J. Math. Soc. Japan
Vol. 40, No. 3, 1988

Periodicity of the asymptotic curves
on flat tori in S°

By Yoshihisa KITAGAWA

(Received Dec. 18, 1985)
(Revised Jan. 19, 1987)

1. Introduction.

It seems to be interesting to develop a method of construction of flat sur-
faces in the unit 3-sphere S?, since the problem of the classification of flat tori
in S* remains open (see Yau [6]).

There is a method which is due to Sasaki and Spivak [5, pp. 139-163].
To explain the method we recall the notion of asymptotic curves. A curve ¢
on a flat surface M in S® is called an asymptotic curve if a(¢, ¢)=0, where ¢
denotes the second fundamental form on M. It is well-known that for each
point xe M, there are exactly two asymptotic curves on M through the point x.
They proved that one of the two curves has torsion =1 and the other has
torsion 7=—1, and if M is complete and connected, then M is determined by
the two curves (see Lemma 2.2). Moreover they obtained a method of con-
struction of flat surfaces in S® which says that if a, and a, are curves in S*
with torsions 7,=1 and z,=-—1, respectively and these curves satisfy some
suitable conditions, then there exists a flat surface M in S® such that a, and a,
are asymptotic curves on M (see Lemma 4.1). Infinitely many complete flat
surfaces in S® are constructed by this method. However it is not easy to give
a criterion for these surfaces to be compact. So it seems to be difficult to apply
this method to the problem of the classification of flat tori in S°.

In this paper modifying the method of Sasaki and Spivak, we establish a
new method and give a criterion for the surfaces constructed by the method to
be compact. To explain our method we introduce the notion of admissible pairs.
A pair I'=(y,, 1») of regular curves 7, and 7, on the unit 2-sphere S* is called
an admissible pair if the geodesic curvature of y, is greater than that of y, and
some additional conditions are satisfied (for details, see Section 4). For each
admissible pair I', using the Hopf fibration p:S®*—S?, we construct a flat sur-
face Mr in S® (Theorem 4.2). Conversely we show that if M is a complete con-
nected flat surface in S® with bounded mean curvature, then there exists an
admissible pair I” such that M is congruent to M, (Theorem 4.3). Moreover
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we prove that for each admissible pair I'=(y,, 7.), the surface My is compact
iff I" is periodic, that is, 7, and 7, are periodic (Theorem 5.1). Consequently we
see that the problem of the classification of flat tori in S* completely reduces to
that of periodic admissible pairs. These results are applied to prove the follow-
ing theorems.

THEOREM A. If M is a flat torus isometrically immersed in S°, then all the
asymptotic curves on M are periodic.

THEOREM B. There exists a flat torus M isometrically embedded in S* such
that M contains no great circle in S°.

The outline of this paper is as follows. In Section 2 we explain a Lie group
structure on S® and give some basic facts on flat surfaces in S®. In Section 3
we consider the Hopf fibration p:S*—S? and discuss the behavior of asymptotic
curves on Hopf cylinders. In Section 4 we introduce the notion of admissible
pairs and establish a method of construction of flat surfaces in S3. In Section 5
we give a criterion for the surfaces constructed by our method to be compact.
In Section 6 we prove In Section 7 we prove Theorem B.

Throughout this paper we assume that all manifolds and maps are differen-
tiable of class C=.

The author would like to express his sincere thanks to Professor S. Tanno
for valuable advices and encouragements, and to the referee for many valuable
comments.

2. Preliminaries.

Let SU(2) be the group of all 2X2 unitary matrices with determinant 1.
Its Lie algebra 8u(2) consists of all 2X2 skew Hermitian matrices of trace 0.
The adjoint representation Ad of SU(2) is given by

Ad(a)x =a-x-a™t,

where a=SU@2) and x<=38u(2). We define a positive definite inner product <,>
on 3u(2) by

{x, yy= —%trace(x-y).

The inner product is invariant under the adjoint action of SU(2). We set

( 0 x/:—l) (0 —1) («/—_1 0 )
e, = , @y = , ey = .
V=1 0 1 0 0 —+/-1

Then {e,, ¢, ¢;} is an orthonormal basis of 3u(2). Note that
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Lei, €] = 2e5, [ey, ;] =2e;, [e;, e;]=2e,,

where [, ] denotes the Lie bracket on 8u(2). For each ¢;, we define a left in-
variant vector field E; on SU(2) by

E(@) = (a-expted} | 0.

Then {E,, E,, E,} is a frame field on SU(2). We define a Riemannian metric ¢, )
on SUQ2) by <E;, E;>=40;;, where 0;; is the Kronecker delta. Then SU(2) is a
Riemannian manifold isometric to the unit 3-sphere S°. Hereafter we identify
S® with SU(2).

Let L, (resp. R,) denote the left (resp. right) translation of S® by a=S:.
Then L, and R, are isometries of S®. We denote by D the Riemannian con-
nection on S® with respect to the Riemannian metric {,>. Since the metric is
bi-invariant, we obtain

1
(2.1) DEiEj’:?[Eiy Ej:l'

We choose an orientation of S® such that {E,, F,, E,} is a positive frame field.
A vector product X on each tangent space of S°® is defined by the metric and
the orientation in the usual way. Then we obtain

(22) ElXE]:%[E” EJ:I.

