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Introduction.

The mean ergodic theorem was given first by von Neumann [10], and has
been generalized to semigroups of operators more general than the discrete
semigroup {T": n=0} by Alaoglu and Birkhoff [1], Eberlein [2], and many
others, see [6, VIII. 10]. Let © be a semigroup of bounded linear operators
on a Banach space. Then the mean ergodic theorem is concerned with the
existence and uniqueness of a fixed point of & in the closed convex hull of
the orbit under &. The main technique in the mean ergodic theorem is based
on various weak compactness properties of orbits, and the (left) amenability
condition for semigroups is useful in view of Day’s fixed point theorem [4].

In this paper, let (X, &, m) be a o-finite measure space. We shall study
mean ergodic properties of semigroups of bounded linear operators on L,(X)
=L,(X, &, m), and determine the structure of those semigroups for which the
mean ergodic theorem holds. In particular, we shall consider amenable semi-
groups of uniformly bounded positive linear operators on L,(X), and also con-
sider general semigroups of positive linear contractions on L,(X). In §1 we
shall obtain three decomposition theorems from the viewpoint of the mean
ergodic theory, applying Takahashi [11, 12] and Nagel [9]. In §2 several
criteria will be given, in connection with the decompositions in § 1, which are
equivalent to the condition that the mean ergodic theorem holds on the whole
space L,(X). In §3 other necessary and sufficient conditions will be given for
the k-parameter semigroup and the discrete semigroup, by means of weak
compactness properties of orbits.

The authors would like to express their hearty thanks to Professor H.
Umegaki for his valuable suggestions.

§1. Decomposition theorems.

Throughout this paper, let (X, &, m) be a o-finite measure space and let
L(X)=L(X, F,m) and LX)=L(X, F, m) be the usual Banach spaces of
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(equivalence classes of) real-valued F-measurable functions on X whose norms
are denoted by ||' ]|, and || ‘|| respectively. The space L.(X) is the dual Banach

space of L,(X) by the bilinear form {f, u>:jf-u dm, where feL,(X) and us

L.(X). Let L{(X) denote the class of nonnegative functions in L,(X). For
Ac 9, 1, denotes the characteristic function of 4, and L,(A4) [L.(A)] denotes
the class of functions f in L,(X) [L.(X)] such that f=0 a.e. on X\ A. Let
fa=f-14 for feL(X). A linear operator T on L,(X) or on L.(X) is called
positive if /=0 a.e. implies Tf=0 a.e., and a contraction if |T|<1.

Let © be an abstract semigroup and let m(&) be the Banach space of all
bounded real-valued functions on & with the supremum norm. A bounded
linear functional p of m(©) is called a mean on m(®) if |p|=p(l)=1. If pis
a mean on m(S), then

inf {£(s):s€G} S (&) <sup {&(s):s€C}, Eem(®).

A mean p is called left [right] invariant if p(8)=p(&) [w(é)=p(&)] for all
Eem(®) and s=&, where £(t)=&(st) and &,(t)=&(ls). An invariant mean is a
left and right invariant mean. A semigroup © is called left [right] amenable
if there exists a left [right] invariant mean on m(&), and amenable if there
exists an invariant mean on m(&). It is well known [3, p. 516] that a com-
mutative semigroup is amenable.

Let © be a semigroup of bounded linear operators on L,(X), which is
called uniformly bounded if

M=sup {I|T|: T=&} <,

M will always denote this supremum. The orbit of fe L,(X) under & is de-
noted by &f, i.e, &f={Tf:T<®}, and its [closed] convex hull by co&Sf
[co&f]. A function f€L,(X) is called S-invariant if Tf=f for all Te&. A
set A= is called ©-closed if feL,(A) implies Tfe L,(A) for all TS, Tak-
ing adjoints, €*={T*.T=&} is a semigroup of bounded linear operators on
L(X). If & is amenable, then g will always denote an invariant mean on
m(®).

In this section we shall give three decomposition theorems. Theorems .1
and 1.2 are decomposition theorems for a semigroup of (uniformly bounded)
positive linear operators on L,(X), and is for a semigroup of
linear contractions on L,(X). :

THEOREM 1.1. Let & be a semigroup of positive linear operators on L,(X).
Then the space X decomposes uniquely (up to an equivalence) into two disjoint
measurable sets P and N with the following properties:

(1) there exists an S.invariant function g LH(X) such that P={g>0};

(2) if feLi(X) is S-invariant, then feL,(P);
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(3) if feL,(P), then TfL,(P) for any T=®@.

