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Introducing the notions of index and nullity for minimal submanifolds, J.
Simons [8] has developed the theory of these submanifolds. It is well known
that any compact complex submanifold in a Ké&hler manifold is a minimal
submanifold and, according to a theorem of J. Simons, the index of this sub-
manifold is zero and the nullity of it is equal to the real dimension of the
space formed by certain vector fields which are normal to the submanifold.
In this paper, applying this theorem we shall obtain detailed results about the
nullity of compact Kédhler submanifolds in a complex projective space.

The paper is divided into three sections. §1 is devoted to recall basic
notions and results concerning minimal submanifolds. We shall also define
the Killing nullity and the analytic nullity for complex submanifolds of a K&hler
manifold. Then we restate the above theorem of Simons in the following
form. The nullity of a Kédhler submanifold coincides with the real dimension
of the space of holomorphic sections of a holomorphic vector bundle, which
we call normal bundle, over the submanifold.

In § 2, we shall consider Kdhler C-spaces and especially compact Hermitian
symmetric spaces imbedded in a complex projective space Py(C). Let M be
a compact Hermitian symmetric space and put M=G/U where G is a complex
semi-simple Lie group and U a parabolic subgroup of G. By a recent result
of H. Nakagawa and R. Takagi [7], we know that every imbedding of M in
Py(C) is defined in a canonical way, by a holomorphic linear representation
of G. By virtue of this result, we see that the normal bundle N(M) over M
imbedded in Py(C) is a holomorphic vector bundle associated to the principal
bundle G over M by a representation of the group U. Thus we may apply
the generalized Borel-Weil theorem to calculate the dimension of the space of
holomorphic sections of N(M). Studying in detail the representations of G
and U which appear, we determine in this way the nullity of M in Py(C) for
this case (Theorem 2).

We shall discuss in § 3 the Killing nullity and the analytic nullity of com-
pact Kdhler submanifolds in a complex projective space Py(C). We apply the
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results to estimate the minimal value for the nullities of these submanifolds.
Also we see that, for a compact Hermitian symmetric space M imbedded in
Py(C), any Jacobi field along M in Py(C) is defined by a l-parameter family
of Kidhler imbeddings of M in Py(C). The author does not know whether the
same conclusion holds in general or not.

The author would like to express his gratitude to Professor S. Murakami,
Professor M. Takeuchi and Doctor Y. Sakane for their useful suggestions and
encouragements.

§1. Index and nullity of compact minimal submanifolds.

1.1. Minimal submanifolds. Let M be an r dimensional Riemannian mani-
fold without boundary. Assume that M is imbedded isometrically in a Rie-
mannian manifold M. Let ¥(M) be the set of all vector fields on M, and
¥(M)* the set of all vector fields on M defined along M and normal to M.
Let g (resp. 3) denote the Riemannian metric of M (resp. M), and V (resp. V)
the Riemannian connection of M (resp. M). Let B denote the second funda-
mental form of M imbedded in M. Then

VxY=VyY+B(X,Y) for X,YeXM),
Vyé=—A%(X)+Dye for XeX¥(M), EcX(M)*,

where A%(X) is defined by g(A%(X), Y)=2(B(X, Y), &) and Dyxe=(T,z&)", ()
denoting the orthogonal projection to the component normal to M (S. Kobayashi
and K. Nomizu [2]).

A submanifold M in M is said to be minimal, if iZ)TlB(ei, ¢;)=0 for each
point me M, where {e;}/-; is an orthonormal frame of T,(M), the tangent
space at m of M.

1.2. Index and nullity. From now on we assume that M is a compact,
minimal and oriented submanifold of M.
For £¢=X(M)*, we define V*£=X(M)* by

VEE(m)= l:il D.,Dg,& for meM,

where {e;}7-; is an orthonormal frame of T,(M) and {E;} is a local orthonormal
frame field such that (E,),=e¢;, and V,E;=0.

Let Tn(M)* denote the orthogonal complement of T,(M) in T,(M). We
define ﬁ(v) and R’'(v)eT,(M) for veT,(M)* by

2(Aw), w)= S g(4°(e), A°(e)
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for all weT,(M)* and
F'(n)= % (Re;, v)e)”,

where {e;}7-; is an orthonormal frame of 7,(M) and R is the curvature tensor
of M.
Now, we define a bilinear form I on X(M)* by

16, )= &(~T+R'©—A®), nv,

for &, n=X(M)*, where v, denotes the volume form on M determined by the
metric g. It is known that I is a symmetric form on ¥(M)* (J. Simons [8]).

DEFINITION. The index of M in M is the dimension of the maximal sub-
space of ¥(M)* on which I is negative definite, and the nullity of M in M is
dime{E€X(M)* | I(Z, 7)=0, *n=¥(M)*). )

The index of M in M and the nullity of M in M are finite (J. Simons [8]).
We denote the nullity of M in M by n(M, M) or simply by n(M).

An element £€X(M)* is called a Jacobt field on M if it satisfies V&=

’(S)—A(S) Then it is easy to see that

n(M)=dimgp{Ec¥(M)* | £ is a Jacobi field on M} .

