J. Math. Soc. Japan
Vol. 27, No. 4, 1975

Difference approximation of Cauchy problems for
quasi-dissipative operators and generation
of nonlinear semigroups

By Yoshikazu KOBAYASHI

(Received April 8, 1975)

In this paper we consider the evolution equation
(DE) (d/dt)u(t) e Au(t), te, T)

for an “w-quasi-dissipative” operator A in a Banach space X, from the viewpoint
of difference approximation. We introduce a notion of “DS-limit solution” of
(DE) and discuss the construction of the DS-limit solutions. We also give
a generation theorem of nonlinear semigroups through difference approxima-
tion.

Recently several authors have treated the evolution equation (DE) from the
view-point of difference approximation. The result of Crandall and Liggett
is the first fundamental one in this direction. Kenmochi and Oharu [9]
extended the result in to the case where the difference scheme for (DE)
permits errors. Takahashi [16], formulated a more general approximate
difference scheme and determined the conditions under which the solution of
the difference scheme converges.

In this paper we introduce a notion of w-quasi-dissipative operator as a
generalization of w-dissipative operator. We consider the approximate differ-
ence scheme for the Cauchy problem for (DE) under the same formulation as
in [17]. Our first purpose is to give a convergence theorem for difference
approximation and to improve the result in [17] At the same time, it is
shown that the limit function of solutions of difference approximation is uni-
quely determinded by the initial condition and is independent of the choice of
difference scheme. Hence we shall call the limit function a DS-limit soluticn
of the Cauchy problem.

Recently Bénilan has introduced the notion of “integral solution” and
“bonne solution” and investigated properties of bonne solutions. Our second
purpose is to investigate basic properties of DS-limit solutions and to study
the relationship between those solutions.
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The results mentioned above can be considered from the view point of
the theory of nonlinear semigroups. Our third purpose is to discuss the gen-
eration of a nonlinear semigroup associated with a given operator A.

Our fourth purpose is to give a sufficient condition which assures genera-
tion of nonlinear semigroups through the difference approximation. Many
authors have already treated the generation of semigroups. Our results imply
the results of Crandall and Liggett and Martin [12]. Also we give a
simple application of our results to the continuous perturbation of m-dissipative
operators.

This paper consists of five sections. In §1, we introduce basic notions
and give some fundamental facts concerning these notions. In §2, we deal
with the convergence of the difference approximation and introduce the notion
of DS-limit solutions. In §3, some basic properties of DS-limit solutions are
studied. §4 treats the generation of semigroups. In §5, we give a sufficient
condition for the generation of semigroups and its applications.

The author would like to express his hearty thanks to Prof. I. Miyadera
and Mr. T. Takahashi for their advices.

§1. Preliminaries.

In this section, we list some notation and basic notions along with their
fundamental properties.

Let X be a real Banach space with norm [-|. By an operator A in X
we mean a multi-valued operator with domain D(A) and range R(A) in X,
where D(A) is the set {xe X; Ax+0} and R(A4) =x€kDJ<A)Ax. We identify the

operator A with its graph, so that we write [x,y]e A if ye Ax. For each
xe D(A), we write
| Axll=inf {|¥] ; y € Ax}

and define Ax={y;y< Ax, |y|=|Ax|l}. Also we define |Ax|, x€ X, by

| Ax| =inf {sup ||Ax,|l ; x, € D(A) and limx,=x} for x<D(A)

=oo for xe& D(A)

and set D,(A)={x< X;|Ax|<o}. Clearly, we have D(A)C D,(A)cC D(A).
We see easily that the functional x—|Ax| is lower semi-continuous on X. (See
or [18])

We define the sum A+B and the scalar multiple @A of operators 4, B in
X as in [9] and use the symbol I for the identity operator in X.

We denote by <x, /> the natural pairing between x € X and f& X*, where
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X* is the dual space of X. Let F be the duality map from X into X*, i.e.,
Fx)={feX*; |fI’=x*=<{x, f>} for xeX.