Let ¢: R—S® be a curve in S* and let ¢ be the tangent vector field of c.
A vector field v along the curve ¢ is called left (resp. right) invariant along ¢
if the following relation (resp. [2.4)) holds for all t=R.

(2.3) v(t) = {Lectrecor-1}50(0),
(2.4) v(t) = {Recor-1ecntx0(0) .

LEMMA 2.1. Let v be a vector field along c. Then
(1) v is left invariant along c iff Div=¢Xuv,
(2) v is right invariant along ¢ iff Dw=vXC¢.

PROOF. Set f;(t)=<v(t), Ei(c())>. Then by and we obtain
(2.5) D =3} fiE(O)+¢x,

where fi=df;/dt. Since E; is left invariant, it follows that v is left invariant
along c iff f,, f, and f; are constant. Hence implies the assertion of (1).
To prove (2) we consider a map z:S5°—S® given by
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(2.6) (a) = a*.
Since 7 is an orientation reversing isometry of S®, we obtain
D.tev = (D), T4C X TV = T (U X E).

Thus it follows from (1) that r,v is left invariant along 7(¢) iff Dw=vX¢é. It
is easy to see that r4v is left invariant along 7(c¢) iff v is right invariant along c.
Hence we have (2). Q.E.D.

Let f:M—S® be an isometric immersion of a complete connected flat surface
M into S®%. In Moore it is shown that there exists a covering T :R*->M
such that

oT 0 0T o
g(*a?%)ﬂ’ “(a:’%)ﬂ

for i=1, 2, where g denotes the Riemannian metric on M and ¢ denotes the
second fundamental form on M induced by the immersion f. The covering T
is called an asymptotic Tchebychef net of M. Moreover f-T : R*—S® becomes a
flat asymptotic Tchebychef immersion. Here we give the following

DEFINITION. An immersion F: R?>-S? is said to be a flat asymptotic Tcheby-
chef immersion (abrreviated as FAT) if F induces a flat metric on R? and
satisfies the following

2.7 KFiy, Fy =1, {Dp,Fi, §3 =0
for i=1, 2, where F;=0F/0t;, and &é=F, X F,/|F,XF,|.

Following [4] and [5], we summarize basic properties of FATs. For a
FAT F:R*>S® we set

(2.8) gij = <F;, Fp, hyj= <DF,;F.7', &.

By (2.7) we have 1—g2,>0, and so there exists a real valued function o on R?
such that

2.9) g=cosw, O0<w<r.

Then the Gaussian curvature K of the metric g,; satisfies

1 o’w
2.10) K=- sin @ ( 0t,0t, )
Since A=0, we obtain
’w
(2.11) ator 0.

The Gauss equation implies that h?,=sin%w>0. Now we assume that h;,>0.
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Then
(2.12) hy, =sinw.

We set n;=&XF;. Then it follows from that there exist real valued func-
tions &; and 7; on“R? which satisfy the following Frenet formulas.

J DFiFi = KN,

(2.13) Dpni = —k;Fi+1.§,
l Dplf = —TiNn;.
By we obtain
(2. 14) K, = —a(l)/atl ’ Ky = a(()/atg ,
(2.15) Tl:——l, 72:—1.
By [2.13) and [2.15) we obtain
(2.16) Dpé=FxX§, Dpf=EXF,.

It follows from [2.11) and [2.14) that &,(t,, t,)=k.(t,) and k,(t;, t.)=k(¢,). Hence
the Frenet formulas imply that all curves t,—F(t,, ¢,) are congruent each other,
and all curves t,—F(t,, t,) are congruent each other. Furthermore we have the
following lemma which is proved in [5, pp. 152-154].

LEmMMA 2.2. F(t, t,)=Ft,0-F0,0-F(Q,¢t) for al (t, t,)=R"
Using this lemma, we prove the following

THEOREM 2.3. Let F be a FAT and let p: R*—R? be a diffeomorphism such
that F"PZF- If P(O; 0)=(ry, 73), then o(ty, t)=(+ry, ty+re) for all (¢, t,)= R

PROOF. Let 7 be an orientation reversing isometry of S°. Replacing F by
7« F, if necessary, we may assume that h,, is positive. To establish the theorem
it is sufficient to show that

3
2.17) 62 = 8y, 82y).

Let (x;, x;)€R? and let p(x,, x,)=(¥;, ¥2). Then it is easy to see that the curve
t—p(x,+t, x;) is a unit speed asymptotic curve on R? starting from (y, y,).
Hence the following four cases (2.18)-(2.21) may occur.

(2.18) p(x1+t, x2) = (¥1+E, ¥2),
2.19) p(x1+2, x2) = (311, ¥2),
(2.20) P(x1+t; .7C2> = (yI’ y2+t) ’

(2.21) p(x1+t, x2) = (1, Yo—1)..
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Now we show that (2.19)-(2.21) are impossible. Assume Then it follows
that

(2.22) F(xi+t, x2) = F(y,—t, y2)

In particular we have F((x:+1)/2, xo)=F((x:+31)/2, ;). Hence Lemma 2.2
implies that F(t, x,)=F(t, y,), and so it follows from that

F(x1+t; x2) = F(yl—t; x2)‘

Differentiating the above relation at t=(y,—x,)/2, we have Fi((x,+:)/2, x,)=0.
This is a contradiction.
Now we assume We set

c(t) = F(x,+t, x2), v(t) = E(x1+t, x2),

where §=F, X F,/[|FiXF,||. Then it follows from that D;=¢Xv. Since
&op==+§, the assumption implies that

c(t) = F(yi1, y.+1), u(t) = £&(31, Yo t+i).

