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Introduction.

It is well-known ([7]) that at each point p of a complex manifold M the
indicatrix of the Carathéodory pseudo-metric C¥* of M is always a convex cir-
cular domain in the holomorphic tangent space T,(M) at p. By using a family
of bounded plurisubharmonic functions on a complex manifold M, Sibony
also defined a biholomorphically invariant pseudo-metric on M whose indicatrices
are always convex. On the other hand, Suzuki and Barth showed,
independently, that if M is a pseudoconvex starlike circular domain with center
at the origin 0 in C™, an m-dimensional complex Euclidian space, then the indi-
catrix of the Kobayashi pseudo-metric K¥ of M at 0 coincides with M, the tan-
gent space To(M) being identified with C™ in the natural manner. In particular,
the indicatrix of K at 0 is pseudoconvex. It seems that indicatrices of the
Kobayashi pseudo-metric K¥ for a complex manifold M are, in general, not
necessarily pseudoconvex, for the proofs of the result of Suzuki and Barth men-
tioned above essentially depend on the pseudoconvexity of the original domain.
The main purpose of this paper is to comstruct, intrinsically, two biholomor-
phically invariant pseudo-metrics, denoted by B¥ and P¥, on a complex mani-
fold M, for each of which the indicatrix at each point is always pseudoconvex
in the tangent space.

The paper is organized as follows. In §1, we recall some results concern-
ing starlike circular domains and prove that if M is a pseudoconvex bounded
starlike circular domain in C™ with a continuous boundary, then the Bergman
metric of M is complete (Theorem 1.11). Since the boundary of a pseudoconvex
Reinhardt domain is continuous, is a generalization of the follow-
ing theorem of Skwarczyfski [20; Theorem 3.16]: The Bergman metric of a
pseudoconvex bounded Reinhardt domain in C™ is complete. Recently, the
theorem of Skwarczynski was also improved by Pflug [16]. He proved that
the Carathéodory metric of a pseudoconvex bounded Reinhardt domain in C™ is
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complete.

The pseudo-metrics BY and P¥ mentioned above are constructed in §§2 and
3, respectively. The pseudo-metric B¥ is defined on an m-dimensional complex
manifold M by using a family of square-integrable holomorphic m-forms on M.
The pseudo-metric B¥ does not coincide with the square-root of the Bergman
pseudo-metric g¥. However, it has the following two properties similar to
(g")¥2: C¥<B¥ on the tangent bundle T(M) of M and, if M’ is a domain in
M, then BY¥<B* on T(M’) (Proposition 2.4). The pseudo-metric P¥ is defined
on a complex manifold M by using a family of negative plurisubharmonic func-
tions on M. The construction is similar to that of the pseudo-metric defined
by Sibony mentioned above. The pseudo-metric P possesses the distance-
decreasing property for holomorphic mappings and it holds that C¥<P¥*<K"
on T(M) for every complex manifold M (Proposition 3.9).

In the last section, we investigate the structures of B and P at the
center 0 of a starlike circular domain M in C™. For a pseudo-metric F on M,
let Fo=F|r,ar, Where the tangent space T,(M) at 0 is identified with C™ in
the natural manner. We first note that Schwarz’ lemma formulated by Sadullaev
can be improved as follows: If @ is a holomorphic mapping of the unit
disk U in C into M and if @(0)=0, then PX(®(A)<|A| for AU and PY(P’(0))
=<1 (Proposition 4.2). It is well-known ([7]) that the indicatrix of C¥ coincides
with the convex hull of M. In connection with this, we show that the indi-
catrix of PY¥ is exactly the holomorphic hull of M (Theorem 4.3). On the other
hand, the indicatrix of B¥ is characterized as the domain of convergence of the
Bergman kernel of M (Theorem 4.6). As a result, we have C¥<BY<PpY¥
(Theorem 4.8). Finally, we show that BY=P¥ for a bounded complete Rein-

hardt domain M (Corollary 4.11)).

NoTATIONS. Throughout this paper, we regard the function identically equal
to —co as a plurisubharmonic function.

A pseudo-metric on a complex manifold M is by definition a non-negative
real-valued function F on the holomorphic tangent bundle T(M) of M satisfying
FQAX)=|2|F(X) for XeT(M) and A<C. If, in particular, F(X)=0 implies
X=0, then F is called a metric. Let M—F¥ be an assignment from a complex
manifold M to a pseudo-metric F¥ on M. The assignment F¥ is said to be
biholomorphically invariant or invariant, if @*F”*' =F* on T(M) for any biholo-
morphic mapping @ <Bihol(M, M’) from a complex manifold M onto another M’.
Here, O*F¥' (X)=F"' (@,.X) for XeT(M). We say the assignment F¥ to be
distance-decreasing for holomorphic mappings or to possess the decreasing property,
if @*F¥' <F¥ on T(M) for any holomorphic mapping @ <=Hol(M, M’) from a
complex manifold M into another M’. If F¥ possesses the decreasing property,
then F¥ is invariant. Typical examples of pseudo-metrics with the decreasing
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property are the Carathéodory pseudo-metric C¥* on M defined by

0.1) C*(X) = sup{p(f+«X); feHol(M, U)},

and the Kobayashi pseudo-metric K*¥ on M defined by

0.2) K"(X)=inf{p(Y) ; YeTU), feHol(U, M) with f,Y=X}.

