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It is well known that the X-harmonic dimension (the cardinal number of
normalized X-minimal harmonic functions) of any subsurface S of an open
Riemann surface R of X-harmonic dimension one is at most one for X=B and
D. Since D~ is, in a sense, an intermediate property between B and D, one
might feel that the same is true of D~. The purpose of this paper is, contrary
to the above intuition, to prove the following

MAIN THEOREM. There exists an open Riemann surface R of D™ -harmonic
dimension one such that the D~-harmonic dimension of every subsurface S of R
covers every countable cardinal number.

The surface R we are going to construct bears a sharper property than
D™ -harmonic dimension one; R is actually in the null class Oxp—Ogp and thus
R is closely related to the so called Toki surface. For the purpose we first
discuss in nos. 3-14 a method of forming a new Riemann surface by welding
from a given family of Riemann surfaces. The X-harmonic dimension of the
resulting surface will be calculated in no. 17. The required surface R will be
sought in nos. 19-23 among, which we call, generalized TO0ki surfaces. The
proof of the above theorem will be completed in no. 24. A short comment on
the existence of surfaces with given X-harmonic dimensions will be added in
no. 25.

Classes of harmonic functions.

1. Consider an end W of an open Riemann surface R, i.e. there exists a
regular subregion £ such that W=R—2. We do not exclude the case 2=0,
i.e. the case W=R. We denote by H(W; dW) the class of harmonic functions
u on W with boundary values zero on the relative boundary oW of W. We
also denote by H(R) the class of harmonic functions # on R and thus H(W ; 9W)
C H(W). We consider the subclass HX(W; W) (HX(W), resp.) consisting u
in HW;oW) (H(W), resp.) with a property X. As for X we consider P
meaning the nonnegativeness ©=0, B meaning the finiteness of the supremum
norm

lluiipv:sgp ful,
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and D meaning the finiteness of the Dirichlet integral
DW(u):f duN*du.
w

We also consider a property D~ which is slightly different from P, B, and D
in nature. We say that a function u has the property D™ on W if there exists
a decreasing sequence {u,} (n=1,2,--) of nonnegative harmonic functions u,
on W with Dy(u,)<co such that u:}lirfl° Up. For two properties X and Y we

mean by XY the property both of X and Y.

2. We denote by Ogyx the class of Riemann surfaces R such that the class
HX(R) consists of only constants. We also denote by O; the class of parabolic
Riemann surfaces R, i.e. there does not exist the harmonic Green function on
R. The basic relation of the classification theory of Riemann surfaces is the
following strict inclusion relations (cf. e.g. Sario-Nakai [11]):

O6<O0pp<O0yxp<Oxp=C0ysp.

Riemann surfaces formed by welding.

3. Consider an open Riemann surface W and a parametric ‘disk’
U:0<t<|z—{|<c0 in W. We denote by U({) the concentric parametic disk
t<t<|z—¢|<oco. Let {2} be the directed net of regular subregions 2 of W
and wg(-,t) be the harmonic function on 2—U() for £2 containing U(f) with
boundary values 1 on 02 and 0 on dU(t). We extend wg(-, t) to the whole W
by setting 1 on W—£2 and 0 on U(H). The maximum principle assures that
{wg(+, 1)} is a decreasing net as £ exhausts W. As a consequence we deduce
the existence of
1) w(-, t)=lim wo(+, 1)

2Q-w
uniformly on each compact subset of W. The function w(:, t), referred to as
the harmonic measure of the ideal boundary of W with respect to W—U(?), is
continuous on W, harmonic on W—U(1), and 0 on U{#). By the Green formula

(2) Dap(wg(-, )—wg (-, 1)) = Dp(wgo(-, 1))—Dy(wg (-, 1))
for 2 2’ and a fortiori
3 lim Dy(w(-, H—wg(-, 1)) =0

o-w

and in particular

4) Dy(w(-, 1)) = lim Dy (wg(+, 1)) <co.
2w

By the maximum principle, the property w(:, )=0 on W does not depend
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on the choice of U and U(f). A Riemann surface W with this property is
nothing but a surface being parabolic. Hereafter we assume that W is hyper-
bolic, i.e. We&Ogs. Then 1—w(-, t) is a potential on W, i.e. 1—w(-, ) is super-
harmonic on W with vanishing greatest harmonic minorant (cf. e. g. Sario-Nakai
[11]). Hence in particular igf (1—w(-, 1))=0 or equivalently

w

(5) sup w(-, 1)=1.