‘We define the functionals {,»; and {,); on XXX, by

1D v, xys=sup {<y, [; f€ F(x)}
and
(1.2) ¥, xp:=inf {y, f); f€ F(x)}

for each x, vy X. Clearly (¥, x);=—{—y, x>;=—<y, —x); for x, ye X. It has
been shown in [2] that

(1°3) <y, x>s:T(x’ y)'“x“ for X9yEX’

where
7(x, ¥) =inf (| x+ty] = llx) = lim 7 (| x+ 2y ) =l x|
t>0 t—+0

for x, y=X. This shows that the value of {,), at [x, y]J& XX X is not changed
even if x and y are regarded as elements in X**, the bidual space of X.
Therefore we use the same notation (1.1) and (1.2), for the corresponding
functionals from X**X X** into K. We see easily that the fnnctional ¢, ), is
upper semi-continuous with respect to the strong topology of XX X. We refer
to [2] and for other properties of the functionals.

Let @ be a real number. An operator A in X is said to be w-dissipative
if for any [x;, y,]€A (=1, 2),

V1=V X1—Xo) s S @ 2, — X, ]|% .

An operator A in X is said to be strictly w-dissipative if for any [x;, y;1€A
(1=1, 2),
N=Ysy X1—X2)s S 0| X, —1,|% .

(Strictly) 0-dissipative operator is simply called (strictly) dissipative. Apparently
A is w-dissipative if and only if A—wl is dissipative. We refer to and
for the properties of w-dissipative operators.

Following Takahashi [16], we introduce the following notion.

DEFINITION 1.1. An operator A in X is said to be w-quasi-dissipative if
for any [x;, y;1€A (i=1, 2),

(1.4) 1y = X503y, Xo— X S 0l X, —x,]1% .

0-quasi-dissipative operator is simply called quasi-dissipative.
Apparently an w-dissipative operator is w-quasi-dissipative; those notions
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are equivalent when the duality map is single-valued but not so in general.
(See Example 1.1 at the end of this section.)

Let SCX and A be an w (-quasi)-dissipative operator in X. Then we say
that A is maximal w (-quasi)-dissipative on S if any w (-quasi)-dissipative exten-
sion of A coincides with A on S.

If A is a dissipative operator such that R(I—1A)= X for all A>0, then we
say that A is m-dissipative. It is well known that if A is a dissipative operator
such that R(J—2,A)= X for some 4,>0, then A is m-dissipative. We refer to
[8] for other properties of m-dissipative operators.

An w-quasi-dissipative operator A in X can be regarded as an w-quasi-
dissipative operator in X**. Therefore, we can associate with A an operator
A in X** such that A is an extension of A, D(A)C D(A) and A is maximal
w-quasi-dissipative on D(A) in X**. We call such A4 a maximal (**) extension
of A. (See [17])

Let X,CX. A one parameter family {7(f);¢=0} of operators from X,
into itself is called a semigroup of type w on X, if it has the following pro-
perties :

(i) for x,yeX, and (=0, |[TOx—TOy[ = e |x—)l;

(i) TO)x=x for x€X, and T({+s)=T@HT(s) for t,s=0;

(iii) for each x=X,, T(f)x is strongly continuous in ¢=0.

In the following, we prepare some estimates which will play a central role
in later argument.

LEMMA 1.1. Let A be an operator in X and w a real number. Then the
following three conditions are equivalent:

(i) A is w-quasi-dissipative ;
(ii) for any [x, ¥, A (1=1,2) and A, p>0,

(l'f“ll*l#w)llxl*lel = /ulxl_xz_{l}ﬁ“‘I‘flnxz_)ﬁ_’zj’z“ 5
(iil) for any [x;, v;,1=A (i=1,2) and A>0,
2—2w)|x,— x| = 2, —x,— Ay: |+ 2y — 2, — Ay, || .

Furthermovre, in these cases we have
(iv) for any [x,yJe A, ueD(A) and >0,

(I—2w)llx—ul < [x—u—2y|+ 2] Au] .

PROOF. Suppose that A is w-quasi-dissipative. Let [x;, ;1€ A (i=1,2)
and 2, #>0. By definition, there exist f€ F(x;—x,) and g€ F(x,—x,) such that

yy [+, &) Sollx,—x,|2.
Therefore, we have
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('z"f‘ﬂ)”xl""xz'lz:l(xl_xz, f>+ﬂ<xz_‘x1, >
= /2<x1_x2_/1y11 f>+y<x2—xl—2y2, g>+2ﬂw”x1_x2”2
é(l”xl_xz_ﬂylu+#||x2_x1‘ly2”+2#w“x1_x2“)”x1—xzn .