Here, XeT (M) and p is the Poincaré metric on the unit disk U={1€C; |1] <1}
in C, that is,

dN_ |§l
0.3) p(gdl)_l__w, @, HeUXC.

Schwarz’ lemma implies that C¥ <K on T(M) for any M and that CV=KY=p.
Furthermore, the following fact is immediate from the definition (cf. [11]):

If an assignment F¥ of pseudo-metrics possesses the decreasing
(0.4) property with FV=p, then C¥<FY<K¥ on T(M) for any
complex manifold M.

When we refer to the complex Euclidian space C™, |u| always means the
Euclidian norm (3%, u®|®)'® of u=(u?, ---, u™)<C™.

§1. Starlike circular domains.

The interior of the indicatrix of a pseudo-metric on a complex manifold is
always a starlike circular domain in the holomorphic tangent space. Following
Barth and and using the terminology in [4], we recall some results
concerning such domains.

Let V be a complex vector space of finite dimension endowed with the
structure of a metric space defined by a norm. A domain M, a non-empty con-
nected open subset, in V is called starlike circular, if AMCM for any 2= C with
[4]=1. We denote by C(V) or C the totality of starlike circular domains in V.
A non-negative real-valued function N on V is called a semi-gauge, if N is upper
semi-continuous and satisfies N(Av)=|4|N(v) for A=C and veV. We denote by
G(V) or ¢ the totality of semi-gauges on V. For every M<(C, the function
defined by

N*@) =inf {A>0 ; veiM} weV)

is a semi-gauge on V and is called the semi-gauge defining M. On the other
hand, for every Neg, the indicatrix IN of N is defined by

IN = {veV ; Nw)<l1};

clearly INe¢. Two mappings CoM—N¥=¢ and ¢ N—IN=C are mutually
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inverse and order-reversing, i.e., M;CM, if and only if N"'=N"2. We also
note that N*¥=2-N¥ for 2>0. Every N=g is continuous at the origin 0. In
fact, there exists a norm ||-| on V such that N=|-||. If there exists another
norm |-/ on V such that N=|-||/, then we call N a gauge. When V=C™,
Mec is called a Reinhardt domain in C™ if (e*®'u?, -, e®™u™eM for any
(ut, -, u™eM and (8% ---, ™) R™; furthermore, M is called a complete
Reinhardt domain in C™ if (u*, ---, u™eM and |v*|Z|u*] (a=1, ---, m) imply
(Y, -+, v™MEM.

The following is easily shown by definition.

LEMMA 1.1. Let Mcc(V) with N=NX.

(i) M is bounded if and only if N is a gauge.

(ii) M is convex if and only if N is a seminorm.

(iii) When V=C™, M is a Reinhardt domain if and only if |u®|=|v*| (a=
1, -, m) imply N, ---, u™=N@", ---, v™).

(iv) When V=C™, M is a complete Reinhardt domain if and only if |u®|
<hv?| (a=1, ---, m) imply Nwu?, ---, u™)=NQ@?', -, v™).

In the following proposition, the assertion (a) < (b,) is proved in Barth [4;
Theorem 1, (¢)] and (a) © (b,) in [1; Theorem 5.4].

PROPOSITION 1.2. For M<cC(V) with N=N¥, the following three statements
are mutually equivalent:

(a) M is pseudoconvex.

(by) N is plurisubharmonic.

(by) log N is plurisubharmonic.
Here, log N may be —oo identically.

[Proposition 1.7 yields a byproduct which has its own interest.

COROLLARY 1.3. Assume that N is a non-negative real-valued function on V
and satisfies NAv)=|A|N@) for A=C and veV. Then, N is plurisubharmonic if
and only if log N is plurisubharmonic.

is also proved directly (without use of the pseudoconvexity of
the corresponding domain) as follows: We may assume V=C™. “If” part of
the assertion follows from Jensen’s inequality. To prove the converse, suppose
that N is plurisubharmonic on C™. Set

f) = N(e(@*+v™), -+, e(w™ *+v™), e(—v'— -+ —v™~14+0™))

for v=(!, ---, v™)C™, where e¢(§)=expé&. Then, by the assumption on N we
have

(1'1) f(v> = e(Rev"‘)g(vl, T vm-—l) ’
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where g@@?*, -+, v H=N(e(®"), ---, e(v™ "), e(—v'— --- —v™1)). Since N is pluri-
subharmonic on C™, so is f. We want to show that log f is plurisubharmonic.
To prove this, we may assume that f is of class C? because f is approximated
from above by smooth plurisubharmonic functions (cf., e.g., [22; §10.9]). In
this case, we can easily show the plurisubharmonicity of log f by using the
relation and by representing the complex Hessians of f and log f in terms
of g. If these are done, it follows from the definition of f that log N is pluri-
subharmonic on (C—{0})™. Since a plurisubharmonic function bounded from
above is uniquely extended beyond a principal analytic set ([9; Satz 3]), log N
is plurisubharmonic on the whole C™, as desired.

[Proposition 1.2 also provides an alternative proof of the following well-known
fact which we use later.

COROLLARY 1.4 ([8; Théorémes 37 et 39]). The holomorphic hull of a star-
like circular domain in V is schlicht and staviike civcular.

