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It was shown in that an operator of the form (1) below with boundary
conditions of Feller-Wentzell type is the infinitesimal generator of a strongly
continuous nonnegative contraction (s. ¢. n. ¢.) semigroup (7;):s, in C=C([0, 11)*
or a subspace of C. In this note we continue the study of these operators.
The main result is that the semigroup (TF),s, or the corresponding Markov
process have a unique invariant measure g, with supp g,=[0, 1] if only the
boundary conditions are “not too degenerated”. This seems to be rather
evident as the operator (1) contains a diffusion term D,D,. However the
analytical proof of this fact we could give is not so short.
Further it is shown that g, is in (0, 1) absolutely continuous with respect to
the measure m.

In a following note we shall continue the study of this class of Markov
processes along the lines of [6]. In particular, we shall investigate the limit
behavior of the transition probabilities if ¢—co and derive Kolmogorov’s
equations for the densities of the transition probabilities (with respect to u,).
As an important tool, the extension of the semigroup (T';)izo to L*y,) (with
scalar product denoted by [-, -]) is considered. The explicit expressions of
[Af, f] and its real and imaginary parts, given at the end of this paper,
will play an essential role in this investigation.

We thank the referee for many valuable suggestions and, in particular,
for correcting an error in our original proof of

1. Preliminaries.

Let m, b and the family of measures n,, x<[0, 1], have the same pro-
perties as in [4], that is m is a strongly increasing continuous function

* In only real spaces have been considered, here, however, C is supposed to
be complex. It is easy to''see ([5], p. 106), that the statements quoted above are
true for the corresponding complex spaces.
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on [0, 17, b is a real continuous function on [0, 1] and n,, x<[0, 1], are non-
negative measures on [0, 1] with the properties

(@) ny([0, 1D=K<oo  (x€[0, 1]),

(b) &é—x implies ns—n, *-weakly (x, £€[0, 1]), that is

[ fmed)={ fymady) for all fec,

©) supg ny(dy)—0 if 610.%
|r—[(1)/l§5

x€r0,1]

The second order generalized differential operator D,D, in C is defined
in the usual way (see and the references quoted there): Its domain
D(D,D;) is the set of all feC which admit a representation

f=fot xfit | (x—=9p(dm(s),  x€l0, 17,
with fo, f0€C*®, p=C, and for this function f we define
D,.D.f:=¢.
With D, f denoting the first derivative of a continuously differentiable function
f and () : ={"(y=9)dm(s), z, y=[0, 1], on ND,D.) we shall consider the
following operator U :

AS)x) 1 =D Do 1))+ b(x) (D f)(x) @

[~ == D AN

The integral on the right hand side of (1) is possibly an improper integral
with respect to the singularity at y=x, but it is easy to see that it exists
for all fe®D,D,). In the following, by #, we denote the measure

x€[0, 1], fe(D,D,).

ﬁz(dy):z—% on [0, 1]\ {x}.
If fe®(D,D,) we define
0,(9): =mf O+ O gt a0,
0.(9): =m f0+ | TETD a0+ oi@ ),

where the constants k,, ,, 0,, 0, are nonnegative, g, and ¢, are nonnegative

measures on [0, 1] and xi+ai+S:dqi>0, 1=0, 1. If ¢; has concentrated mass

*) The conditions (a-c) are equivalent to (b) and (a’) n;({x})=0 for all x&[0,1].
**) C denotes the set of complex numbers, := is used to define new symbols.
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at the point 7, :=0, 1, it is understood that

SO)—f(x)

X

=0, TDD —p .