Let {f,} be a l-parameter family of immersions of M into M such that f,
is the immersion f of M into M. If there exists a C*-map F: Mx(—¢, ) =M
such that f,(m)=F(m, t), then we call {f,} a variation of f.

A variation {f,} of f defines a vector field E on M defined along M in
the following way: let 0/0t be the standard vector field in MXx(—e¢, ¢) and put

E(m)=dF(d/0t(m, 0))
for me M. We call E the variation field of {f.}.
Let A(?) be the volume of f,(M) that is A@:L,”t where v, denotes the

volume form on M determined by the induced metric f¥g. Then it is known
that A’(0)=0 and A”(0)=I(E¥, EY) (J. Simons [8]). Moreover, we know that,
if {f,} are minimal immersions for all t=(—e¢,¢), E¥ is a Jacobi field on M.
By these observations, it follows in particular that if Z is a Killing vector
field on M, then Z¥ is a Jacobi field on M.
The Killing nullity of M in M is now defined to be

dime{Z¥<=X(M)* | Z is a Killing vector field on M},
which we denote by n,(M, M) or simply n,(M). It is obvious that

(LD n(M)zn(M).
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1.3. Kihler submanifolds. From now on, we assume that A is a Kihler
manifold and M is a compact complex submanifold of M. Then M is a Kihler
submanifold of M. Let J be the complex structure of M. We also write J
for the complex structure of M.

We shall call a vector field Z on M an analytic one if the Lie derivative
of J with respect to Z vanishes. Since M is Kihlerian, a vector field Z on M
is analytic if and only if it satisfies V,;,Z=JVZ for every vector field W on
M. We shall also call E=X¥(M)* an analytic one if it satisfies D,y&=]JD & for
every XeX¥(M).

It is known that a compact Kihler submanifold M is minimal and that
the index of M is equal to 0. Furthermore, an element £=X(M)* is a Jacobi
field on M if and only if £ is analytic, and therefore

(1.2) n(M)=dimg{E=X¥(M)* | & analytic}
(J. Simons [8]).

PROPOSITION 1.1. Let Z be an analytic vector field on M. Then Z¥ is a
Jacobt field on M.
PrROOF. For any XeX¥(M),

0=(,xZ—JVxZ)"=B(JX, Z")—JB(X, Z")+ Dy xZ"—JDx Z",

where ( )7 denotes the tangential projection of T.(M) onto Tn.(M). Since M
is a Kidhler manifold, V/=0, and it follows that B(JX, Z7)=JB(X, Z¥). Thus
D;xZ¥=]JDyZ", and the proposition follows from what we have recalled
above, q.e. d.

DEFINITION. Let a(M) denote the vector space of all analytic vector fields
on M. We define the analytic nullity of M in M by dimg{Z¥ =¥(M)* | Z=a(M)}
and denote it by n,(M, M) or simply n,(M).

By Proposition 1.1, we get immediately

CoroLLARY 1.1.

n(M)=n,(M).

In particular, if the ambient space M is compact, then a Killing vector field
on M becomes analytic, and therefore we have

n(M)zn,(M)zn, (M) .

1.4. Holomorphic sections of the normal bundle. Let (M) (resp. T(M))
be the holomorphic tangent vector bundle of M (resp. M). The quotient
bundle T(M)|,/T(M) is called the normal bundle of M in M and is denoted
by N(M). Obviously N(M) is a holomorphic vector bundle of M. Let I'(N(M))
denote the vector space of all holomorphic sections of N(M).
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PROPOSITION 1.2. The vector space I'(N(M)) is canonically isomorphic to
the space formed by analytic elements EcX(M)*.

Proor. We put dim M=n and dim M=n-+p. For any point m,cM, we
choose a neighborhood U of m, and a local coordinate system (z%,---, 2", 2™,

2™*P), z=x/++/—=13" such that (z'|y,--,2"|y) is a local coordinate
system in U=MNU.

Let TLY(M) (resp. TL(M)) denote the space consisting of all complex tan-
gent vector of type (1,0) at m of M (resp. M). Let ( )* denote the natural
projection from TL(M) to N,(M)=TLY(M)/TL%(M). Let = be the projection
from N(M) to M. Every element ve N(M), z(v)e U, can be expressed uni-

3 L
quely in the form v:Z_Z’(—a‘Zan~> , and this gives a local triviality of N(M)
on U.
Since M is Kihlerian, ¥V satisfies the following formulas.

= 0 = 0
Va,asz:O and Va/a;k?ZT =0

for k,/=1,---,n+p. From these formulas, we can see easily

(L3 Do) =0 and Dossi(—gsvr ) =0

for 1<i<n, 1<j<p. Since VJ=0, we see that

N
Doa(—527) " is of type (1,0),
(1.4)

0 \V .
Dax@;z’(—aé,—HT) is of type (0,1).