PrROOF. Let Mec(V) and let f=Hol(M) be a holomorphic function on M
with the homogeneous expansion >%.,f; around 0, where f; is a homogeneous
polynomial of degree ;. Set

M, =TntfoeV; 3 17,0)|<+oo},
j=o
T ;(v) = lim sup lim sup | f(u) |
u-v J—oo

for vV, where Int A means the interior of a subset A of V. Since the family
|f;1*7 of plurisubharmonic functions on V is locally uniformly bounded, T, is
also plurisubharmonic ([22; p.74]). It is easily seen that T,€4(V) and T,=
NYs. We consider the domain

M = Int "{M,; f €Hol(M)}
which belongs to (V). Every feHol(M) is then extended to a function in
Hol(M) via the homogeneous expansion of f around 0, because McM ;. On the
other hand, it can be seen that

N7(@) =limsup sup T ;(u)
u—-v  feHol(M)

for veV so that N¥ is plurisubharmonic. By [Proposition 1.2, M is pseudo-
convex ; therefore, M is the holomorphic hull of M.

Now, a domain M=C(V) is called strictly starlike circular if AMDCIM for
every 4>1, where CIM means the closure of M in the ambient space V. We
shall characterize such a domain M in terms of the semi-gauge N* defining M.
For Mec(V) with N=N¥, we first note the following facts which, in general,
hold and are easily checked:
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(1.2) M=Int {veV ; Nv)<1}
(1.3) QIRM: {veV; Nv=l}
(1.4) CIM D {veV; N1} .

PROPOSITION 1.5 ([1; Proposition 4.1 and its Corollary]). For Mec(V) with
N=N" the following statements are mutually equivalent :

(a) N is continuous.

(ab) The opposite inclusion of (1.4) holds.

(b)) M is strictly starlike circular.

PRrROOF. Since the condition (b) is equivalent to CIMC [\ ;>:AM, the equality
induces the equivalence of (ab) and (b). The implication (a)={(ab) is trivial.
To prove the opposite implication, suppose that (ab) holds, and put

N@) = liminf N(u)
UV, U#v
for ve V. Fix veV and take an arbitrary real number 3 with N@)<7%. Con-
sidering a sequence (v,) in V such that v,#v, v,—v, and IimN(vn)=1\~/’(v), we
see that v/peClM. It follows from (ab) that N(v)<7z. Thus we have ]\7(1));
N(v) so that the upper semi-continuity of N implies the continuity of N or the
assertion (a).

COROLLARY 1.6. If a domain MeC(V) is strictly starlike cirvcular, then M
is fat, that is, Int CIM=M.

This is easily obtained by applying [Proposition 1.5 to the formula [1.2).

COROLLARY 1.7 ([1; Proposition 4.2]). If MecC(V) is convex, then M is
strictly starlike circular.

Proor. By (ii) in Lemma 1.1, N¥ is a seminorm so that it is continuous.
It follows from [Proposition 1.5 that M is strictly starlike circular.

COROLLARY 1.8 ([1; Proposition 4.3]). If M<cC(C™) is a complete Reinhardt
domain, then M is strictly starlike circular.

PrROOF. Suppose N(v)>1 for a vector v=>?*, ---, v™) and put
W= {(u, -, u™eC™; |u*|>v*|/Np) (a=1, -, m)}.

Then W is a neighborhood of v, and MN\W=¢@ by Lemma 1.1, (iv). Thus, v
belongs to the exterior of M. Hence we see that the condition (ab) in Proposi-
tion 1.5 holds.

In the remainder of this section, we give an application of |Corollary 1.6 to
a problem concerning completeness of the Bergman metric.
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Let hL*(M) be the Hilbert space of all square-integrable holomorphic functions
on a bounded domain M in C™, and let k(u, ) be the Bergman kernel of M.
The kernel hull X(M) of M is defined to be the largest, not necessarily schlicht,
domain containing M on which the Bergman function k(v, ¥) is real-analytically
extensible. We recall the following sufficient condition of Kobayashi [10; (A.4),
p. 284] for completeness of the Bergman metric:

For every infinite sequence S in M which has no adherent point
(1.5) in M and for each f=hL?* M) there exists a subsequence (v,) of
S such that | f(v,) |2/ kv, v,) converges to 0.

We need the following two lemmas.

LEMMA 1.9 (Pflug [15; Folgerung 4]). If M is a bounded domain in C™
and has a schlicht holomorphic hull (M), then H(M)C X(M)ZInt Cly(M).

LEMMA 1.10 (Skwarczynski [20; Theorem 3.15]). Let M be a bounded
domain in C™. Suppose that for every boundary point v of M, limy .y yeuk(u, @)
=00 and the set of all holomorphic functions bounded in a neighborhood of v is
dense in hL*(M). Then Kobayashi’s condition (1.5) holds for M.

We can now prove the following generalization of a theorem of Skwarczynski
[20; Theorem 3.16] announced in Introduction of this paper.

THEOREM 1.11. Let M be a bounded, strictly stariike civcular domain in C™.
Then the following four statements are mutually equivalent :

(i) KAWM)=M.

(ii) Kobayashi’s condition (1.5) holds for M.

(iili) The Bergman metric on M is complete.

(iv) M is pseudoconvex.

REMARK 1.12. Under the assumption of [Theorem 1.11], it is known [4] that
M is pseudoconvex if and only if M is a taut manifold in the sense of Wu [23;
p. 199].

PROOF OF THEOREM 1.11. Since M is starlike circular and bounded, the
space of all holomorphic polynomials is dense in AL?(M) so that (i) implies (ii) by
Implications (ii)= (iii) and (iii)=(iv) are well-known (cf. [5], [10]).
Suppose that (iv) holds. Then 4 (M)=M. By we have M=Int C1M
so that implies KX (M)=M, that is, (i) holds.

