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Introduction.

The group of diffeomorphisms preserving a certain structure of a manifold
is often a Lie transformation group. For example,

(1) the group of holomorphic transformations of a bounded domain in C™
(or of a compact complex manifold),

(2) the group of isometries of a Riemannian manifold,

(3) the group of affine transformations on a manifold with an affine connec-
tion, and

(4) the group of automorphisms of a compact almost complex manifold are
all Lie transformation groups.

The purpose of this paper is to give a generalization of the example (2).
The main results are Theorem 2 and Theorem 3 which will be stated in Sec-
tion 1.

Let G be a group of diffeomorphisms of a connected manifold M. To see
that G is a Lie transformation group, it is, in general, enough to apply the fol-
lowing Theorem A or B (on the above examples see [4]). For our case we apply
Theorem A to prove Theorem 2 and Theorem B to prove Theorem 3.

THEOREM A [6, p. 208]. If G is alocally compact topological transformation
group of M, then G, with the compact-open topology, is a Lie transformation
group of M.

THEOREM B [8, p.103]. Let S be the set of all vector fields X on M which
generate global one-parameter groups {¢x,:}ier of transformations of M such that
0x.:€G for all teR. If S generates a finite dimensional Lie algebra, then the
group G is a Lie transformation group of M and S is the Lie algebra of G.

In our case the underlying manifold must be compact, and it is rather easy
to show the finite dimensionality of the given group. It seems interesting that
the eigenfunction-expansion theorem for elliptic operators can be applied to prove
the compactness of the group.
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§1. Statement of theorems.

Throughout this note M denotes an n-dimensional compact connected smooth
manifold without boundary, and P: C*(M)—C>(M) an elliptic differential operator
of order m>0 with smooth coefficients, where C(M) is the space of all complex-
valued smooth functions on the manifold M.

Let G(P) be the group of all diffeomorphisms of M commuting with the
elliptic operator P, i.e., it consists of diffeomorphisms ¢ such that ¢*-P(f)=
Pop*(f) for all f&C=(M), where (p*f)(x)=f(¢(x)). Let X(P) be the Lie algebra
of all smooth vector fields on M commuting with P, i.e., it consists of smooth
vector fields X such that X.P=P-X, where we regard the vector field X as a
first order differential operator on M.

We prove in this note the following theorems.

THEOREM 1. If a smooth map ¢ : M—M commutes with P, then ¢ must be a
diffeomorphism.

THEOREM 2. (i) The group G(P), with the compact-open topology, is a
compact Lie transformation group of M.

(i) The Lie algebra X(P) is finite dimensional and contains the Lie algebra
of G(P).

(iii) If the principal symbol a(P) of the operator P is real (in this case P
must be of even order), then the Lie algebra of G(P) is isomorphic with X(P).

Let M be endowed with a Riemannian metric and P its Laplace operator,
then it is well known that P is an elliptic differential operator of order two
with real principal symbol. Also in this case it turns out that the group G(P)
coincides with the group of isometries and the Lie algebra X(P) consists of all
Killing vector fields. These can be proved by a similar way as the proof of
Proposition 3 below. The principal symbol in this case is the metric tensor on
T*(M). As a corollary of Theorem 2 we have

COROLLARY. The group of isometries of a compact Riemannian manifold is
a compact Lie transformation group.

Thus our Theorem 2 may be regarded as a generalization of the example (2).

THEOREM 3. Let {Y;} (1=i=j) be a finite set of smooth vector fields on M
such that at any point x M the tangent space T (M) is spanned by {(Y:)z}i-s,
then the group of diffeomorphisms of M commuting with all Y;, with the com-
pact-open topology, is a compact Lie transformation group of M. Its Lie algebra
consists of all vector fields Y such that [V, Y;]=0 (1=:=7).

§2. Completeness of eigenfunctions.

In this section we review several properties of elliptic differential operators
on compact manifolds, which are needed later.
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Let P be as in §1. Put
E;(P)y={feC*(M): (P—2)'f=0, for some integer [>0}.