So it follows from that Daw=vXé. Hence ¢ Xv=vXx¢=0, which is a con-
tradiction. Similarly we see that is impossible, and so we have
which shows that holds for j=1.

By the same way we see that holds for j=2. This completes the
proof of Q.E.D.

Now we return to the isometric immersion f:M—S? where M is a com-
plete and connected flat surface. Let T be an asymptotic Tchebychef net of M
and let p : R®>—R? be a covering transformation of 7. Then it follows that f-T
isa FAT and (f-T)op=f-T. By we see that p*(dt; Adt,)=dt, Adt,.
So we have the following

THEOREM 2.4. Any non-orientable complete flat surface cannot be isometrically
immersed in S°.

3. Asymptotic curves on Hopf cylinders.

In this section we study the behavior of the asymptotic curves on Hopf
cylinders. The results of this section will be used in the subsequent sections.

We begin with a description of the Hopf fibration. Let S*={x<3u(2):]|x]|
=1}. Then the Hopf fibration p:S*—S?* is defined by

p(a) = Ad(a)e;.

For each x=S? the tangent space T.S? is canonically identified with a linear
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subspace x! of 3u(2) which is given by
xt ={yesu@) : <x, y>=0}.

Then the standard Riemannian metric on S? is induced by the inner product
{,> on 8u(2). We denote by V the Riemannian connection on S? with respect
to the standard metric. Let S* be a closed subgroup of S*® given by

St'={a=S®: Ad(a)e;=e,}.

Note that S'={exp(te;):0<t<2zx}. The group S* acts on S? by the right transla-
tion and the Hopf fibration p has a structure of principal S'-bundle. For each
asS?, let H, be a linear subspace of T,S® given by

H, ={veT,S?: v, E;>=0}.

Then the correspondence a— H, defines a connection in the principal S'-bundle.
The following lemma is easily verified.

LEMMA 3.1. If veH,, then ||ps«)|=2|v|.

Let ¢(t) be a curve in S® and let ¢(f) be the tangent vector of c(f). We
denote by c¢’(#) the 2X2 matrix (ci;(t)), where c;;(¢) is the (7, j)-component of the
matrix ¢(¢) and c¢j;=dc;;/dt. Then c(t)™*-¢’(t)e8u(2) and we have the follwing

LEMMA 3.2. ¢()EH.q iff {c(t)™'-c(t), es>=0.

PrROOF. Set a(s)=c(@®)-exp{s(c®)*-¢’(t))}. Since a@)=c() and a’(0)=c’(®),
we have a(0)=¢(f). So we see that <¢(@), E;>=<a(0), E>=<c({#)* - c'{), es).
Q.E.D.

LEMMA 3.3. Let X and Y be vector fields on S* and let X and ¥ be the
horizontal lifts of X and Y, respectively. Then D ¥ and VY are p-related.

Proor. Consider a new metric on S? which is homothetic to the standard
metric and has constant Gaussian curvature 4. Then it follows from
3.1 that p:5%°-S? is a Riemannian submersion with respect to the new metric.
Since the new metric and the standard one induce the same Riemannian connec-
tion V, the assertion of follows from [2, Lemma 1]. Q.E.D.

Let J be a (1, 1)-tensor field on S? defined by
Jo) = =[x, v]
=3 X,V

for veT,S?, where T,S* is identified with x*. Note that [|J(v)|=l|lv| and
{Jw), vy=0. Let J be a (1, 1)-tensor field on S*® defined by

J(Ey) = E,xE,.
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Then it is easy to see the following
LEMMA 3.4. psof = Jobs.

Now we consider a regular curve y: R—S? It is known that the inverse
image p~'(y) of the curve 7y is an immersed flat surface in S®. The surface
p~(y) is called a Hopf cylinder corresponding to y (see Pinkall [3]). We in-
troduce the following

DEFINITION. A curve c¢:R—S? is said to be an asymptotic lift of y if pec=y
and ¢ is an asymptotic curve on p~'(y).

Let h:R—S® be a horizontal lift of y and let § be a real valued function
on R. We consider a curve ¢ in S® defined by

3.1) c(t) = h(t)-exp{0(@)e;} .

We recall the geodesic curvature 2 of y which is given by
ko= N7, Jan /1710,

Then we have the following

LEMMA 3.5. The curve ¢ is an asymptotic lift of y iff 6'=k|7|/2, where
0’'=df/dz.

PROOF. Let & be a vector field along the curve ¢ defined by
(3.2) £ =—Jy/1Jol.

Note that ¢ is an asymptotic lift of y iff <(D.¢, £)=0. So it is sufficient to show
that

, 1 .
3.3) D¢, & = 017l —5 kITI*
By we obtain
(3.4) ¢ = {Rexptoep}xh+0"Ey(c).