For a holomorphic section V= fafj<§@ﬁrr>¢EF(N(1W)), where f; are
]:
holomorphic, we define &(V)=X(M)* by

&)= él{fz(*azanw‘ > +f]( 0zt ) }
Then we get

0 9 _\Y
Dyspi&(V)= fj ( 0z7+ ) +ija/azi(—g;ﬂ7> }’

Hence by [1.4)

D 0/8:156(V)=JDss5.:6(V ) .
Similarly we have

DJ(a/c“Ei)f(V):]Dﬁ/é’Ef(V) .
Thus &(V) is analytic.

Conversely suppose that »=X¥(M)* is analytic. Then we can write locally
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7=3 l{aj( ax"”) +0; ( ayw Y} If we put fima,+v/—Ib, 1=j=p), 7

- é{f( az"+1> +; ( 777 ) } Then we have

J
o P af] a]?. 0 N
Daszn= 2 {55 ( gover ) T Daa( e )+ ()}
Since 7 is analytic, Da,azny is of type (0,1). Therefore f; are holomorphic.
1
Putting V= Ef,( 5277 eI'(N(M)), we have &V)=yx. Thus we get a linear

isomorphism &: I'(N(M))—{£=X(M)*|¢& is analytic}. g.e.d.
By [Proposition 1.2 and (1.2), we get n(M)=dimg/'(N(M)). In other words,
SN(M) being the sheaf of local holomorphic sections of N(M), we have

(1.5) n(M)=dimgH°(M, SN(M)) .

§2. The nullity of compact Hermitian symmetric spaces
in a complex projective space.

2.1. Kihler C-spaces. A simply connected compact Kdhler homogeneous
manifold is called a Kihler C-space. Let G be a simply connected complex
semi-simple Lie group. A complex Lie subgroup U of G is called a parabolic
subgroup if U contains a maximal solvable Lie subgroup of G. The quotient
manifold M=G/U is a Kéihler C-space and every Kéihler C-space is obtained
in this way (H.C. Wang [9)).

Let g be the Lie algebra of G, (,) the Killing form of g and Y a Cartan
subalgebra of g. We denote the dual space of f) by §* and we shall identify
an element 2&Y* with the element H;€, which is defined by A(H)=(H;, H) for
any HeY). We denote by 4 the root system of g with respect to ). Let II=
{a,, -+, a;} be the fundamental root system and I/, be a subsystem of II, where
[ is the rank of g. We may assume that /7 is the system of simple roots
with respect to a linear order in the real part §),={a|acsd}, of Y.

Let Z<bh be the element defined by (Z, a;)=0 for a;=/l, and (Z, a,)=1
for a,eIl,. Let g, (resp. n*) denote the 0O-eigenspace (resp. the sum of posi-
tive eigenspaces) of adZ. Then u=g,-+n" contains a maximal solvable sub-
algebra of g. Note that u is the normalizer of n* in g. The normalizer U of
n* in G is a parabolic subgroup of G which corresponds to the Lie subalgebra
u. Conversely it is known that every parabolic subgroup of G is obtained in
this way from a subsystem I/, of II. Let G, (resp. N*) be a connected Lie
subgroup with the Lie algebra g, (resp. n*). Then U=G,;- N* (semi-direct).

In the following, we fix a Cartan subalgebra ), a linear order in Y, and
II,. Take a compact real form g, such that g,"\§=+/—16,. The connected
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subgroup G, corresponding to the Lie algebra g, is a maximal compact sub-
group of G. If we put K=G,N\U, then M=G/U=G,/K (as C*-manifold).

We put 2*:—(% for 2Y. Let 4 be an integral form strongly associ-

ated with 7, namely such that (4, a¥)=0 for a; I, and (4, a¥)>0 for a;<11,.
We shall denote by (p4, V) the irreducible representation of G with the highest
weight 4, and let P(V) be the complex projective space consisting of all 1-
dimensional subspaces of V. Since the dimension of the weight space (v) in
V for the highest weight 4 is equal to 1, (v) is an element of P(V). Moreover
G acts canonically on P(V) via the representation (p4, V), and it is known that
U coincides with the isotropy subgroup of G at (v). Therefore we get a G-
equivariant imbedding f,: M—P(V).

REMARK. An imbedding f: M—P(V) is said to be full if there exists no
totally geodesic submanifold of P(V) containing f(M). Then f4 is a full im-
bedding, and conversely every full Kihler imbedding of a Kihler C-space in
P,(C) is obtained in this way (see H. Nakagawa and R. Takagi [7]).

2.2. The generalized Borel-Weil theorem. In view of [L.5), to determine
the nullity of M it suffices to know the dimension of H°(M, SN(M)). In our
case, we shall calculate this by applying Bott’s generalized Borel-Weil theorem.
Let us first recall Bott’s results (c.f. R. Bott [I]).

Let D (resp. D,) be the set of all dominant integral forms of g (resp. g,)
with respect to the Cartan subalgebra f. Choose an irreducible representation
(pLe, W_g) of G, with the lowest weight —&, £ D;. We extend it to the repre-
sentation of U whose restriction to N* is trivial. We shall denote by Ey_,
the homogenenous vector bundle over M=G/U associated by pl: with the
principal bundle G—M with group U. Put D{={f<D, | &+0 is regular},
where 0 is the half of sum of all positive roots. Let W be the Weyl group
of g, W' is the set of o= W such that o(D)CD,, n(o) the index of ¢ and
(p-1, V_,) the irreducible representation of G with the lowest weight —A.

