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The number of automorphisms of a finite p-group G has been an interesting
subject of research for a long time. It has been conjectured that, if G isia
non-cyclic finite p-group of order p", n>2, then the order of G divides the
order of the group of automorphisms of G. This has been established for abelian
p-groups and for certain classes of finite p-groups. In this paper we show that
the conjecture is also true for some other classes of non-abelian p-groups.

A finite p-group G, which satisfies the above conjecture, is called an LA-
group.

Throughout this paper G stands for a finite non-abelian group of order p*
(p a prime number), commutator subgroup G’ and center Z. We denote the
order of any group H by |H|. Also we take the lower and the upper central
series of a finite p-group G to be:

G:L0>L1:G/> s >LC:1
and
1=2<Zi=2< - < Z,=(G,

where ¢ is the class of G. For ¢=2, G is an LA-group ([3]). So we shall
assume that ¢>2. The invariants of G/L, are taken to be m;=m,= --- =2m, =1
and |G/L,|=p™. Similarly we take the invariants of Z to be kb, =k,=> --- =k,
=1 and |Z|=p*. We denote by A(G), I(G), A/(G) the groups of automorphisms,
inner automorphisms, central automorphisms of G respectively. Hom (G, Z) is
the group of homomorphisms of G into Z. Finally P(G)=<{x?|x=G) and E(G)
={xeCG|x?=1.

G 1s called a PN-group, if G has no non-trivial abelian direct factor.

We begin with:

LEMMA 1. (i) If G is a PN-group, | A(G)|=p% where

a=> min (m;, k;).

(i) If G=HXK, where H is abelian and non-trivial and K is a PN-group,
then
|AG)| = A(H)| | A(K)| |Hom (K, H)||Hom (H, Z(K))|.
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PrROOF. (i) Since G is a PN-group |A.(G)|=|Hom (G, Z)| ((IJ). Hence
| A(G)|=|Hom (G/L,, Z)|=|Hom (}IC(P’"J'), I;IC(P’”))I =H,lH0m (C(p™), C(p*i)]

=p?, where
a=2min (m;, k).

(ii) Let g A/(G). Then for x=G, x 'g(x)eZ. So g(x)==xf(x) for some
f€eHom (G, Z). Consider the mapping g—f,. This is a one-to-one mapping of
AG) into Hom (G, Z). Furthermore, given feHom (G, Z), g(x)=xf(x) is an
endomorphism of G which is an automorphism if and only if f(x)+# x~! for every
xeG, x+1. If G is a PN-group, then for feHom (G, Z) the mapping g(x)=
xf(x) is always an automorphism of G. Let

A={g|g(h, B)=(h, g(k)), heH, kK, g A(K)},
B={9|%(h, k)=(hy(k), k), heH, ke K, yeHom (K, H)},
C={f|f(n, B)=(f(h), k), heH, k<K, fe A(H)},
D={%|%(h, B)=(h, kx(h)), heH, k€K, xeHom (H, Z(K))}.

We shall prove that A (G)=ABCD and |AJ(G)|=|A||B||C||D]|.

Obviously A, C are subgroups of A,.G). Also # is multiplicative and ker $
=1. Since (h, ) '9(h, k)eZ, y=ALG) and so B=ZAJ(G). Similarly DSA(G).
Therefore A.(G)2ABCD.

Let d=A(G). Then da(h, B)=(h, k)-a(h, k) for some a=Hom (G, Z). So
a1, k)= (1, kXai(k), axk))=(a,k), ka,(k)), where a,< Hom (K, H), a,<€
Hom (K, Z(K)). let b(k)=Fkask). Since K is a PN-group, b A,(K). There-
fore if g(h, k)=(h, b (k)), g4(1, k)=(a(k), k). Taking H(h, k)=(hy(k), k),
where y(k)=(a,(k))™', yeHom (K, H), we get é(, k)=35gd(, k)=, k). Let
é(h, )=(cy(h), cs(h)), c;=Hom (H, H), ¢, <= Hom(H, Z(K)). Then ¢, k)=
(ci(h), kc(h)). Here ¢, is an automorphism of H, since for c¢,(h)=1, h+#1, we
get &é(h, (ci(h) H=(1, 1). Taking f(h, B)=(c7%(h), k) we then get fé(h, k)=
(h, kc(h)=%(h, k) for some £=D. Hence =fé=f9g4, so that d=g" 9 f 1%
€ ABCD. Therefore A(G)SEABCD and so A.(G)=ABCD.