w

4. We compare w(-,t) for different choices of f. Let t<s<t. By the
maximum principle, wg(+, s)<wg(+, ) on W and thus

(6) 0=sw(-, )=w(-, H<1

on W, i.e. {w(-, 1)} (t=7) is an increasing net as t—oco. A fortiori A=lim w(-, 1)
t—o0

is a bounded harmonic function on W less the center of U, and then on W.

By (6), 0<1—w(-, )<1—w(-, s) on W and therefore 0<1—h<1-—w(-,t) on W.

Since 1—w(-, t) is a potential on W, 1—h=0 on W, i.e.

(7 limw(-, H)=1

t—o0

uniformly on each compact subset of W less the center of U. By the Green
formula
Dywg(-, s)—wg(-, 1)) = Dylwg(, s))—Dylwg(-, 1)) .
By (3) we deduce
Dy (w(-, s)—w(-, 1)) = Dy(w(+, $))—=Dy(w(-, 1)) .
This with (4) and (7) implies that
(8 lim Dy(w(-, 1)) =0,

5. Let N be a countable cardinal number greater than 1, i.e. N is a posi-
tive integer >1 or N=co. Consider a family {W,} (1=k<N) of hyperbolic
Riemann surfaces W,. For each k we fix a parametric ‘disk’ U,: 0<t<|z2—C,]
<oo and set Uy(t): t<t< |z—,| <co. We fix an analytic Jordan curve «, in
Wk—b'—k homologous to —aﬁk. Let w,(-,t) be the harmonic measure of the

ideal boundary of W, with respect to W,—U,(t). By (7) and (8) we can find
t,>7 such that

9) Dy (w,)<1/2*

and also

(10) infw,>1/2
ap

where Wk:Wkaﬁk with U,=U,(t)) and w,(z)=w,z, t;). We may rechoose
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{€x} (1=Ek<N) so as to satisfy the condition that {, (1=<k<N) are positive
real numbers and

(11) Ck_Ck—1>tk+tk—1

for every k with 2<k<N. We denote by 8, the circle |z—{,|=t, in the ex-
tended complex plane € oriented anticlockwise. We also denote by C the
surface

(12) C— U {[z=CI <t -

1=2kIN

A

From the surfaces C and {W,} (1=k<N) we form a new open Riemann surface
(13) R=[C, {Wy]

as follows: Weld each W, (1=k<N) to C by identifying 0W, with 3,. We
will describe HX(R) in terms of HX(W,; oW, (1=k<N) for X=B, BD and
BD".

6. For each & we define an operator L,: C(3,)—HB(W ) NC( W, as follows.
Let feC(8,) and 2 any regular subregion of W, with 20U, We denote by
fa the harmonic function on W, N2 with boundary values f on j3,=0W, and
zero on 0f2. It is readily seen that the net {fy} converges to a bounded
harmonic function uniformly on each compact subset of W, We define
(14) Lyf=1lim fg.

o-w,

Then L, is a linear operator from C(j3,) into HB(W )NC(W,) such that L,f|Be
=/ and |L.flw,=|fl;, for every f=C(B,) where [|-|¢ is the supremum norm
taken over E. The latter follows from the sharper inequality

(15) [Lef1=715,(1—wy)

on Wk. We denote by

(16) IT* HB(W,; oW )
1Sk<N

the subspace of the product space <EVHB(Wk;aI/Vk) consisting of those

1=

v=(v,,v,, ") (v,e HB(W,; 0W,)) with
lvl= sup [vellw,<oo.
1Sk<N
The subspace coincides with the whole product space if and only if N<co.
We define the order u<v by u,<v, for every bk (1=k<N) where u=(u,, u,, ---).