Hence we have (ii). Apparently (ii) implies (iii). Suppose that (iii) is satisfied.
Then we have

(e — 2ol = |2y — 2o — 341D
+t_l(”x2'"x1“_sz_xl‘tyzll) §wl1x1—lel ’

for [x;, y;]J€ A (1=1, 2) and ¢>0. Letting t—+0, we have

—T(Xy— Xy, — V1) —T(Xy— Xy, —2) S 0]l x,— 1,
or
Oy X=X i Vg, X=X S @)X, — 21, ||

by [(1.3). Hence A is w-quasi-dissipative.
Let [x,y]= A, ueD(A) and 2>0. Then we have immediately by (iii)

2—Aw)|x—ul| < ||[x—u—2Ay||+lu—x[+2|v]
or
(1—Aw)|x—u| < lx—u—2y|+Alv| for ve Au.

Since v is arbitrary in Au, we have (iv). Q.E.D.

The following example is due to Miyadera.

ExaMpPLE 1.1. Let X=R? with the maximum norm. Let x;,=(1,1) and
x%,=(0,0). We set D(A)={x, 1}, Ax,={(a, B); a<0 or =0} and Ax,=
{(a, B); a=0 or B=0}. Then A is quasi-dissipative in X but A is not w-
dissipative in X for any real w. In addition, R(I—21A4) D D(A) for any 2>0.
(See also Remark 5.2.)

REMARK 1.1. The inequality (ii) is suggested by Takahashi [16]. Crandall
and Evans [6] also proves the inequality (ii) for the case A is dissipative.
The assertion (iii) = (i) was pointed out by Prof. I. Miyadera.

§2. Convergence of differences approximation.

In this section we treat the convergence of difference approximation of the
Cauchy problem for the evolution equation (DE) and introduce a notion of
DS-limit solution of the Cauchy problem. At the same time, the uniqueness
of DS-limit solutions will be established. We also give some fundamental pro-
perties of DS-limit solutions, which are immediately derived from the conver-
gence theorem.

Let w be a real number and A be an w-quasi-dissipative operator in X.
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Let T>0 be fixed. We consider the following Cauchy problem, formulated for
A on a finite interval [0, T]:

d/dtyut)e Aut), te(0,T),
(CP) [

u(()) — xO y
where x,=X is given. We shall denote by (CP; x,) the Cauchy problem (CP)
with the initial condition u(0)= x,.
Let u,(t) be a sequence of X-valued simple functions on [0, T] defined by
x? for t=0,

(2.1 un(t):{
X? for tE(t?_l, tf]f\(O, T]y 1:17 2,“' 1Nn7

and n=1, where {{7} represents the partition 4,={0=1} <2< --+ <t%,,<T
=<t%,} of the interval [0, T] satisfying the condition:

(2.2) |4, = max (tr—t2)—0 as n—oco,
1=i=N,

DEFINITION 2.1. Let x,=X. We say that the sequence u,(?) is a (back-
ward) DS-approximate solution of (CP; x,) if it satisfies

XT—X7 | = ;
= et e Ax?, 1=1,2,, Ny nz1
2.3) it
xsl —> X, as n—co,
and also
Nn
(2.4) en= 2 Il (1) =0 as n—oo.

We call ¢, as the error bounds of the DS-approximate solution u,(?).

The following is the main result of this paper and will be proved below
in this section.

THEOREM 2.1. Let x,& D(A) and u,(t) be a DS-approximate solution of
(CP; x5) on [0,T]). Then there exists a continuous function u(t) on [0,T]
satisfying the following:

(1) u(t) = 71}}5 u,(t)  for t<[0,T]
and the convergence is uniform on [0, T];
(ii) u)e D(A)  for te[0,T] and u(0)==x,;
(iii) for any DS-approximate solution @,(t) of (CP; x,) on [0, T],

u(t) = lim @,(t) for te[0,T].
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REMARK 2.1. Takahashi showed in and the convergence (i) under
an additional condition :

(S) lua()—un(s)| < p(lt—s[)+0,, for f,s€[0,T]and nz1,

where p(r) is a bounded, nondecreasing function on [0, 7] such that p(r)—0
as r—+0 and 0, is a sequence of nonnegative numbers, converging to 0 as
n—oco, Therefore, our result is an extension of his result, although the con-
dition (S) is necessary for our convergence (i) to hold. See Remark after
Theorem I in [17].