PrROOF. Let G be the set of all ©.invariant f< L (X), and P the supremum
of {f>0} (f=G) which is taken as an element in the measure algebra. Then
there exists a sequence {g,} in G such that P=\J{g,>0}. Putting g=
S lg.li*2 "g,, we obtain a g€ G such that P={g>0}. Thus the existence of
a set P with properties (1) and (2) is proved and the uniqueness is clear. To
prove (3), let feL{(P). Then |min(f, ng)—f|,—0 as n—oo by Lebesgue’s
convergence theorem, and so ||T(min(f, ng))—Tf||,—0 for any T<&. Since
T(min (f, ng))<T(ng)=0 on N=X\P, it follows that Tf= L,(P) for all Te&.

Q.E.D.

THEOREM 1.2. Let © be a semigroup of uniformly bounded positive linear
operators on L,(X). Then the space X decomposes uniquely (up to an equi-
valence) into two disjoint measurable sets W and V with the following pro-
perties:

(1) there exists a function g€ Li(X) such that W={g>0} and &g is weakly
sequentially compact;

(2) if feLi(X) and S&f is weakly sequentially compact, then fe L, (W);

(3) if feL(W), then TfeL(W) for any TG,

Furthermore assume that S 1is amenable. Then there exists a linear projec-
tion Q of L,(W) onto the subspace of S-invariant functions such that, for each
feL (W), Qf is a unique S-invariant function contained in co Sf, and such
that Q=TQ=QT on L(W) for all TG,

Proor. Let G be the set of all f= Lf(X) such that &f is weakly sequenti-
ally compact, and W the supremum of {/>0} (f=G) in the measure algebra.
Take a sequence {g,} in G such that W=\U{g,>0}, and put g= 2| g.[7'2 "gn.
To show g=G, let {T,} be any sequence from &. Since, for each n, {T,g.}
has a weakly convergent subsequence, we can extract a subsequence {S;} of
{T'}} such that {S,g,},; converges weakly to some h,= L,(X) with |4, =Mlg.l,
for each n. Putting h=3||g,l7'2 "4, it is easy to see that S;,g—h (weakly).
Thus the existence of a set W with properties (1) and (2) is proved and the
uniqueness is clear. We continue the proof asin Takahashi [11, pp. 140-141].

Let fe L, (W) and ¢>0 be given. By Lebesgue’s convergence theorem, there
exists an n>0 such that

/1 —min (171, ngl, <e/2M.
Putting h=min (| f], ng), we have
KT/ 101 =<T1f1, 10
={Th, 1o+<T|f1=Th, 15
=<{T(ng), Lo+ITUS =M,
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This shows that the countable additivity of the integrals <Tf, 1,> is uniform
with respect to T=&. Thus it follows that &f is weakly sequentially compact
(cf. [6, p. 292]), so that co©Sf is weakly compact (cf. [6, p. 430 and p. 434]).
Now we have L{(W)=G. If feG, then, for any T<®, it follows from &(Tf)
C&f that Tf=G. Hence (3) is obtained.

Furthermore assume © to be amenable, and let f= L,(W). Since © is left
amenable, Day’s fixed point theorem implies that ¢o &/ contains an &.invariant
function. For an ©.invariant function 4 in co &/, since & is also right amen-
able, it is easily verified that <h, ud=pup{Tf, up> for any ue<L.(X), where
ur<{Tf, uy denotes p(&) of &T)=<Tf,uy. Thus we conclude that co S/ con-
tains a unique ©-invariant function Qf which is determined by the equation
Qf, up=pr<{Tf, uy for any ueL.(X). Now the stated properties of Q are
straightforward. Q.E.D.

THEOREM 1.3. Let © be a semigroup of linear contractions on L(X). Then
the space X decomposes uniquely (up to an equivalence) into two disjoint mea-
surable sets P and N with the following properties:

(1) there exists an G.invariant function g€ L(X) such that P={g+0};

(2) if felL,(X) is ©anvariant, then f= L, (P);

(3) if feL,(P), then Tfe L,(P) for any Te@.

