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Introduction.

Let M be a finite dimensional manifold and let L(y, ) be a function on the
tangent bundle TM. Our aim is to construct a C°sem: group of bounded linear
operators H}(L) associated with L(y, 7) and its infinitesimal generator A*(L) on
the intrinsic Hilbert space % (M) (see §5 for its definition), where t=R, and 2
is a positive parameter.

As the above problem is too vague to consider, we restrict ourselves to the
following case which seems rather typical.

(M) M is a smooth, simply-connected and connected d-dimensional manifold.
(L.I) L(y, 7) is represented by
(1) LG, n=LG, =V, LG, N=Q0/2)g:;nN77

for (y, 7)eTM. (Hereafter, we use Einstein’s convention to contract indices.)
Moreover,

(L.II) ds*=g;;(x)dx'dx’ defines a complete Riemannian metric on M.

(In the following, for such g;;(x), we associate quantities in Riemannian
geometry as are used usually.)

(L.III) There exists a constant 2=0 such that for any 2-plane =, the sec-
tional curvature K, satisfies —2*< K, <0.

(L.1V) Denote by R;;:"(x) the component of curvature tensor R(-,-). Then,
there exists a constant C, such that

V¥R (x)|=Cy for 0=|a|=3,
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where a=(a;, -+, @y) is a multi-index, V*=Vgt...-V4%¢ and V, represents the
covariant derivation in the direction of x’ for any local chart at x=(x?, ---, x%).

L.V) VelCy(M) is real valued.

For any natural measure g on M which is defined without mentioning
Riemannian metric (see §5 for its definition), we consider the following trans-
formation in L*(M, dy) with parameters >0 and 4>0. For any feCy(M) and
sufficiently small >0, we put

(2) (HYL; y)f)(x)=(27r2)'d’2SMp(L ; )@, x, y)exp{—AT*S(L)(E, x, y)} - f(3)du(y)
Here we denote

(3) S, %, =int{| L4(@), {o)de : 100}, H@=dr)de,
(4) Qt,x,y——-—{r(-)eC([O, t]—M) : absolutely continuous in ¢

with 7(0)=y, r(t)=x, and §:<r'(r), 1@ rmdr< +00}

and

(5) o(L; i), x, y)=[det(—0,:0,2S(L)t, x, ¥))/p(x)u(y)]"'*

where p(x) is the density of p at x, i.e. dp(x)=p(x)dx*A---Adx®%, 0,: denotes
the partial derivation in the direction of x* at x=(x!, -, x¢), and <X, Y, is

the Riemannian scalar product at x for X, YT .M.
Qur theorem is:

THEOREM. Let M and L be given satisfying assumptions (M) and (L.D)-(L.V).
Then, there exists a positive number T >0 such that the followings hold :

(a) For any natural measure p, the operator HYL;p) defines a bounded
linear operator in L*(M, dy) for 0<t<T.

(b) Um|HAL; )f=FI=0 for all feLXM, dp).

(¢) There exist positive constants C and C’ depending on T independent of p
such that

(6) HioL; ) f —HUL; HL; ) fISLC{U )=+ +C7(t+5)s]| |

for 0<t+s<T. Moreover, we take C'=0 for V=0.

Furthermore, we have:

(d) There exists a limit HYL ; p)=1imMpu[ H};2(L ; )1™ in the operator norm
in LXM, dp) for any t>0. Moreover, {H¥XL ; p)}izo with HYL ; p)=the identity
operator, forms a C° semi-group in L*(M, dy).

(e) For any two natural measures p and vy on M, we have
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(7) HYL; )=Us:H{L;»)U,,
where U,, is an isomorphism from LM, dp) onto L*(M, dy), defined by
(8) (Oop Hx)=f(x) () /p(xN? for  feLXM, dp).
(f) The infinitesimal generator A*(L; p) of H¥L; p) is given by
(9) O(HYUL ; 1)) 10=0=ANL; f =UzL uAXL; p)Uppnf  for fECT(M),
(AXL ;5 po) F)(x)=2%A,/2— R(x)/12) f (x)+V (x) f(x) .

Here A, is the negative Laplace-Beltrami operator and R(-) stands for the scalar
curvature.

In other words, the above procedure defines a C° semi-group H?#(L) and its
infinitesimal generator A*(L) on the intrinsic Hilbert space 4 (M) such that if
JL(M) is trivialized by a natural measure g as L2(M, dy), then H¥(L) and A*(L)
are represented by H}L ; u) and A*(L; #) on L*(M, dp).

The old and debated question whether the Schridinger equation in the
curved space contains the term with A2R(-) will be solved completely if we
could proceed in a similar way as above for A=i#.

In §1, we enumerate the basic properties for the quantities derived from the
classical mechanics defined through L. As our configuration space is curved, we
cannot apply directly the iteration scheme used in Fujiwara to our case.
Instead of it, we use the Morse theory to obtain the estimates of the classical
quantities. In §§2-4, for the special choice of p=p,, we give the proof of (a)-
(d) of As one of the corollaries, we give the covariant property of
the operators HY(L ; u,) and A*(L; p,) under a diffeomorphism of M. In §5, we
give the definition of the half-density and the intrinsic Hilbert space on M, which
combined with the result in §4, gives readily the proof of Here, the
meaning of the appearance of the term R(:)/12 is clarified. In spite of this
fact, in §6, we claim that for any number S=R, we may produce the term
A*(1/6—pB/12)R(-) if we change our procedure a little bit. But in this case, we
must use the fact that A, is essentially self-adjoint on C7(M) not proving it as
in §4. Moreover, there exist no covariance properties unless S=1.

Some parts of were already announced in Inoue-Maeda [11].

1. Some properties of the classical action
— preliminaries from differential geometry.

For any x, yeM, the set 2, ., , introduced in (4), denoted simply by £ in
this section, forms a Hilbert manifold. (See p. 247 of Abraham-Marsden [1].)
The tangent space T,£2 at ye 2 may be identified with the space of vector fields
Z on M along y with Z(0)=Z(#)=0. Moreover, a scalar product on T, is
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defined by

t
(L.1) <2y, 2= <2:®), ZeDrwdr.

(For the notational simplicity, we drop the indices y and y(z) above if there
occurs no confusion.)
Now, we introduce two functionals S(y) and S°y) on £ by

1.2) s<y>:§:L<r<z>, Ho)de  for rel,

(1.3) SO(T):S:L"(;’(':), HeNde  for ref.

LEMMA 1.1. Under assumptions M), (L.1), (L.1I) and (L.V), we have:

(1) S() is bounded from below.

(ii) S(-) 7s a smooth functional on 2, i.e. for any curve y(t;e) on M satis-
fving 7(-;0=y(-)e2, (d/de)y(-;¢e)e=e=ZTg, there exists (d/de)S(y(:;€))ie=0
=dS(y)-Z.