THEOREM OF Bott [1I], (c.f. B. Kostant [3]). The notation being as above,

1) iof E& DY, then H' (M, SEy_.)=(0) for all j=0,1,---;

(2) if EeDy, & is expressed uniquely as E=o(0-+2A)—0, where i€D and
o= W', and

HI(M, SEy_)=(0)  for j*n(o),
dim H™?(M, SEy_;)=dim V_;.

In particular, if é€D, H'(M, SEy_.)=(0) (j=1) and dim H'(M,&Ey _.)=
dim V._zf.
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2.3. Reduction to the case of full imbeddings.

THEOREM 1. Let M be a Kdhler C-space imbedded in Py(C). Furthermore
assume that M is fully imbedded in a totally geodesic submanifold P,(C) of
Py(C). Then

(M, Py(C))=n(M, P,(C))+2(n+1)(N—n).

From this theorem, we have immediately :

COROLLARY 2.1. If P,(C) is imbedded in Py(C) as a totally geodesic sub-
manifold, then

n(P(C))=2(n+1)(N—n).

PrROOF OF THEOREM 1. Put Py(C)=G/U, where G=SL(N+1,C) and U is

the complex Lie subgroup of G defined by

a

0

c

B

U=

AeG; A:<

), aeC*, BeGL(N, C)}

where C*=C—{0}. We may assume Pn(C):é/ﬁ, where

A 1 0 . 'l. 0
- |eG; AeSL(n+1,C), E= <.
0| E 0 1

~

G=

and ﬁzémﬁ.

By the remark at the end of 2.1, we may assume that the imbedding f:
M—P,(C) is induced by an irreducible representation p,: G—GL(n+1,C).
Since G is semi-simple, p,(G)CSL(n+1, C). Therefore p, induces a homomor-
phism G—G, which we denote also by p..

We denote the Lie algebra of G, U, G and Uf by §, 1, § and 1, respectively.
Since fi (resp. 1) is invariant under the adjoint action of U (resp. U) on §
(resp. §), a representation of U (resp. ) on 4§/ (resp. §/%) is defined, which
we denote also by ad. Then we see that T(Py(C))|y (resp. T(P,(C))|x) is the
vector bundle associated with the bundle G—M=G/U by the representation
(adop,, 8/1) (resp. (adopys, §/1)). Since
a(x) \ 0

Pl(x) ‘ 0 [t
EEar

pA(x)=

for xe U, where a(x)eC* and p,(x)eGL(n, C), we see that adop,(x):§/a—§/l
(resp. d/u—@/%) is given by

1
e
1/ x| %] 1
sis! 1 5‘ * —> {|pDEa T ey
N—n{ 7 | 7a(x)™ | I
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1
——

M
[sel]
~

=

1]« \ ©
resp. /= nt £ * )—9 p:(x)éa(x)” 1} i

This implies that T(Py(C)|y=T(P,(C)| P ED --- PE where E is the line
[ ———

N—n
bundle associated with the principal bundle G—M by the representation a™':
U>sx—a(x)"'eC*. Therefore we see that as holomorphic vector bundles
NM, Py(C))=NM, P,(C))DBED - BE
N—n
where N(M, M) is the normal bundle of M in M (=Py(C) or P,(C)). Since
the lowest weight of a ' is — 4,

dimcHO(M, SE)Zdlmc V_A:n+ 1

by Theorem of Bott, which proves our theorem.

2.4. Result on compact Hermitian symmetric spaces. Let M=G/U be a
compact Hermitian symmetric space fully imbedded in P,(C). It is well known
that M is a product M=M,x --- X M,, where M;=G,/U, are compact irreduci-
ble Hermitian symmetric spaces (1<s<k). For each s, let II° be a fundamental
root system of the Lie algebra of G, and IIi=II*—{a;,} be a subsystem of
IT° which defines the parabolic subgroup U, of G,, We may assume that
HI=11*"U --- UII* and II,, which defines the parabolic subgroup U of G, is
II—{a;, - ,a;}. Let {w, -, w} be the fundamental weights with respect to
HH={a,, -, a}. A weight 4 strongly associated with II, is then of the form

A= 3 b, (£,>0).

We denote by (o}, V*) the representation of G contragredient to (o4, V).
Since the highest weight space (v) of V is U-invariant, p, defines a representa-
tion of U on (v), which we denote by (%, (v)). Then V*®V is a G-module via
the representation pf®p, and V*R(v) is a U-module via pf|y;®h, and these
spaces are related as follows.