We always suppose that the equations
(=0, O(f)=0 2)

are not equivalent to f(0)=j(1). The restriction A of A by the boundary
conditions (2), that is D(A): ={f€DD,D,): O()=D,(f)=0} and Af:=Uf
for fe®(A), is the infinitesimal generator of a s.c.n.c. semigroup in C or
the subspace of C determined by the boundary conditions (2), see [4], [5]
For simplicity we shall always suppose in the following, that the functionals
@,, i=0, 1, are not continuous on C that is

S:Ii—xl‘ldqi(x):oo or 0,>0, i=0, 1. 3)

In this case the domain ®©(A) of A is dense in C.
LEMMA 1. The spectrum o(AY® is discrete in the finite complex plane.
PrOOF. Suppose first that the functionals @; are

Q.(f): =(=D"(D.NH, i=0,1,

and denote by A, the corresponding restriction of % by the boundary conditions
(2). Then with the operators A,:D(A4,)=D(A4),),

Aof:=DnD./, fE@<A0) ’
“and B:D(B)=(A4,),

(BA)(x): =b(xXDa %)
+| === DD NNA(dy), x<[0,1], FEDB),
we have for the resolvents R :=Q[—A,)™", RP :=@QA[—A)™":
RP=RPU—BRY)™, A= p(A)no(As),

and BR{ is compact in C ([4]). Evidently BR{” is a holomorphic function
of 2 in p(4, and the positive half axis belongs to p(A,)N\p(A4,), hence
leo,(BRY) if 2>0. By a theorem of I.C. Gohberg ([2]), (4, is discrete.

*) The spectrum o (A), resolvent set p(A4) and point spectrum o,(A4) of a linear
operator A are defined as in [1].
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Let now A be the operator (1) with general boundary conditions. For
fixed 2,>0 the difference (1,/—A)'—(A,J—A,)™" is two-dimensional (see [4],
p. 248). On the other hand o(RY) (¢(R,,) is discrete in C\{0} if and only if
(A, (6(A) resp.) is discrete in C. Therefore the statement follows from the
first part of the proof.

In the following the s.c.n.c. semigroup in C generated by the operator
A will be denoted by (T,)s0 its adjoint semigroup in C* by (T¥):s,. The
corresponding transition function is P(t;x, I") (¢>0, x<[0, 1], I'eB. ). A
nonnegative measure p=C*, p+0, is said to be invariant (subinvariant) under
(THizo if THp=p (T¥u=p resp.) for all {=0.

The following lemma is well-known for arbitrary strongly continuous
semigroups (T';);», in a Banach space. It is reproduced here only for the sake
of completeness.®

LEMMA 2. The following statements ave equivalent:

1) p,eC* is an invariant measure of the semigroup (TF);zo;

2) for some 2 p(A) we have ARFpe=t;

3) for all 2 p(A) we have AR poy=1,;

4) p, is orthogonal to the range R(A)*®

Proor. Evidently AR¥p,=p, is equivalent to p(AR;f—f)=0 for all feC.
If 2/, 2€p(A), we get therefore

0=p(AR; R f— R )=pe(AA—2 ) (R —RDf—R3. f)
=@=2) "=+ R 1),

hence the eigenspace of AR¥ to the eigenvalue one is independent of 4. Itis
obvious from the definition of R; that TFu,=g, for all t=0 implies AR¥ o= p,.
On the other hand, the relation

Tof—f={ TAfds  (FeD)

implies T, f—f<R(A) for arbitrary feC. Suppose now

0=po(AR 3 f— 1) = po( AL — A)7*])
for all f=C, that is p(g)=0 for all geR(A). Then u(T,f—f)=0 for feC,

t=0, and the statement follows.
2. Invariant measures.

In this section we suppose k,=x,=0. Then the transition function (or
the corresponding Markov process) is conservative, that is we have

*> We thank our colleague Dr. R. Kiihne for pointing out the properties 2), 3) to us.
** R(A): ={Af: feD(A)].
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P(t; x,[0,1D=1, >0, x<[0, 1].