REMARK 2.2. After the preparation of this manuscript, Prof. M. Crandall
informed me that Crandall and Evans [6] proved by an entirely
different method, which is interesting in itself. They treat a more general evolu-

tion equation
(d/dt)u(t) € Au(t)+f (1), for t=(0,T),

where fe L'(0, T; X) is given. Our method is also applicable to this case if
A is w-dissipative.

By virtue of [Theorem 2.1, we define the following.

DEFINITION 2.2. Let u(f) be a continuous function on [0, T] and x,& D(A).
We say that u(t) is a (backward) DS-limit solution of (CP; x,) on [0, 7] if
there exists a (backward) DS-approximate solution u,(t) of (CP; x,) on [0, T]
such that u,(¢) converges to u(?), uniformly on [0, T].

The proof of Theorem 2.1 is based on the following lemma. We set w,=
max (w, 0) in this section.

LEMMA 2.1. Let u,(t) and @,(t) be two DS-approximate solutions of the
Cauchy problem (CP) on [0, T]). Then we have

(2.5) [x7 =27 < exp Qo (t7+EM)-Llxt—ull+ 25 —ul
A —E2 A | Ay |17+ | A | E7H2 | Aull+-6 80T,

for ueD(A), 0<i<N, and 0<j<N, with |d,|w, |dn|w,<1/2. Here the
notations with the symbol “~” correspond to the solution @,(t).
We prove by the method of Crandall and Liggett [7], modified

by Rasmussen [15]. (See also Yosida [21].)

We start with

LEMMA 2.2. Let 2 and p be positive numbers such that Aw,, pw,<1. Then
we have the following:

(2.6) Al—pwo)+ p(1—2Aw,) < A+ p—Apw, ,
(2.7) (A+ (A1 = po)* + p(1—2Aw,)") < (A4 p—Apw,)* .
PROOF. The inequality is evident. To prove [2.7), we note that
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At+p—Apw, >0, and 1=1—Aw,, 1—pw,>0. Therefore we have
{AA— pwo)*+ (1 —2w)*} /(A+ p—Apwy)
< (21— prog)+ p(l— A0p)} /(A p—Apy)
=1—Apw,/(A+p—Apw,) .
Since Apw,/(A+p—Apw,) = Apw,/(2+ 1), we have
(A1~ g0+ (1= 200"} [t p— 2pp0,)

S 1—2pwo/(A+ ) = A+ p—2pwy) /(A4 1) .

Hence we have [(2.7). Q.E.D.
PrOOF OF LEMMA 2.1. For simplicity, we omit the indices » and m, so

that we write x;=x7, £;=27, N=N,, N= Nm, etc. Also we set h;=1t;—1;-,
and ﬁj:fj—fj_l for 1<i<N and 1<j<N. Furthermore, we define a;,; and
71,5 by
i j ~
ai,]-z ”xl-".ﬂ?J“ and Ti’j:lel;];_(l—thk>.kE (l—wohk)

for 0<i<N and 0<j<AN, where kﬁl (l—w.hy) =1 and i[l (l—why) =1.
Let u= D(A) and assume |4|w,, |4d|w,<1/2. We then show that

@8 FasasS lr—ul IRl (| ALt | 12} Aul
+ B leallhat £ el

for 0<i<N and 0=<j<N. Apparently implies [2.5), since we have

7 j A
2 ||5k”hk§5, 2 “ék“hkéé
k=1 k=1

and
7i,; =€xp (Zwo(ti"i_fj))

for 0=i<Nand 05 N. Here we have used the following inequality :

(2.9) (1—t)"'<exp (2t) for te[0,1/2].
We prove by induction on (i, ). We first show a,, satisfies for
0<i<N. In fact, by and (iv) of Lemma 1.1, we have