PROPOSITION 2.1. Suppose that the G-module V*QRV and the U-module
V*R(v) are decomposed into direct sums:

VFQV=V1P - PV (4= 24,
VIQW)=WMD - W (= -+ Zpn) (as Gr-module),

where V4 (resp. W*i) is an irreducible G-module (resp. Gy-module) with highest
weight A; (vesp. p;). Then, we have l=m and A;=p; for all i=1,---, L.
We prepare some lemmas to prove this proposition. Let 4* denote the set
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of weights of the irreducible representation of G with the highest weight
AcD.
LEMMA 2.1. For any pe 44,
|2 = ¢l
and equality holds if and only if there exists o€ W such that u=aoa.
{
Proor. Take t=W so that rueD. Since rpsd’, 2=rp+ X ma; (m;=0).
i=1
For |rul=|pl,

{ {

|21P=1p P42 SmiCep, a)+ | X mel®.
Since (rp, a;)=0 for i=1,---, [, we get |2|=]|u|. Moreover, if equality holds,
we must have > m;a;=0 and hence A=7x. The converse is obvious. q.e.d.

i=1
LEMMA 2.2. Suppose that

2.1 lo;| =] for i=1,--,1.
Then w; has the following property: for each ped4®i (u=0)
(2.2) p=ow;  for some c&W.

[4
ProOOF. Take r=W so that cpeD. Then tpu= 3 n,0; (n;=0). Note that
1=1

there exists an integer & such that n,>0. Since (w;, w;)=0 for any i, j,
[4 {
] ?=] 1_;1 niwilzzijzz:lni”j(wi, a)j)z [wgl?.

By (2.1), we get |p¢|=|w;|. Hence |¢|=]|w;| and g=0w; for some o= W by
Lemma 2.1l g.e.d.

LEMMA 23. Let M be the compact irreducible Hermitian symmetric space
associated with II,=II—{a;}. If w; has the property (2.2), then

(wj—p, a¥)=0  for any psd*i,
PROOF. Since (wj—p, a¥)=0 if p=0, we assume py=ow; for s W. Then

(1, &) =(ow,, a$)=(w;, 0" 'a})=(w,

207 Y(ay) )

(ap a;)

{
Since M is Hermitian symmetric, we can write a root o~ (;) as o™X (a;)= Elmia;
with m;=<1. Thus

( 201(aj> (1, ZZma) m,

], (a]: a])

and hence (w;,—py, af)=0. g.e. d.
LEMMA 2.4. Let M be the compact irreducible Hermitian symmetric space
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associated with II,=II—{a;}. Then

(@;—p, a¥)=0  for any pe 4o,

PROOF. It is easy to see that a compact irreducible Hermitian symmetric
space satisfies (2.1), unless it is one of the following types:

Allr, CI, DIII.

If M is of type AIIl or DIII, we shall check that w; has the property
(2.2).
Assume that M is of type AIII. Then

1= {6(1281——-82, Tty alzel—alﬂ}
where (e, €,)=1/2(l+1)0;,,
InI=MI—{a;} (=520,

wj:€1+ ot +€]
and
A‘"j:{ei1+ b _T-E‘LJ; il< I <Z.7} M

Therefore we see easily that if p=4/ is an element of D that is (g, a;)=0
for all i=1,---,[, then y=w;. Thus w; has the property (2.2).
Assume that M is of type DIII. Then

II={a,=¢,—¢,, -, 0, =¢,_1—¢, ;=¢,_,+¢&}
where (e;, €)=1/4(1—1)0;4,
I=1—{a,_} or II—{a},
S WA
and
wlzé—(sl—k e ety
We see easily that

(0 ); o= Wi={5-Oie - +0:2); b.=1, [16,=—};

(0(w); o= Wh={5 O+ - +6i2); ==1, H0.=1}.

We know that the dimension of the representation space of p,,_, or p,, is 2'™".
Since the number of elements of {d(w,_,); e W} or {o(w,); o= W} is 2!, w;
(j=I!—1 or [) has the property (2.2).

Thus our lemma follows from Lemma 2.2 and Lemma 2.3 if M is not of
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type CL.
Assume that M is of type CI. We can put

G=Sp(l, C)={x=GL(2. C); ‘xJ'x=])

where
0 /’/1
l *
J= Ly
__1'
0
Let

X1

J— 'xl

Then

HI={a,=x,—x,, -, &,y =x,_,—X;, 0,=2Xx,} ,
leﬂ— {a,}

and w,=x,+ -+ +x.

Since p,, is an irreducible component to the /-th alternative representation
of Sp(l, C), a weight ¢ of p,, is expressed by

p=(xy,+ - Fx,)— (5, + o +x5,)
where 1, < -+ <1i,, J;< -+ <Jj, and r+t=I[. Therefore it is clear that
(w,—p, af)=0. q.e.d.
LEMMA 2.5. Let M be a compact Hermitian symmeltric space. Then
(A—p, af)=0 (s=1,---,k)  for any psd*.

PrROOF. Note that p, is an irreducible component of the representation
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Puiy @ @ P0i; @ @ Puiy @ @ Puy,
Y D

Then a weight ¢ of p, can be written as
p=pit e+l e Fpb e bk where pie 475,

But if s=t, we have
(v,af)=0  for any ve 4,

Thus
(A—p, af))=(ps0s—(pii+ -+ +pt5), af
D
= 2 (05—, afy) .
J=1
Since (w;;— 5, af)=0 by Lemma 2.4, we get (A—p, af)=0. g.e. d.