(iiiy ref is a critical point of S, i.e. dS(y)=0, iff (a) 7 belongs to
C¥[0, t]>M) and (b) 7 satisfies the following equation

(1.4) F O+ GO @) =—TV (7)),

where I';y* stands for the Christoffel symbol and (NV (x)) =g (x)V,;V(x).
(iv) ref is a non-degenerate minimum of S(-) iff there is no trivial J=T,Q
satisfying the following V-Jacobi equation,

(L.3v.y J"@+R(J @), 1) (0)==VV (7)) J(z),

where J'(z)=(0/07)J(z)=the covariant derivative of J along y(z) and V?V(x) stands
for the matrix whose (i, j) element is given by N'N;V(x).

PROOF. See, Milnor and modify it slightly, if necessary.

It is well-known that under assumption (L.]II)

(1.6) S(t, x, v)=d¥x, y)/2t for x, yeM,

where d(x, y) is the Riemannian distance between x and y. We consider the
initial value problem for (1.4) with initial conditions

1.7 70)=y and 7O)=YeT, M.

As is well-known, for any YT ,M, there is an interval Iy where the solution
r(t) of [1.4) with exists. Moreover we have:

LEMMA 1.2, Assume (M), (L.I), (L.IN) and (L.V). There exists a constant
C:>0 such that
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(1.8) \Y—=Ca=sliOI=IY+Ct for t€ly,
(1.9) LY P=GY [t+(CY/3)P—4C))]
=d(y, y()*
=LY *+CIY [t-+(CY/3)+4C]  for tely.

Here, |Y |*=<Y,Y>, for YT M.
PROOF.
(172)(d/dt)|7(#)|*=<(d/dt)7 @), T(£)>

=—VV (@), 7@y
=Gl7®].

This leads us to the second inequality of (1.8). And we have, by definition of
S, x, y) and S°(, x, y),

(1-10> S()(t’ X, y)_cltés<t; x’ y)éso(t, x’ .y)—*-clt'
Combining this with we have
d*(y, r@)=2tS, v, 7))
gzt{S’(l/z) 17(2) | 2de— S Vir@)dr+Cit}
- 0 0 vfe
So, we have the second inequality of readily. The other parts are proved
analogously. qg.e.d.

COROLLARY 1.3. Same assumptions as above. The solution y(t)=y(t;y, V) of
(1.4) with (1.7) exists for any t, that is, Iy=[0, co). Moreover, y(t;y, Y) depends
smoothly on (¢, vy, Y)=[0, o)X T M.

We denote 7(t;y,Y) by @, ,(Y). By calculating primitively, we have:

LEMMA 1.4. Assume (M), (L.I), (L.II) and (L. V). Let (dD, )y : Ty(T ,M)—
Tq)t‘y(y)M be the differential of @, , at YeT M. Then, for any WeTy(T M),
JO)=(d D, )yW satisfies the V-Jacobi equation (1.5) with initial conditions

(1.11) JO)=0 and J'(O)=W.

LEMMA 1.5. Under assumptions M), (L.D-(L.III) and (L.V), there exists a
constant T1>0 such that for any W =0, the solution J(t) of (1.5) with (1.11) satisfies
J#0 for 0<t<T,.

PROOF.

(1/2)(d*/dt)| J(&)|*=(d/dt)<J @), J'@)>

= J'@, J'O>+J@, J"®>
z1J/ 01" =ClJmn]*
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by (L.II) and (L.V). Using (d/d?)] j(t)|2:S:(d2/dr2) |J(z)|2dz and ](z‘):S:]’(r)df,

we have readily
t
(1/2)(d/dD1J 0121~ Ct)/2)| 1)) 2
Taking T, smaller than +/2/C,, we have the desired result. g.e.d.

COROLLARY 1.6. Under the same assumptions in Lemma 1.5, we have
(d®D;,)r+0 for 0<t<T, and YT M where T, is taken as above.

ProprosITION 1.7. Assume (M), (L.D-(L.1I) and (L.V). Then, there exists a

positive number Ty such that @,,, gives a diffeomorphism from T,M onto M for
0<t<T; and ye M.

PRrROOF. As the functional S(-):£2—R has the non-degenerate Hessian at
critical points for 0<t<T by and (iv) of Lemma 1.1, £ is homotop-
ically equivalent to a CW-complex with 0-dimensional vertex. On the other hand,
as M is assumed to be simply connected, £ consists of one point. That is,
there exists one and only one critical point for S(:) in £. This means that @, ,

is one to one and onto from T,M to M and @.,, is differentiable by
1.3. So we have the desired result. g.e.d.

Take orthonormal bases {W;} and {e;} on Tx(T,M) and T .M respectively.
Then, the differential mapping (d @, ,)r may be expressed by

(1.12) (d D, )W, ;=Fle;.

We denote det(F?%) by det,(d ®D,,,)y, which is independent of the choice of ortho-
normal bases. Defining

(1.13) O, x, y)=t"%|dety(d D¢, )rl,

we want to give the upper and lower estimates of it. Before that, we prepare
the following lemma which is a modification of Rauch’s comparison lemma (§7
of Chap. I of Aubin [2], §10 of Chap. I of Cheeger-Ebin [4]).

LEMMA 1.8. Let A(z) be a smooth real vector field on R satisfying
(1.14) A+ K@) A(Z)=0  with A(0)=0.

Here K(z) is a real dXd matrix of 0=t=t.
(i) If —K(z) is bounded from below, i.e. —K(z)=—r (£,=0), then

(1.15) CAW), A@)Do=rkicot kit -CAQ), AW)Ye  for t<m/ki.

(i) If —K(z) is symmetric and bounded from above, i.e. —K(z)Z£i (£,=0),
then

(1.16) CAW), Alt)yo=r, coth kit -(A(), AG)D,,
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for sufficiently small t, where <,y is the Euclidean scalar product.
PrROOF. (i) We compare the equation with

(1.17) B(t)+#2B(zx)=0  with B(0)=0.

Let {B,(z)} be a solution of [1.17] with B,(0)=0, B,(0)=e;, {e;} stands for
the canonical bases of R% As {B;(z)} is linearly independent vectors in R? for
t<m/k;, we expand a solution A(zr) of as A(t)=X%,a,(r)B,(z). Using
(B,(z), Bj(r)»=<B,(r), B;(r)> and integration by parts, we get readily

t
0

CAtD), Atpo=| 1AW, A>e—(KE)AR), AD)de
d . d |
+( 5 B, 3 a,0B,0)

t d . d .
+[{ £ a@Bie), 5 aiB,®)ds.
On the other hand, as any solution of (1.17) with B(0)=0 is represented by
B(r)=X%.8;B,(z) (3;€R), we have readily, for B(r) satisfying B()=A(?),
CA), At)po=(B@), B(t),.

Since, A(t)=2DB(t) implies 8;=a;(t). Defining B(r):(sih £,7/sin k,t)A(t) we have
(L.15)
(ii) Instead of [1.17), we use

(1.18) Clo)—riCt)=0  with C(0)=0.