We set a;=<¢, Ei(c)> and bi=<h, E«(h)>. Since J(¢)=—a,E (c)+a,Eq(c) and
IJ(©l=IlAl, we obtain

(3.5) (D¢, & = (ala,—a,ap)/ k.
A calculation shows that

(3.6) { Ad(exp(fes))e; = (cos26)e,+(sin 260)e,,

Ad(exp(fes))e, = —(sin 280)e,+(cos 28)e,.

This implies that
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{RexpcoeptxEi(h) = (cos 20)E(c)—(sin 20)E(c),
{Rexpcoep}«Eq(h) = (sin 20)E (c)+(cos 26) E,(c).

Thus it follows from that

a, = b, cos20-+b,sin28,
3.7) a, = —b,sin20+b,cos 20,
a,=6’.

Since # is horizontal, we have |A||?>=b2+b2 So it follows from and
that
(Dst, & = 20"||h | +(bib,—bib5)/ | ] .

By Lemmas B.1], and B.4, we see that

EITI® = V37, J()> = <ps(Dih), px=J(h)>
= &Dih, J(R)> = —4(bjb,—b,b}).

Since |7]=2[ 4|, we have [3.3) Q.E.D.

REMARK 3.6. It follows from that there exists an asymptotic
lift of y. If ¢, and ¢, are asymptotic lifts of 7, then ¢,=R,(c,) for some a=S".

LEMMA 3.7. Suppose that the curve ¢ given by (3.1) is an asymptotic lift of
v. Let & be the vector field along c¢ given by (3.2), and let a(t) denote the angle
between ¢(t) and E; such that 0<a(t)<rm. Then

(1) el cosa=Ekl7l/2, |¢]sina=|7]l/2,

(2) & 1is left invariant along c,

3) if 1712+ k*=4, then |¢|=1 and Di=a’(é XE).

ProoOF. It follows from that ||¢|| cosa=6’ and |¢| sina=|All. Thus
Lemmas 3.1 and imply (1).

Since <D.&, ¢>=0 and (D&, £>=0, there exists a real valued function 4 on
R such that Di£=2A4(¢X&). Then we see that

<$) CXE3> - <E; DéE3> = —<Dé§) E3>

Since <&, ¢XE>=|¢ X E,|>0, we have A=1. Hence the assertion of (2) follows
from Lemma 2.1l

Suppose that ||7]|2(1+%2=4. Then |¢[=1 by (1). Since <D, ¢>=0 and
(D¢, £»=0, there exists a real valued function g on R such that D.é=pu(¢X$§).
Differentiating cos a=<¢, E;», we obtain
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’—a,Sin a = <Déé, E3>+<C, D¢E3>
= pl¢X§, Epp+4<¢, ¢ XEy)
= — &, X E> = —pléXE,].

Since |éXE,|=sin a, we have p=a’. Q.E.D.

Now we discuss the periodicity of asymptotic lifts of y. Let U(S?) be the
unit tangent bundle of S®. We identify U(S?% with a subset of 8u(2)X3u(2) in
the usual way. Then

US") = {(x, y) : lIxl=lyl=1, <x, y>=0},

and the canonical projection p,:U(S*)—S® is given by p,(x, y)=x. Define
b2 : S*>U(S?) by

P:(a) = (Ad(a)e;, Ad(a)e,).
Note that p, is a double covering and p=p;°p,.

LEMMA 3.8. Let ¢:R—S?® be a curve in S® such that p.(c)=7/I7ll. Then ¢
is an asymptotic lift of 7.

ProOF. Without loss of generality we may assume that ||7]|=1. Since 7=
(r, v/), we obtain

(3.8) Ad(c)e; =7,
(3.9) Ad(Qe, =7'.

By there exists a real valued function & on R such that c(?)=h(?)-exp{0(t)e;},
where & is a horizontal lift of y. Then due to we only have to
show that the geodesic curvature %2 of y must be 26’. By we obtain

Ad(c)e; = Ad(h){(cos28)e,+(sin 28)e,} ,
Ad(c)e, = Ad(h){—(sin 280)e,+(cos 28)e,} .
‘Thus it follows from (3.9) that
7" = 260’ Ad(c)e,+(cos 20)(Ad(h)e,) +(sin 20)(Ad(h)e,) .

Then the geodesic curvature %k of y is given by
1
k= §<2’”, [, 7D =<7", Ad(c)e,) = 20'+P,

where P=<(cos20)(Ad(h)e,)’+(sin 20)(Ad(h)e,)’, Ad(c)e,>. We see that
P = {(Ad(h)e;)’, Ad(h)e,» = <Ad(h)[A~'R’, e,], Ad(h)es)
= <|:h—1h,, el]y eZ> = <h—1h‘,) [el) eZ]> = 2<h’_1h’: e3>'
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Thus implies that P=0, and so 6’'=Fk/2. Q.E.D.

THEOREM 3.9. Let v be a regular curve on S* and let ¢ be an asymptotic lift
of v. If 7 is l-periodic, then c is 2l-periodic.

PrOOF. By Remark 3.6 and we may assume that p,(c)=7/l7]l.
This implies that p,(c) is [-periodic. Since p, is a double covering, ¢ is 2i-

periodic. Q.E.D.

