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1. Introduction.
In this paper, we shall consider the Cauchy problem of Hamilton-Jacobi
equation in R™*!:
{ Ui+ f(uz) =0 in D={{t, x)eR™;t>0},
u(0, x) = ¢(x) on dD,
where f<C=(R™) is uniformly convex i.e. there exists ¢>0 such that

f”(p) = [fpipj<p)]lsi.jsn g CIn

(L.1)

and = P(R™).

Because of the nonlinearity of f, we cannot generally expect the global
smoothness of solutions of [I.I). That is, singularities appear. Our purpose is
to describe geometrically formation and propagation of their singularities.
Hence we consider in a weak sense. A generalized solution of is a
Lipschitz continuous function u satisfying almost everywhere and having
semi-concavity property: there exists K=0 such that |

(1.2) u(t, x+y)+ult, x—y)—2ut, x) < K|y|*

for any ¢, x and y.

Global existence and uniqueness of generalized solutions for [(1.1) was estab-
lished by Douglis and Kruzkov for example. See also Benton [2].
But we are interested in the geometrical description of singularities of solutions.
In this context, Tsuji [10], [11]. studied formation and propagation of their
singularities explicitly in case n=1 and 2. He used the theory of singularities
of mappings of the plane into the plane obtained by Whitney [13]. Our work
is much inspired by his and aims an extension of his results to the case of
general space dimensions. Similar results have been obtained by many authors
for conservation laws. See, for example, Debeneix [3], Nakane and Schaeffer
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After [12], we shall construct concretely the solution of by the method
of characteristics. Generally speaking, it becomes multi-valued in finite time.
By virtue of the singularity theory of C*-mappings in higher dimensional spaces,
we shall clarify its structure as a multi-valued function. In fact, we shall
show that under some assumptions, its graph has swallow’s tail as singularities,
as is pointed out in Arnold [I]. Thus it becomes triple-valued. See Figure 2.
We can find which branch of three values to take in order to get a single-
valued continuous solution. At the same time, we shall see that its singularities
correspond to “Maxwell’s line” in the graph. Thus we obtain the generalized
solution of and describe its singularities geometrically.

2. The method of characteristics.

Here, we shall construct the solution of concretely by the method of
characteristics. The characteristic line through (0, ) associated with is
the solution of the following:

=1, 0=y,
(2.1 p=0, p0) = ¢'(y),
v=—f(P)+<p, F'(pY,  v0) = ¢(y).
That is, it is written by

x=x@, y)=y+tf'(¢'(y),

(2.2) p=p, 3)=¢'(y),

=u(t, ¥) = ¢(¥)+H— (' (¥)N+L' (D), f'(@'(PID).
Associated with this, we define C*-mappings H,: R}—R% and H: R ,—RY' ),
as follows:

H(y)=y+tf(¢'(y), Ht, y)=(, H(y)).
Then, the solution u of is expressed by

u(t, x) =v(H"'(t, x)),

which is C* at (¢, x) which is not the critical value of H. But near the critical
values of H, u may become multi-valued. Hence, in the next section, we con-
sider the singularities of H.

3. Singularities of mapping H.

Let J(H) (respectively D(H)) be the jacobian matrix (respectively the
jacobian determinant) of mapping H. Then, by a direct calculation, we have

JH) = Li+tf"(¢" (30" (v),
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1 0
](H)~[* ](HJ],

D(H) = D(Ho) = TL(L+t2()).

Here A,(y), 15i<n, are eigenvalues of f”(¢'(y))$”(y). We assume
(A1) () < 2(y) < -+ < Aa(y),
(A.2) minA(y)=A4(")=-M<O,
Y
(A.3) the singularity of 4, is non-degenerate, i.e., Ay(y)=0 implies that
A{(y) is invertible. '

REMARK. (1) In (A.1), we have only to assume the simplicity of the
minimum eigenvalue A,(v).

(2) Set t*=1/M. Then D(H)>0 if t<t* and D(H)?’, y*)=0.

(3) (A.2)-(A.3) imply A/(¥°)>0.