Moreover there exists a linear projection Q of L.(P) onto the subspace of S.
invariant functions such that, for each feL,(P), Qf is a unique &-invariant
Sfunction contained in coSf, and such that Q=TQ=QT on L,(P) for all TG,

ProoF. Let |T| be the linear modulus of T7€® (cf. [6]). Let G be the
set of all &-invariant f=L,(X), and P the supremum of {f#0} (f=G). For
each f=G, since |T||f|=|Tfl=1f] and |T]| is a contraction, it follows that
IT||f]=1f] for all Te®, so that {f+0} is S-closed. To show that there
exists a g=G such that P={g=+0}, it suffices to show that if f, h=G, then
fH+hysoe is in G. Put A={f+#0} and B={h+0}. Since A and B are ©&-closed,
it follows that C=ANB is also &-closed. Now it is easy to see that

\ITI(h pe)=Ihlpe, TEG,

so that B\C is ©-closed. This shows that A _,=hg¢ is in G and hence
f+hi-g is in G. Thus we have shown that the properties (1)-(3) hold.

Now put A=|g| and v=1g| g on P. For T<&, define a linear contrac-
tion 77 on L,(P) by

T'f=vTwf), felL(P).

Then T'h=h. For feL,(P) with 0=f=<nh, we have
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Ikl = 1T 1)+ Inh=T"11,

Sl +HInh—fll,=nhll,,
so that
nh=|T'f|+|nh—=T'f].

This implies that’,7’/f=0. Thus it is seen that 7’ is a positive contraction, in
fact 7’=1|T| on L,(P). Hence we conclude that & ={T’": T=&} is a semigroup
of positive linear contractions on L,(P). By Nagel [9, p. 83], there exists a
linear projection Q' of L,(P) such that Q’f is a unique ©’-invariant function
in co®’f for each f=L,(P). Define a linear projection @ of L,(P) by

Qf=vQ(v7f), fFeL(P).

Then it is readily verified that Qf is a unique S&.invariant function in co &f
for each feL,(P), and the desired properties of @ are clear. Q.E.D.

REMARK. If © is a semigroup of positive linear contractions on L,(X),
then the decompositions in Theorems [.I and are the same, because &.in-
variance of f€L,(X) implies that of |f].

§2. Conditions for the mean ergodicity.

The following theorem is concerned with the mean ergodic properties of
a semigroup of positive linear operators on L,(X) which has no nonzero in-

variant function.
THEOREM 2.1. Let & be a semigroup of positive linear operators on L,(X).

Then the following conditions are equivalent:

(i) for each feL(X), co&f contains 0;

(ii) for each feL(X), inf {|Tf],: Te&}=0;

(iii) the weak* closure of {T*1:T<@&} contains 0.

Proor. It is trivial that (ii) implies (i).

(i) > (ii). Let feL,(X) and ¢>0 be given. We can choose T}, -+, T, €&
and «ay, -+, a,>0 with 2 a;=1 such that |Za;T;|f]ll;<e. Since |T,f|=T;|f],
we have

2Tl =2l T 1
=[Za;T;[ 1l <e.
It follows that |T,;f|,<e for some 17, and thus (i) implies (ii).
(ii) > (iii). Let f}, -+, fueL(X) and ¢>0 be given. There exists a T€&
such that [T ;DI <e, so that we have
DI F T*D I = 20T,
= ITZ Dl <e.
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Thus (ii) implies (iii).
(iii) > (ii). Since |Tf},<<|f], T*1), this implication is clear. Q.E.D.
Let © be a semigroup of bounded linear operators on L,(X). Let A=sg
and B=X\A4, and suppose that A is S-closed. For each T®&, define a bounded
linear operator Tz on L,(B) by

Tef=Tf)s (=(Tf)1lp), [feL(B).

It is easily checked that Tzfz=(Tf)s for any feL,(X), and SgTz=(ST)p for
any S, Te®, Thus it is seen that Sz;={T5: T=S} is a semigroup of bounded
linear operators on L,(B).

Let & be a semigroup of uniformly bounded positive linear operators on
L(X), and let X=P-+N=W+YV be the decompositions in Theorems [.I and
.2 We can define semigroups ©, and &, of uniformly bounded positive
linear operators on L,(N) and L,(V) respectively. Similarly, for a semigroup
& of linear contractions on L,(X), taking the decomposition X=P-+N in Theo-
rem 1.3, we obtain a semigroup &, of linear contractions on L,(N). Then we
have

THEOREM 2.2. Let © be a semigroup of linear contractions on L,(X). Let
X=P-+N be the decomposition given in Theorem 1.3. Then the following condi-
tions are equivalent:

(i) for each feL/(X), co&f contains an S-invariant function;

(ii) for each feL,(N), coGyf contains 0.