An element feE;;(P), f+0, is said to be a generalized eigenfunction of P cor-
responding to the eigenvalue A, and the space E;(P), E;(P)+ {0}, the generalized
eigenspace corresponding to an eigenvalue A. All the spaces E;(P) are finite
dimensional because of the compactness of the manifold M.

Let H,(M) be the Sobolev space on M of order =0 with a suitably chosen
inner product, and denote the norm by |-|,. For the definition of Sobolev spaces
on manifolds, see [7]. In particular, the space H,(M) consists of all square-
integrable complex-valued functions on M with respect to a smooth measure.
We denote by Sp(P) the spectrum of the closed extension of P in Hy(M). The
set Sp(P) does not depend on the choice of an inner product in H,(M), and is
closed in C.

PROPOSITION 1. Let m>0 be the order of P. For any integer k>0, there
exists a constant C,>0 such that

fullme SCr(lPrullo+lull), uSHn(M).

PROPOSITION 2. If the principal symbol of P is real, then

(i) the spectrum Sp(P) consists only of countably many isolated eigenvalues
of finite multiplicities: Sp{(P)={2€C: E(P)# {0}},

(ii) the algebraic sum ZGS’ZEP)E;(P) is dense in the Sobolev space H,(M) for

any k=0. Consequently by means of the Sobolev lemma, the space EZ}P E(P)
D)

Sp(
1s dense in C*(M) with respect to C>-topology.
(The Sobolev lemma says that Hptn/+1(M)CB*(M) and the inclusion map
is continuous, where B*(M) is the Banach space of C*-functions on M with
sup-norm up to k-th derivatives. Especially this implies that ’QO H, (M)=C=(M).)

The proofs of these propositions can be found, for instance, in [2] in a more
general framework. In our case the proof of the propositions are simpler, be-
cause no boundary conditions are taken into account. It should, however, be
noticed that for any integer />0

2 E;(P)= ESZl E(PY,
p(PY

A€Sp(P) 2

if the principal symbol of P is real. This equality implies the second part of
Proposition 2 for any £=0. (In [2], the second part of Proposition 2 follows in
case of £=0 or the order of P))

Let P be an elliptic operator defined by (Pf )(x)=(Pf)(x), where ~ in the right
hand side means the complex conjugate.

Then A=P-P is also elliptic, of order 2m, and satisfies the assumption in
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Proposition 2. From the definitions of G(P) and X(P) we have at once
LEMMA 1. (i) G(P) is a subgroup of G(A) and X(P) is a subalgebra of
X(A),
(ii) each space E;(A) is invariant under G(P) and X(P).

§3. Smooth mapping and elliptic operator.

We denote the value of the principal symbol ¢(P) of the differential operator
P at a cotangent vector £ T%(M) by o(P),(£). It is defined by

o(P)®) = PU™(),

where m is the order of P and f is a smooth function on M such that f(x)=0
and (df).=¢.
Before proving our theorems, we give a more general result than Theorem 1:
PROPOSITION 3. Let M, P be as above. Also let N be a connected manifold,
and Q: C*(N)—C>(N) an elliptic differential operator on N with smooth coefficients.
If there exists a smooth map ¢ : M—N such that for any f<C*(N)

Peo*(f)=¢*Q(f),
then,

(i) the orders of P and Q are equal, and

(ii) the map ¢ is a submersion.

Proor. Let m and m’ be the order of P and Q, respectively. Given a point
x€M and a cotangent vector 0#£€ T3 (N), we can take a smooth function
feC=(N) such that f(e(x))=0 and (df),x»=§ Then from the assumption we
have

0=P((p* )™ )(x)=Po*(f ™ )(x)=¢* Q(f ™ )(x)= Q™ ) e(x)) .

This shows that m=m’.
Assume that m>m’. Then the following equality holds:

0=Q(™N(p(x)=P(¢*/)™)Nx)=m! 6(P)(d(¢*f)a) .