LEMMA 3. If the nonnegative measure p, (#0) is invariant under (TF);zo
and supp p, < {0, 1} then supp p,=[0, 1].
Proor. If S,:=supp p, we have

SS P(t; x, Dpdx)=pl) for all T'eByy, 120,
0

hence P(t; x, I")=0 for u,-almost all x&S,, if I'\S,=0. Consider a continu-
ous function f on [0, 1] vanishing on S,. Then we have with 4,:=[0, 17\S,

| P(T3x d9)f()=0

for pe-almost all x&S,. But the integral on the left hand side is a continuous
function of x, hence it vanishes identically on S,. This implies P(¢t; x, 4,)=0,
or P(t; x, Sy)=1 for all x€S,, t=0. Therefore for the corresponding canonical
Feller process X with P,-probability one the paths starting in a point x&S,
always remain in S,. Hence if 4C4,, 4€B. 15, xES,:

()= lim LD

Uiz E.t

0,

where z: =ty denotes the first exit time of the neighbourhood U of x.

Assume now S,#[0, 1], Soa {0, 1} and consider a boundary point x, of
4,, x,€(0, 1). Suppose e. g. that for some §>0 the interval (x,—9d, x,) belongs
to 4, and x,+0<1. Then it follows easily that there exists a nonnegative
function fo€®(D,D,) with the properties

fl)=0 if |x—x0120, (DuDf)x)20 if x=x,,

(DnDz fo)(x0)> | 6(x0) | [ (Da fo)(x0) |

+ \ 8:0'3{—fo(xo)-(y— %0)(Dz fo)(xXo)} iz y(d Y) ! )

Hence
AS)x)Z(DaDzfo)(x0)—b(x)| |(Dz fo)(x0)| = :7,>0.

Moreover, by the discontinuity of the functionals @, @, we can choose real
functions g,, g£.€9(D,,D,) vanishing on (x,—d, 1) and [0, x,+0) resp. and
with the properties

Dy(ga)=—Dy(f0), DPigy)=0,
Dy(g)=0, O(g)=—0.(f,),
lg:ll=fx0)/2, 1(Bg(xo)|=70/4, =0, 1.
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Then for f:=fo+go+2:SD(A4), we have
Fx)zf(x) for x&S,, @)
(Af)(xo)ZTo—l(Bgo)(xo)l—I(Bgl)(xo)lZro/2>0-

On the other hand we have from (4)
(Afe=tim ([ Pt 50, d9)f()=f(x0)) 0.

LEMMA 4. Suppose the functionals @; in the boundary conditions (2) satisfy
the following hypotheses:

1) ko=£,=0;

2) O(f)#o., UMW), 1=0,1;

3) for at least one index 1=0 or 1 the functional @; is not of the form

O(N)=a A/ O)+(fO—f(No:, 1#], j=0,1, 0:+06,>0.

Then f=1 is (up to scalar multiples) the unique solution of the equation Af=0.
ProoF. Condition 1) evidently implies 4A1=0. By the spectral mapping
theorem, if Af,=0 we have AR, f,=/f,, hence

AR | fol Z1fol if 2>0. ®)

Moreover, by a theorem of Mazur there exists a p,&C*, p,#0, such that
AR¥ po=po, and it follows ARF|pol =1 pol. Now ARF|pol(I)> | pel(I") for some
Borel set I" would imply AlIR¥| gl > 11! 1*, which is impossible because of
IARf|=1. Therefore ARY|to|=1pt0!.

Assume S,:=supp || {0, 1}. Then if a path of the Markov process
with initial distribution |go|/llgell starts in x&S,, is always remains there
with P, -probability one. Hence if S, consists of one point ¢ only (:=0 or 1),
the boundary condition (¥ f)(1)=0 must hold, a contradiction to 2). If S,={0, 1},
both boundary conditions must be of the form

o (ANDO+(SDO—F(Ne:=0, 4, j=0,1, %],
where o, 0;=0, 0;40,>0, 1=0, 1, which is a contradiction to 3).
From supp | ol =[0, 1]. Integrating the inequality in (5) with
respect to |u,| we get AR ;| fol=1/,|, hence
| foleD(A). (6)

Assume now (D, f)(x,)#0 for some x,=(0, 1). Then (6) applied to the
function f,—f,x,)1 instead of f, gives the existence of the derivative of

*) Here ||p|| denotes the norm of p=C*, that is the total variation of g on [0,1].
For the norm of a bounded linear operator in C* we use the same symbol.
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| fo—fo(xo)1| at x,, which is impossible. Hence D, f,=0, that is f,=const.