Let {4,(r)} be solution of with A;(0)=0, A,-(O):ej. For sufficiently small
t, {A;(r)} is linearly independent. Expanding a solution of (1.18) as C(z)=
>4.a7)A (r), we have, by analogous calculation as in proving (i),

. d d
€W, Ctde={ E e A, 5 es04,0),

t d . d .
+J{ E @), B e@ifo) de.
0\ i=1 Jj=1 0
Here we use the symmetry of K(z) to prove {A,(c), Aj7)>e=CA7), A,~(r)>(,. As
AlR)=2Ec;() A (z) is a solution of [1.14) with A()=C(t), we get
C@M), Ctyye=CA), A),.

Putting C(z)=(sinh x,z/sinh £,t) A(t), we have [1.16). q.e.d.
Now, using this, we give first of all, the lower bound for O(, x, y).

PropoOSITION 1.9.  Assume M), (L.D)-(L.III) and (L.V). Then, there exists
a constant Ty>0 such that
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(1.19) O, x, y)=(sinv/Cit/~/Cit)e,  for 0<t<T, and x, y=M.

ProoOF. Introducing vector fields {P;(r)} parallel along 7.(r) and orthogonal
w.r.t. {,>, we expand any V-Jabobi field J(z) as J(zr)=X%,a’(r)P,(zr) where
a’(z)e R. Then, A(r)=%a'(z), ---, a%(r)) defines a vector field in R* and satisfies

Alr)+K(2)A2)=0.
Here (j, k)-element of K(z) is given by
(1.20) CR(Py(1), To(o)Te(z), Pr()>+<VPV (7(7)) Pi(z), Pr()) .
By assumptions (L.III) and (L.V), there exists C,>0 such that
—K(r)=z—CiI .
Using (i) of the above lemma, for ¢<T,=min(T,, z/+/C;), we have
(1/2)(d/dt)log| J)[*=~/C; cotv/Cit .

Here, we use the fact | J(t)|2=<J®), J)>=<A{), A{t)>,. Remarking lim,_,| J(t)|/¢
=1, we have |J{t)|/t=sinv/Cit/~/Cit. We get (1.19) by the definition of det.
g.e.d.

Analogously, we have the upper bound of O(t, x, y) as

PrROPOSITION 1.10 Under assumptions (M), (L.D-(L.III) and (L.V), we have
(1.21) O, x, V)=[sinh(k|Y|+Ct/(R|Y|+Cyi]® for 0<t<T,

where x=0,, ,(Y), Co=(k*C3T3+C,)'* and T, is defined in Proposition 1.9.
PrROOF. As before, we consider (1.14) with (1.20). Then, assumptions (L. III)
and (L.V), combined with the estimate (1.8) give us an upper bound for K(z) as

(=K@ A[@), A»=(k|Y | +C)* | Ar)[® for 0<z<Ts;.

Using (ii) of and proceeding as before, we have the desired estimate.
g.e.d.

Now, we give elementary properties for S(¢, x, y), called the classical action.
By Proposition 1.7, there exists the unique critical point y. of S(-), called the
classical path, which satisfies

2
0

(1.22) St, x, =] 11/2¢@), 7=V de.

Following fact is rather well-known. (See p. 390 of Berger et al. [3].)

LemMA L.11. Under assumptions (M), (L.D-(L.1II) and (L.V), S, x, y) is a
C=-function on (0, Ty) X MX M, symmetric in x and y, satisfying the Hamilton-
Jacobi equation :
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(1.23)m.y 0.5, x, 3)+1/2)XV.SE, x, ), Va5, x, y0>+V(x)=0,
and for any YT M
(1.24) (V,S@, x, Y)Y )=—<D7%(x), Y).
By [1.24), we have, for XeT .M, YT ,M
V.V, S, x, y)(X, Y)=—(d P7})(X), Y7,
which gives us the following formula :
(1.25)  det,(d 07}).=det(V, V=5, x, y)/Vegx)Vg(y)  (Vglx)=p(x).

If we put p(t, x, y)=|det,(d D7}),|'/%, we have easily p(t, x, y)=t"¢*07*(, x, y).
Then, we have

PrROPOSITION 1.12. Assume M), (L.D)-(L.III) and (L. V). The function p(t, x, y)
is smooth on (0, Ty)X MX M and satisfies the following continuity equation:

(1.26)c 0.0t x, y)+1/2)p(, x, AP SE, x, ¥)+<V2p(, x, ¥), V=S, x, 3)>=0.
Here, A stands for the Laplace-Beltrami operator acting on a function of x.
ProOF. Define {(t, x, y)=det,(d ®7%,),. Then, using the identity @7l ,=
0D, DL, ,, We get
(d Qt_is :c:(d @t—,ly)z'(d<@t, y°@t_ﬁ{s,y))x » Z:@t,y°d)t_ls, y(x) .

This means ‘

0/05)¢(t+s, x, y)=<VLE, x, 2), 02> -dety(d(D, ,* Diks, )z

+{(t, x, y)(@/ds)exp trace log (d(D;, , Pils))z -
As VL, x, v), 052)1520=—<VC, V,S(t, x, »)> and
osexp trace log (d(®D;, ,-Diis, ) .=—trace [ViS({t, x, v)]
=—A®S{E, x, ),
we have
0.8, x, ¥)+<VLE, x, ), VaSE, x, )72+, x, AP SE, x, y)=0.

As p(t, x, )=, x, y)''?, we have (1.26)c. q.e.d.

REMARK. As is mentioned before, S(¢, x, ¥) and p(t, x, y) are symmetric
in x and y. In the following, we use (1.23)n.;, and (1.26)c with changing the
role of x and vy if necessary.

Following estimates are easily obtained by differentiating (1.5)v.; and using
the variation of constant for ordinary differential equations (see, Appendix in

Maeda [12]).
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LEMMA 1.13. Let take T >0 smaller than T, and satisfying O(t, x, y)=1/2
for any x, yeM and 0<t<T. Then, under assumptions M) and (L.I)-(L.V),
there exists a positive constant C; independent of x, yeM and 0<t<T such that
for 0=|a|=3 and x=0,,,Y),

(1.27) IV30(t, x, y)| SCsexp(k|Y | +Co)t,
(1.28) V50, x, )| =Cit~?*exp(k|Y|+Co)t.

2. Some basic properties of H(L; pt,).

In this and in §§3 and 4, we denote H¥(L, p,) simply by H{ and L%norm
of L¥M, dp,) by ||-|l. Hereafter, we fix 7>0 as defined in

PrROPOSITION 2.1. Assume (M), (L.I)-(L.II) and (L.1V). Then, the operator
H}% are stable in LX(M, dp,). That is, there exists a positive constant C,=C,Q4, T)
such that

@2.1) IHif|<exp Ci-If]l  for 0<t<T and feCZ(M).

PROOF. H? is an integral operator with kernel

(2.2) hAE, x, y)=@rA)"“*p(t, x, y)exp{—A7'SE, x, y)}.

We claim that there exist constants C;=Ci(4;T) and C;=C/(4; T) such that
2.3) | 1, 2, 9)dp(n=01+Cit)-exp Cit/2,

@.3) SMhl(t, %, 9)dug(x)=1+Cit)-exp Cit/2,

for all 0<t<T.