§ 2. Square-integrable holomorphic m-forms.

Throughout this section, a complex manifold under consideration is always
assumed to be connected and paracompact.
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Denote by HL* M) the Hilbert space consisting of all square-integrable holo-
morphic m-forms on a complex manifold M of dimension m, and by (, ) the
inner product on HL:*(M). If we denote by M the conjugate manifold of M,
and by A§m(M) the space of all (m, 0)-forms at p=M, then the Bergman
form K on M is the unique (2m, 0)-form on the product manifold MxM such
that for every peM, the form “K(-, p) belongs to HL*M)AA§™*(M) and
satisfies

a(p) = (a, "K(-, p)u
for any a=HL*M). The mapping M>p—¥K(p, p) is also considered as an
(m, m)-form on M.
Given a multi-index I=(,, -, in») of non-negative integers, and a local
holomorphic coordinate z=(z!, ---, z™) of M, we put

alll
(azl)il (azm)im ’

(az)I —

where |/|={,+ --- +in. For a non-negative integer n and a point peM, we
consider the subspace

HE(p) = {asHL*M) ; (") a(p)=0 (|I] <)},

where z is a coordinate around p. The space H¥(p) does not depend on the
choice of z. For a holomorphic tangent vector X< T,(M) at p, we also consider
an (m, m)-form

p¥(X) = max {(X"a AX"a)(p) ; acH¥(p), lla|x=1}

at p, where the maximum is taken under the natural order in the space of
(m, m)-forms at p, and |-|» is the norm corresponding to (, )». We note that

2.1) #(X) =YK(p, p)
(2.2) ui(AX) = 1217 pi(X)
for XeT,(M) and 2C (see for details).

LEMMA 2.1. If M’ is a domain in M, then pif=p¥’ on T(M)CT(M) for
any n.

Proor. If ¢ is the inclusion mapping of M’ into M and p= M’, then (*H¥(p)
CHY (p) and ||\c*ally < lalx for any e Hi(p). Therefore, for every X T,(M"),

p(X) = max {(X"aAX"a)(p) ; ac HY(p), |Falw=1} = pl (X)

as desired.

For a holomorphic coordinate z around a point p= M, we consider the func
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tion p¥®»=pll /(dz NdZ), on T,(M), where dz=dz' A --- Adz™ for z=(z*, -, 2™).
If w is another coordinate around p, then
(2.3) uy® W = pll 0| re(p)|*

on T,(M). Here, J{ means the Jacobian of a system f=(f!, ---, f™) of holo-
morphic functions in a neighborhood of p with respect to the coordinate z=
(2%, -+, z™). Similarly, if @=Bihol(M, M’) and if w is a coordinate around ¢=
@(p), then

(2.4) Prulft @) = i 20| Juo9(p)]?

on T,(M).
If Mec(C™) and S, is a complete orthonormal system of the space of
square-integrable homogeneous polynomials of degree n with

(2.5) ka(u, v) = ergnf(u)f(v)

(n=0, 1, -+-), and if z is the natural coordinate of M, i.e., z(v)=v, veM, then
the Bergman form on M is given by ¥ K=Fk(z, Z)dz Adz with k(u, D)= k.(u, D).
Furthermore, it is known ([2]) that

L7 2 ((05)o)

(2.6) e = ka(v, D)
for veC™. Here, we use the following convention:
@2.7) o= %yl

’ v a=1 az“

for v=_0", -, v™MC™.

LEMMA 2.2. Let z be a holomorphic coordinate around a point p of a complex
manifold M.

(i) The function log p¥®# s plurisubharmonic on Tp(M) for any n.

(il) The family (2n)-‘log(u¥®»/(n))?® (n=1,2, ) s locally uniformly
bounded from above.

ProOF. Referring to [2.7), we put

¢ P2 (0%) ) )

ha@) = 2n)t log( o

for veC™.
(i) It is known ([I]) that there exists a positive semi-definite Hermitian
matrix (g§%),71=171=n Of order N:(m-k:—l) such that

h,(v) = @2n)log X vPigiPu
[ Ii=|Ji=n
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for any veC™, where

n! . .
(V)i . (p™)im
21! b Zm!

i =

for I=(z,, -+, 7). Since the mapping C™=2v—w)=C? is holomorphic, for the
proof of (i) it is sufficient to show that the function

CY" 3 Wp)igion—> logIEJl V18175 € [—o0, 400)

is plurisubharmonic. By a linear change of variables it is sufficient to show
that the function

C¥ 2 @', -, v¥)—>log T |v7]* & [—oo, +00)

is plurisubharmonic for any »=0, ---, N. The last assertion actually holds so
that the part (i) is proved.

(if) Take a ball B with center z(p) in the image z(U,)CC™ of the coordi-
nate neighborhood U, of z and put M’=z"*(B). Consider a new coordinate w
given by w(g)=(2(¢)—z(p))/R, g=U,, where R is the radius of B. Then, M’'=
{geU,; lw(@)) <1} and the Bergman form £k(g, §)dwAdw of M’ is explicitly
calculated and satisfies

k(g, @) = VA 1—lw@I®) ™", qeM’,
where V,, is the volume of the unit ball in C™ so that by we have

g P (08),) _ (ntm)(ntm—1) - (n+1)
(n!)? o miVn

for veC™. Since (0%),=R(0%), and |J¥(p)|>=R"*™, (2.2) and imply

vl

pr P05, _ (ntm)(ntm—1) - (n+1)

2n
1y Vo fof2™ .
An application of gives
- (n+m) --- (n+1)
ha(v) = (2n) 1log( iV )—Hog vl

for any v=C™ and n; therefore, h, are uniformly bounded from above on
lv| <7 for every positive number », which proves the part (ii).