Let W, be the subgroup of the Weyl group W generated by the reflections
{
corresponding to «;= I, and denote by 4; the set of positive roots a= > m;a;

such that m;;=0 for s=1, ---, k.

i=1

LEMMA 2.6. Suppose p=d*, y,= W, and put 51:—% > a If A—p+y,0,—0,
aEA+
eD,, then A—p+y,6,—06,=D. 1
PROOF. Since y,0,—0d,=— X m,a; with m;=0, we get (y,0,—0,, a})=0 for

a; <114

1<s<k. By [Lemma 2.5 (A—pg, a})=0. Thus

(A—p+7,0,—08,, af)=0 for s=1, -+, k.

g.e. d.
Now for 2= D, let M(Z) denote the multiplicity of p; in p¥®p. For p=D,,
let M,(¢) denote the multiplicity of the irreducible representation p}, of G,
with highest weight g in pi¥|s,®h|s,.

LEMMA 2.7. For 2D and p=D,, we have

Q) M(A)= ;}Vdet o-m(A+6—a(2+0)),
(2) 1\/11(;1):*6%}' det - m(A+0—z(pu+9)),

where, for an integral form v, m(v) denotes the multiplicity of v as a weight
of o

ProOF. For A= D, let X; denote the character of p,; Since there is a
canonical bijection between representations of G and representations of the
maximal compact Lie subgroup G, on complex vector spaces, it is enough to
prove the assertions for G,.

Let w denote the number of elements of W, and put H,=G,Nexpl and

E ()= X det g-e” for x=exp Xe H,=G,Nexp)).
cEW
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By Weyl’s integral formula and Weyl's characteristic formula, we have
M= 11, 7:dg
Gy

1

Hy

X,;'ZA'X.]]E(;lZdX

:%meua' ZA'EZ-(-de

1
‘S’r—‘ 8‘»——* S]r—*

R

E det (aﬁ)-‘f e“(iﬂl—&)»ﬁ(,}_‘,a)ozltdx
w Hy

ge

R

3, det (af)-m(a(4+5)— 5(2+0)

I

_det (@™ )-m(A+5—a”§(+9))

m

¥
= Y deto-m(A+6—0(2+0)),
oEW

where dg (resp. dx) is the normalized Haar measure on G, (resp. H,). Thus
we have proved (1).

Since §,=d—0d, lies in the center of g, (B. Kostant [3]), ¢(d,)=4, for t= W,.
We also have z(A)=4 for r= W, since A is a weight strongly associated with
I1,. Using these facts, we can prove (2) by the same way as for (1). q.e.d.

PROOF OF PROPOSITION 2.1. since M,(¢;)=0 for j=1,---,m, by
2.7, we may choose 7= W, so that

v=A+0—7(p;+0)sd".
Since z(0,)=0,, we have

v=A+0,—7(p;+0,).

So p;=A—7"'v+77'9;—3,. Therefore we get g,€D for j=1,---,m by
2.6.

Now we note that each element y= W can be written uniquely as y=y, -7’
where 7, W, and y'e W* (B. Kostant [3]). Put p=A+d—y(A+0) for A D.
We prove that if p=4” then y= W,. Putting p/=77'g, we get

p=A+y'o—r'(A+0)e 4,
and hence
A—p' +7710,—0,=7*(A+3d)—0.

Since 7Y(A+0)—d= D, (B. Kostant [3]), A—p'+y7'9,—d,D,. By
A—p'+y7'0,—0,= D, that is, y'(2+06)—0d<=D. Hence y'(2+0) is a regular ele-
ment of D. On the other hand A+0=D. Thus we see that y' is the identity,
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and y=y,=W,. We have thus proved that if m(A4+0—7(1+0))=0, then y W,.
By it follows that for i D M(Q)=M,(2), and therefore each 2;
(1=:=l/) is equal to one and only one of ;s (1=<j<m). On the other hand,
since ;e D, p; is equal to one of 4;’s (1=<:=<I). [Proposition 2.1 is thus proved.

2.5. Determination of the nullity. We retain the same notation and as-
sumptions introduced in 2.4.

Since the weight space (v) is U-invariant, p|y induces the quotient repre-
sentation (g, V/(v)) of U. We denote by (h*, (v*)) the contra-gredient repre-
sentation of the representation (4, (v)) of U. We see easily that the restriction
T(P,(C)|y to M of the holomorphic tangent bundle T(P,(C)) is the homo-
geneous vector bundle associated with the principal bundle G—M=G/U by
the representation pXA*:

T(Po(C)] 4 =G X gan(V/(0)Q@*)) .

PROPOSITION 2.3. Let a(P,(C)) denote the space of all analytic vector fields
on P,(C). Then

dimgH"(M, S(T(P,(C)) | yr)=dimga(P,(C)),

HI(M, S(T(P,(C) | ,)=(0)  for j=1,2, .

Proor. By [Proposition 2.1, the U-module V&(v*) decomposes as G;-module
in the following way:

VRE)=W_ B BW.;, (A= 24),

where W_;, is an irredudible component with the lowest weight —4;.
Put U;=W_;+ -+ +W_;, for i=1,--,[. Then we have

VRw*)=U,DU,D - DU,DU,.,=(0).