Putting y=0,,.(X), X€T. M, and remarking p(t, x, y)=t"%20(¢, x, y)™ /2,
we have

@a | e 5 ndus)

=<27r1>'””2t‘d”ST LEXP{—A7SE, x, Do (XD} -6, x, @r, o(X))dX .

Inserting the relation above and (1.21) and using polar coordinate, we have
SMhz(t, Xy ¥)dpeg(y)

<(272) 9% %y0l(Se)

X S:rd"[sinh (Rr+Co)t/(kr+Cy)t]% *exp[(—rit+6Ct+Cirt?)/24]dr .
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Using
(—=7r2+Cirt*+6Cit)/2A=—7r% J42+((—7?t/2)4-Cirt*+6Cit) /24
=—r%/42-+Cit/R, for 0<t<T and for »=0,
where C{=3C,+(C%T?/4), we have

Sth, %, 9)dps(y)<exp(Cit/2)-Fat) .

Here, we set
F;(t)=(2:r)"i“vol(S"“)S:ud‘l[cosh(ku(lt)”2+C2t)]‘“2exp(—u2/4)du .

Using sinhr/r=<coshr for »>0, we get

Filty=—2Fy(0

<(d/4)2z)~%/2vol(S¢-Y)

ngud‘lcosh(ku(lt)”2+C2t)d/2

0

X [R*u*A--3C ku(At)?4+2C#Jexp(—u?/4)du ,

there exists a positive constant C;=Cj(4; T) which bounds from above the right-
hand side of the inequality above. Combining this with F;(0)=1, we get (2.3).
Analogously, we get (2.3)’.

Remarking

(@IS 12, 5, 9722, x, 3771 F )] o),
and using Schwarz’ inequality, we have
IHf|*<exp@2Cit/A)-(L+-Ca)*| fII*.

This implies by putting C,=C,+(CiT/2). q.e.d.
By [Proposition 2.1, we may extend H{ acting on L*M, du,). Now, we
study the dependence of H? on t.

PROPOSITION 2.2. Assume that M), (L.D-(L.ID) and (L.V) hold. For
fELZ(M, dﬁg>’ we have

2.5) lim|| H3f—f=0.

Therefore, putting Hi=the identity operator, we have the mapping from t<[0, T]
to Hif € LA(M, dp,), strongly continuous in t for each fe LM, dp,).

PrOOF. By [Proposition 2.1, it is sufficient to prove for each feCF(M).
We take a smooth function X(x), 0=X(x)=1, as
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1 if d(x, suppf)<2
Xx)=
0 if d(x,suppf)>3.
We shall show the following.

(2.6 lim|| Fi(t, )= f ()] =0,
@7 lim| Hut, )=,

where H,(, x)=X(x)(H}f)(x) and H,({, x)=1—X(x))(H{f)(x).
Proof of [2.6). Putting y=0, .(X)=7@, x, X), X&T (M), we get

(2.8) F=7r)+fi(x;t, X) and 6, x, y)"*=1+64(x, t, X),

where

Fix, £, 0= (/4 f(@,, (X ds={ T, £(@4, (X)), 7G5, %, X s,

0:x 51, X)={(d/d5)0, x, B, (X)) 2ds

=1/2)[ 6, x, 0,072,600, x, B, LX), §(s, x, X)ds.
So, using polar coordinate X=rw, r=(0, o), w=S%!, we have
(2.9 Hit, =t0@ad || (4 Hx, 1, o)
0JSd-1
Xexp{—217'S{, x, O, ,(ro)}r¢tdrdw,

where H,(x, t, rw)=f(x, t, ro)+ f(D,, .(rw))O(x, t, rw). Using the estimates (1.8)
and we have readily, for some constant C;=Cy(T),

(2.10) [Hi(x;t, ro)| = [ggg IVNf1+Cs ggg! fl-exp kr][rt+(Cit2/2)].

Using these estimates and remarking that X(x) has compact support, there exists
a constant C,=C(T, 2, X) such that

(2.11) [H.@, -)—F(OHI=Cet**[sup|Vf]|+sup]| f]].
xEM *EM
Proof of [2.7) Choose another function ¢(y)eCy(M), 0<¢p=1 satisfying

1 if d(y, suppf)=1
@(y):{ .
0 if d(y, suppf)=3/2.

Remarking ¢(y)f(y)=7(y), we have

2.12) Hyt, =] Falt, %, 9)f0dp),
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where
Fit, x, )=QrA)~*1—X(x))e(y)p, x, y)exp{—A'S{, x, y)}.

By the choice of X(x) and ¢(y), we have F(t, x, y)=0 for d(x, y)<1/2. On the
other hand, by the choice of T,

sup t¢?p(t, x, )=+ 2 and  sup [t"%%exp(—X?%/2t)]=C(d)<co.
e ik

So, using [1.6) and [1.10), we get
Fi@¢, x, y)=C(1—=Xx)e(y)exp(—d*(x, y))  for 0<i<T,

where C; is a positive constant, independent of x, y&M and 0<t<T. Moreover,
as lim,.,| Fi(t, x, y)|=0 for each x, y= M, using Lebesgue’s dominated conver-
gence theorem and the argument at the end of the proof of [Proposition 2.1, we

get [2.7). q.e.d.

3. The convergence of the product H{ in the operator norm.

Take t>0 arbitrarily. Dividing the interval [0, ¢] into n-equal subintervals
such that (¢/n)<T, we define an operator Hi@) as HA@)=H?%,, --- H}, (product
of n-times).

PROPOSITION 3.1. Assume that M and L satisfy M), (L.D)-L.V). Then, there
exists a C°semi group HNL; p,) t=0) on L*M, dp,) such that, for any t>0,

(3.1) VHXL ; dpy)— HA@0)| < (Cr2n~124-C't*n 1) -exp Cut

where C and C’ are positive constants depending on T, independent of n.
Proof of this proposition is composed of several lemmas.

LEMMA 3.2. The function h*(, x, v) satisfies the following:
3.2) (20, — (R /2)A®) A2, x, v)
=—QrA) PLA/2)AP =V (x)]p(t, x, y)-exp{—A7'S(, x, )},
(3.3) (20, +(2/2)AV)h (it —a, x, ¥)
=Q@2rA) PLA/2)AY =V (y)]plt—a, x, y)-exp{—47'S({—a, x, ¥)}.
Proor. By the formula of A acting on the product of functions, we have
(3.4) AW QAL x, y)=QaA) (AP p(t, x, y))exp{—A71S{E, x, ¥)}
—22"K¥, 0@, x, ¥), V,S(, x, y)yexp{—a7SC, x, y)}
+p(t, x, Y)APexp{—47'S{, x, y)}].
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Combining (1.23)y.; and (1.26)c, we have easily [3.2). Analogously, we havel(3.3).
g.e.d.
For feCy(M) and ¢, s>0, 41>0, we may write

(3.5 (i Y — (0= Fatt, 553, 9)f 0)dpeel),
where
(3.6) Ratt, 55, ))=hA+s; 3, 9)=| WG x, DG, 2 (@)

Since A*(t, s;x, y) has a singularity at =0, we define, for any positive e,
6D kst six 9=]]w@do) wrs—o, x, 2020, 2 y)due) |do
which satisfies lim...oA5(, s; x, v)=h:(t, s;x, y) for any (@, s, x, ), t>s. Ex-

changing d/de and the integration, we have using [Lemma 3.2 and integration
by parts,

3.8 ki, s; 7, y):—(22/2)(27r2)“iS:{(H—s—o)““zo'd’z
XSM[ﬁ(G, z, AP 5(t+s—ao, x, 2)—plt+s—a, x, 2)A? p(a, 2, y)]
Xexp{—2A"YSE+s—a, x, 2)+S(a, z, y)}du ()} de,
where we put g(t, x, y)=t%2p(t, x, y).