Let C¥ be the Carathéodory pseudo-metric on a complex manifold M (see
(0.1). We prove the following lemma, which implies a result announced in [3;
Remark 4.3].

LEMMA 2.3. For every non-negative integer n, (n-+1)*(C¥)*ulf S pu¥,, on T (M).
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PrROOF. The proof is done by the same argument as in the proof of [6;
Theorem 1]. Let XeT,(M). We may assume C¥(X)>0. Assume that fe
Hol(M, U) is non-constant and f(p)=0. Let acHX(p) with ||lax=1. Then
fasHiL(p), 0<|falx=1, and X"*(fa)(p)=(n+1)Xf(p)X a(p). Thus,

(n+172p(f+ XY (X "a AX"a)(p) = (X**(fa) NX " (Fa))(p)
= falbypdn(X) = #%+1<X) .
From this we get (n+1)*)C¥*(X)?pu¥(X)< p¥,,(X), which is the desired.

For a tangent vector XeT,(M) of a complex manifold M, we put

M(p,2)
" _ . . pn (YY) \vzn
BrOn = timsup, timsun (F 0 )
where z is a coordinate around p. Since lim,..A"?"=1 for any 1>0, (2.3) shows
that B¥(X) does not depend on the choice of z.

PROPOSITION 2.4. (i) For every connected paracompact complex manifold M,
BM s a pseudo-metric on M.

(ii) The assignment M—B™ is biholomorphically invariant and distance-
decreasing for open submanifolds, that is, if M’ is a domain in M, then B¥ <BX’
on T(M").

(iii) Assume that for every p=M there exists a form a<H(M) which does
not vanish at p, i.e., M satisfies Kobayashi’s condition (A.1) in [10]. Then CH
<BY on T(M). :

(iv) The indicatrix of B at every point p of M is a pseudoconvex starlike
cireular domain in T p(M).

PrROOF. A property ([22; p. 74]) on plurisubharmonic functions and
2.2 imply that

2.8) log B is plurisubharmonic on every tangent space.

In particular, B is real-valued. This and an application of imply the
assertion (i). The first assertion of (ii) follows from the relation and the
second from Lemma 2.1. Let z be a coordinate around a point p of M. The
assumption of (iii) implies that the constant function p¥®* on T,(M) is positive
(see [2.1). Therefore, by we have
‘u%(pv” 1/2n
cH = (#gl(p,z)(n!)z)
on T,(M) for any positive integer n. Thus the desired inequality of (iii) fol-
lows from the definition of B¥. The assertion (iv) follows from (2.8) and Prop-
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osition 1.2. The proof is complete.

In the last section of this paper, we show that if M is a symmetric bounded
domain in C™, then B¥ coincides with C¥, contrary to the usual Bergman
metric.

§3. Negative plurisubharmonic functions.

For a point p of a connected complex manifold M, we denote by LHC(p)
the totality of local holomorphic curves passing through p, that is,

LHC(p) = k>J0 {peHol(eU, M); p(0)=p},
where eU={1=C; |A]<e}. Thus we see
To,(M) = {px(d/dA),; pLHC(p)} .

We denote by PS¥(p) the family of all negative plurisubharmonic functions f on
M satisfying the following singularity condition (S), and coordinate condition (C)p:

limSupy o, uro(€Xp foz")(u)/||u|| <+oo for some holomorphic
coordinate z with z(p)=0.

S)p

If o,€LHC(p) (=1, 2) and ¢x(d/dA)s=.x(d/d2),+#0, then

©s L tpd=1L e,

Here :
(expf-¢)A)
[4]

for ¢=LHC(p). The inequality in the condition (S), is equivalent to the ex-
istence of positive numbers 7 and d such that (expfez')(u)/|ull=% for any
usC™ with 0<|lull<d so that every f=PS¥(p) takes the value —oo at the
point p, because limsup,., ¢«pf(@)=f(p). The condition (S), does not depend
on the choice of the coordinate z with z(p)=0 (cf. the proof of be-
low). The family PS¥(p) always contains the constant function —oo, and it
may consist only of one element —co. (This case occurs when M is compact or

M=C™) If fePS¥(p) and ¢=LHC(p) and if z is a holomorphic coordinate
with z(p)=0, then

a1 (exp fo@)(R) _ (exp foz)(zop(2) | 222 @)
' 121 2= (@] N

for all sufficiently small 2€C with ¢(2)+ p.

Ll =limsup

REMARK 3.1. When M is one-dimensional, one can drop the condition (C),
in the definition of PS¥(p). Indeed, assume that f is a negative subharmonic
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function on M satisfying (S), and that ¢, €LHC(p) (=1, 2) satisfy ¢.«(d/dA)y=
XeT,(M)—{0}. If we regard ¢3;' as a coordinate around p, the functions
giA)=(expfe:)(d)/|2|, A€eU satisfy

g:1(A) = gylp3? (pl(,]))] §D2 ng(X)’

for all sufficiently small 10 by [3.1). It follows from lim ;.o ;.03 c¢:(2)/A=1
that L [¢,]=L;[¢.]; therefore, the condition (C), is automatically satisfied.