From this and the ellipticity of the operator P we see that the map ¢*: T (N)—
T*(M) must be identically zero. Hence dp=0, so that ¢ is a constant map.
Let ¢o(x)=y,, and take an f€C*(N) such that f(y,)=0 and df,,#0. Then, we

have
0=P((p*/)™)(x)=p* Q(f™)x)=m" 6(Q)y,(dfy,)
which contradicts the ellipticity of the operator Q. Hence the orders of P and

Q must be equal.
Let xeM and feC*(N), f(p(x))=0 and df,»#0. As before we have
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U(P)r((dso*f)x):0(Q>¢(z)(dfga(x)) +0,

which shows together with the ellipticity of the operator P that the map
o*: Thr(N)—T%(M) is injective. Hence ¢ is a submersion.
Concerning this proposition, see [5] and [10]. In these, the case that the

operators P and Q are Laplace operators is discussed. The map ¢, there, is a
Riemannian submersion. '

§4. Proof of theorems.

4.1. Proof of Theorem 1. By Proposition 3 the map ¢ is an open mapping,
and the compactness and connectedness of M imply that ¢ is surjective. Hence
the map ¢*: C*(M)—C>(M) is injective, and so from Lemma 1 ¢*(C=(M)) contains
all generalized eigenspaces E;(A) of A=P-P. Consequently by Proposition 2
¢*(C~(M)) separates any pair of points of M. This shows that the map ¢ is
injective.

4.2. To prove Theorem 2 we shall here recall some well-known facts about
the compact-open topology for a group of homeomorphisms in the form of prop-
ositions (see [8, Appendix]): ' ‘

PROPOSITION 4. Let X be a locally compact Hausdorff space and G its
homeomorphism group, then the compact-open topology for the group G is the
weakest topology making the map (¢, p)—¢(p) of GXX—X continuous. If,
furthermore, X is locally connected, then G becomes a topological group with the
compact-open topology.

PROPOSITION 5. Let X be a compact metric space, then,

(i) the compact-open topology for the group of homeomorphisms of X coincides
with the topology of the uniform convergence,

(i) a sequence {Qn}nz1 of homeomorphisms of X comverges uniformly to a
homeomorphism ¢ of X, if and only if for every continuous function f on X the
sequence {p5(f)} converges to the function ¢*(f) uniformly on X.

PROPOSITION 6. Let M be a compact smooth manifold and {¢n} nz1 @ sequence
of diffeomorphisms of M, then the sequence {pa} converges uniformly to a dif-
feomorphism ¢, if and only if for every f=C*(M) the sequence {p%(f)} converges
to o*(f) uniformly on M.

4.3. Proof of Theorem 2, (i). According to Propositions 4, 5 and 6, the
group G(P) becomes a topological transformation group of M with the compact-
open topology. If we can conclude that the group G(P) is compact, then the
proof of the first part of Theorem 2 reduces to Theorem A in Introduction.
So we shall show this below.

4.4. Compactness of G(P). The proof is accomplished by showing the
following Lemmas.
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Let ||o{s » denote the norm of linear operators from H,(M) to H, (M).

LEMMA 2. Let ky be an integer such that 2mko,>[n/2]+1, where n=dim M
and m=order of P. Then for each integer k=0,

*
gogé](g) lo*amcrs g 2mr<+00,

where ¢* is regarded as an operator from Haymcpsrp(M) to Hapm (M), and A=P-P.

ProoOF. By Proposition 1 and the Sobolev lemma we have the following
inequalities :

[o*(NMemr SCi(l A% e*(Hllo+llo*( o)
=Ci(lp* A*(NHllo+ll*(No)
éCz(Eg}g [(A®f) ()] + sup | F(x)])

SClA* fllemagt 1 f lem ) SCull flemcasrrg -

Here the constants C; depend neither on f &€ Hyncrsrp(M) nor on ¢o&G(A), and
this shows the lemma.

As the manifold M is compact, the compact-open topology for the group
G(P) is metrizable. Therefore it is sufficient to show that G(P) is sequencially
compact. To prove this we use the following

LEMMA 3. Let {T,} be a sequence of bounded linear operators defined on a
normed space H into a normed space H'. Suppose that {T n} is uniformly bounded
and {T,} converges pointwisely on a dense subspace, then {T,} converges pointwisely
on all of H to a bounded operator T : H—H',

This is a standard fact in functional analysis, so the preof is omitted.