Since 94(h, R)=3(h, g(k)=(hy(g(k)), g(k)=§9.(h, k), where J%A(h, k)=
(hy(g(k)), k), we have BA=AB. So M=AB is a group. Similarly £f(h, k)=
fﬁl(h, k) for a suitable £,D. Hence N=CD is also a group. Clearly AnB=
CNnD=1. Moreover MN\N=1. For let g5(h, k)=(hy(k), g(kN=Ff%(h, k)=
(f(h), kx(h)). Setting k=1, we get f(h)=h, x(h)=1; setting h=1, we get g(k)
=k, y(k)=1. Therefore

| A(G)|=|MN|=|M||N|=]AB|-|CD|=|A||B||C||D|.

We now prove the following lemma, which is of some interest in its own
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right.
LEMMA 2. If exp(G/L)=1Z|, then |AL(G)|=p™.

PROOF. Let G be a PN-group. For fixed j Cemmal (i) gives _zszlmin<m,., ko)
=m;. In fact, this is obvious if m;<k; for some i. If m;>k; for all ¢, then

S . . t
Zlmln (mj, ky)=k=m; by assumption. Hence a= 2} m;=m. Therefore we may
i= j=1

assume that G=HXK, where H is abelian and K is a PN-group. Let |H|=p"
(r>0). Since G/G'=HXK/K' and Z=HXZ(K), we get |K/K'|=p™" and
| Z(K)|=p*T". Let a,=a,= - =aqs=1 be the invariants of K/K’, exp Z(K)
=p* and p'=]|ALK)|=|Hom (K/K’, Z(K))|. For u=a, v=> a; and for a;>u
with a;,pu, v=(k—r)i+as+ - +aq. Similarly, let exp H=p® and p'
=|Hom (K, H)|=|Hom (K/K’, H)|. Then, as above, [=Xa; for b=a, and
Izrj+ajat - +aq for a;>b with a4, >b. Since k=a,, we get, in all cases,
that v+I=>a;=m—r. Since |A(H)|=p"* and |Hom (H, Z(K))| = p, by [Lemmal
1 (ii) we get
]AC(G)[ gpr—1+u+l+lgpm .

A.D. Otto proved in ([7]) that if L;/L;,, has order p for all i=1, ---, c—1
and exp G/L,=p then G is an LA-group. The following theorem is a gener-
alization of Otto’s result. First we need the following lemma.

LEMMA 3. Exp L. «=[L;: LyNZ] for all 1=0.

PrROOF. Let 7 be the transfer homomorphism of L; into L;NZ and let
(L;: LinZ]=p" and x=L;. Then z'(x)::];[aix””a;‘, where a;x?ta7le LinZ

and 3 pmi=p". Hence, a;x?‘a;'=x?"" and so 7(x)=x?. Let yeG. Since x?"
[

eL,NZ<Z, x? commutes with y for every yeG. So [x, y17 =[x, y])=
(xty xy)=t(x Nr(yrxy)=x"P(y 'xy)?"=1. Thus, exp L, <p".

THEOREM 1. If L;/L;., is cyclic of order p™ (r>0) for all i=1, -, c—1
and expG/L,=|Z|, then G 1s an LA-group.