(I=oh)|xe—ull < 1—ohyllx,—ul
= e u—(xp—xpo1—haep) [ 3-hell Aull

< g —ull +Rgllesll -+ Al Aull
or
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xe—ull = (A—wohp) (I xp-1—ull 4Ryl +Rell Aull)
for 1<k<N. Therefore, we have inductively

Il = JT (1= 00, (ol + AU+ 33 el )

and hence we have

Qo= [0, — ]l -+ [l —Zol
< I (1= ogh) (ly—ul + lro— -+t Aull+ 3 leul)

for 0<i<N. Hence a;, satisfies if 0<i<N. Similarly, we see that a,;
satisfies if 0<j< N

Now let i and j be integers such that 1<i<N and 1<j< N and assume
that a;;,; and a;,;-, satisfy [2.8) We then show that a,; satisfies [2.8). In
fact, by and (ii) of Cemma 1.1, we have

(hi+hj—wohihy)a, ; < (hi+h—whhy)a ;
< Ajllei— 2= (=i — hie) |+ Rill &y — xi— (8= 51— hs85)|
< hsaios, it st (ledll 181D - Ay
Hence by the hypothesis of induction, we have
(hithy—wohihy)ys,s0:,;
< A (L= @ohe)T in1,i81-1,5F hi(l— @R )14, 5184, 5-1
7 el H18;1)hih;
(2.10) < (h;(1—wohi)+hi(1— woh ) ([l t— 1| + | £o—ul])
+LA (L= @k )ty —E )+ | Aty | 41}
Fh(l— 0 ) (ti— )™+ | A1t | 12,720 | Aul]

A 1=k )(E ledlit 2 16142

+h(l=0oh ) E leal it 316

(A EN R e

We denote by I, the g-th term (¢=1, 2, 3) of the right side of the inequality
(2.10). Then by in we have

(2.11) L < (hyt-hy—wohsh ) (| xo—ul + | 2o—ull) .

On I,, using Cauchy-Schwarz’s inequality, we have
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L= (A= woh )+ hil—woh Y2 {h (=2 | A1ty | 41E)
+hi((t—F5o )P | ALt | 1452 ) Y2 || Aul)
< {(h(1—woh)* +hi(1—awoh )"}/ R 4Ry} e
A=) 1 At A1y Aull,
where we used the following fact:
Ay((boa—E ) | AVt 1 D) ha((t—F,_ )2+ | A 8+ 1 41 520)
= h(t;—t,) =2k (ti— 1)+ R+ Aty | 412))
+hy((ti—E ) 2k (t—E )+ A\t +-h 21 4)E,)
< (hith (=12 1 A+ 1 412 ;

note that h;<|4| and A;<|4|. Therefore, by in we have
(2.12) L < (hi+hy—wghh ){(t—E)2 1 A1+ 1,32 | Al

To estimate I;, we note that 7;,; < (1—wyh;), (l—woﬁj). Then we have

(2.13) L=< (ﬁj(l_wohi>+h£<1”—wo}€j))(ké leellhrt élllékllﬁk)

< (hethy—awohsh S leallhat £ 1ewlhn),

where we used again.
Combining (2.10)-(2.13), we see that a,; satisfies [2.8) Hence we have
completed the induction and holds. Q.E.D.
REMARK 2.3. Let A be an w-dissipative operator in X such that R(J—1A4)
DD(A) for 0<A1<2,. Then the estimate gives

[(T=24) % —(I—pA) x|
< exp Qoy(mA+ng){(mA—np)+m+np} e || Ax)

for x€ D(A) and 2, ¢>0 such that Aw,, pw,=1/2. This estimate is similar to
but different from that of Crandall and Liggett [7]. Also, the inequality
(or itself is sharper than that of Rasmussen [15].

PROOF OF THEOREM 2.1. Let u,(t) be a DS-approximate solution of (CP; x,)

with x,&D(A). Let {u,} CD(A) be a sequence such that u,—x, as p— oo,
Then by Lemma 2.1, we have

(2.14) lx2—x7] < exp (2wo(t7+17)) - Llxf—upll+ 1128 —uy|
H{@F =t [ Al 17+ | A 17} | Aupll+entend
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for 0<i1<N,, 0<Z;<N,, p=1 and n, m=1 such that wy|4,|, w,|4,|<1/2.
Letting n, m—oo with 7, t7—t¢ in [2.14), we have

lim sup [x7—x7) =2 exp (dwot)llxo—u,l for p=1.