Under these assumptions, we shall show that the singularities of H must
be fold or cusp near (¢°, ¥°). In order that we give some lemmas.

LEMMA 1. - By any rotation around y°, eigenvalues of J(H) are kept invariant.
PrROOF. Let x=A(X—y%)+y°, where A=O(n) and w(t, X)=u(¢, x). Then
w satisfies
1.1y w+gwx)=0, w0, X)=¢X),
where g(9)=f(‘Bg), B=A"! and ¢$(X)=¢(x). A direct calculation shows
g"¢"=Bf"¢”A. This completes the proof.

LEMMA 2. By taking A=O0(n) appropriately, we may assume that the n-th
column vector of C=J(H,o)Xy°) is zero.

PRrOOF. Note that rankC=n—1. Let a, be the unit eigenvector of C
associated with the eigenvalue 0 and let a,, a,, -+, @, be an orthonormal basis
of R™ containing @,. Then A=[a, ‘- a,] is the desired matrix. This completes
the proof.

LEMMA 3. There exist at least one non-zero principal minors of C of order
n—1.

ProOF. Let g(s, y)=s"D(Hy;s)(y)=II%=1(s+4()). Then gy(—=24(y°), )=
2 (A:(¥")—24,(»°)>0. On the other hand, by a direct calculation, it follows
8s(—2A(¥%), ¥°) = (—A(y° )"
X {sum of all the principal minors of C of order n—1}.

These imply the assertion of this lemma.
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From Lemmas 2 and 3, we have

LEMMA 4. The following C*-mapping h: R ,— Ry, is a diffeomorphism
near (t°, y°):

t=t,
h:{Yi=y+tfp(8'(y), 1=i<n-1,

We write its inverse A~':t=t, y;=b,(t,Y), 1=i<n. Then b,(t,Y)=Y, and
b;, 1=i<n—1, satisfy

(3.1 Yi=0bit, Y)+1fp,(@'(b(, Y))).
Now, the mapping H,=H-h~' is expressed by
t=t,
H1 . x, - Y,,
Xn =Y +tfp, (9B, V).

In what follows, we consider them only near (¢°, ¥°) or near (¢°, Y°)=h(z°, y°).
Let X'=3'(H,)={¢, Y)eR"*';0x,/0Y ,=0} and XI"'=3'Y(H)={{, Y)e3';
0%x,/0Y2=0}. Then we have

PROPOSITION 5. The point in X" is a cusp point of H,.

PrOOF. We use the characterization of singularities obtained in Morin [7].
An easy calculation shows

2t={(t, V)eR""; 14+t2,(b(t, Y))=0},
Sul={(t, V)EI1; 0A(b(t, Y))/8Y n=0} .
We consider 0°x,/0Y% and 0%x,/0t0Y , on 2**. Then, on 3!
0°x0/0Y3 = D)™ I (L+E2(b)M0*2,/0Y 3,
0°4,/0Y}, = <by,, by, >-+<25, 0°6/0Y %> >0,
0%x,/010Y » = D(h)~! 1=12 A4-12,00,(b) = 0.

Thus, we have 0°x,/dY}, 0%x,/0t0Y ,+#0 on 3Z*'. These imply that the point in
24! is a cusp point of H,.

LEMMA 6. X' is a C*-submanifold of R™* of codimension 2 parametrized
by Y.

ProOOF. This lemma follows from the implicit function theorem and the
fact:



Formation of singularities 93

0(14-t4,, 02,/0Y »)

tet 21+tgall/ayiabi/at 3%2,/0t9Y
at, ¥ ) =ae

t02,/0Y » 0%2,/0Y%
= 40°4,/0Y; #0 at (1, Y").

The following lemma is easy to see.

LEMMA 7. Hy(Z"')is a C*-submanifold of R™*' of codimension 2 parametrized

’

by x’.
4. Singularities of the graph of the solution.