4. Construction of flat surfaces in S3.
For i=1, 2, let a;: R—S® be a curve in S* such that
a;(0)=-e, lal=1, a0)Xa0)+0,
where ¢ denotes the unit element of the group S® Define a map F:R*—S? by

F(ty, t) = ai(t)- a,(ts) .
We set
&o = a:(0) X d5(0)/[1d:(0) X a5 (0]l
£ = {La,(c>}*50, &) = {Rug(t)}*EOy
4.1) ny=§Xa;, k= <Déidi, ny (=1, 2),

. t t
olts, ) = o= 'm0+ | moat,
where w, denotes the angle between ¢,(0) and 4,(0) such that 0<w,<m. The
following lemma is essentially due to and [5].

LEMMA 4.1. If 0<w<zm and {a;, £;>=0 for i=1, 2, then the map F is a FAT
such that g,,=cosw and h,,=sin w.

Proor. Let X; and Y, be vector fields along a; given by

Xi@®) = {La,o}x:(0), Xo(t) = {Rayr}#2(0),
Yilt) ={La,co}sm1(0), Yo(t) = {Rayenr}xn2(0).

Since &;=X;XY; and <d;, £&;>=0, there exists a real valued function #; on R
such that

4.2) {

4.3) a; = (cos 8;)X;+(sin 6,)Y ;, 0:00)=0.
So n;=—(sin 8,)X;+(cos §,)Y;. Then we see that
Da, s = Bins+(cos 0,)D; X,+(sin 6)Ds,Y
= 0in;+a; X {(cos 0,)X;+(sin 8,)Y ;} = Oin;.
It follows from that #;=0}, and so we obtain
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4.4) oy, t) = wo—0,(t,)+0:(2,).
By and we see that
Fi(t,, t;) = {cos 0(t,)} P+a:(0)+ {sin 0.(¢,)} Pxn:(0),

where F;=0F/ot; and @=L, °Ra,iy. So it follows from [4.4) that the angle
between Fy(t,, t,) and Fy(¢,, t,) is equal to w(t;, t,). By the assumption that 0<
w<rm, the map F is an immersion such that g,,=g,=1 and g,,=cosw. Since

0’w/0t,0t,=0, it follows from [2.10) that the map F induces a flat metric on RZ
We define a vector field & along F by

§(y, 1) = {Lal(tl)"Raz(tz)}*Eo-
Then implies that Dpé=FxX§ and Dpf=E&XF, Since {Fi(t, t,),
Et,, t)y=Xait:), Et:)>=0, we have E=F, X F,/||FiXF,|. Therefore we see that
hi= '“<DFi5, Fy=0 (=1,2),
hi, = —<{Dp &, F> =<§ F,XF)=sinw. Q.E.D.
Combining the notion of asymptotic lifts defined in the previous section with
the method of construction of FATs described in Lemma 4.1, we establish more

geometric method of constructing FATs. For the purpose we introduce the
following

DEFINITION. For i=1, 2, let y,: R—S? be a regular curve on S®. The pair

I'=(y,, 7,) is said to be admissible if the following conditions (4.5)-(4.7) are
satisfied.

(4.5) 7i0) =es,  ri0)/[7i 0] = ey,
(4.6) lyali?(1+£H) =4,
(47) k1(t1) > kz(tg) for all (tl, tz)ERz,

where k; denotes the geodesic curvature of ;.

Let I'=(y,, 7.) be an admissible pair and let f;: R*>S® be a map defined by
(4.8) Frt, t) = c(t)-co(ta)™,

where c; denotes the asymptotic lift of y; such that ¢;(0)=e. Then we have
the following

THEOREM 4.2. The map fr is a FAT.

PROOF. Let F=fr and let a;(t) be the angle between ¢,(¢) and E, such that
0<ayt)<w. Then it follows from that ||¢;|=1 and cota;=Fk,;. By
(4.7) we obtain
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4.9) 0 < ayty)—an(t) < x.

Set a,(t)=c;,(t) and a,(t)=c,(t)*. Then it follows that F(t,, t,)=a(t;)- a.(?s),
a;(0)=e¢ and |g;|=1. By we obtain

¢i(0) = {sin a;(0)} E(e)+{cos a;(0)} Es(e).

This implies that the angle w, between ¢,(0) and d,(0) is equal to = —a.(0)+a,(0),
and so d1(0)>~<dz(0)¢0 by Define &, §i(t), ni(t), k() and w(t,, t,) by
Since &=—/J(¢{0))/1J(¢«0))], Lemma 3.7(2) implies that

(4.10) & = —JE)/Ifedl, & =r(J@)/IfEN),

where 7 is given by Hence it follows from Lemma 3.7(3) that Dg,d;=
—aj(é;Xa;)=—ain;, and so k;=—aj. Thus we see that w(t;, t,)=n+a,(t,)—at,),
and so 0<w<m by Since <a;, £>=0 by Lemma 4l1 implies that F
is a FAT. Q.E.D.

THEOREM 4.3. Let F:R*>S® be a FAT. If the mean curvature of F is
bounded, then there exists an admissible pair I' such that fr=®-F for some iso-
metry @ of S°

Proor. We set F;=0F/0t;, §=F\XF,/|FiXF,|, gi=<F;, F;> and h;;=
{Dr,Fj, §). Recall the map t given by 2.6). Replacing F by z-F, if necessary,
we may assume that A;,>0. Let w be the function on R?® defined by
Then we obtain

gu=gn=1, 812 = COS W,

hu:hgz:O, hlg—_——Sinw.