THEOREM 5. For the semigroup (T¥);z0 there exists a unique (up to positive
multiples) invariant nonnegative measure p, and this measure has the property
supp uo=L[0, 1] if and only if the conditions 1)-3) of Lemma 4 are satisfied.

Proor. If the conditions 1)-3) are satisfied, the eigenspace of AR; (A>0)
to the eigenvalue one is one-dimensional. By Lemma 1|, the same is true for
the eigenspace of AR¥. As for the nonnegative contraction AR¥ the equation
ARfpu=p implies AR¥|p|=|p|, the existence and uniqueness of the invariant
measure g, follows. The relation supp y=[0, 1] was shown in the proof of
Lemma 3

Suppose now that there exists a unique invariant measure p, which has,
moreover, the property supp ,=[0, 1]. Then, if e. g. @,(/)=A/)(0) (f=DN)),
the point measure at zero is invariant, which is impossible. If both functionals
@;, 1=0, 1, are of the form

0.(N)=aANND+(F@D—F(G)d:, i#j, o0:+0:>0, 1, j=0,1,

there exists an invariant measure concentrated on the boundary, which is
also impossible. The proof of the theorem will be completed if it is shown,
that in case k,+x;>0 the support of a nontrivial invariant measure is con-
tained in {0, 1}. This is a consequence of [Corollary 7in the following section.

3. Subinvariant measures.

LEMMA 6. If for i=0 or 1 we have k:>0, each invariant measure , of
(T¥H)ezo has the property i€ supp .

PrROOF. If k,+#£,>0, we consider the boundary conditions given by the
functionals

D) : =0 )~k fG), FEDA), i=0,1. @)

The hypothesis that D(A) is dense in C implies that the operator given by
(1) and the boundary conditions é)i(f):o, 1=0, 1, is the infinitesimal generator
(denoted by A) of a s.c.n.c. semigroup in C.

Fix A2>0 and consider the (nonnegative) solutions f,, /1 of the equation
Af—Af=0, satisfying the conditions f,(0)=1, f,(1)=0, f1(0)=0, fi(1)=1. In
p. 247, it was shown that

F(x): =1—fo(x)—f1(x)>0 0<x<1). (8)
Moreover
(DF)0)>0, (D F)1)<0. 9)

To show e.g. the first relation, assume (D,F)(0)=0. Together with F(0)=0
this implies
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(DnDLF)O)=—1—{ F»)ildy)=—1<0,

a contradiction to (8).
From the inequalities (8) and (9) we get

O £+ )= F(x)dgy(x)+002>0

0

and a corresponding relation for (131, therefore

Do(f)>—B(f)=0,  B(f)>—Di(f)20. (10)

The resolvents R; and R; of A and A resp. are connected by the relation

Rif=R:f—cl ) fo—cfr, FEC, (11)
with
1 eRa)O)  Bo(F)
CO(f) . :—A_ N ~ »
BB Q) D)+
1] @l fo)tre kRO
Cl(f) . :—A— ~ N ’
D,(f,) (R )A)

42 =rotii 1 Do )+ 8 Du( )+ D F) Do) — Do F)D(£)>0.
If =0, we find from and R; =0 that ¢o(f)20, ¢,(f)=0, hence
R.fER;f. (12)
Suppose now e.g. £,>0. Then ¢(1)=(4) %, ®(f,)>0 and
(R D)(0)=(R 1)(0)—co(1) (R, 1)(0)=2". (13)

Assume O=supp g, for the invariant measure g, of (TF).z,. Then (13)implies

) dyozgz(zm)dyod-lsz dyss,

which is impossible.