ProOOF. (i) = (ii). For each fe L,(N) and ¢>0, we can choose T, -+, T, €&,
a,, o+, 0, >0 with 2 a;=1 and an ©.invariant function A2 such that

2 ;T f—h],<e.
Since he L,(P), it follows that
[ ZalTHn i =IEa;T:Hnl<e.
Thus (i) implies (ii).
(ii)=> (i). Let feL,(X). We shall construct two sequences {g,}CL,(P)
and {h,}CL,(N) by induction. Set g,=fp and h,=fy. If g,_, and h,_,; have

been chosen, then we define g, and h, as follows. By assumption, we can
choose T, -+, T7T,€® and «a,, ---, a,>0 with 2 a;=1 such that

I(Z . Tihn- Dyl =11 ZaT)yha-ill,<1/n.
Define
&= (2 aiTi(gn—1+hn—1))P — 2 aiTign—1+(2 aiTihn— I)P ’

hy=(Za;T(gn-1F+hn-))y=(Z;Tihp )y .
Now let Q be a linear projection of L,(P) obtained in It follows
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that {Qg,} is a Cauchy sequence in L,(P). Indeed, if m>n, then g,+hn<E
co&(g,+h,), and hence we have

1Q8n—Q&alli = 1hall, <1/m.

Thus {Qg,} converges strongly to an S-invariant function g. Since Qg,=c0 Sg,
and g,+h,=coSf, it is easy to see that g is contained in co &f. Q.E.D.
In the following, assume that © is a semigroup of uniformly bounded posi-
tive linear operators on L,(X). Let X=P+N=W+V be the decompositions
given in Theorems [.1 and Consider the following conditions :
(i) for each fe L(X), co&f contains an S-invariant function;
(ii) for each fe L(N), coSyf contains 0;
(iii) for each fe L(N), inf {|Txfll.: TeG}=0;
(iv) the weak* closure of {T*1y: T} contains 0;
(v) for each feL(V), coSy,f contains 0;
(vi) for each feL(V), inf {|Tvfl,: Te®}=0;
(vii) the weak* closure of {T*1,:T<@&} contains Q.
Over these conditions, we have
THEOREM 2.3. The following statements (1°)-(3°) hold:
(1°) If © is amenable, then all the conditions (i)-(vii) are equivalent.
(2°) If © is a semigroup of positive linear contractions, then the conditions
(i)-(iv) are equivalent.
(3°) If & is a left amenable semigroup of positive linear contractions, then
all the conditions (i)-(vii) are equivalent.
ProOOF. Since (Tx)*=T%* on L.(N), gives the equivalence of
(ii), (iii) and (iv). Since NDYV, it is clear that (iv) implies (vii). On the other
hand, since (Ty)*u=(T*u)-1, for any uc L.(V), shows that (v)
and (vi) are equivalent and these are implied by (vii). To prove (2°) and (3°),
let & be a semigroup of positive linear contractions. Then the equivalence
of (i) and (ii) is a special case of and (2°) is proved. Moreover
assume & to be left amenable. To show (3°), it suffices to show that (vi)
implies (iii).
(vi) > (iii). Let feL,(N) and ¢>0 be given. By assumption, there exists
an Se® such that
1Sy /vl <e/2.

Put g=Syf—Syfr=(Sf)y—(Sf)r. Since |g|e L,(W), it follows as in the proof
of that coS|g| is weakly compact, so that it contains an &-
invariant function he L,(P) by Day’s fixed point theorem. Thus there exist
T, ,T,€ and a,, -, a,>0 with D a;=1 such that

12 a.T;|gl—hl<e/2,
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so that we have
S (THxgl SN X a(T)Halgl

= a;T;1g)nlli <e/2.
Taking an ¢ with [(T;)ygl:<e/2, we have
inf {ITxf1: T} =WT:S)wflli=ITIn(g+Svfrlli<e.

Thus (vi) implies (iii), and (3°) is proved.

We shall now prove (1°). Let & be amenable. It remains to show that
(i) implies (iii), and (vi) implies (i).