ProofF. Since |L;/L;.|=p" for i=1, -+, c—1,

n=m+(c—r. (1)
Also we have
| Zis1/Zi| Z | LeoicaZi/ Zi| = | Le—ioy/ Le—i-iNZs) . (2)

We shall show that L._;_.i"\Z;=L..;. This is trivial for i=0, and for i=1 by
pr=exp L.y =[Le-s: LecsNZI=[Le-s: Lo =07, as Le=L.oNZ.
Hence L.,=L...,NZ. Assuming L., N\Z;=L.;, then [G, ZiN\Le i s]<
ZiN\L;-i-y=L¢; and so modulo L..; we have Z;,,(G/Lc-)N\Le-i-o(G/ L)<
Z(G/Le-)NL¢-i-o(G/Le-i) = Le-i-1(G/Le-s). Therefore ZjyyN\Le-ioa = Leoioy.
Since Lo ;-1 =ZisiN\Le—i-o Wwe get Lo 1=ZiuyN\Leoi—p. Thus Lo iNZi=L.;
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for i=1, ---, c—2. From (2) we get

| Zisi/ Zi\ Z | Leoyoi/ Leos|=p". (3)

Let K/L; be the centralizer of L,/L, in G/L;. Then by ([2], Lemma 2.5)
G/K has order p". It is easily seen that theorems 2.6, 2.7 and corollary in ([2])
hold for p-groups with homocyclic lower central factors. Hence |K/Z..,|=p"
and so

|G/ Ze-s| =" (4)

From (1), (3), (4) we get m+(c—Dr=2r+(c—3)r+v-+£k, where |Z,/Z|=p".
Then m=v+k% and Lemma 2 gives |A(G)|,=p"**. Therefore

LAG) 2 (G)- AdG) =G| - | AdG) | o/ | Zo/ Z| Z pm=FH¥r E o=

COROLLARY L1.1. If the Frattini subgroup O(G) of G is cyclic, then G is an
LA-group.

Proor. Let p#2. Since G’'=Z@(G), G’ is cyclic and so G is regular. Then
| E(G/E(G))|=1EyG)/E(G)|=| P(G)/ P(G)|. But P(G)=®(G) gives that P(G)
is cyclic and | P(G)/Py(G)|=p. Hence |E(G/E(G))|=p and G/E(G) has at most
one subgroup of order p. Then G/E(G)is cyclic and so G’'=E(G). Since G is
regular, exp E(G)=p which gives exp G’'=p. Since G’ is cyclic, |G'|=p and G
has class two. Let p=2. Then P(G)=®@(G). So there exists a=G such that
D(G)=<a?®. Let S be the set of all subgroups H of G containing a such that
{a)> has index p in H for every Hin S. For x€G, x?=®(G), so G=C{H|H=S).
Let H=S. Then H has a maximal subgroup which is cyclic so that H is either
(i) abelian, (ii) class two with H/Z(H) elementary abelian of order 4 or (iii) of
maximal class. If there exists no element in S of maximal class, then a*<Z(H)
for every H=S and so 9(G)=<a®»><Z and G is of class two. If H is of maxi-
mal class for some H in S, then |H/H'|=4=|H/®(G)| so that G'=0(G) as
H=G'£0(G). Thus expG/G'=p and L;/L;,, is cyclic of order p for all i=
1, -, ¢c—1. Then by [Theorem 1, G is an L A-group.

For any finite p-group G of class ¢>2, G/Z,_, is non-cyclic and |Z;/Z;_.|
=p for i=1, -+, c—1. Hence |G/Z,|=p° ! and |A(G)| = |I(G)-A(G)|=|ALG)]
|G/ Z| 2| AdG)| - pe~*. Also gives |A«G)|,=p*. Hence,

LEMMA 4. If G has class ¢>2, |A(G)| p= | ALG)] p- p = p2+e-L,

By this result, any p-group of maximal class is an LA-group. Below we
consider the case in which G has certain normal subgroups of maximal class.