COROLLARY 7. If ko, £.>0, the semigroup (T¥F),., does not have an invariant
measure. If e.g. £,>0, there exists an invariant measure p, of (TF)iz0 if and
only if Of)=0AS)0); in this case p, is the point measure concentrated at 0.

Indeed, implies

R¥<R*. (14)
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Suppose now g, is an invariant measure of (7%);z,. Then yole}‘yoéll?j{‘po,
which implies pg,=AR¥y, By we have supp go=[0, 1] or supp
c{0, 1}. If k,+£,>0, the first case is excluded by Now the first
statement of the corollary follows immediately. If, in particular, £,>0, £,=0
and g, is an invariant measure of (7F);z, it must be a point measure at 0.
Hence 0 is absorbing and (Af)(0)=0.

The inequality and have the following consequence.

THEOREM 8. Suppose the functionals @i wn (7) satisfy the following conditions:

1) GN)Fo UG, i=0, 1;

2) for at least one index i=0 or 1 the functional @,- is not of the form
D)=l AN+ D—F()e, j#i, 0:+8:>0.
Then there exists a subinvariant measure po of (T¥)zo with the property
supp p,=[0, 1].

Indeed, by the semigroup (7¥).., corresponding to the operator
A has an invariant measure g, with supp #,=[0, 1] and from we get

AR} S ARY pro=p, .

Now if feC, f=0, it follows for ¢t>0 (see [3]):
(T;“;zo)(f):yo(th)zlkigln ket™ (R f)
=lim k-t (REE o) (f)= 1o f) -

4. Absolute continuity of the invariant measure.

In this section we suppose that the conditions of are satisfied.
Then our general hypothesis (3) about the boundary condition implies

Q;: =S:dqi>0, and we can assume Q;=1 (=0, 1). Let m, and M denote the
following measures on [0, 17:

dmy(x): =0,d0(x)+0,d0,(x)+ dm(x),

dM(x): =0,d0y(x)+0,d0(x)+ p(x)dm(x),

p(x): =1—S;(y—x)y‘ldqo(y)—S:(x—y)(l—y)‘ldql(y),

where 0; is the unit measure concentrated at i, =0, 1. The measure M was
introduced in [6]. It is the invariant measure of the adjoint of the semigroup
generated by D, D, with boundary conditions (2) in C.

By I'" we denote the kernel
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“;o(s_y)’%(dy% 0=s<x=l,
F(x, S) L=
“::s(y-—s)ﬁx(dy), 1=s>x=0.

Evidently, I'(x, 0)=I(x, 1)=0 (0<x<1), and it is easy to see that for x fixed
I'(x, -) is m-summable, and S:F(x, s)¢(s)dm(s) is a continuous function of x
it peC.

THEOREM 9. Suppose the conditions 1)-3) of Lemma 4 are satisfied and
Q=1 (1=0,1). Then the invariant measure p, 0f (T¥)izo 0of Theorem 5 is

absolutely continuous with respect to m, and its density go:=dp,/dm, belongs
to L>(m,).

PROOF. If feD(A), f(x)=Ff,+ f{)—l-S:(x—s)go(s)dm(s), we have
(AND=g(D+Bi+ | p()dm(s)
+ {1 =9 dms)nady).

Integration by parts shows that the relation S:Afd,uozo (feD(A)) is equiv-

alent to

[ o] | 1, Ddpoams)+dust | bdgpdm(s)|

73]} o) =0. (15)

The boundary conditions are equivalent to the following relations:

o pO+50)fi+ | [ (=t dm(d)

_g:x—lgju—s)go(s)dm(s)dqo(x)—fs:o,

1
0

o+ fit|, pdm)+| | = )p(s dm(s)n(d))

+.] e= 910 9am(s)dan it | po)dme)=0,  (16)

1
0

which can be written as
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Fiob@=1+{ o(s)dv()=0,

FiobM+D+{ p(s)dun(s)=0.