LEMMA 3.2. For fePS¥(p) and ¢=LHC(p) with ¢«(d/dA),=0, it holds that
Lf[@]-—"o.

Proor. If z is a coordinate appeared in the assumption (S), on f, then by
we can find a positive number 7 such that

et o] =50

for all sufficiently small A+#0; therefore, the desired assertion follows from
@*(d/dl)ozo or 1im1a0,1¢02°(p(2)/2=0.

For fePS¥(p) and XeT,(M), we set L (X)=L,[¢] for some ¢=LHC(p)
with ¢«(d/d2),=X. By (S), and we have

(3.2) Lf(X) = [0) +OO) .

By (C), and we see that L, (X) does not depend on the representa-
tion of X in terms of ¢. We also see that

3.3 ' L(2X) = [A| LX)

for any XeT,(M) and A=C. Indeed, the assertion for 2#0 follows immediately
from definition and for =0 from and [3.2).

LEMMA 3.3. For fePSY(p) and ¢=LHC(p),
log L (X)= 1151 (27r) S feop(ret®)d6—log 7’)
where X=x(d/d2),.

Proor. The function g=f-¢-—log|-| is subharmonic on ¢U—{0} and is
bounded from above in a deleted neighborhood of 0 so that it can be extended
uniquely to a subharmonic function g on eU by the requirement §(0>:1}£§,S}i%gm
=log L;(X). Thus, our assertion is equivalent to

30) = lim (2n>—152”g<rew>d¢9 ,

-0+
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which follows from the properties §(0)§(27r)“lgzz§(re”)d0 and

limsup g(re*?) < limsup (1) = §(0)
704 A-0, AF0

and from Fatou’s lemma.

LEMMA 3.4. Let ®=Hol(M, M’) and pM. If fePSY(D(p)) and if X<
To(M), then f-@<=PS¥(p) and L;,o(X)=L (D X).

PrOOF. Let z and w be coordinates in M and M’ with z(p)=0 and w(g)=0,

respectively, where ¢g=®(p). Then, by we have
(exp fe@oz V) (u) (exp fe@oz ") (u)

limsu = limsu
uaO,u#Ig ||u|[ u—-o,d’n‘l(%)#:q IIu!l

< ez O limsup ELL WD)
-0, V#0 Hv”
where ¥/(0) indicates the linear part of a mapping ¥ at 0 and ¥’ (0)|=
SUP =1 1¥7(0)u|| its operator norm. From this inequality we see that f-@ satisfies
the condition (S),. Furthermore, if ¢ =LHC(p) and if ¢«(d/d2);=2X, then @-¢
€LHC(g) and (D-¢)«(d/dA)e=D«X. It follows that f-@ satisfies also the con-
dition (C), and that

Lfoq)(X) = gimsupw

~0, %0 [4]

which proves the lemma.

LEMMA 3.5. Let Mec(C™) with N=N¥, and let z be the natural coordinate
on M. Then L ((0%)0)<N(u) for any fePSY(0) and usC™ (see (2.7)).

Proor. Take any n>N(u). Since N(np~'u)<l1, the function @A)=2Anp"u,
A€U belongs to Hol(ClU, M)NLHC(0) with ¢«(d/dA)y=%"'X, where X=(02),.
Furthermore, the function fep—log|-| is extended to a subharmonic function
on CIU and is negative on the boundary of U so that the maximum principle
implies

log L;(p7'X) = gilgl’sxlilg(f"(p(i)—loglll) =0.

Hence n=L ;(X) by [3.3). This shows L (X)<N(u).

For a holomorphic tangent vector XeT,(M) of a connected complex mani-
fold M, we consider the extremal quantity

QM(X) =sup{L,(X); fEPS(p)}.

LEMMA 3.6. (i) For every @ <=Hol(M, M), it holds that ®*Q¥' <Q™.
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(i) For every peM, there exists a semi-gauge N, on Ty(M) such that
Q¥lr,an=Np.

Proor. The assertion (i) immediately follows from Lemma 3.4. Let (w, U,,)
be a holomorphic chart of M around p with w(p)=0 and let M’ be a starlike
circular domain included in w(U,)CC™ with a semi-gauge N’. By (i) and by
we get

Q¥ ((0%)p) = Q¥ ((0%)) = N'(w)

for u=C™, where z is the natural coordinate of M’; therefore the semi-gauge
N, defined by N,((0%),)=N’(u) has the desired property of (ii).

LEMMA 3.7. (i) Q is a pseudo-metric on M.

(ii) 1imSlle—-o,XeTp(M)QM(X):O-

(iif) The assignment M—Q™ possesses the decreasing property.

(iv) For the wnmit disk U, QU coincides with the Poincaré metric p on U

(see [0.3)).

ProOOF. The statement (ii) in implies that Q¥ is real-valued
and that (ii) holds. By we have Q¥(AX)=1[2]Q™(X) which proves (i).
The assertion (iii) then follows from (i). The assertion (@iv) is
proved as follows: We first get QU((d/dA),)=NV(1)=1 by The
function f(d)=log|i|, A€ U, satisfies (S), so that f €PSY(0) by Remark 3.1 ; while
L,((d/d2),)=1. Therefore, QU((d/dA),)=1. Combining this with (i) we have
QV=p on T, (U). It follows from the homogeneity of U that QU=p on the
whole T'(U).