Then is an ordered Banach space and so is the space HB(R) where
R=[C, {W,}]. Using L, we define an operator

t: HB(R) —_)15%12 HB(W,; oW,
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given by zu=(u,, u,, ---) with
17) wp=u|Wy—Ly(u|Bs)

for every £ (1=Ek<N). The basic relation in our study is the following
THEOREM. The operator t is order preserving, linear, isometric, and bijective,
1. e. as ordered Banach spaces

(18) HB(R) = 1<Ilc1f‘]‘vHB(Wk s OW L) .

7. From the definition of 7 it instantly follows that = is a linear operator
from HB(R) into [16) such that |zul|<|ulz for every us HB(R) and u=0 on
R implies z7u=0=(0, 0, ---). First we prove that ¢ is surjective. We denote by
Z, the annular part of W, bounded by «, and 8, and set

Z=CU( U (@,UZ).

Then Z is a subregion of R with 0Z= UNak. The region Z can also be

15k<
viewed as a subregion of € bounded by Jordan curves a;, (1<Ek<N) if N<o
and as a subregion of € whose boundary consists of @, (1<k<N) and the
point at infinity if N=oco. We denote by X the subspace of the product space

II Cla,) consisting of those f=(f,, f --+) with Ilfl]:élggvﬂfkﬂak<00- The

12k<N

order in X is given by f,=g, on a, (1=k<N) for (fy, f2 ~-)=(21, 8, ). Then
X is an ordered Banach space. For any f=(f1, f2, )= X we consider the class
{s} of superharmonic functions s on Z such that

lim inf 5(2) = £(0)

for every {ea, (1=k<N), and moreover if N=oo,

lim inf s(z) = lim sup (sup /) ,
2EZ z-o0 k—o0 ap

where we consider Z being embedded in €. Set

kf=1infs
se{s}

pointwise on Z. By the Perron-Brelot method (cf. e. g. [11]) we see that & is

an isometric positive linear operator from X into HB(Z)NC(Z\U9Z) with «f|a,

=fr (1=k<N). For any bounded continuous function g on U B, we set
12k<N

28=(L(g| By, L2l B, ).
Finally we define an operator y: X—X by

rf=Axf),
which is clearly a bounded positive linear operator. By and
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IL(8lB)la, =27 glls, (A=E<N)
and therefore

IrFI=12GeF)] 227 sup lefls, <2711,

i.e. the operator norm [y]|<27%.

8. Given an arbitrary v=(v,, v,,++) in [16)}. We need to find a ue HB(R)
such that ru=v. Considering the restriction on «,(1=k<N) we may view as
v being in X. Then the Fredholm equation

(¢=pf=v
has a unique solution f= X given by the Neumann series
(19) f= :gornv
(cf. e.g. Dunford-Schwartz [4]) where ¢ is the identity operator on X. We set

(£F)(2) (ze2);

20 =
20 u® {<Lk<xf>+vk><z> (ze Wy

for 1=k<N. We maintain that u= HB(R). For this purpose we only have to
show that «f=L,(¢f)+v, on ZN\W, for 1=<k<N. On B, Li(cf)+v,=kf+0=cf,
and on «,, Ly(ef)+v,=(yf+v),=(),=&f)|a, where (-), indicates the k**-com-
ponent. Thus the required identity holds on d(W,"\Z) and hence on W,NZ.
In view of [20), u=«f on B(1=k<N) and then u—L,u=v, on W,(1<k<N),
i.e. (zu),=v,(1=k<N), or tu=v. Therefore we have proven that 7 is surjective.

9. Next we prove that = is order preserving. By the definition of = (and
L,) it is easily seen that =0 implies 7u=0. Conversely let v be in with
v=0=(0, 0,-~-) and zu=v. Since £ and 1 are positive operators, y and then
y"(n=1, 2,---) are also positive operators. Hence by v=o0 implies that
f=o. By we must conclude u=0.

To prove the isometry of z, let e=(1—w,, 1—w,,~--). Then clearly zl=e.
Take an arbitrary ue HB(R) and set v=tu. Observe that

(v +u)=|vletv=o0,

and therefore |v|+u=0, i.e. |zu|=llullg. This with the trivial inequality
lzul=|ullg assures that |zul|=]|ulz In particular, = is injective and thus 7
is bijective.