Since N*-U; is a G;-invariant subspace whose lowest weight is higher than
—2;, it follows that N*-U,CU,,, for i=1,--,l. Therefore p.ly®@h* induces
the quotient representation g; of U on Wi:Ui/Um. It is clear that g;|y+ i8S
the trivial representation and g;|s, is an irreducible representation of G, with
the lowest weight —4;.

Applying Theorem of Bott to the homogeneous vector bundle Ej, asso-
ciated to the principal bundle G—M by the representation g;, we see the fol-
lowings,

2.3) dimeH'(M, SEy)=dimcV_,,,
@2.4) HI(M, SEy)=(0)  for j=1,2, .
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From the exact sequence of U-modules

A~

0 Ui+1 Ui Wi 0 2

we get the exact sequence of cohomology groups
0 — H°(M, SEy,, ) —> H°(M, SEy,) — H°(M, SE3;,)
—> H'(M, SEy,, ) —> -+,
where Ey =GxyU;. Using and (24), we get

]
(2.5) dimeH'(M, SEy))= 3 dimcV -,
(2.6) Hi(M, SE; )=(0)  for j=1,2,--.

Since (v)@(v*) is the irreducible component of G, with the lowest 'weight 0,
we have WLZULZ(U)®(U*) and 4,=0. Let g’ denote the quotient representa-
tion of U on U,/W, induced by p4lyQ@h*. Then we easily see g'=pQh*.
Therefore the exact sequence of U-modules

0 W, U, U,/ W, —0

induces the following exact sequence.
0 —> H(M, SE3)) —> H°(M, SEy,) —> H*(M, S(T(P.(C))| x))
—> H(M, SE3,) —> HY(M, SEy ) —> H*(M, S(T(P.(C)) | x))

_

By [2:3), (2.4), and (2.6),
dimeH'(M, S(T(PL(C) )= X dimeV
HI(M, S(T(P,(C)]1))=(0)  for j=1,2,--.
Since VQV*=V-"4F .- GV % and dimcV_;,=1, we get
dimcH(M, S(T(P,(C)) | )=dimc VR V*—1=(n+1)*—1.
On the other hand, we know
dimea(P,(C))=(n-+1)*—1.

Therefore our proposition is proved.
Now we can prove the following theorem.
THEOREM 2. Let M be a compact Hermitian symmetric space imbedded fully
in P,(C). Then
n(M)=dimga(P,(C))—dimga(M) .
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PrROOF. By the exact sequence of holomorphic vector bundles
0 —> T(M) —> T(P,(C)) |y —> N(M) —> 0,
we get the following exact sequence
0 — H(M, ST(M)) —> H*(M, S(T(P(C))| w)) —> H"(M, SN(M))
— HY(M, ST(M)) —> ---

By a theorem of R. Bott HYM, ST(M))=(0) and therefore

dimpH(M, SN(M))=dimgH°(M, S(T(P,(C))| y))—dimzH(M, ST(M)) .
By Proposition 2.3 and [1.5), we get our theorem. g.e. d.

§ 3. Minimal value of the nullities of compact Kihler
submanifolds in a complex projective space.

3.1. Killing nullity. Let M be a compact connected Kdhler submanifold
of Py(C). Furthermore assume that M is fully imbedded in a totally geodesic
submanifold P,(C) of Py(C).

LEMMA 3.1. Notation being as defined in 1.2, we get

n(M, Py(C))=dimgl(Py(C))—dimg{(Py(C), M),

where Y(Py(C), M)y={Zc¥Py(C))| Zne Tn(M) for meM}.
PrROOF. Put W={Z¥=X(M)*|Z=¥(Py(C))}. Then from the exact sequence
of vector spaces

0 — H(Px(C), M) —> ¥{Py(C)) — " —> 0,
we get
(M, Py(C))=dimgt =dimz{(Py(C))—dimz{(Py(C), M),

which proves a lemma. q.e.d.

Let A(M) denote the Lie group of all holomorphic isometries of M and
A(P,(C), M) (resp. A(Py(C), M) denote the Lie group of all holomorphic iso-
metries of P,(C) (resp. Py(C)) which leave M invariant. Then, we have the
following lemma.

LEMMA 3.2. Let M be a compact connected Kihler manifold imbedded fully
in P,(C). Then the Lie groups A(P,(C), M) and A(M) are isomorphic in a
natural way.

This lemma is proved in the same way as Theorem 4.3 in H. Nakagawa
and R. Takagi and so the proof is omitted.

LEMmaA 3.3.

dimgt(Py(C), M)=dimgt{(M)+(N—n)*.
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PROOF. Since any Killing vector field on a compact Kdhler manifold Px(C)
(resp. M) belongs to a(Py(C)) (resp. a(M)) (Y. Matsushima [6]), the dimension

of ¥(Py(C), M) and ¥(M) are respectively equal to the dimension of A(P,(C), M)
and A(M).