n M
2,17

—t

Since u,—x, as p—oo, we see that there exists
u(t)=1lim x? as ir'—t, n—oo,

=lim u,(t)

n—oo

for t=[0, T]. Apparently shows that the convergence is uniform for
te[0, T]. Furthermore, letting 7 —t, t*—s, n, m—oco in [2.14), we have

(2.15) lu(t)—u(s)|| < exp (2wy(t+5))- 2l xo—upl+11—s| - [[Au,ll)

for t,s€[0,T] and p=1. This shows that u(#) is continuous on [0, T]. Thus,
the assertion (i) has been proved.

The property (ii) is evident. For the proof of (iii), let #,(f) be a DS-
approximate solution of (CP; £,) with £,& D(A). Then the assertion (i) implies
that there exists

a(t) :}ninlﬁ’"(t) for t<[0,T].

Then by in Lemma 2.1, we have
lu(®)—a()]| < exp (dwot) - ([l x0— || + | £o—u,[l)
for te[0,T] and p=1. Letting p—oo, we have
(2.16) lu(t)—a(t)|| < exp (dwot)- [x,—%,[l  for te[0,T].

In particular, when %,=x, we have (iii). Q.E.D.

REMARK 2.4. Let u(#) be a DS-limit solution of (CP; x,) on [0, T] and let
A be a maximal (**) extension of A. Then the argument in the proof of
shows that the inequality remains true even if A is replaced
by A. Therefore, similarly to [2.15), we have

le(t) —u(s)]| = exp Cag(t+5))- 2llxg—upli+ [t —s] - llAul)

for t,s€[0, T], where {u,} CD(A) is a sequence such that u,—x, as p—oco.
Suppose that x,ED.(A). Then we can take {u,} so that |u,l| <|Ax,|+1/p.
Letting p—co, we have

(2.17) lu(®)—u(s)l| = exp Rw(t+5))- [t—s] | Ax|

for f, se[0, T]. That is, u(?) is Lipschitz continuous on [0, T] if x,€Dg(A).
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In the remainder of this section, we give some fundamental properties of
DS-limit solutions.

PrOPOSITION 2.1. The DS-limit solution is uniquely determined by the
wnitial condition.

PrOOF. It is a direct consequence of (iii) of [Theorem 2.1l Q.E.D.

PROPOSITION 2.2. Let u(t) be a DS-limit solution of (CP)on [0,T]. Let
T,=0,T). Then we have

(i) the function v(t)=u(t) defined on [0,T,] is a DS-limit solution of
(CP; u(0)) on [0, ToJ;

(ii) the function v(t)=u(+T,) defined on [0, T—T,] is a DS-limit solution
of (CP; u(Ty) on [0, T—T,].

Proor. Let u,(t) be a DS-approximate solution of (CP; u(0)) on [0, T J.
Then apparently, v,(8)=u,(?) defined on [0, T,] is a DS-approximate solution
of (CP; u(0)) on [0, T,]. Since u,(t) converges to u(f) as n—oo, (i) is evident.
Furthermore, v,(t) =u,(t+7T,) defined on [0, T—T,] is a DS-approximate solu-
tion of (CP;u(T,) on [0, T—T,], since v,(t)=u,(T,) converges to u(T,) as
n—oo, Hence (ii) is also evident. Q.E.D.

PROPOSITION 2.3. Let u™(t) be a sequence of DS-limit solutions of (CP; x;)
on [0, T). Suppose that {x,} ©D(A) converges to x,. Then there exists a DS-
limit solution u(t) of (CP; x,) on [0, T] such that u®(t) converges to u(t), uni-
formly on [0, T] as [—co.

PrOOF. By [2.16), we have

() —u™ (@B < exp (dwot) [ x;— Xn|

for t€[0,T] and [, m=1. Therefore u‘’(t) converges to a continuous function
u(t) on [0, T] as [— oo, uniformly for {=[0, T]. Let u®(¢) be a DS-approximate
solution of (CP; x;) and let ¢ be the error bound of u®(¢). For each I, u®(t)
converges to u®(t) as n— oo, uniformly on [0, 7] and ¢’ —0 as n—oco. Hence
there exists a subsequence {n(l)} of {n} such that u®,(?) converges to u(f) as
l—oco and ul,(t) is a DS-approximate solution. Therefore u(f) becomes a DS-
limit solution of (CP; x,). Q.E.D.