Let {¢:}:z: be a sequence in G(P). For each fixed integer #=0 we regard
{p¥} as a sequence of bounded operators from Hymcrsrp(M) to Hypmp(M). Then
we have

LEMMA 4. There exists a subsequence {¢} of the sequence {¢;} such that
{¢%} converges pointwisely to a bounded operator ¢: Hymcrs rpy(M)—Hym 1 (M).

Proor. By Lemma 2 we see that {¢*} is uniformly bounded as operators
from Himcrrep(M) to Hymi(M). Also we see that each space E (A) (A=P-P)
is invariant under the operators ¢%¥. As each space E;(A) is finite dimensional,
the sequence {p?¥} is a bounded set in the finite dimensional space Hom (E;(A),
E;(A)). Therefore, by applying the diagonal process of choice to the sequence
{o¥}, we can obtain a subsequence {¢:} of {¢;} such that {¢¥} converges
pointwisely on the subspace )eng 1(A). Here we use the fact that the set

Sp(A) consists of countably many elements. Therefore, by Lemma 3 the subse-
quence {¢%} actually converges pointwisely to a bounded operator ¢ : Hym s (M)
""Hzmk(M)-
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By using Lemma 4 one after another for 2=0, 1, 2, --- we again apply the
diagonal process of choice to get a subsequence {g;} of {¢;} such that {o%}
converges on the space on H (M)=C=(M). For feC>(M) put o(f)=lim o¥(f).

Then we can easily show the following

LEMMA 5. (i) For any feC>(M) the function o(f) is also smooth, and the
sequence {o%(f)} converges to o(f) with respect to C*-topology,

(ii) for any f, geC>(M) o(fg)=0a(f)o(g),

(ili) o°P=P-o.

By the same argument for {o;'} as for {¢;}, we see that the map ¢ is an
isomorphism of the ring C*(M). Therefore, there exists a diffeomorphism p = G(P)
such that g=¢* (see the remark below), and o¢; converges to ¢ with respect
to the compact-open topology. This shows, together with Proposition 6, the
compactness of G(P).

REMARK. The diffeomorphism ¢ in the above proof is obtained as follows:
let I,={feC°(M): f(x)=0}, then I, is a maximal ideal of the ring C~(M).
Conversely, any maximal ideal of C°(M) coincides with an I, for some x&M.
Also ¢(f,) is a maximal ideal of C*(M), so that there exists a unique point
yeM such that ¢(;)=I,. The desired map ¢ is defined by ¢(x)=y. (For
details see [1, 11-14].)

4.5. Proof of Theorem 2, (ii) and (iii). For a vector field X on M we denote
by {¢x.:}:cr the one-parameter group of transformations of M generated by X.

LEMMA 6. Let XeX(A), then (¢x,)* A=A-(¢x,)* for any teR.

Proor. Let {u;} (1</=dim E;(A)) be a base of E;(A) and X(ui)zg CijUj.
Put

hi(t, x)=(A(px, )*—(px )*¥ - ADux)=LA, (px,)*Juix),
then

<_£1dT hi)(l‘, x)=[A4, (sox,z)*]X(ui)(x):%) cijhit, x).
Since h;(0, x)=0 (1=/=dim E;(A)), all h; must be identically zero. Therefore, A
commutes with (px,;)* for any tR on all eigenspaces E£;(A4). Hence by Prop-
osition 2 the operator A commutes with (¢x,,)* for any t<R on the space
C*(M).
Lemma 6 and the first part of Theorem 2 imply the second part of Theorem
2 at once. The third part of Theorem 2 follows also from Lemma 6, because
the same argument as for A=P-P holds for P itself in the proof of Lemma 6.
4.6. Proof of Theorem 3. The principal symbol of the differential operator
Dzlgﬁyg is a(D)I(S):ZiKE, Y% E€T*M). Hence, by the assumption, D

is elliptic. So the group is a subgroup of the compact Lie group G(D), and in
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fact we can show that the group is a closed subgroup of G(D) by the same
argument as the proof of the compactness of G(D). Finally, it is immediate
from Theorem B to determine the Lie algebra of this group.
4.7. Finally we give a proposition which implies the finite dimensionality
of the Lie algebra X(A). '
PROPOSITION 7. The representation of X(A) in the finite dimensional space
> E;(A) is faithful for a sufficiently large s>0.