LemMA 3.3, Assume that M), (L.I)-(L.. V) hold. For T>0 defined in Lemma
1.13, there exist positive constants Cg and Cy depending on A and T such that

@9 tim| AR 557, ) dp)SCltH97 =05 OS5,

limSMllﬁiG, S5 x, M dpg(x)SCa{(t+5)*P—132 532 4-Cy(t+5)s .

0
PrOOF. Remark at first that
(3.10)  pla, z, AP p(t+s—a, x, 2)—pl+s—a, x, 2)A®§(0, z, y)
=p(ag, z, VAP p(t+s—a, x, 2)—AP g(t+s—0a, X, 2)1,22]
+Lplo, 2z, AP p(t+s—0, X, 2)1,=—pt+5—0, x, 2)AP G(0, 2, ¥)1,=y]
+ot+s—a, x, 2)[AP (0o, 2, y)i.=y—APp(0, 2, ¥)].

Take the geodesic 7,(z) with 7,(0)=x, 7,(r)=z where r=d(x, z). Then, we
have, using [(1.28),
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3.11) |A®5(t+s—a, x, 2)—AP p(t+5s—0a, %, 2)1,22]
<['19.80 50+5—0, x, rae)lde
<C,d(x, z)exp kd(x, 2),
where C; and £ are positive constants independent of x, z& M. Analogously
(3.12) |A® 5(a, 2, y)—A® §(0, 2, ¥)iz=y| ZCsd(y, 2)exp kd(y, 2).
In order to estimate the second term of the right-hand side of (3.10), we use

LEMMA 3.4. A®p(t, x, 2)1,00=R(x)/6--10(, x), where the function |0, x)|
is bounded from above Cy>0 for any 0<t<T and for any x<M.
Retaining the proof of the above lemma later, we have, by assumption (L. III),

B.13)  |pla, z, AP 5E+s—0, %, 2)mz— pl+s—0, x, VAP (0, 2, V) 1oyl
=[{(g(a, 2, )—1)R(x)/6} + {(R(x)—R(y))/6}
+{1—p@+s—a, x, 2))R(»)/6}
+{t+s—a)pla, z, y)O(t+s—a, x)—aplt+s—a, x, 2)0(a, )}|
<Cild(y, 2)exp kd(y, 2)+d(x, y)+d(x, 2)exp kd(x, 2)]+Ct+s),

where C, is a positive constant independent of x= M.
Inserting these estimate in (3.8), we get

@10 [ 21k s, 5 9)1de)=(=2/2 TL@)+ L)+ Lio)1da,

where

B15)  Lio)=Cu2rilt+s—o)  @rio) | | [dlx, 2+d(x, expbd(x, 2)]
Xexp{—AYS¢t+s—a, x, 2)+S(a, z, ) dp(z)dp(y),

(3.16)  Ly(0)=Cirdlt+s—a))*@rio) | | [d(, 24d(y, 2expEd(y, 2)]

M

Xexp{—A 1 (St+s—o, x, 2)+5(0, z, YN dp(z)dp(y)
and

(8.17)  Ly(0)=Co2rAt+s—0a)) *2ria) 2/3(t+s)
x| | exp=12(St+s—0, x, 24500, 2 Mhdpts(@dpy)

Using (1.8), we have
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(3.18) Li(0)=QrAt+s—0)) *2rio) **exp Ci(t+s)/2

><SM[d(x, 2)Ld(x, 2)exp Bd(x, 2)]lexp(—d¥(x, 2)/2A(t-+5—a))

x{{ exp(=a, )/200) dug)}dp(a).

Then, calculating the integral in {---}, using the normal coordinate at z and
then using the normal coordinate at x, we get readily

(3.19) Li(o)=Cst+s—o)'?

for 0<o, t+s—a<T with some constant C; depending on A, T. Analogously,
we have

(3.20) Ly(o)<Cgati2,
Lastly,
(3.21) Ly(a)=Cylt+s) .

Substituting these into (3.14), we get
62 | AR s A0S ClE+s = L Clt 4 5)s.

PrOOF OF LEMMA 3.4. In order to calculate this, we take special bases in
defining O, x, y)=t"%det,(d D;,,)x for Exp,X=y. That is, taking the normal
coordinate (X3, ---, X?) at x, we have

(3.23) 6(t, x, y)=[det(A(t, x))/+/det(g«(X)]",

where A, X) is the component of (d®,,,)y with respect to (X, ---, X9). As
A%, X)=0¢, putting the remainder term of the Taylor expansion of det(A¢{, X))
at t=0 as O{t, x, X), we get

(3.24) AP 5(t, x, y)=AP (det(g:; (X)) V2+t0(, x, X).
On the other hand,
(3.25) AP (det(g;(X)) M2 xoo=—R(x)/6.

(See p. 593 of Sakai and p. 97 of Berger et al. [2].) Also, as g(t, x, y)
=t%?p(t, x, y), the boundedness of O, x)=0(, x, X) x-o is easily obtained by
Lemma 1.14. q.e.d.

For fixed ¢, s and x= M, we have



Integral transformations 235

3.26) 1A, 5, % 0| =] @re+s—a)r@ro)rer
x| 150, 2 DA®st+5—0, 2, 2)—p(t+5—a, x, DAV (g, 2, )]

Xexp{—A1(S(t+s—a, x, 2)+S(a, z, y)} -dpg(z)do .

By Fubini's theorem, we see that the right-hand side of the above inequality is
L* function with respect to y-variables. Thus, using Lebesgue’s dominated con-
vergence theorem and limsaoﬁi(t, s, x, y)=h,({&, s, x, v) a.e., wet get

3.27) SMllﬁz(l‘, S, %, | dpg(9)SCo((t+8)¥2 =132 4532 +-Cy(t+-5)s ,
because of By the same argument, we have

328 | ARt s 5 9)1dp0) S0+ =14 )4 Cot15)s

So, by the same computation as in the proof of Proposition 2.1, we have, by
putting C=C,;, C'=C,,

LEMMA 3.5. Under assumptions M) and (L.1)-(L.V), for any 0<¢, s, t+s<T
and any feL¥M, dp,), we have

(3.29) [HEssf —HIHfISTC(@ )2 —124-55)+-C' t+5)s]I| f1] -

To prove [Proposition 3.1, we prepare

LEMMA 3.6. {ﬁi(t)}n forms a Cauchy sequence in B(L*(M, dp,)) in operator
norm, uniformly in t on any finite interval, where B(L*(M, du,)) denotes the space
of bounded linear operators in L*(M, du,) with the operator norm. Moreover, its
limit H} satisfies the estimate (3.1).