Now, we define C*-mappings which describe the graph of the solution of
and study its singularities. Let
H;: T('tfé,) —> R?z’,"i.w
t=t,
H,:{ x=y+tf'(¢'(y),
v =@(¥)+t— (@ (N+<d'(3), [/ (@ (),
Hy=Hy,-h™': Ry, — RY'%
I t=t,
=Y,
H,:
1 Xn=Yottfo,($'(D)
v = @(b)+t(—f(P'(B)+<p’(b), f'(§'(B))),

. 2 2
H4 . R?&Ty,zn) > R?tfr,w)

t=t,

Xi= yl+tfpi(¢,(y))) 1§Z—<.—:n_1’
H,:

Xn = Xn,

w=v+¢, (YN Xa—Yn—tfp, (" (),
Hy=Hyhi': RU§Y 2, —> RE&S w

t=t,
x; =Y, 1£i€n—-1,
H;:
Xn = Xn,
1 w = U+¢yn(b)(xn_‘Yn'—tfpn(¢,(b)))’
where h,(t, ¥, x.)=(h(, ¥), Xa).
Then, it follows

LEMMA 8. D(Hy) = wy, = A(t, Y)Xxa—Yo—tf, ('), where A(t, Y)=
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27100:/0Y -0°¢ /0.0, <0.

PROOF. By a direct calculation, we have
n-1 n
Wy, = Alt, y)(xn"yn'—tfpn)+ i§1 ¢y,;(bi,Yn+tj k2=_1fpipj¢yjykbk.Yn)-
On the other hand, by differentiating [3.1) by Y., we have

4.1) 0= bi,Yn+t fpipj¢yjykbk,yn (1=i=n—1).

Js

Thus, the first part of the assertion is proved. Next, from it follows

n
2
k=1

igl bi'anSyiyn = ¢Un1/n(1+tj %1fpnpj¢yjykbk’yn)

—1 Bynvif pinPvjupber, = L—1.

n
i,7, k=1
Here,

I, =¢y,y,X{n-th element of (I.+tf"¢")by,},

I, = tX(n-th element of ¢”f"¢"by ).

From Lemma 2 and [4.1) it is easy to see that by =%0,---,0,1) at (°, ¥9),
which implies /;=0. On the other hand, at (°, Y°), we have

I =1@" ["¢"by,, by,> =t{f"¢"by,, ¢"by,> = ct|§"by, |*.
Here we use the uniform convexity of f. Now suppose ¢”by =0. Then,
by,=—tf"¢"by,=0 at (#°, Y°), which is a contradiction. - Thus I, must be
positive. This proves the latter part of lemma.

We set S'=XYH;)={t,Y, x,)€R"?; D(H;)=0}. Then says
Si={x,=Yo+ifp,(¢'(D))}. Hence H;|st=H, Furthermore, if we set X"1=
U H)={0w/oY ,=0*w/0Y:=0} and 2X"''=3t1YH,)={0w/0Y ,=0*w/0Y 2=
0*w/dY =0}, then says 0*w/dY%, 0*w/0tdY ,+0 on Z**'. [Lemma
8 implies 0*w/0x,0Y ,=A(t, y)+0. Again, by the results of [7], we have

PROPOSITION 9. The point in X" is a swallow’s tail of H;.

PrROOF. We have only to show that, on 3"**! the rank of the mapping
M: R"**-R? defined by M, Y, x,)=0w/0Y ,, 0*w/0Y2, d*w/dY3) is equal to
3. A direct calculation shows

oM
a(t; Ya, xa)

on 2"*'. This completes the proof.

— A, V)20 w/0Y -0 w/010YE + 0

Now, we shall find a system of coordinates which gives the canonical form
of swallow’s tail. Since 0*w/0Yi=—tA(t, Y)D(h)'0%2,/0Y2 >0, the unfolding
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theorem in shows that there exist C>-functions k=%, Y, x,) and
a;=at,Y’, xn), =1, 2, 3 such that

w=k*/4—a,k?/2—ask—a, and 0k/OY,+0.