11

Here v,, v, are measures on [0, 1] which can easily be calculated from (16).

They are absolutely continuous with respect to .
Suppose first o,6(0)—1+0. Then

1
fr=—(aab@=17| ¢ls)dni(s),
and gives
1 1 1
L[ e, s)dyo(x)dm<s>+dyo<s>+gsbdyodm(s)]
1 1 a7
~(a (0= 1. p)dl(s)| bdzy=0
0 0
for all functions p=C with the property
1 1
(ab0)+ 1)’ odv—(a )~ pdy,=0.
Hence, with a suitable choice of y, we have
[ Ix, dp(dmis)+ dyo(sH-Szba’;,zodm(s)—(oob(O)——l)'1S:bdy0dv0(s)

=(0:6(1)+1D)dvo(s)—(0,6(0)—1)dvi(s), (18)

and the statement follows.
If 0,6(1)4+1=0 and ¢,0(0)—1=0, then g, satisfies the equation

[\ 1, 9dum(dms) - s+ [ bdmdm=codvi(s)+erdu(s) (19

with some constants ¢,, ¢; and the condition S:b dp,=0. Evidently, (19) implies

the absolute continuity of p, with respect to m,.

By g, (€ L'(m,)) we denote the density of g, with respect to m,: du,(x)
=gdx)dmx). The relations or (19) imply an integral equation for g,.
For simplicity we shall give it only in the case o,=¢,=0. Then the boundary

conditions (16) simplify to S;gp(s)p(s)dm(s):(), and becomes
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[ 1cx, 9guxam+ais)

Z—S:b(x)go(x)dm(x)ﬂ; bgodm-S:(x——s)x“ldqo(x)—}—p(s) ,

a.e. with respect to m,. Both terms on the left hand side are nonnegative
and the right hand side is continuous, hence g, is in L*(m,).

5. A relation between %, invariant measures and boundary conditions.

In the following we need some more properties of the operator U in (1).

LEMMA 10. The boundary problem Uf=1, f(0)=f(1)=0, has a solution
fEDA).

Proor. The lemma will be proved if we show that the restriction A, of
A by the boundary conditions f(0)=s(1)=0, defined in C,:={f=C: f(0)=f(1)
=0} does not have the eigenvalue zero. In this case the resolvent R® of A,
exists at A=0, it can be extended to all of C and f:=R{®1 is the function
with the stated properties.

In order to calculate R we consider the restriction A of A by the
boundary conditions

SO =k f0)=0,  f/(D+£f(1)=0.
Then the corresponding operator A is defined by the conditions f/(0)=f'(1)=0,
and from letting &,, £,—c0 we get for fixed A1>0 with f,, f; defined in
section 3:

RPF=R; f—(R,/)0) fo—(R )] (20)
Denote by 4, the invariant measure of the semigroup (7#);2,. From
it follows supp 2,=[0, 1] and Lemma 2 implies

(Rig, p)=2"Xg, po)- (21)
If Ayw=0, we have RPv=21"'v and v does not change sign. Now from
and it follows
(B0)(0)(fo, o)+ (Rw)D)(f1, f0)=0.

which is equivalent to
(R;v)(0)=(R,v)(1)=0.
Hence implies 2" 'w=RPv=R,v, that is Av=0. Using we
find v=c1, and from v(0)=0 we get finally ¢=0, v=0.
The function f in is —FE,7, where 7 denotes the first exit time

of (0,1) for the canonical Feller process corresponding to % and boundary
conditions (2).
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Denote in this section by A always a restriction of ¥ by boundary con-
ditions (2) satisfying the conditions 1)-3) of Then f=1 is the
(unique) solution of the equation Af=0, hence by the relation |R;|<27?, 2>0,
the function 1 cannot belong to %(A4), and implies

RA)ER) . (22)
For the quotient space D(A)/D(A) we have
dim (D(A)/D(A)=2 (23)

(see e. g.[4], proof of Theorem 4). Moreover, as dim (R(A)/R(A))=dim (C/R(A))
=1, relation implies dim (R(A)/R(A))=1. As a consequence we have the
following result.