ProOOF. As we have, for s=[0, T],

Hi—(H)"= 3 (B poin—Hlneg-norm Hipal- (¥,
we get
(3.30) I(Hi—=(H )™ flI=exp Cys-[C(s**+(n—1)(s/n)*)+C'sT| 1,
by [8.29) and [2.1). Using [3.30), we have
@.3D)  NHE)"f —(Himm)*™ |

n-1 . . .. .
= E) I(HE ) HEn (H )™ —(H )7 (H ) TP ™

= :gexp {Caln—j—=1)t/m)} - I(HE o (HE )™ —(H am) ™ O
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=exp Cit-| 'S {(t/m) > +-Um—1)(¢/mm) % +C' 'S (t/m)?]
J= ) J=
<exp Cyt-[Ct 2 n 2 (nm) %) 4-C't*n 21| ] -
Therefore, we get

(3.32) [(HE )" —(HE )™ f
Zexp Ct-[CE2(n 12 +m Y2 4-2(nm) V) +-C't*(n 1 4+m™Y)] .
Thus, A 2()=(H% )" is a Cauchy sequence uniformly in ¢ on any finite interval

in the operator norm. Therefore, it converges to a limit H?. Letting m tend

to oo in [3.32), we get [3.1) q.e.d.

REMARK. The above proof is a slight modification of the proof of Theorem 5.3,
p. 240 of Chorin et al. [5]. This simplifies greatly the proof of Lemma 5.7, p. 79
of Fujiwara which seems rather difficult to follow.

Now, we generalize [Proposition 3.1 a little bit:

PROPOSITION 3.7. Let us assume that M and L satisfy (M) and (L.1)-(L.1V).
Take T>0 as in Lemma 1.13. Assume also that two subintervals

Al: 0:t0<t1<“‘<tn:t, 5(A1):ma_.xltj_‘tj_11,
J

and
dy: 0=5,<8;< - <Sp=t, 0(d;)=max|s;—s;-1],
J

are given as 6(4,) and 0(d4;) are smaller than T.
Define H(d,:t)=H} ., - Hf, and H(d,:t)=H% _,. ., - H%. Then, we
have

(3.33) |H(4; :t)—H(4, 1))
<exp Cgt-[CH(O(d)!*+8(d)H1%)+21126(4,)/26(dy) 2+ C'1(8(4,)+6(d))]
(3.34) |H(d, :t)—H}| <t-exp Cit-(Co(4)*+C'6(4,)) .
ProoF. Following the proof of Lemma 5.8, p. 81 of [8], we get the result.
By the above argument, we obtain (d) of in case of p=p,.

4. Computation of the infinitesimal generator of H4?.

Our object in this section is to prove:

PRrROPOSITION 4.1. Assume (M) and (L.I)-(L.V). Then, for any f€C3(M),
(4.1) A0(HEf)(x)10=0=A[Ag/2— R(x)/12] f(x)+V (x)f (x) .
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This follows from :
LEMMA 4.2. Under the same assumptions as above, we have
(i) O(HI)X)i=0=0uHif)x)i=o  for fECTM).
)  (HiINx)—f)=tA*[)x)+tGE, 2, /)x)  for fECTM),
and 1}113”0(73 A, HII=0.
ProOF. For each n, we have
(HF)(6)—f () =(H 1)) — (T30 )+ 35 [ ) =D 1)

Dividing both sides of the above by ¢, taking 7 sufficiently large and making ¢ tend
to 0, we get (i). Here we used the estimate in [Proposition 3.1l

Proof of (ii). Combining (1.23)y; and (1.26)c with the definition of
hi, x, y), we get readily

WHE(0)=2x2) | [upt, %, 3)—270(t, x, DASE, %, 3)]

Xexp{—a71S@, x, ¥} - F(3)dpe(y)
= {HI[(2*/2)A+V)f1} (x)
—(22/2)(27r2)‘d’2SMA“'”p(t, x, y)exp{—A71S(t, x, y)} - f(3)de(y).
Therefore, by
4.2) 20,(Hif)(x)—2%(A/2—R(x)/12) f (x)—V (x) f (x)
=[(H{—=D)((2*/2)A+V) f1(x)
—@/2)@raty | AWt x, 3)—R()/12)

M
N xexp{—A471S@, x, y)} f(¥)dp(y)
=G(t; 4, f)x).

Using [Proposition 2.2, we have

[(Hi=D(2/2)A+V)f|—0  for feCy(M).
Also, by Lemma 3.4 and similar computations as in proving we get
H -d/2 ) . — .
lim|2n26)7| (AW p(t, -, »—R()/12)
Xexp{—271S@, -, M} f(PdpN]=0,  for [feCP(M).

Remarking (H'}f)(x)—f(x)zSZ&,,(Héf)(x)do and putting G(t 2, /)(x)=
(1/t)S:G~(0, 2, f)(x)do, we obtain the desired result. gq.e.d.
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Now, we have proved (a)-(d) and (f) of Theorem| for #=p,. As corollaries
of the arguments in proving parts of we have

COROLLARY 4.3. There exists a distribution kernel H*(L, pg)t, x, v) of
HX(L, pp). That is, for any f, heC7(M), we have

4.3) (HYL, po)f, W=<HX (L, p), x, ), h(x)Qf(y)>

where {,) stands for the duality between D(MXM) and D' (MXM).
This follows by applying Schwartz’ kernel theorem to the left-hand side

of [4.3).

PROPOSITION 4.4. Let M and M be smooth mani folds diffeomorphic to each
other. (We denote the diffeomorphism from M onto M by @.) On M, there exists
a Lagrangian L satisfying (L.D)-(L.V) also with (M). We induce the Lagrangian
and the Riemannian metric on M by L=0*L and §=0*g, where ®* denotes the
pull-back by @. Then, we have

(4.4) (@* HKL; p)@*=HKL; ).
In other words,
(4.4) HX(L, pp)t, 7' (x), O \)=H L, p)t, x, »)  for x, yeM.
ProOF. By the definition of H{(L, p,), we have readily
(HUL ; p) I0)=LHHL; pp)@* )@ X))  for xeM, FeCHM),
Moreover, as (M, g) is isometric to (M, g), we get the assertion. q.e.d.

COROLLARY 4.5. The differential operator A*(L;p,) defines a self-adjoint
operator in L*(M, dp,) if M and L satisfy M) and (L.I)-(L.V). Moreover, we
may define {U;}.cr, a C°-group of unitary operators on L*(M, dp,), as

(45) Urf:S‘linal Haﬂ'-rf fOi’ fEC?JC(M) .
PrROOF. By the symmetry in x and y of kernel A%(t, x, y), (HXL ; po))*=
HY(L, prg). This gives (H}L;p)*=HXL;p,) which asserts (A*(L; pe))*=

A*(L; pg). Moreover A*(L; p,) is bounded from below, using Theorem 7.9.1 of
Hille-Phillips [10], we have the desired assertion. gq.e.d.