So the mean curvature H of F satisfies H=—cotw. Since H is bounded, there
exists a positive number 0 such that d<w<r—d. Since w satisfies the equation
there exist real valued functions @, and @, such that

0
T— .

a(ty, 1) = 0,(t)+w.(ty), D)

IA

?éwi

Replacing F by @-F for some orientation preserving isometry @ of S® we may
assume that

_ F0,0XE, _ E;XFy0, 0)

@.11) FO,0=e, Eie)= sinw;(0) ~  sinw,(0)
Then by Lemma 2.2 we obtain
(4.12) F(t, t.) = F(t, 0)-F(0, t,).

We set
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a®)=F{0), &®=E¢0), at) =),

) =1F(0,1), &)= "T*S(O{'t)y ay(t) = T—awy(t).
Then it is easy to see that

c0)=¢e, [éll=1, [€i(0)XEs| = sina;(0),
(4.13) £:0) = ¢:(O)X Ea/[¢:(0) X Es],
-0<ai<ﬂ, (i, §> =0.

By we obtain
(4.14) : - Dy b= ¢iXEs.

It follows from [2.13) and [2.14) that Dy Fi=w{(F, X&) and Dp,F,=w;(§ X F,). So
we obtain '

4.15) Dgi = aj(¢: X&),

Now we recall the Hopf fibration p:S°*—S? and define a curve y; on S* by 7:
=poc;. Then by the lemma below, it follows from (4.13)-(4.15) that the curve
7: is regular and the curve ¢; is an asymptotic lift of y, and thq following rela-

tions hold.

I7:ll = 2sin ay, k;=cota;,

where k; denotes the geodesic curvature of y,. This implies that ||7;[[2(1+£35)=4
and k, >k, since a,—a;=n—w>0. By [4.11) we see that 7,0)=e¢; and
110)/117:(0)|=e,. Hence F =(r1, 72) is an admissible pair. Then it follows from

that frt, t)=ci(t)- co(ts) ' =F(t,, to). Q.E.D.

LEMMA 4.4. Let a be a real valued function on R such that 0<a()<m and
let ¢: R—S® be a curve such that c¢(0)=e, [|¢(0)X E;||=sin a(0) and |¢|=1. Sup-
pose that there exists a vector field & along ¢ such that £(0)=¢(0)X Es/|[¢(0)X Es,
¢, &>=0, Dic=a’(¢X§) and D&=¢XE. Then the curve y=pec on S? is regular
and ¢ is an asymptotic lift of y. Furthermore (7||=2sin a and the geodesic cur-
vature k of 7 satisfies k=cota.

PrOOF. We set a,()=c(t) and a,(t)=exp(fe;). Then it follows that a,(0)=e,
la:l=1 and @,(0)Xa,0)#0. Define &, &), n.(), ri(t) and w(t, t,) by (LI}
Since £(0)=§, and ¢ is left invariant along ¢, we have &,(1)=£(), and so <di, &>
=<¢, £)=0. Since E; is invariant under the action of S', we see that <d,(),
&(t)y=(Es, &»=0. Thus we obtain

(4‘16) <d£, 5;> =0.

It follows that k,=<{D:, §Xé>=—a’ and k,=0. By the assumption that sin «(0)
=|¢(0)X E,|, the angle w, between ¢,(0) and 4,(0) is equal to a(0). So we see
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that

olts, 1) = a0+ ' a®dt = alt).
Since 0<a(t)<x, we obtain
4.17) 0< i, t,)<m=m.

Define a map F: R>-S® by F(t,, t,)=a,(t,)-a,(¢;). By [4.16) and [4.17) it follows
from that F is a FAT such that g,,=cosw and h;,=sinw. Since
F(t,, t,)=c(t,)-exp(t,es) and w(t,, t,)=a(t,), the angle between ¢(¢) and E, is equal
to a(t). Hence by we have |7ll=|px¢l=2|¢] sin a=2 sin a>0, and
so the curve y is regular. Since h,,=0, it follows that ¢ is an asymptotic lift
of y. Furthermore, Lemma 3.7(1) implies that 2=cota. Q.E.D.

REMARK 4.5. The admissible pair I" constructed in the proof of [Theoreml
4.3 satisfies

(4.18) inf{k(t)—ka(ta)} >0,  sup{ki(t)—ky(t)} < co.

Conversely let I" be an admissible pair which satisfies Then it is easy
to see that the mean curvature of fr is bounded and the metric on R? induced
by fr is complete.

5. Periodicity of admissible pairs.

Let I'=(y,, 7.) be an admissible pair and let fr be a FAT defined by [(4.8).
We consider a group G(I') given by

G(I") = {p<Diff(R®) : frep=fr},

where Diff(R?) denotes the group of all diffeomorphisms of R?. By
the group G(I") is naturally identified with a subgroup of the additive group R®.
It is easy to see that G(I') is a discrete subgroup of R? and so the quotient
space R?/G(I") is a 2-dimensional manifold. Let = : R*->R?*/G(I") be the canonical
projection. Then the immersion fr induces a flat immersion f:R?*/G(")—S?
such that frem=fr.