10. We proceed to the description of the class HBD(R) in terms of
HBD(W,; dW,)(1=<k<N). For the purpose we consider
(21) I1* HBD(W ,; 0W,)

1seN
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the subspace of the product space 1/;I<N HBD(W,; 0W,) consisting of v=
1= N
(vy, vy, )€ HBD(W,,; 0W,), 1<k<N) such that

[vll = sup [villw,<oo
1Sk<N

and moreover
D)=_3 Dy, (v)<co.
1=k<N

The subspace coincides with the whole product space EN HBD(W,; oW ,)
1=

if and only if N<oo. Observe that the space [21) is a subspace of [16).
Since HBD(R) is a subspace of HB(R), we can consider

zp=1| HBD(R),

which is an operator from HBD(R) into [16). As a counter part to Theorem
6 we will prove the following

THEOREM. The restriction tp is a bijective linear order-preserving operator
from HBD(R) to (21), i.e. as ordered linear spaces

(22) HBD(R) = IkI"]‘vHBD(Wk; ow,).
12k<

11. In view of Theorem 6 we only have to show that z maps HBD(R)
surjectively to (21). Take an arbitrary ue HBD(R) and let zu=(v,, v,--+) which
is in (16). First we show that zu really belongs to (21). For this purpose we
only have to prove that D(zu)<oco. Recall that w,=w,(-,?;) is the limit of
wg(-, t,) as regular subregions £ of W, with U,c R exhaust W, (cf. nos. 3
and 4). Let vy be the harmonic function on W,N{ with boundary values zero
on W, and u on 02. We extend vy to W, by setting vo=u on W,—f2. Then

'Uk:ul Wk—Lk(ulﬁk): lir{l vg .
2-W,

By the Dirichlet principle and the Fatou lemma

DWk(vk) é lim inf DWk(vQ) é lim inf DWk<UWQ) .
Q—’ﬁ’k .Q"ﬁ'k

By the Schwarz inequality
Dy (uwo)* < |ullw ,Dw (wo)"*+llwgl w Dw ,(u)"*.
By (4) we deduce

lim inf Dy (uwg)"* < |ull gDy ((w2)"*+ Dy ,()"* .
97,

Therefore we obtain
DWk(vk) =2 ltuH%ZDWk(wk)_*"ZDWk(u) .
By (9) we deduce that
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D(zu)= 152 NDWk<vk)

k<]

<2l 3 Dw,w)+2_E D)

= 2[lulz+2Dg(u) < oo,

i.e. 7, maps HBD(R) into [21).

12. Conversely let v=(v,, v,, ---) be in . Since v is also in there
exists a unique u= HB(R) such that zu=v. We will show that ue HBD(R).
We consider a function s on R such that s=1—w, on W,(1=k<N) and s=1
on C. Then s is a superharmonic function on R. Take an arbitrary he H(R)
with 0=h=s on R. Observe that he HB(R). Clearly h,<1—w,=s on W,,
where th=(h,, h,, --+), and then h,=(1—w,)—(1—wg) on W,NL, where wgo=
wg(-, t,). Since wg—w,, we have h,=0, i.e. th=0, and a fortiori ~=0. This
shows that s is a potential on R. Next we consider a function v on R defined
by v=v; on W, and v=0 on C. The definition of z assures that |u—v|=cs
on R with a suitable constant ¢. Since Dz(v)=D(v)<co, the harmonic decom-
position can be applied to v (cf. e. g. [11]):

v=9¢+g
where ¢= HBD(R) and |g| is dominated by a potential. Then

lu—¢| = lu—v|+|v—¢| S cs+|g]

and therefore the subharmonic function |u—¢| on R is dominated by a poten-
tial. Hence |u—¢|=0 on R, i.e. u=¢= HBD(R).