LEMMA 11. Under the conditions of Lemma 4 there exists a solution
he€DAN\D(A) of the equation Nh=0. Every solution h of this equation 1s of
the form h=c.ho+c,1 with some constants c,, c;.

In case b=0 we have evidently (up to scalar multiples) A,(x)=x.

The equation Ah=0 is equivalent to the integral equation

o)+ b pdm+{ [ (= p(dmnldn=—bn©), @

where h(x):h(O)-l—xh’(OH—S:(x—s)go(s)dm(s). The left hand side of is of

the form (/+G)p with some compact operator G in C (see [4], p. 247).

LEMMA 12. The homogeneous integral equation (I4-G)p=0 corresponding
to (24) has a nontrivial solution ¢+#0 if and only if hy0)=0, where h, denotes
the solution given in Lemma 11.

Proor. If A{(0)=0 we have ho(x):hO(O)—I-S:(x—s)goo(s)dm(s) and the func-

tion ¢,#0 is a solution of (/+G)p=0. On the other hand, if A;(0)+0,
11 implies that there is exactly one function ¢, satisfying (/4 G)p,=—0h(0),
that is the homogeneous equation (/+G)ep=0 has only the obvious solution
o=0.

The function %, can always be chosen such that A,(0)=0. Then the
condition of holds if and only if the initial problem

Ah=0, K0)=hr'(0)=0

has a nontrivial solution. We do not know if this can really happen. It is
impossible if one of the following conditions is satisfied:

1) b(x)=0 (x<[0, 1]);
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2) sup Ib(X)l(m(l)—m(O))JrSgp n([0, 11)<1;

3) suppny;Dlx, 1] (x[0, 1.

Indeed, in the first case we can choose h(x)=x. If condition 2) is satis-
fied, the homogeneous equation

o)+ pdm+ [ (= 9p()dm(9)i(d7)=0

can only have the obvious solution ¢=0. If the third condition holds the
statement follows as in [4],

The function #, in has evidently the property |@,(ho)|?
+1@,(he)|2+0. We choose A, €D(A) such that

DUAW=1.8.{D(A), hy, hi}. (25)
Then
Dy (h, D,(h,
p _' (he)  Do(hy)

= +0
Di(he)  Py(hy)

otherwise with some complex number y we would have 7h,—h,=D(A), which
is impossible. If g, is the measure given by then

[ athadm 0.

0

Indeed, otherwise h,e®D(A) or Ah,=0. But the first relation is impossible by
and the second relation is impossible by and Lemma 71

THEOREM 13. For arbitrary f€D(N) we have
1
[ 9 fd = (= O NO(h)+ 0N BN 47 Uh sy (26)

Indeed,
fr=f—4 =0y NP ho)+P:(f)Ds(ho)} hy

— A" HO( D (h)—D(/)Do(h1)} he=D(A),

~and [ 0/ dp=0 is evidently equivalent to (26}
0

Choose now £, as the solution of the initial problem Ah,=—1, A,(0)=h,(1)=0.
Then the maximum principle implies h,=0, and we have

@0(h1>§0) @1(h1)§_0.