In this section we give a criterion for the quotient space R*/G(I") to be
compact. To state the result we introduce the following

DEFINITION. An admissible pair I'=(y,, 7,) is said to be periodic if there
exist positive numbers /; and /, such that y; is /;-periodic for /=1, 2.

THEOREM 5.1. The quotient space R*/GI") is compact iff I" is periodic.

To establish the theorem we need some lemmas. Let ¢; be the asymptotic
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lift of 7; such that ¢,(0)=e. Set F=fpr and §=F, X F,/||[F;X F;||. Then we obtain
(GRY) Ad(cdes=17p:,  Ad(cies =7i/lrill,
(5.2) F(t, to) = c,(t)- co(t) ™.

LEMMA 5.2. Let (I, I,)eR: If F(,, l,)=F(0, 0) and &, 1,)=&(0, 0), then
7’1(11):)’2(12) and 91:7'2(11‘)/”%(11')” for i=1, 2.

Proor. Since F(,, ,)=F(0, 0)=e, implies that c¢,({})=c.({,), and so
71(l1)=71:(ls) by It follows from the proof of that F satisfies
h.;>0. By we see that & is left invariant along #,—F(t,, t,) and right
invariant along ¢,—F(t,, t;). Thus we obtain

§, 1) = {Rcz(lz)"l}*{Lcl(ll)}*E(O: 0).
Since £(0, 0)=F.(e) and c¢,({,)=c,(l,), it follows that
Ei(e) = &y, 1) = {Reycrp-1hEa(ei(l))

= % {c.(ly)-exp(ter) c2(la)} ] t=o

— d -1
=ar {ci(l)-exp(te)-ci(la) '} i=o

d
= —d—t— exp{t Ad(c;(l))ei} | i=o-

This shows that e,=Ad(c:({;))es, and so e;=yi(l)/ |yl by (0.1} Q.E.D.
LEMMA 5.3. Let (I, l;)eR?% Suppose that F satisfies
(5-3) F(fx‘i“lu tz+12) = F, tz)

for all (t,, t,)=R®. Then there exists an orientation preserving linear isometry ¢;
of 8u(2) such that y,(t41,)=¢(y«t)) for all t=R.

PROOF. Let a;(t) denote the angle between ¢;(f) and E, such that 0<ea;(f)<=
and let w(t,, t,)=n+a,(t;)—a,(,). As in the proof of we obtain

KF,, F;) =cosw, I<w<rz.

Then it follows from that w(t,+1,, t,+L)=w(,, t,) for all (t,, t,)=R% Thus
we see that

a1<t1 +11)—"a1(t1) = ag(t2+lz>—a2(t2) = constant.

Since a; is bounded, a; is /;-periodic. So it follows from that |[|7:]]
and k, are /;-periodic, where %; is the geodesic curvature of y;. This implies
Q.E.D.
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LEMMA 5.4. Let (I, l,)ER If F satisfies (5.3), then yi(t+1)=7ri{t) for all
teR.
PrROOF. Let (sy, s;)eR? and let ¢;=Ad(c,(s;)""). Then by we obtain
(5.4) Gu(ri(sd) =es,  Pu(ri(s)/lri(sHl) = es.
Let 7; be a regular curve on S? defined by
7:) = Gu(rit+s2).

Then it follows from that I'=(7,, 7,) is an admissible pair. We consider
a curve ¢; in S® defined by

&) = ci(si) P ci(t+54).
Then we obtain
Ad(¢es =74, Ad(&e, = 7i/lIFill .

Hence implies that & is an asymptotic lift of 7;. Since &(0)=e, it
follows that f7(t,, t,)=0(t) &t . Set F=frand é=F xF,/|F,xF,|. By
we obtain

ﬁ(tly 1) = €1(s) " F (451, ta+S5) €a(S2).

So it follows from that F(t,+1,, t,+1)=F@, t,). In particular F(l,, l)=
F, 0) and &(,, 1,)=E(0, 0). Hence implies that

(5.5) 71/ 17N = es.
Since 7i(l;)=@i(ri(li+54), it follows from and that
7illi+s:) = Ad(ci(s)7ils) = |I7:U) Ad(ci(si))es
= llyillatsalyi(sad/lrisdl.
By we have [ri(li+s)ll=lyi(s)l. Hence yi(li+s)=ri(s:). Q.E.D.
LEMMA 5.5. Let (I, l,)eR?. If F satisfies (5.3), then y; is l;-periodic.

PROOF. By there exists an orientation preserving linear isometry
¢; of 3u(2) such that

(5.6) 7:(t+1) = (7).
Differentiating we have 7i(¢+1,)=¢(yi(). Hence implies that
(6.7 7i(t) = @u(yi(D).

Since 7; is a regular curve on S? there exists s;=R such that 7i(0) and 7i(s:)
are linearly independent in 8u(2). So it follows from that ¢; must be
identity. Then [0.6) implies that y; is /;-periodic. Q.E.D.



474 Y. Kitacawa

PrOOF OF THEOREM 5.1. Suppose that R?/G(I") is compact. It is easy to
see that there exist positive numbers /, and /, such that (/,, ,)G(I'). Then F
satisfies and so by Lemma 5.5 I” is periodic. Conversely suppose that I’
is periodic. Then there exist positive numbers /, and /, such that 7, is /;-periodic.