1218

PrROOF. Let {s;}7, be a smooth local frame of the cotangent bundle T*(M)
defined on an open set UCM. Also let {f;}%, be a family of smooth functions
on M such that (df;)z,=s:(x,) at a point x,&U. Then {df;}]-; is also a local
frame of T*(M) on an open set VCU. If we take a number s>0 sufficiently
large, then by Proposition 2 there exist generalized eigenfunctions f; ;€ E ;(4)
(i=1, -+, n, | 2] =s) such that ||df;— > df;.:l|<d for any 6>0, where ||-| is an

121ss
arbitrarily taken norm on T*(M). Therefore, if ¢ is sufficiently small, then

{ > df;,:% is also a local frame of T*(M) on an open set WCV. Hence any
12iss

Xe X(A) satisfying X( > f2.:)=0 on M (=1, ---, n) vanishes on W. Therefore,

121ss
owing to the compactness of M we can take a positive s as desired.

§5. Some special cases.

5.1. Let M and N be compact Riemannian manifolds, and we denote by Ay
and Ay the Laplace operators of M and N, respectively. Also we denote by A
the Laplace operator of MXN with the product metric: A=Ay+Ay. Let us
consider an operator P on M XN such that

P=A}+A% : C°(MXN) —> C*(MXN).

We can see that the operator P is elliptic and positive definite in H,(MXN),
here the inner product is taken with respect to the volume element of the product
metric on M XN,

PROPOSITION 8. Assume that for any 2;, ;&Sp(Ay) and pi, pi€Sp(Ay),

=2+ implies 2;=2; and pr=p,.
Then,
G(P)CG).

This follows from the fact that E,(P)=FE;(Ax)QE (Ay) (A-+p*=y) and the
following lemma.

LEMMA 7. Let an elliptic differential operator Q on a compact manifold M
be selfadjoint with respect to some inner product in Hy(M). If a diffeomorphism



Group of diffeomorphisms 161

@ of M leaves each eigenspace E;(Q) of the operator Q invariant, then ¢ =G(Q).
This is proved by using Proposition 2. Notice that in this case all the
generalized eigenfunctions are eigenfunctions.
ExaMPLE. We give an example satisfying the assumption of Proposition 8.
Let w; and w, be real numbers such that 1, w!, @} and w?w? are linearly inde-

pendent over Z. Let I* ={—21;(n1w1, nyws) € R?: nieZ} be a lattice in R? and

denote by I'* the dual lattice of 7, i.e,, F*={(x1, Xa): —éln—EiJ nix;w; € Z, for any
niEZ}.

We take M=S"={(x,, -+, x41) ER*': > x2=1} with the standard metric,
and N=R?/I'* with the metric induced from the Euclidean metric. Then it is
well known that '

Sp(Asm)={k(E+n—1): k=0, 1,2, -}
and
Sp(Age/ o= {niwi+njwi: n,eZ}.

Therefore, if
k*(k+n—1)*+(nlot+nied)*=1(+n—1)"+(miot+mie))*,

then =/, n?=m? and ni=mi This implies that the assumption of Proposition 8
is satisfied in this case.

5.2. It seems difficult to see what properties of an elliptic operator P imply
the non-triviality of G(P) or X(P). But in a certain sense, for generic P’s in
the space of all elliptic operators on compact manifolds, X(P)={0}. That is,
we have

PROPOSITION 9. Assume that an elliptic operator P satisfies the following
three conditions, then X(P)=1{0}, and G(P) is at most a finite group:

(i)  the principal symbol of P is real,

(ii)y for any 2€Sp(P), dim E;(P)=1,

(iii) each eigenspace E ;(P) (A€Sp(P)) contains a non-zero real-valued func-
tion.

ProOOF. Let X< X(P) and u<E ;(P), real-valued, then there exists a constant
¢ such that u(px,.(x))=eu(x), which means that the constant ¢ must be real
and pure imaginary, hence ¢=0. Therefore, X(u)=cu=0 on every eigenspace.
So X=0.

REMARK. On the meaning of ‘generic’ see [3] or [9].
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