5. Proof of Theorem and its interpretation.

We first remember the following definition.

DEFINITION (p.427 of [1]). (i) Two measures on M are said to be
equivalent provided that each is absolutely continuous with respect to the other.
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(ii) A measure on M is called natural if it is equivalent to the Lebesgue
measure in every coordinate chart of M.

(iii) Consider the set of all pairs (f, ), where ¢ is a natural measure on
M and feL*(M, dp). Two pairs (f, p) and (g, v) will be called equivalent
provided that f(dp/dy)'*=g, where dp/dy is the Radon-Nikodym derivative of
¢ w.r.t. v. We denote the equivalence class of (f, p) by f+/dp.

(iv) An equivalence class f+/dp is called a half-density on M and the set
of all half-densities is regarded as sections of 1-dimensional vector bundle A*/3(M),
called the half density bundle on M, which may be trivialized by choosing a
natural measure g on M.

(v) We denote J(M) the intrinsic Hilbert space on M, by the set of all such
equivalence class (f, p). As J(M) is trivialized by choosing a natural measure
¢ on M, 4(M) is isomorphic to L*M, dp) by the isomorphism U, : f< LM, dp)
—U,f=f/dpsg(M). So, U, defined by (8) is represented by

(5.1) U,w=U, U

Moreover, U,, is obtained by the transition function of the half-density bundle
AYE(M).
PROOF OF THEOREM. For feC7(M), we rewrite H}(L ; i) by

(6.2)  (HUL, m)f)x)
=@r 4| [detl—0,,eS(L)(, x, )1/ gV g1
Xexp{—A7S(L)E, %, MHVE/ p) *(VEGY ) f(3)dp(y)
=gt/ ) a4 p(Ls p (e, x, )
Xexp{—A"tS(L){, x, ) p()/vV gD 2 f (9)dps(y) .
AS 1F 1= 7))/ BT g for f& LM, dps), we get
IHHL 5 ) F =1 HIL 5 )XV @)
So, the isomorphism U, : LX(M, dg)— L*(M, dp,) given by

(U N(x)=F(x)(plx)/~/ g(x)V?  for fe LM, dp)
leads us to

(5.3) Hé(L ; ﬂ)f:LIZIg/JHi(L , ﬂg)U/lg;z .

Since (Héln(Lyﬂ»n:U;lg;t(Héln<L:ﬂg)>nU/ug,u’ we get II?(L,-#):
U;lgﬂﬂé(L;pg)U#gﬂ. The end of the proof of [Theoreml

REMARK 1. By putting Ci ., ,={r(-)eC([0, t1->M) : y(0)=y, r@t)=x}, we
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propose to regard Feynman’s expression (Feynman [7])
t
5.4) |, e[ L0, onadetn
Ct, z, ¥ 0

as it stands for the ‘distribution kernel’ of the operator H(L) on % (M) which
is represented concretely by using the trivialization of the bundle AY*(M). That
is, for any natural measure g on M, we define as

(5.5) {Scz exp{—l‘1S:L(r(1), f(T))dT}dp(T)}y
=H{L; ), x, )| dp(x)[**Q|du(y)]| 2,

where HX(L ; p)(¢, x, y) is the distribution kernel of the operator H(L ; p) whose
existence is assumed by Schwartz’ kernel theorem.

In the separate paper [12], Maeda proves that H¥(L ; )¢, x, y)is in fact a
smooth function on MxX M for ¢>0.

REMARK 2. As is already noticed, the term R(x)/12 in the expression (9) is
necessary to consider the operators H}(L) and A*(L) in the intrinsic Hilbert
space. And the choice of a natural measure seems to correspond to fix the
measurement of the physical system described in the intrinsic Hilbert space.

But in any way, to answer completely why we consider the problem in L2

scheme, it is necessary to put A=:%. (See, de Witt concerning the term
R(-)/12.)

6. We may produce any multiple of R(:) in the infinitesimal generator.

In stead of the argument in the previous section, we may produce any
multiple of R(-), if we change the order of our procedure and we content ourselves
with the convergence of )24 4(1) only in the strong sense.

To make our point clear, we consider the case where V=0.

For any B<R, we define an operator H(§) as

(6.1) (Hf(ﬁ)f)(x):(Zﬂlt)‘d”SMp"(x, y)Pexp(—=a71St, x, ¥))-f(¥)dpe(9),

for feCy(M), where t%2p°(t, x, y) is independent of ¢ and simply denoted by
p°(x, y). In this case, as we may put i=1 without loss of generality, we denote
Hi(B) simply by H,(8). And we drop the super index 0 above for notational
simplicity.

THEOREM 6.1. Under assumptions M), (L.I)-(L.IV), we have the following :
Fix T>0 arbitrarily. For any BER,

(@) H(B) defines a bounded linear operator in L*M, du,) for 0<t<T.
Moreover, there exists a constant C,, such that
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(6.2) [H(B) fl=exp Ciot - || Il
for 0<t<T and feC7(M).
(b) Iti_ngHc(,B)f—f“:O for feLX(M, du,) .
(c) 0.(H,(B) /) (x)1e=0=[A/2—(1—(B/2))R(x)/6] f(x)

=(4pf)(x) for fECT(M).
(d) There exists a limit s-limp.o(Hn(B)"f, denoted by H.B)f for each
fe€CYM). {H (P} 2o with Hy(B)=the identity operator, forms a C°-semi group in
L¥M, dpg) with the infinitesimal generator given in (C).

REMARK. Comparing the above theorem with we remark that the
order of statements is changed. And in proving (d), we use the fact that the
Laplace-Beltrami operator A is self-adjoint in L*(M, du,) under our assumptions.
(This fact is proved in the previous sections but we need that fact in order to
prove (d).)

PrOOF OF (a), (b). In our case, t¢@°(, x, v) is independent of ¢ and denoted
simply by @(x, y). We may rewrite the operator H,(8) by using normal polar
coordinate at x and Exp,X=0®, .(x) as

(6.1 (H(B) /) (x)
:(27r7f)d/25:§sd_l@(x, Exp.rw)*#Pexp(—d*(x, Exprw)/2t)r?tdr do .
To prove the statements (a) and (b), we proceed analogously as proving
Propositions 2.1 and 2.2. But for =2, we use the fact O(x, y)=1 for estimating

O(x, Exp,rw)-#/®, (As V=0, we may take O(x, y)=1 in Proposition 1.10])
PROOF OF (¢). Take a function v(x, y)eC(MX M), 0=v(x, y)=1, satisfying

1 if dx, y=1
0 if d(x, y)=3.
Define operators H,(t, B) and H,(t, 8) as follows:

v(x, y)Z{

(6.3) (H.(, ﬁ)f)(x)z(Znt)“d”SMV(x, p(x, y)fexp(—d¥(x, »)/28) f(y)dp (),

(6.4) (H,(, ﬁ)f)(x>=(27rt)“”2SM(1—V(x, Mp(x, y)fexp(—d*(x, )/20)f(y)dp(y).
Now, we claim the following :

(6.5) (Hi@, B )x)=Ff(x)+t(Apf)(x)+1G:@, f)(x)  for feCF(M),

(6.6) lim|[G,(¢, /)()[=0,

and



242 A. INoUuE and Y. MAEDA

(6.7) lim||#~(Ha(t, B)f(+)]=0.
By Taylor’s expansion, we get
(6.8) J)=f(x)+0xi %)X *+(1/2)0x10x: f)(x) X XI+F(x, X),

where y=Exp,X. Oxif)x)=0x:f(ExpzX) iz and
F(x, X):(1/6)S:[8Xia;(jaxkf(EXp$SX):[dSXinXk.