13. Based on (22) we finally study HBD™(R) in terms of HBD~(W,; dW ).
For the purpose we consider the half linear space

(23) IT* HBD™ (W ; W)

1=k<N

consisting of the elements v=_(v,, v,, --)E IkI<NHBD~(Wk; oW ,) such that
1=
ol = sup [vellw, <oo.
1Sk<N

As before coincides with the whole product space if and only if N<oo,
and is a subset of [16). Since HBD~(R)C HB(R), we can consider
tp~=7|HBD™(R).

As a consequence of Theorem 6 and 10 we maintain the following
THEOREM. The mapping tp~ is a bijective half-linear order-preserving op-
erator from HBD™(R) to (23), i.e. as ordered half-linear spaces

(24) HBD™(R)= 1;I<*\HBD~(W,?; oW, .
15k<N



Harmonic dimensions related to Dirichlet integrals 115

14. We only have to show that ¢ maps HBD™(R) surjectively to [23).
First we take an arbitrary u in HBD7(R) and will show that zu belongs to
(23). There exists a decreasing sequence {u,}(m=1,2, ) in HBD(R) such
that u=lim u,, on R. Let TUp=(Vpn1, Uns, ). By Theorem 10, {v,;}(m=1, 2, --)

is a decreasing sequence in HBD(W;;oW;) and a fortiori vj:}nim Vi €
HBD™(W;; 0W;) with [[v;lw,=lulz. Therefore v=(v,, v, ---) belongs to [23).
Since tu,=tu, we deduce v=tu. By Theorem 6, there exists a u,& HB(R)
with v=7u,. Then tu,=v=rtu,, implies that u,<u, and then u,<u. Thus
v=tu as a consequence of tu,=tu. Hence we conclude that zu=v belongs
to [23). Next we take an arbitrary v=(v,, v,, -*+) in and let v=7u with
us HB(R). We will prove that ue HBD™(R). Since v;€ HBD™(W,; 0W;), there
exists a decreasing sequence {v,;}(m=1,2, ---) in HBD~(W,; dW;) such that
limv,;=v;. Here by considering v,;Alv|w; (the greatest harmonic minorant

Mm—oo0

of v,; and ||vllw;) instead of v,; we may assume that v,;<|vfw;. Let

Um:<1)m1, Umay *°°y vm,N—l)
if N<oco and

vm:(vmly vmzy Ty vmmr HUHu}m+1v ”UHlUm+2, ”')

if N=co. By (9), v, belongs to [21]. By there exists a u,,& HBD(R) such
that v,=r7u,. It is easy to see that {v,}(m=1, 2, ---) is decreasing. Therefore
{u,} is decreasing and u,= limu, HBD(R). From v,=v, u,=u follows and

Mm—oo

a fortiori uy,=u. On the other hand, u,=>u, implies that v,,=zu,,=7u, which
implies that v=ru=ru,. Thus u=u,. We thus conclude that u=u,= HBD~(R).

Harmonic dimensions.

15. A function u in HX(W ; oW )(HX(W), resp.) is said to be X-minimal
on (W:oW)W, resp.) if >0 and u=v=0 implies the constancy of v/u for
any vin HX(W ; oW)(HX(W), resp.). Two X-minimal functions %, and u, are
said to be equivalent if u,/u, is a constant. Let W, and W, be two ends of
R such that R—W;#0(j=1, 2). It is well known that there exists a bijective
homogeneous additive order-preserving mapping between HX(W,; 0W,) and
HX(W,; 0W,) and, if R&0g, between HX(R) and HX(W ; aW) for any end W
of R where X=P, B, D, D™, BD, and BD~(cf. e.g. [11], Ozawa [9], Rodin-Sario
[10]). The cardinal number of the set of equivalence classes of X-minimal
functions on (W ; W), where W is an end of R with R—W =0, is referred to
as the X-harmonic dimension of R for X=P, B, D, D™, BD, and BD~. We will
denote by x(R) the X-harmonic dimension of R, where x=p, b, d, d”, bd, and
bd~, respectively and X=P, B, D, D™, BD, and BD~, respectively. By the above,
x(R) does not depend on the choice of W. The P-harmonic dimension, usually
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simply called just harmonic dimension, was studied by many authors such as
Heins, Ozawa, Kuramochi, among others. We are especially interested in the
existence of R with a single ideal boundary component with any integral p(R)
shown by Heins [6], with countably infinite p(R) by Kuramochi [6], with
uncountably infinite p(R) by Constantinescu-Cornea [2]. In this paper we do
not discuss p(R).