For XeT (M), we set
P¥(X)= limsup Q¥(Y).

Y-X,YET 5 (M)
The function P¥ is thus upper semi-continuous on every tangent space T,(M).

LEMMA 3.8. For every p=M, the function lzlogPMITpm) satisfies
I(X) < <2z>—1§j”z( X+ ofY)de

for any X, Y eT,(M).

ProoOF. Take a coordinate z with z(p)=0 and set X=(0%),, Y =(0%),. For
any fePS¥(p), by we have

I(X+e®Y) = log Q¥ (X+e%Y)
= lim ((Zz)‘lgzxfoz‘l(rew(u+ei5v))d0-10g r) )

-0+
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Fatou’s lemma and Fubini’s theorem show
2r
0

S“z(XJreiSY)ds > lim supg“de(@n)—lg fezl(retfutrei®+Oy)dé—log r) .
0 T+0+ 0

Since foz~! is plurisubharmonic in a neighborhood of 0 in C™, we have

¥4

2
(27:)‘150 foz i reu+ret9+Op)de = foz ' (retfu)
for all sufficiently small 7, so that by we get

(27:)—15:”1<X+ ¢4Y)de = log L (X).

From this we see
(3.4) (2z)~IS:”1<X+effY)d5 > log Q(X).

Take a sequence X, T,(M) converging to X with lim;..Q*(X;)=P¥(X). Since
[ is upper semi-continuous it follows from Fatou’s lemma and that

@) 10X+ e#7d = )| limsupl(X,+eY)dg

> limsup (Zx)‘lgznl(Xj—{— e¥Y)dE

Joo

= limsup log Q¥(X;) = I(X).
J—roo
We have obtained the desired formula.

PROPOSITION 3.9. (i) For every connected complex manifold M, P¥ is a
pseudo-metric on M.

(ii) The assignment M—P¥™ possesses the decreasing property.

(iii) C¥=PY<K™ on T(M) for any M.

(iv) For every peM, the indicatrix of P¥ at p is a pseudoconvex starlike
circular domain in T,(M).

PROOF. (i) and (i) imply that P¥ is real-valued
and that PY(AX)=|A| P¥(X) for AeC—{0} and X=T (M) ; while the last formula
for 2=0, which is equivalent to P¥(0)=0, follows from Lemma 3.7, (ii). This
proves the assertion (i). The statements (iii) and (iv) in imply (ii)
and the assertion PU=p, respectively. Observing (0.4) and using (i), (ii) and
the fact PU=p, we get (iii). [Lemma 3.8 shows that log P¥ is plurisubharmonic
on Tp(M) so that Proposition 1.2 yields (iv).
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§4. Invariant pseudo-metrics on a starlike circular domain.

In this section we assume that M is a domain belonging to ¢(C™) with
semi-gauge N¥ and that z is the natural coordinate of M. Put Fy(u)=F((0%),)

for ueC™, where F=C¥, K, B¥, or P* (see [0.I) as well as [2.7).

[Proposition 3.9 implies the first two inequalities of the following:

(4.1) C¥f =Py =K{f =N*

on C™; while the last inequality is proved as follows ([4]): Fix u=C™ and
take 7>N¥(u). The function f(A)=21%"'u, A€U, then belongs to Hol(U, M) and
satisfies fxn(d/dA)e=(0%), With p(n(d/dA))=7 (see [0.3). By the definition [0.2)
we see that K¥(u)<7. This gives K¥(u)<N(u).

REMARK 4.1. The last inequality of provides a simple proof of the
following result of Kodama [13; Theorem 2]: M is bounded if and only if M
is hyperbolic in the sense of Kobayashi [11], [12]. In fact, suppose that M is
hyperbolic in the sense of Kobayashi. By a result of Royden [17; Theorem 2]
there then exists a positive constant % such that K¥=7%|-||. Combining this
with we see that N is a gauge or M is bounded (Cemma 1.1, ()). The
converse is well-known ([11], [12].

We get also the following improvement of Schwarz’ lemma due to Sadullaev
[18; Lemma 1].

PROPOSITION 4.2. For @<Hol(U, M) with MeC(C™) and ®(0)=0, the fol-
lowing inequalities hold:

(i) PY(@@AN=IR] for 2€U;

i) P@'O)=1
Furthermore, either if the equality in (i) holds at some 30 or if the equality
in (ii) holds, then the equality in (i) holds for all A.

PrROOF. By [Proposition 3.9 we see that the function

D = log PY(0(2)—log ||, A€U—{0}
| log PY(®(0)), 2=0
is subharmonic on U. By [4.1) we see h=log N¥-®—log|-|<=—log|-| on U—{0}.

The maximum principle then gives the inequality /<0 and all the statements
desired.

We next prove assertions about P¥ similar to the following well-known
facts ([7; Sétze 5 und 7]) about C¥:

(4.2) M is convex if and only if C¥=NX,
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4.3) The indicatrix IC¥ of C¥ coincides with the convex hull of M.

THEOREM 4.3. Let MeC(C™) with semi-gauge N¥.

(i) M is pseudoconvex if and only if PY¥=N".

(ii) The indicatrix IPY¥ of PY¥ coincides with the holomorphic hull of M (see
Corollary 1.4).