Then, it is clear that F(x, X)=v(x, Exp,X)F(x, X) is a smooth function in
x and X with compact support.
Analogously, we have

(6.9) O(x, y)- P =1—(1/6)1—(5/2))Ri;(x)Y Y +Op(x, y)
=1+05(x, y),
where
O5(x, »)=(1/6)| 0y:dys0r46(x, Expas¥ )= Pdsy VY *,
By assumption (L.IV), there exist constants C;; and £ such that

(6.10) 165(x, y)I=Cuexpr|Y|

for any x€M and any YT ,M. Inserting [6.8) and into (6.3), we get
by defining G, f) as

(6.11) (G, f)

= —f(x)(Zﬂt)‘d“ST LA=00e, IHL/6)A—(B/2)Ry(x)Y 'Y ] T1*20dY

+(aYif>(x)<27ft)_d/2ST Mv(x, VYO (x, y)i-Bwmivitrtgy

x

—(U/2@rdps N [A—ulx, 3)+ulx, 2)6s(x, 3]V Ve~ ¥ redy

+(27rt)‘d/2ST MF(x, Vu(x, Y)i-Bme-ivi22e gy

where v(x, y)=y(x, Exp,Y) etc.
By and the property of F(x, y), we have the estimate in readily.
The estimate is an easy consequence of the introduction of v(x, y).
PrROOF OF (d). Under assumptions (M), (L.D-(L.IV), it is well-known that
A is self-adjoint in L*(M, dp,). So Ap is also self-adjoint. Moreover as Ag is
bounded from below, Ag generates a C’semi group. This and the facts (a)-(c)

guarantee us to apply the generalized Lax theorem to our case (cf. p. 214, Chorin
et al. [4]). So we proved our [Theorem 6.1. gq.e.d.
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Note added.

After this paper had been submitted, we were informed of the paper of
Darling [Stochastics, Vol. 12, No. 3+4 (1984), pp. 277-30117.

In the introduction of this paper, without having asked us for a detailed
proof, he claims that our argument in contains an error. As this type of
response concerning the term R(x)/12 is rather general, especially in physics
literature, it seems meaningful to refute his claim.

From our point of view, neither his paper nor ours contains any mathematical
error. Only for each the understanding of the notorious Feynman measureXdzy
is different.

In general, one writes formally the Wiener measure dy7 as

M dyr=exp(—| LG, 7@e)dsr  for M=R® and LG, 1)=(1/2)|71".

This stems from the Feynman-Kac formula representing the fundamental solution
of the heat equation. Here, we try to give a meaning directly to the expression

@ [, exo(={row, tende)dar,
t,r,y

for M=a suitable manifold and L(y, 1)=(1/2)g:;()7*/’ by tracing backward the
original argument given by Feynman to derive his famous formula

®) Fe, x, »=|,  exo((i/m Lirto), #ode)dsr

LT,y

for M=R" and L(r, 7)=Q1/2)|7|*—V (). Here F(t, x, y) is the fundamental
solution of the corresponding Schrédinger equation. So, if we want to regard

(2) as a ‘definition’ of measure exp(—SiL(r(r), f(r))dz-)d 77, then Darling’s result

states that it does not equal to dwy when M is curved.; Actually, we may recover
the formula (1) formally by putting

1y dwr=exp(—| Le(r(@), 1e)de)dsr

for Legs(y, 7)=L(r, 7)—(1/12)R(y). Here, Ly, 7) is called an effective Lagran-
gian. But we have, for the time being, no a priori reason to consider Leg(7, 7)
instead of L(7, 7) before quantization.

We think in this sense that the origin of the debate concerning the term
R(x)/12 has been clarified.



244

f1]
£2]
[3]
[4]
£5]
L6]
L7]
[8]
L9o]
(10]
(11]
L12]

(13]
[14]

A. INoUE and Y. MAEDA

References

J. Abraham and J. E. Marsden, Foundations of mechanics, 2nd ed., Benjamin, Mas-
sachusetts, 1978.

T. Aubin, Nonlinear analysis on manifolds. Monge-Ampere equations, A series of
comprehensive studies in mathematics, 252, Springer, 1982.

M. Berger, P, Gauduchon and E. Mazet, Le spectre d’une variete Riemannienne,
Lecture Notes in Math., 140, Springer, 1966.

J. Cheeger and D.G. Ebin, Comparison theorems in Riemannian geometry, North-
Holland, Amsterdam, 1975.

A.]J. Chorin, T. J. R. Hughes, M. F. McCraken and J. E. Marsden, Product formulas
and numerical algorithms, Comm. Pure Appl. Math., 31 (1978), 205-256.

B.S. de Witt, Dynamical theory in curved spaces, I, A review of the classical and
quantum action principles, Rev. Modern Phys., 29 (1957), 377-397.

R. P. Feynman, Space time approach to non-relativistic quantum mechanics, Rev.
Modern Phys., 20 (1948), 367-387.

D. Fujiwara, A construction of the fundamental solution for the Schrédinger equa-
tion, J. Analyse Math., 35 (1979), 41-56.

D. Fujiwara, Remarks on convergence of the Feynman path integrals, Duke Math.
J., 47 (1980), 559-600.

E. Hille and R. S. Phillips, Functional analysis and semi-groups, Amer. Math. Soc.,
Providence, 1957.

A. Inoue and Y. Maeda, On integral transformations associated with a certain Rie-
mannian metric, Proc. Japan Acad. Ser. A, 58 (1982), 281-284.

Y. Maeda, Pointwise convergence of the product integral for a certain integral
transformation associated with a Riemannian metric, to appear in Kodai Math. J.

J. Milnor, Morse theory, Annals of Math. Studies, Princeton Univ. Press, 1963.

T. Sakai, On eigenvalues of Laplacian and curvature of Riemannian manifold, T06-
hoku Math. J., 23 (1971), 589-603.

Atsushi INOUE Yoshiaki MAEDA

Department of Mathematics Department of Mathematics

Tokyo Institute of Technology Faculty of Science and Technology
Oh-okayama, Meguro-ku Keio University

Tokyo 152, Japan Hiyoshi, Yokohama 223

Japan



	Introduction.
	THEOREM. Let ...

	1. Some properties of ...
	 ...
	 ...
	2. Some basic properties ...
	3. The convergence of ...
	4. Computation of the ...
	5. Proof of Theorem and ...
	6. We may produce any ...
	THEOREM 6.1. ...

	Note added.
	References