With a solution #,:€h,=0, hoED(A), we normalize the functionals @; by
the conditions



Infinitesimal generators of Markov processes 15

@y(hy)=—1or 0, D,(hy)=1 or 0. 27

This implies 4>0. The invariant measure p,>0 can be chosen such that

A‘lgﬁlhldm:——l, and simplifies to

[Lardm=0unr+o0m, (28)

where }ro:@1(ho), 71:_@o(h0)-
Suppose now 7,=7,=1. Then we have

,Uo( {l} )":0-1: ’ 1:0, 1 . (29)
Indeed, implies

1-

£o({0} )(ASHO)+ p2o({1} )(‘-’lff)(l)JrS0+ Afdpe=0(AS)0)+0,(ASXD)

1 1 (30)
+(FO—rs)sdaor+ [ FO— N9 dg(s).

Choose a sequence (¢,)CC, ¢,(0)=1, ¢(x)=0, @(x)]0 (n—o0, 0<x<1).
Putting f(x):fn(x):S:(x—s)gon(s)dm(s) in (30) and letting n—oo we get
ﬂo({o}):"ao-

6. Quadratic forms connected with .

In the following we have to impose two more conditions:

(d) b(x)=0 (x[0, 1.

(e) The Lebesgue measure is absolutely continuous with respect to m and
the corresponding density v:=dx/dm is a continuous function.

The first condition is mainly for technical reason. It implies that we

can choose e.g. hyx)=x, and the normalization of the functionals @,
amounts to

S:dqizl, i=0, 1

(here we suppose again x,=£,=0). Condition (e) implies e. g.
| 1P€D(DnD;) if fED(DRD,).

We now suppose that the functionals @; are such that the corresponding
®,, i=0, 1, satisfy the conditions 2) and 3) of Lemma 4. By g, we denote the
invariant measure of the semigroup (77).., (see [Theorem b)), normalized
according to the foregoing section (that is there we have to put @i instead
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of @,, i=0,1). By o is a subinvariant measure of the semigroup
(TH):20, and from we have

[‘wrdum=0in+dn  (renDaD.). (31)

If 7, geC we put [f, g]: :S f(x)g(x)d po( x) and shall calculate Re[Af, /]

1
0
and Im[Af, f] (feD(A)).
To do this we consider for arbitrary fe®(D,D,) the function g:

g(x):S: F/()F)ds. Condition (b) implies ge®(D,D,) and we get
(A)(x)=(Dn Dz FYx)F ()4 f/(x)|2(x)
+[ 1R ds—r— 077 |adn).
From S:%ga’yo:@o(g)-k(i)l(g), which is equivalent to

(207, F1=={, 1710 d )+ Bule)+ D)

(L@ Gds— o~ TE@ ilandutn . 62

Suppose now feD(A), that is f satisfies also the boundary conditions (2).
Then

bug)=—{ |1 79—r@ 1= (s)-rO) Tt ]sdg)

—FO) oA f)(0)+ko f(0)]+0,(Ag)(0)
and a similar expression for @,(g). Using and
— 70X f)(0)+(Ag)(0)

=1 @150+ [ [ |1 Tas— T )~ 0D |,
it follows from (32)

CAf, F1=={, 1 /(D)% dx

I T s~ T )0 | )
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~[[170=r@1={ (76— 17Dt |5 da )=l FOI
—[[1ro-ror={ o-roF@at|a-s9-das—rl fOP.

With the relations

Rel" (FO—FOF Dt =| fO—F1/2,  i=0,1,
Re[S PLOYIOL s—f‘(?)(fm—f(x»]= | F(y)—F(x)1%/2,

m| {” (97 ds =70 ) | =1m 7" r/(vyat- ds
we get finally
Re[ A, /]

=[N o= 10)- w1t

— 1= 10195} 1 O£ 9 2daits)
—rol FO) =] FDI?,
mLAf, ]
=tm|, |\|"7| r(0dtds nu(dy)dpx)

o0+JoJ

—{—Im[g:S:S:f’(u)dumdts‘ldqo(s)

+[T1 rranaur@ara—s-dens)] .
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