(i) > (iii). For each fe L,(N) and ¢>0, we can choose T, ---, T,€€, «ay, ---,
a,>0 with S a;=1 and an &-invariant function 2= L,(P) such that

12 ;T fl—hi:<e.

As in the above proof of (vi) = (iii), it follows that |(T,)yf|l.<e for some i.
Thus (iii) holds.
(vi) > (i). Let feL,(X). Then there exists, for any ¢>0, an S&€& such
that
1Svfvli<e/2M.

Putting g=(Sf)w, we can choose S;, -, S,€€, «, ---, ;>0 with D a;=1 and
an ©.invariant function g, such that

lgo—2a;S; gl <e/2.
Since Syfy=Sf—g, we have
lgo—2a;S;SFI = llge— 2 Si gl +H X, Si(g—SHI
<e.

Therefore, for each ue L(X) with ||u]l.=1, we have

1< &, up—palTf, ud| = | ur{T(go— X ;S;Sf), ud|
< Me.

Now, letting e=1/n, there exists a sequence {g,} of &-invariant functions such
that

<& w—p T/, w|=M/n, |ul.=1,

and the distance from g, to co&f is smaller than 1/n. Thus it follows that

{g.} is a Cauchy sequence in L,(X) and so converges strongly to an ©.invari-

ant function which is contained in co&f. Hence we obtain (i). Q.E.D.
Now consider the following conditions:
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(i) for each fe L(X), co&f contains an S-invariant function;

(iv’) there exists an S-invariant function ge Li(X) such that the weak™*
closure of {T*1l,—y: T€G} contains 0;

(vii’) there exists a g L{(X) such that ©g is weakly sequentially compact
and the weak* closure of {T*1—y:T<®} contains 0.

The conditions (iv’) and (vii’) are restatements of (iv) and (vii) in Theo-
rem 2.3 respectively. Hence the theorem below is obvious.

THEOREM 2.4. Over the above conditions, the following statements (1°)-(3°)
hold :

(1°) If © is amenable, then (i), (iv’) and (vii’) are equivalent.

(2°) If © is a semigroup of positive linear contractions, then (i) is equi-
valent to (iv’).

(8°) If & is a left amenable semigroup of positive linear contractions, then
(1), (iv") and (vii’) are equivalent.

COROLLARY. Let © be a semigroup of uniformly bounded positive linear
operators on L,(X) satisfying the above condition (i). Let & be a subsemigroup
of & such that @TN&' #0 for all TeS. Assume that S and &' are amenable,
or that & is a semigroup of positive linear contractions. Then, for each fe L(X),
co&'f contains an & -invariant function.

ProoF. Let g=Li(X) be an ©-invariant function given in the above con-
dition (iv’). To prove the corollary, it suffices to show that (iv’) holds also
for & with the same g. Let feL{(X) and ¢>0 be given. Take a T® such
that {f, T*1,0<e where A={g=0}. If an S=& is chosen so that STe&’,
then, since S*1,<M-1, a.e. on X, we have

ST 1o =L/, T*S*1
SMS, T*1,0 < Me.

This shows that the weak* closure of {T*1,:T<®&’} contains 0. Q.E.D.

REMARKS. (1) If @ is a [left] amenable group, so is every subgroup (cf.
[3, p. 516]).

(2) Let © be a [left] amenable semigroup and € a subsemigroup of &.
Assume that there exists a [left] invariant mean g on m(&) with p(1lg)>0,
where 1s is the characteristic function of €. Then €’ is [left] amenable
(cf. [3, p. 518]). For the amenable case, it also follows that &tN\&’ #0 for all
te®, For if &N\&' =0 for some =S, then, since lg,+1e <1, we have

ple) < p(le+1s) =1,
which contradicts

e = ps(lei(st) = p(1)=1.
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§3. Mean ergodic theorems.

For the k-parameter semigroup, the following theorem asserts that the
mean ergodic theorem holds on L,(X) if and only if every orbit is “almost”
weakly sequentially compact.