16. An X-minimal function (X=D and D7) is automatically bounded (cf.
e.g. [117) and therefore

(25) bd(R)=d(R), bd"(R)=d (R).

Another basic fact is that x(R) is at most countably infinite and x(R)=0 for
ReO4(cf. e.g. [11]) where x=0, d, and d~. As a consequence of the study of
b(R) and d(R) in terms of the Wiener and Royden compactifications (cf. e.g.
[1I]) we have

(26) b(S)=b(R),  d(S)=d(R)

for any subsurface S of R. That this is no longer true for d~ will be the
main conclusion of this paper. The first systematic study of the B-, D-, and
D~ .harmonic dimensions was carried by Constantinescu-Cornea (see also
[3]) developing the earlier works by many authors such as Sario, Kuroda,
Toki, Mori, among others, and especially by Kuramochi. For subsequent and
related works we refer to the reference of the monograph and also the
one at the end of this paper.

17. Let R=[C, {W,}] be a Riemann surface formed by a welding as in
no. 5 from {W,}(1=<k<N). Observe that x(W,)=x(W,)(x=b, d, and d~). We
maintain

THEOREM. The X-harmonic dimension x(R) of R is related to the X-harmonic
dimensions x(W,) of W, (1ZkE<N) as follows:

(@7) XR)= 3 (W)

k<N

where X=B, D, and D~, respectively and x=b, d, and d~, respectively.

18. We prove for x=d. The other cases can be shown by exactly
the same fashion. We say an element v in is minimal if v=0, v+0, and
v=w=0 implies the existence of a constant ¢ such that w=cv for every w in
(21). By [22) and [25), d(R) is nothing but the cardinal number of minimal
elements v in with the normalization {[v|=1. Let v be a minimal element
with v;>0 where v=(v,, v, --*). Let v;=(v};, V5, -~*) be such that v;;=v; and
v;5=0 (k#]). Since v,=0 (1=k<N), vzv;. Therefore v,=0 (k+#;) and [v,|w,=L.
Let v be any element in HBD(W;; 0W;) with v;Zv=0. Then v=(7,, s, ---)
with 7;=v and 7,=0 (k+J) is dominated by v and a fortiori there exists a
constant ¢ such that v=cv,i.e. v=cv;, Then a minimal element v in has
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the form: there exists a component v; of v=(v,, v,, --+) such that v; is D-minimal
on W; with ijlle:l and v,=0 (k+#j). Conversely, such a v is clearly a nor-
malized minimal function. From these observation the desired conclusion
follows.

Toki surfaces.

19. In our former paper [8] we introduced a notion of Téki surfaces: A
Riemann surface T is referred to as a TOki surface if the following three con-
ditions are satisfied :

a) T is an infinite unbounded (unlimited) covering surface (T, U, n) with
the unit disk U: |z|<1 as its base surface and = the projection of T onto U;

B) There exists a radial slits disk V=U—\Ueo, with g, the radial slits in U

accumulating only to the circumference of U such that T—n'l(&y}a,):7il Va
(disjoint union) where V,(n=1, 2, --+) are copies of V;

7) There exists a bounded harmonic function h on U for any given bounded
harmonic function h on T such that h=hox.

A typical example of Toki surfaces is the one constructed by Toki [12],
in which the condition

(28) I=R%

can also be assumed where 0 is the origin of C. Hereafter we consider only
those To6ki surfaces T with[28). Let K be a concentric closed disk |z|=<p
(0<p<1) contained in V, and consider the subsurface

S=T—z"Y(K)

of T, which is one of the admissible subsurfaces of T in the terminology of

[8] We have shown in [8], as a localization of the property 7), the following
relation

(29) HB(S; 8S)=HB(U—K ; )(U~K))ox

where d(U—K) is the relative boundary of U—K relative to U. Another result
in [8] which we will repeatedly make use of is the following

(30) d(S)=0, d7(S)=1.