For g A(Py(C), M), we have g(P,(C))=P,(C), because M is fully imbedded
in P,(C). Therefore it follows that the group A(Py(C), M) is locally isomor-
phic to the product of A(P,(C), M) and the projective unitary group of degree
N—n. Thus by

dimgf(Py(C), M)=dimg A(Py(C), M)
=dimp A(P,(C), M)+ (N—n)?
=dimp A(M)+(N—n)?

=dimpt(M)+(N—n)?.
This proves
By Lemma 3.1 and Lemma 3.3, we get the following theorem.
THEOREM 3.

ny(M, Py(C))=dimgt(Py(C))—dimgl(M)—(N—n)>.

Since the Euler characteristic of a Kéihler C-space X differs from zero,

there exists no non-zero parallel vector field on X. Therefore, by a theorem
of A. Lichnerowicz [5],

a(X)=HX)+JH{X) (direct sum).

Applying this to the cases X=M and X=P,(C), from[Theorem 2 and [Theorem|
3, we get the following theorem.

THEOREM 4. Let M be a compact Hermitian symmetric space fully imbedded
in P,(C). Then

n(M)=2n,(M).

3.2. Minimal value for the nullities. As an application of
we have the following theorem which gives the minimal value of the nullities.

THEOREM 5. Let M be a p dimensional compact Kdhler submanifold of
Py(C). Then

n(M)=2(p+1)(N—p).

Furthermore equality holds if and only if M is a totally geodesic submanifold
P,(C) of Py(C).
PrOOF. For a totally geodesic submanifold P,(C) of Py(C), we have

n(Py(C))=2(p+1)(N—p)
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by [Corollary 2.1
Assume that M is fully imbedded in a totally geodesic submanifold P,(C)

of Py(C). Let M, be a connected component of M, then n(M,)<n(M). There-
fore we can assume that M is connected. Note that, for a compact Kéhler
manifold M of dimension p,
dimgt(M)=p*+2p
(A. Lichnerowicz [4)).
By [1.1), Theorem 3 and the above remark, we see

n(M)—2(p+1)(N—p)
=n(M)—2(p+1)(N—p)
=dimgt(Py(C))—dimgl(M)—(N—n)*—2(p+1)(N—p)
= N*+2N—p*—2p—(N—n)*=2(p+1)(N—p)
=(N—p)*—(N—n)*

=0.

Thus n(M)=2(p+1)(N—p), and the equality holds if and only if n=p, that is,
M=P,(C). q-e.d.

3.3. Analytic nullity. Let M be a compact Kdhler submanifold of Py(C).
In the following we consider the analytic nullity.

LEMMA 34. Let M be a compact connected Kiahler submanifold of Py(C).
Furthermore, suppose that M is imbedded fully in a totally geodesic submanifold
P (C) of Py(C). Then

no(M) = dimga(Py(C))— dimpa(M)—2(N+1)(N—n) .

ProOF. Let H(M) denote the Lie group of all holomorphic automorphisms
of M and H(P,(C), M) the Lie group of all holomorphic automorphisms of
P,(C) leaving M invariant.

Let 7 : C"*—(0)—P,(C) be the canonical projection. Since M is imbedded
fully in P,(C), =~*(M) spans the vector space C**!. Assume that the restric-
tion to M of an element {f}=H(P,(C), M), feSL(n+1,C), is the identity.
Since every non-zero vector of 7= !(M) is an eigenvector of f, f is a diagonal
matrix. So we can prove that {f} is the identity in the same way as Theo-
rem 4.3 in H. Nakagawa and R. Takagi [7]. Therefore the restriction of
H(P,(C), M) to H(M) is an injective isomorphism to Lie groups and the result
follows in the similar way to in the proof of [Lemma 3.3. q.e.d.

We get the following theorem.

THEOREM 6. Let M be a compact Hermitian symmetric space imbedded in
Py(C). Then we have n(M)=n(M).
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PrOOF. Assume that M is fully imbedded in a totally geodesic submani-
fold P,(C) of Py(C). By and [Theorem 2, we get

n(M)=2(n*+2n)—dimga(M)+2(n+1)(N—n) .
On the other hand, by we get

ng(M)=2(N?*+2N)—dimga(M)—2(N+1)(N—n) .
Thus we have n,(M)=n(M). Obviously, n{M)=n,(M). Our theorem is proved.

COROLLARY 3.1. Let M be a compact Hermitian symmetric space imbedded
by f in Py(C). Then, for £€X(M)*, & is a Jacobi field on M if and only if
there exists a variation {f,} of f such that

(1) f, is a Kdhler imbedding for each ft,

(2) EY is equal to & where E is the variation field of {f}.

PROOF. Assume & is a Jacobi field on M. Since n(M)=n,(M) there exists
an analytic vector field Z on Py(C) such that Z¥=¢. For the l-parameter
group of transformations {g,} generated by Z, we put f,=g;of. Then {f,} is
clearly a variation of f which satisfies (1) and (2). The converse is clear.

g.e.d.
This corollary answers the following question raised by Simons [8] affirm-
atively in this case “Given a Jacobi field on a compact minimal submanifold,
does it always arise from a l-parameter family of minimal submanifolds?”
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