THEOREM 3.1. Let S={T(z): t€Ri} be a strongly measurable k-parameter
semigroup of uniformly bounded positive linear operators on LX), where Rfi=
{(ty, =, tp) i ty, ==, 1, >0}, Then the following conditions are equivalent:

(1) for each fe L(X), the averages (t, - tk)‘ljz1 ftkT(sl, ey Sp)f dsy - dsy,
converge strongly as t,, ---, t,—o0; ’ ’

(ii) for each fe L,(X) and each compact set CC R} (with the usual topology
of RY), the set {T(at)f:a=1, t=C} is weakly sequentially compact in L,(X);

(iii) there exists a CCR} with the nonempty interior such that, for any
feL(X), the set {T(at)f:a=1, t=C} is weakly sequentially compact in L,(X).

PROOF. We first observe from standard arguments of mean ergodic
theory [8, pp. 16-17] that the condition (i) is equivalent to the following :

(i) for each feL,(X), coSf contains an G.invariant function. It is clear
that (ii) implies (iii). We shall prove that (i’) implies (ii), and (iii) implies (i").

(i’) > (ii). Let feL,(X) and C a compact subset of Rf. To prove the
weak sequential compactness of {T(az)f:az=1, z=C}, let {r,} be any sequence
in {ar:az=1,t=C}. If {r,} is bounded, then there is a subsequence {o;} con-
vergent to some 7, R{. Since T(z)f is strongly continuous in R} (cf. [7, p.
328]), it follows that T(c;)f—T(z,)f (strongly). If {z,} is unbounded, then we
may assume, by extracting a subsequence if necessary, that r,<7,< ---, where
(sy, =+, Sp)<(t,, -+, tp) means s;<t; for i=1, ---, k. Let X=P+N be the decom-
position in [Theorem 1.1, and define a k-parameter semigroup Sy={T(7)y:
& R} by the manner in the preceding section. Since 7,>7 eventually for
any fixed 7= Ry and by [Theorem 2.3,

inf {[T(0)xfwlli: R} =0,
it follows that

[(T(z)Nxli=I1T(co)xfulli—> 0.
Since

T<Tm)f: T(Tm_rn>T<Tn)f
=T(tn—t )T () N+ T(Cn—7 XT(c0) Ny, m>n,

and {T(cn—7)(T(z,)f)p: m>n} is weakly sequentially compact for any fixed
n, we conclude that {7(z,)f} is weakly sequentially compact (cf. [6, p. 2927).
Thus (i) implies (ii).

(iii) > (i’). Let CCR} be taken as in (iii). We may assume that C is
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convex. Set D={ar:az=l,reC} and &€ ={T(r): z=D}. Then & is an amen-
able subsemigroup of ©. Let fe L,(X). Since, by assumption, co &'f is weakly
compact, Day’s fixed point theorem gives an &’-invariant function g contained
in co®’f. We now show that g is also S-.invariant. For s R}, since
D\(c+D)+#9, there is a €D with ¢+z=D. Then T(z) and T(6+7t) are in
&', and we have
T(0)g=T(o)T(z)g=T(o+7)g=g.

Thus (iii) implies (i’). Q.E.D.

For the discrete semigroup, we give the following theorem.

THEOREM 3.2. Let T be a positive linear operator on L,(X) with sup{||T?"| :
n=0} <oco. Then the following conditions are equivalent:

n—1__
(i) for each fe L(X), the averages n' X T'f converge strongly as n—oo;
=0

(ii) for each fe L(X), the set {T"f:n=0} is weakly sequentially compact
in L(X);

(iii) there exists a T-invariant function g Li(X) such that T*"1,,-,—0 a. e.
on X.

ProOF. The proof of the equivalence of (i) and (ii) is similar to that of
Theorem 3.1, and so we omit the details. To prove the equivalence of (i) and
(iii), it suffices, in view of [Theorem 2.4, to show that, for u=1,,-, with a T-
invariant ge L (X), the weak* closure of {T*"u:n=(} contains 0 if and only
if T*"u—0 a.e. on X. Putting u,=lim sup T*"u, we have u,<M-T**u for all
k where M=sup |T"|. Thus, if the weak* closure of {T*"u:n=0} contains
0, then #,=0 and so T*"u—0 a.e. on X. The converse is clear. Q.E.D.

REMARK. The following example shows that the condition (ii) in
3.2 cannot be extended to more general semigroups. Let T be a shift operator
on the bilateral [, space, and let ©={T":n=0}\U{0}. Then & is a commuta-
tive semigroup of positive linear contractions on /; such that

(1) for each fe!,, coSf contains 0;

(2) for each nonzero fe!,, ©f is not weakly sequentially compact.
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