Then, 3:"'={({, Y, x,): k=a,=a,=0}. Define, for each Y’ fixed, C*-mappings
as follows:

1w1<t; xn) = (al(t; Y'r Xn), aZ(tr Y’; Xn)),
M2<t: Yn; xn) = (al(t’ Yv,y xn); aZ(t, Y,: xn): k(t} Y, xn))-

The proof of shows that these are diffeomorphisms. By the
coordinate transformations :

P: R'(‘:in.xn) —> R?T“L,ZZ.X,Q
T = al<t) YI; xn),
z =Y,
P:
l Zn=k(t,Y, x2),
Xn == az(t, Y,; xn)y

. 2 2
Q: Rr(ttfx,w) > Rr(LTH‘F.Z’.Xn,W)

T = al(t; JC),
0: | Z=%
) Xn= a2(t; x)r

W = w+tas, x).
H, is transformed into Hy=Q-H;°P~': R’('ﬁzz,xn>—>R'(‘Ffzr,Xn,W) which is written
by

T=T,
7=z,
H, :
1 Xn = Xn,

Thus we have obtained the canonical form of swallow’s tail. The self-inter-
section submanifold, what we call Maxwell’s line, is expressed by {W=
—T?/4, X,=0, T>0}. In (¢, x, w) space, it is expressed by {w=—a%/4—a,,
a,=0, a,>0}, whose projection on (t, x) space is I'={a,=0, a,>0}. Since
0a,/0x,=—A0h/0Y ,#0, I' is parametrized by (f, x’). We express it by
x.=¢(, x’). The boundary oI of I' is expressed by {a,=a,=0}, which is
parametrized by x’. It is easy to see that d/'=H,(2*'(H,)). From the argu-
ment above, we can express the graph of the solution of See Figure 2.

EXAMPLE (See Arnold [1]). Let n=1, f(p)=p%/2, ¢(x)=--3x**/4. Then the
solution of the characteristic equation is:
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x = y—ty'l*,

S. NAKANE

v= —3y43/44-ty2%/2.

Let Y=y'%, Then the mappings H, and H, are written by

H,:

H,:

Thus H, is the canonical form of swallow’s tail.

not belong to 9(R).
the formation of singularities

<

P,

t,
x=Y'—tY,
v=—3Y*/4+1tY*/2,

t,
x=2x,

w=Y*4—1Y?*/2—xY .

5. Structure of u as a multi-valued funection.

In the previous section, we have got a geometrical structure of the solution
u of as a multi-valued function. In this section, we study analytically its

structure and get a single-valued continuous solution.

says that H1! is triple-valued in £, which is the domain
See Figure 1.

surrounded by H,(Z'(H,)).

H(ZY)

Figure 1.

WeJwrite the three branches of H7' by

Hi':

where GP<GP <G in Q.

t,

Y'=x',

Y. =GP, 1),

1<:53

If we set

Note that the above ¢ does
Nevertheless, this example expresses the essential part of
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uit, x) =@-h~')t, x’, GO, x)) 1
g®(t, x) = bt, x’, GV, x)) 1

then u,(t, x)=v(g®({t, x)) 1</<3. By a direct calculation, we have

<i<3
<i<3

)
’

LEMMA 10. u; . (¢, x) = ¢yj(g<“(z.‘, x)) for all 7 and 7.
LEMMA 11. <g®(t, x)—gP@, x), ¢/ (gD, x)—¢"(gP(t, x)> <0 for i+#].
PrOOF. From the definition, we have
8P+t '(§'(g®) = gP+tf (' (D).
Then ¢’(g)~+¢'(g) for i+, since g¥+g. Hence,
gP—g?P, ¢'(g™)—¢' (g
= —tf'(¢'(g)N—f'(9' (@), §'(gP)—¢"(g")>
= —Kf"(*)N@"(gP)—¢"(gP)), $'(g)—¢"(g)
< —ct|¢'(gP)—¢'(gP)I?
<0.
This completes the proof.

LEMMA 12. uy ., > Uz 5, > Uz, in 8.
PROOF. Let I=(g®—g®, ¢"(g)—¢'(g)>. Then
I=(GP—GP)Xby,t, x’, %), $'(§)—¢"(gP)
=(GP =GP Py (&) —0y,(8)
H(GP =GP Kby, by (gP)—Py (87N
=[+1,.