20. For our present setting it is convenient to take the base surface U
of T as the ‘unit disk’ about the point at infinity oo, i.e. U:1<]|z|<co. The
condition «), 8), and 7) of Tdki surfaces are modified accordingly in an obvious
manner. As a counter part to we always assume that

(31) oeV.
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We fix such a (modified) Toki surface 7. Let K,:t<|z|<oo with €[z, o)
where ©>1 is chosen so large that K.CV, and set K, ,=V,n7"'(K,)(n=1, 2, ---).
Let w, be the harmonic measure of the ideal boundary of T relative to the
region T—K,,. By no. 5, there exists an increasing divergent sequence {f,}
(=1, 2, ) in (7, o) such that

(32) Sgp we,(2)>1/2
where a=V,N7"!(|z]=7) and
(33) DT—KLk,l(wtk)<l/2k

for every k=1, 2, ---.
Let N be an at most countably infinite cardinal number with N>1 and
{c,} (1=k<N) be a sequence of positive real numbers such that

(34) Ck—Ck_1>tk+tk..1 (2§k<N).

We denote by (T% U* =*) the translation of (T, U, x) by z—z+c,(1=k<N), i.e.
T* is the covering surface of U*: 1< |z—c¢,| <0 and #*(-)=n(-)+c¢,; the images
of V, Va, Ky, Ki 0y 0., @, etc. in (T, U*, ©*) under this translation are denoted
by V* Vi Kk Kk, of, af etc., respectively. We denote by By the extended
plane C:|z|<o less the closed disks |z—c;| <1 (1<Ek<N), and the point at
infinity oo if N=oco. We consider a Riemann surface 7y constructed as follows :

a) Ty s an infinite unbounded (unlimited) covering surface (T, By, 7x)
with the base surface By and mwy the projection of Ty onto By;

b) 7¥(1<|z—c,| <7) is identical with (x*)*(1<|z—c,| <7) so that there

exists a slits region A=By— \J o} such that Ty—m3( \J VUUE):‘E‘, A, (disjoint
1= N v n=1

1=k<N v
union) where A, (n=1, 2, ---) are copies of A.

These two properties a) and b) may be considered as counter parts to «)
and f)in no. 19. We will prove that the following condition c) is satisfied by
Ty which is a counter part to 7), and thus we may call Ty a generalized Toki
surface. Namely

c) There exists a bounded harmonic function h on By for any given bounded
harmonic function h on Ty such that h:ﬁoer, i.e.

(35) HB(T y)=HB(By)omy.
21. To prove ¢) we may assume that A>0. Let a= sygph and §, be
N
harmonic on 1<|z—c¢,| <7 with boundary values 0 on |z—c¢,|=1 and a on
|[z—c,|=7. Let §=§, on 1<|z—¢,| <7 (1=k<N) and $=a elsewhere on By.
Set s=S§omy and s,=S$,omy. By the Perron-Brelot method we can construct

a harmonic function b, on n3(l1+1/m<|z—c,|<z) for integral m>1/(z—1)
such that b,=0 on t3(|z—c¢,|=1+1/m) and b,=h on nx(|z—c.|=7) for
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1=k<N. By the Perron-Brelot procedure we have 0=b,<b,.,= max(h, s;)
and thus the limit f,= lim b,, exists and 0=f,< max (A, s;) on 7#F(1<|z—c,| <7)

m-—oo

and f,=h on 7¥(1<|z—c,|<7). Therefore h—f,€ HB(S*; 0S*) where S*=
(1< |z—c,| <7). By we can find a bounded harmonic function #, on
1<|z—c¢,| <z with vanishing boundary values on |z—c¢,|=7 such that A—7,
=f,onry (1=kE<N). Let @ be defined on By such that #=#%,on 1<|z—c¢,| <7
(1=k<N) and #=0 elsewhere on By. Finally let ki be the least harmonic
majorant of # on By. Then g:ﬁ—a is a potential on By. Let f=f, on S*
(1=k<N) and f=h elsewhere on Ty. Then f<s=Somy and h—f=domy.
Therefore '

(36) |h—homy| <(g+8)omy.