By [Theorem 3.9 ¢; is 2/;-periodic. Then implies that
F(t, 421, t,) = F(t, t,420) = F(t, t,).

So the group G(I") contains (2/,, 0) and (0, 2/,). Hence R?*/G(I’) is compact.
This completes the proof of [Theorem 5.1

REMARK 5.6. By Theorems 2.4, 4.2, and 5.1, the problem of the clas-
sification of flat tori in S® completely reduces to that of periodic admissible pairs.

6. Proof of Theorem A.

Let f:M—S?® be an isometric immersion of a compact connected flat surface
M into S® and let T : R*>M be an asymptotic Tchebychef net. To establish
Theorem A it is sufficient to show that there exist positive numbers s, and s,
such that

Tt 451, ta) = T, tats:) =T, t)

for all (¢;, t,)eR? Since f-T is a FAT with bounded mean curvature, it fol-
lows from that there exists an admissible pair I"=(y,, 7.) such that
feT=0-fp for some isometry @ of S°. Since the covering transformation group
of T is a subgroup of G(['), the quotient space R?*/G(I") is compact. So it
follows from that there exist positive numbers /; and /, such that
7: is [;-periodic. Then implies that

fF(tx+211, tz) = fl’(tx, t2+212) - fI‘(tu t2).
So it follows that

[T, 0)= feT(2l, 0)= feT4l, 0)="-.
Since M is compact and f is an immersion, there exist integers m and n such
that m<n and T(2ml,, 0)=T(2nl,, 0). Let p:R*—R* be a covering transforma-
tion of T such that p(2ml,, 0)=(2n/;, 0). Since p=G"), it follows from
2.3 that p(t,, t;)=(+2(n—m)l, t;). Now we set s;,=2(n—m)l;,. Then s,>0 and

T(t,+sy, t;)=T(t, t,). Similarly we obtain a positive number s, such that
T(t, ts+s,)=T(t,, t,). This completes the proof of Theorem A.

7. Proof of Theorem B.

Let y: R—S® be a regular curve on S? defined by
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__ (sinB)e,;4-(1—cos @)e,+e,
@) = v/3—2cos :

We introduce a real valued function 6(¢?) by the following relation.

_i [1¢2] , s
t=2 " I IVIFEd,

where % denotes the geodesic curvature of y. We set 7,(#)=7(0(f)). Then it is
easy to see the following

LEMMA 7.1. Let k, be the geodesic curvature of y, and let [ be a positive
number such that 0(1)=2r. Then

1) rO)=es, 710)/1710)=ey,

) k>0, lrilPA+kD=4,

(3 1(s)=n@) iff (s—t)/l is an integer,

@ <[1(s), 7191, 1i®)>=0, with equality iff (s—t)/l is an integer,

(5) ky is not constant.

Let @ be an orientation reversing linear isometry of 8u(2) such that
Ole) =e,, D(e) = —e,, D(e;) = 5.

We set y,=@-7,. Since the geodesic curvature k2, of 7. satisfies kq(t)=—F.(),
it follows from (1)-(3) that I'=(y,, 72) is a periodic admissible pair.
By [Theorem 5.1 we have an immersed flat torus fr:R?*/G{")—S® The follow-
ing lemma implies that f, is an embedding.

LEMMA 7.2. fr(sy, So)=fr(t, t2) iff (si—t,, s;—t)=GU).

Proor. Let ¢; be the asymptotic lift of y; such that c¢,(0)=e. Since
r::[0, []—S? is a simple closed curve, 7./[/7:l : [0, {J—U(S?% becomes the generator
of the fundamental group of U(S?), where U(S?) denotes the unit tangent bundle
of S%. Hence shows that

(7.1) ci(t+H1) = —cq(t) for all t=R.

Suppose that fr(s,, s;)=fr(t, t.). Then by we have ¢,(s,)=a-cy(s,), where
a=c,(t,)-cy(t,)"'. So it follows from that 7:(s;)=Ad(a)y(ss2), 7:(t))=Ad(a)r.(t2)
and yi(s))=P Ad(a)r:(s:), where P=|yi(s)ll/llra(sz)ll. This implies that
<[7’1(31>7 T{(Sl)]; 71(t1)> = P<[Tz<32), Té(sz)], Tz(tz»
= —P<[7’1(52); 7’;(32)], Tl(t2)>~
By [Lemma 7.1(4) there exist integers n, and n, such that s;—t;=n;/. Then

shows that ¢(s;)=(—1)"¢ ¢;(t;). Hence fr(s;, s;)=(—1)"1*"2 fr(¢,, t,), and so
(—=1Dri+me=], By we obtain
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frix,+nid, XoFn,l) = ff(xl) X2)

for all (x,, x.)€R? Hence (s;—1;, s:—t,)G("). Conversely suppose that (s,—t,,
s;—t,)€G("). Then by the definition of G(I") we see that fr(s,, s))=fr(t, t2).
Q.E.D.

Let M be the image of the embedding fr. To establish Theorem B it is
sufficient to show that M contains no great circle in S®. Suppose that M con-
tains a great circle ¢. Then ¢ is an asymptotic curve on M. So it follows from
that ¢ is congruent to ¢, or c3;'. Hence either ¢, or ¢, must be a
great circle in S®. Since k,=—*k,, it follows from that %, is con-
stant. This contradicts (5).
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