Since by, (t°, Y°)=0, for any ¢>0, |by, |<e in a sufficiently small neighborhood
of (t°, Y°). Hence
L] < elGP—GP|¢'(g)—¢'(gP)
S et f5,(8' (8N~ f1,(9' (VNI 4" (gP)—¢'(gP)]
< eMi|@'(gP)—¢'(g )|
for some M>0. On the other hand, says
L+1 < —ct|g'(g®)—¢'(gP)|?.
By taking ¢ small, we have I,<0. Then, it follows from
(G —GP Wi,z —Uj,z,) <O.
Since GP<GR <G, the assertion is proved.

Note that u;=u, on H(2!) and u,=u, on H,(X}1) (see Figure 1). Thus we
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have
LEMMA 13. w,<u, and u,>u, in Q.

The graph of u as a multi-valued function is as follows:

Hs(zl")
Hy(ZY

H(Zt1Y

t
0\4 . H(Z"Y)

Figure 2. Graph of u.

This graph corresponds to the image of X'(H;) by H,.

In order to get a single-valued continuous solution, we must pass from u;,
to u; on I. Let 2.={(t, x)=2; x,=¢(t, x’)} and
u,(t, x) in Q_,
ug(t, x) in Q..

u(t, x) = {

Then this function is the desired solution. It is C* outside I'. Thus, its
singularities propagate along /.

6. Semi-concavity of u.

Now, we shall prove the semi-concavity of u constructed above. Since CZ
function is automatically semi-concave, we have only to consider u on I
Let I'={x; x,=¢(, x’)} and u,(t, yciOy)zlim‘J uz(t, x+ey) for x&rl’,.
£t
Then, we have
u(t, x+y)+ult, x—y)—2u(t, x)

= S:<ux(t, x+sy)—uz(t, x+0y), y>ds+S:<ux(t, x—0y)—uz{t, x—sy), y>ds

+ug(t, x4+0y)—u.(t, x—0y), ¥>
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= S:(ul,x(t, xX+SY)—uy, (t, x), y>ds+g:<u3,x(t, xX)—us, (t, x—sy), y>ds

+ U, 2, ) s, 2, %), ¥
=L+ L+1;.

First, we estimate /,. The same holds for [,. Since u=u,; are not C on

H,(Y'(H,)), we must pay attention to the behaviour of u” near H,(2'(H,). We

use the canonical form of swallow’s tail described in section 4. Then, u is

expressed by
u=W+as)|sinp = a,—32%/44+TZ3/2,
where T=a,, X,=a,=Z3—TZ, and a; are C=-functions. Hence,
Uay = Qoo H(—3Z5+T) 20 Zn o+ 23T 2,/2.

Since Xy, ;=0BZ5—T)Zn,2;—ZuT -
Uzy = Q32,7 ZnXn e;—Z7T2,/2,
Uzio; = (T—3Z8) (Xn, 2s+ZaT 2 X X, 2;+ ZaT 2 )4 s, 010, — Zns, 250,22 01, 2525/ 2

Since T—3Z7<0 in the domain we consider, the first term of u.;,; above yields

negative semi-definite part of u#”. On the other hand, the other terms are
continuous. Hence, these imply

it follows

i’

L+L, L K|y|® for some K>0.

As for I;, we have only to show in case y=n=n(f, x) is a unit normal of
I, at x oriented from 2. to £,. Since u,—u,s0 in 2,

Uy, z—Us, 2, B) = %(ul(t, x+sn)—uyt, x+sn))l_0e =0.

Thus we have shown the semi-concavity of u.

THEOREM 14. Assume (A.1)-(A.3). Then the solution of (1.1) obtained by
the method of characteristics becomes triple-valued near (t°, x°)=H,(°, ¥°). Its
graph has swallow’s tail as singularities. From it, we can obtain the single-valued
generalized solution of (1.1), whose singularities correspond to Maxwell’s line of
swallow’s tail.
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