THEOREM 2. Let G have a normal subgroup M which has maximal class.
Then G is an LA-group, if either,
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(1) G/M 1is elementary abelian, or

(ii) M has index p* in G.

PROOF. Let |G/M|=p% and M=L,>L,> - >L,=1 be the lower central
series of M, where ¢’=n—a—1 is the class of M. Then c¢=¢’. Since any non-
abelian finite p-group has an outer automorphism of order p", r=1 ([4]), we may
assume that |Z|>p, otherwise | A(G)|,=zp|I(G)|=]|G].

(1) L. =2O(G)=M, as G/M is elementary abelian. Also @(G)# M, as O(G)
cannot be of maximal class. Hence L, <M and so m=a-+1. On the other hand
| L/ Lig|=p for i=1, ---, c—1 so that | L,| = p°* which gives m=a+2. There-
fore either m=a-+1, or m=a-+2. Since p=exp(G/P(G))=exp(G/L,/P(G)/L))
and |@(G)/L.|=<p, we get exp(G/L)=Sp*<|Z].

Then gives |A(G)|,=p™ By it is enough to show
that m+c—1=n. This is true for m=a+2 as czn—a—1.

Therefore we may assume that m=a-+1. Then |L,/L,|=p. Since L,<G,
L,/L,<Z(G/L,) which gives L,=[G, L,J=<L,. Since M/L, is cyclic, L,=[M, L,]
(2], Lemma 2.1) and so L,=[L,, G]=[L,, M]=L, Thus L,=L, Assuming
by induction that Li,,=L; we get L;=L;;,> Lss=[Liy,;, G1=[L;, M]=L,,,.
Since M is of maximal class, ifi/ljml:p and s0 Lj.o=L;... Therefore Ly,
=L, foralli. So Ly, =L.,=1and L,=L,_,#1. Thus G has class c¢=c¢’+1
=n—a and m+c—1=a+1l+n—a—1=un.

(ii) From (i) we may assume that G/M is cyclic of order p* and c=c¢'=
n—3.

Since G/L, cannot be cyclic, L, <M and m=3. Also |L;|=p¢ " gives m=4
so that either m=3 or m=4. Let m=3. Proceeding as in (i) we get c=c¢'+1
=n—2, and so Lemmas 2 and 4 give [A(G)|,=p-p'=p" as exp(G/L)=
p*=|Z|. Let m=4. Then |L;/L;.,|=p for all i=1 and ¢=n—3. Since |G/L,|=
p*=|G/M||M/L,|=|G/L,| we get L,=L, and by ([5]) G cannot be generated
by two elements. Therefore G/L, has more than two invariants and exp(G/L,)
<p*=|Z|. Again Lemmas 2 and 4 give |A(G)|,=p* p¢'=p".

THEOREM 3. Let M be a maximal subgroup of G. If M contains a normal
subgroup H of order p such that M/H is of maximal class, then G is an LA-
group.

PROOF. Since |M/H|=p""% M/H has class n—3 and so M has class ¢'=
n—3. For ¢’=n—2 the result follows from the previous theorem.

Take ¢’=n—3. Since HAM and |H|=p, HSZ(M). Let Z(M) be cyclic.
Since M has order p»""!' and class n—3, p?<|M/M’|<p® so that M/M’  has
either type (p, p), (p, p®) or (p, p, p). In all cases exp L. ,(M)=p. Since
Lo (MYSZ(M) and Z(M) is cyclic, L. (M) is cyclic of order p. As Z(M)
has only one subgroup H of order p, H=L._ (M) and so L. _(M/H)=1 a con-
tradiction. Hence Z(M) is elementary abelian of order p*. By Lemma 4, | A(M)|,
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=piti=p" If ZEM, G=ZM and by (@), |A(G)|,=|G|. Let ZEM. Then
Z<Z(M). As in we may assume that |Z|>p so that Z is elemen-
tary abelian of order p% Then gives |A(G)| = piz=pn.
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