ProOF. “If” part in (i) follows from [Proposition 3.9, (iv) and
1.2. Conversely, suppose that M is pseudoconvex. We consider the function
f=Ilog N¥, which is negative and plurisubharmonic on M by [Proposition 1.2,
There exists a unique (0, +oo]-valued function R on the complex projective
space P=P™' such that N¥=|-||/R-x on C™—{0}, where =: C™"—{0}>P is
the canonical projection defining P. Since N¥ is upper semi-continuous, the
function R is lower semi-continuous on P (cf. [1; §3]) so that

limsup (foz*(u)—log lu[) = —min {log R(§); §€P} < +0,

u—0, u#0

where z is the natural coordinate of M ; therefore, f satisfies the condition (S),.
Let o LHC(0)NHol(eU, M) with ¢4«(d/dA)y=(07)s, uC™. Then, fe¢(2)—log|4|
=f(p(A)/2) for AceU—{0}. Since the function ¢ on e¢U defined by

oW/2,  AeslU—{0}

4 = u, 2=0

is holomorphic, fe¢ is subharmonic on eU so that we have log L [¢]=f-¢(0)
=f(u)=log N¥(u); this means that f satisfies (C), (hence f=PS¥(0)) and that
P¥(u)=N"w). Thus, “only if” part in the assertion (i) is proved.

The holomorphic hull of M is schlicht and starlike circular (Corollary 1.4).
Hence, to prove (ii), it is sufficient to show that IP¥ is the smallest pseudo-
convex starlike circular domain including M. Suppose that M’'ec(C™) is pseudo-
convex and includes M. Since M’ is pseudoconvex, (i) shows N¥' =P¥  On
the other hand, since MCM’, (ii) of [Proposition 3.9 implies P¥ <P¥. Thus,
NYM <P¥ or IPYCM as desired. This completes the proof.

COROLLARY 4.4 (Suzuki [21; Theorem 1], Barth [4; Theorem 2]). If M is
pseudoconvex, then KY¥f=NM,

Proor. By the use of (i) of [[heorem 4.3 and [4.1), we have this corollary.

COROLLARY 4.5 (Sadullaev [18; Theorem 17]). Let @ <=Hol(M, M’) with M<
c(C™), Mec(C™), and ®(0)=0. Assume that M’ is pseudoconvex. Then the
linear part @’(0) of @ at O maps M into M.

PrROOF. By the decreasing property of P¥, we see that P¥ -@’(0)<P¥ on
C™. Since M’ is pseudoconvex, (i) of gives N*'=P¥' . Using
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(4.1}, we see that N¥' -@’(0)<N¥ on C™, which proves the desired result.

THEOREM 4.6. For every MeeC(C™), the indicatrix IBY¥ of BY¥ coincides
with the kernel hull X(M) of M (see §1).

PrROOF. Let E(u, D)dzAdz be the Bergman form on M and let k(u, ¥)=
S oka(u, D), where k, is the function given by [2.5). Since £ is holomorphic
on MxM, the function (1, u, D)=,k (u, §)=k(Au, A7) is holomorphic in a
neighborhood of 0 in C'*™*™, If we define a function » on C™ by

r(u) =sup {A>0; X,.4*k,(v, D) converges in a neighborhood of u},
then it follows from Cauchy-Hadamard formula that

4.4) r-t= BY on C™.

Since, in this case, K (M) coincides with the domain Int{usC™; 3. k.(u, @)
< +co} which belongs to ¢(C™) (cf. [14]), the semi-gauge N* of K(M) is
given by
N* (y) = inf {A>0; usiX(M)}
= (sup{A>0; AuesX(M)}H!

= r(u)™

for ueC™. Combining this with [4.4)], we get N**=B¥ which proves the
theorem.

LEMMA 4.7. For every MeC(C™), the holomorphic hull 9 (M) is included in
the kernel hull K(M) of M.

Proor. The proof of the same assertion for a bounded M was given by

Mehring and Sommer [14; Satz 2]. Their argument is also valid for an un-
bounded M.

THEOREM 4.8. Assume that M is a domain belonging to C(C™) and that, for

every pEM, there exists a form a<HL*M) such that a(p)th Then the follow-
ing inequalities hold:

CY=BIl =Py =Ky <N"
on C™; therefore the following inclusions also hold:

ICY DIBY DIPY¥DIK¥YDOM.

ProOF. The last two inequalities were shown in [4.I). The second one
follows from Cemma 4.7, since IP¥=4/(M) and IB¥=x(M) (Theorems 4.3 and
4.6). The first one is a consequence of [Proposition 2.4, (iii).
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COROLLARY 4.9. If M is a symmetric bounded domain in C™, then C*=B¥
=PY¥=K" on the tangent bundle T (M).

PrROOF. Since M is assumed to be convex and starlike circular,
4.8 as well as (4.2) gives C¥=BY¥=P¥=K}. Since M is homogeneous, the
biholomorphic invariance of these metrics implies the desired formulas.

Finally, we give sufficient conditions for B to coincide with P¥.

PRrRoOPOSITION 4.10. If MecC(C™) is bounded and if the holomorphic hull
(M) of M is strictly starliike circular, then B¥=P} on C™,

PROOF. By J (M) is fat. Therefore, by we have
K(M)=9(M) so that Theorems and 4.6 imply the assertion.

COROLLARY 4.11. If M is a bounded, complete Reinhardt domain in C™,
then BY=P¥ on C™.

ProorF. It is well-known that, in this case, 4 (M) is also a bounded, com-
plete Reinhardt domain. Hence, 4 (M) is strictly starlike circular (Corollary]
1.8). Applying [Proposition 4.10, we have our corollary.
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