Clearly § is a potential on By and hence p—g-+$ is a potential on By. Let v
be harmonic on Ty such that 0<v=<pory on Ty. Observe that except at most

countable number of points ¢ in By, 73(|z—c| <e.)= i‘, D, (disjoint union) with
n=1

D, (n=1, 2, ---) copies of |z—c|<e¢, for a suitable ¢,>0 for any given c=By.
Then it is easy to check that
vo(2)= sup v({)
teaygl®
is subharmonic on By, and 0<v,<p on By. Therefore v,=0 on By and a
fortiori v=0 on Ty. This means that (§+8)ory=pory is a potential on Ty.
By [(36), since the subharmonic function |h—hoxy| is dominated by a potential,
we conclude that h=hoxmy on Ty.
22. As a direct consequence of we obtain the following :

(37) Ty€O0pp—0Opysp.
In view of By&Oyp, we clearly have Ty&Ogp. Let us HBD(Ty). By b) and
¢), or [35),
00 > Dy y(u) = D-100(%) ZEIDA,,(u | Ap) =00+ D 4(@)
where u=#onr,y. Thus # and hence u is constant on Ty. Since Oyp=0gszp,

we conclude that Ty<€O0gp.
23. Consider a subsurface Sy of Ty defined as follows:

(38) Sy=Tx—7#(B,) \( T, An)

where By . is the extended plane C less the closed disks |z—cy| <7 (1SE<N),
and the point at infinity oo if N=co. We represent Sy as a welding of con-
venient surfaces. As in no. 20 let K¥, be the closed disk #,<[z—c,|=co and
set
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(39) Cy=C—"U (C—K},).
1=k<N
We also set
(40) We=T —(z") (< |z2—cy] S0) (D VE)
n=2

(1=Zk<N). Observe that Z,=(z*)"'(t,< |z—ck|§ob)me is a parametric ‘disk’
in W,. Finally set

(41) Wk:'- Wk——Zk '
(1=Ek<N). Then, as in no. 5, we have
(42) Sy=[Cx, {Wi}]

where 0W,=—0Z, is identified with —0Kf, for every k with 1=<k<N. By
and we deduce
(43) d~(Sy)=N--1
where co—1=oco0.

24. PrROOF OF THE MAIN THEOREM. We take the T.,i.e. Ty with N=oo,
as the required R. Since R€O0yp—O0yp (cf. [B7), d~(R)=d(R)=1. For each
integer m=1 let dpE(cntin, Cme1—in+) and Y, be the ‘disk’ d,<|z]<co.

Considering ¥,CCn+i, Y can be viewed as a parametric ‘disk’ in Sp.,=
[Cms1, {Wet]. Let S™=S,,;—Y 4. Then by

(44) d~(S™=d™(Sp+)=m.

It can also be viewed that S™ is a subsurface of R. Clearly

(45) d™(§*) =00,

the countably infinite cardinal number, where S*=S., i.e. Sy with N=co, is a
subsurface of K. Any compact subsurface S® of R satisfies

(46) a~(5%=0.

This completes the proof of the main theorem.

Riemann surfaces with given harmonic dimensions.

25. We denote by Ryss~ a Riemann surface such that x(R,z.~)=x for
x=b,d, and d~. We have seen in that Ry, Rooi, Roi, Rio, Ry, exist.
For W,= R,,, and W,= Ry, assures that [C,, {W, W,}] is an
Risv mem n+n © By this, we can define an operation
(47) len@Rl’m’n' - Rl+l’,m+m’,n+7y .

More generally, for W,=R, ., (1Sk<N), implies that [Cy, {W,] is an
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R , I np and we can write this as

n o1 m
isEen By ™o By

(48) EB lemknk:R S o lpy B mpy L npe

Using [47), [(48), and surfaces Ry, Roo1, Roi1, Rio1, Riiy, the following conclusion
can be instantly derived (cf. [8]):

THEOREM. For any triple (b, d,d™) of countable cardinal numbers with
max (b, d)=<d~, there exists a Riemann surface Ryzs~.
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