H,) associated with @ is identified with
the subrepresentation of (x, u, H) determined by the projection £ in zn(A).

Any element in 7(A)” is a ¢-weak limit of elements of n,(A)XDr,(A). Since p
is g-weakly continuous, the map from z,(A)” onto n(A)” defined by

T, (A) = x —> xDp(x) € n(A)”

is an isomorphism. Define an homomorphism z from =, (A)" onto m,(A)"
=n(A)"E) by

T, (A) 2 x —> (xDp(x)E € m,(A)" .

We now assert that r is an isomorphism. Since E€ug’ and p is G-covariant,
we have
t(ufxuf®) = (ufxui*)Doufxuf*NE = (ufxuf*Quf p(x)uf*E
= (u(xDp(X)uHME = u,(xBp(x)E)u*
e utT(x)u;* .
Thus 7 is G-covariant. Hence the central projection in 7,(A4)” corresponding to
the kernel of 7 is G-invariant, i.e., the projection belongs to 7 ,(A)" Nw,(A)Y Nug'.
Since 7 (A" Nr (A Nug' Cr (A" Nr (A)YN{p,}'=C-1, such a projection is

exactly zero. Thus ¢ is injective.
Since

(7, (%)) = (r ()P p(m(XNE = (7 X)DrGg(XNE = m(x)E = 7, (x)

for all x€A, n, and =, are quasi-equivalent. It therefore follows from Lemma
2.4 that

C-1=a,(A)'Nr AN D} = mo(A) Nro(A) N{ba}’

Therefore w is a centrally ergodic state of almost periodic type. Q.E.D.
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