§ 3. Abstract Cauchy problems.

In this section, we investigate some basic properties of DS-limit solutions
of the Cauchy problem for (DE).

Let w be a real number and let A be an w-quasi-dissipative operator in X.
Let T >0 be fixed.

Following Brezis and Pazy [5], we define the strong solution.

DeFINITION 3.1. Let x,€X. An X-.valued function u(f) on [0, T] is said
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to be a strong solution of (CP; x,) on [0, T] if it satisfies
(i) wW0)=x;
(ii) u(f) is Lipschitz continuous on [0, T'1;
(iil) u(?) is differentiable for a.a. t=(0, T) and

(d/dt)u(t) € Au(t), for a.a. t(0,T).

The following theorem is essentially due to Kenmochi and Oharu [9] and
we omit the proof.

THEOREM 3.1. A strong solution of (CP) on [0,T] is a DS-limit solution
of (CP) on [0, T1].

By [Proposition 2.1] and [Theorem 3.1, we have the following.

PROPOSITION 3.1. There exists at most one strong solution of the Cauchy
problem (CP; x,) with x,= X.

REMARK 3.1. We can prove [Proposition 3.1 directly, using the Lemma 3.1
given later. See [Proposition 2.2 in [16], where the case @ =0 is treated.

As Bénilan [2], we define the following.

DEFINITION 3.2. Let x,€X. An X-valued continuous function u(¢) on [0, 7]
is said to be an integral solution of type @ of (CP; x,) on [0, T] if it satisfies
the followings :

(1) u0)=x;

(i) for every s, t<[0, T] such that s<t¢ and [x, y]€ A4,

(3.1) e u(®)—x)*—e ™ u(s)—x|*

<2 e ¢y, u(x)—xdde .

Then we have

THEOREM 3.2. Let x,eD(A). A DS-limit solution of (CP; x,) is the unique
integral solution of (CP; x,).

We first prove the following proposition, which gives a characterization
of the integral solutions of type .

PROPOSITION 3.2. Let u(t) be a continuous function on [0, T] with u(0)=
xo€X. Then u(t) is an integral solution of type w of (CP; x,) if and only if
it satisfies

(32 ()=l () =1 = 20 | u(e)—xl"dz

+2[ <, um—xrdz,

for s,t<[0, T] such that s<t and [x,y]e A.
PrOOF. We may assume w#0. Let[x, ¥]= A be fixed. Suppose that u(t)
is an integral solution of type w of (CP; x,). We first assume w>0. Then by
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(3.1), we have

(33) e u(t)— x| = u(s)— xS 2 DLy, u(r)—xy,de
$
for s<t. Integrating with respect to s from s to f, we have
t t
[ erea-odguty—x 12— u(o)—x|*do

< thj‘ te““"”"”(y, u(t)—x>dodr

=2 [ er-0do(y, u(c)—x)de

for s<t¢. Hence we have

(20) (1—e"¢) |u(t)—x |*— [ "Ju(o)—2Ido

=2 (20) (1= D), u(r)—xy.de
or .
2} e 29y, u(r)—x)dr

(34 <20 Ju(o)—xll"do+2f ¢y, u(x)—x>dr

F(e7* P =D Ju(t)—x||?

for s<t. Combining with [3.3), we have [3.2). Next, we assume o <0.
Then by [3.1), we have

(3.5) lu(t) — x| — >~ u(s) — x||*
< 20 [ @y, u(z)—x)de
for s<t. Integrating with respect to ¢ from s to ¢, we have
§ 1) =xlrdo [ "o ndolue)—x1?
<2f :js"ew-% y, W(z)—x>,drdo
=2 t { :e2w<a—f>da< 9, u(e)— xDode
for s<?{ Hence, in the same way as above, we have
(3.6) 2f :ez‘”(“”(y, W(T)— x>, dz
<20 j:nu(o)—x I*do+2{ <3, u(e)—xr.d

F(A—e* ) lu(s)—x||?
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for s<f. Combining this with [3.5), we have [3.2).

Conversely, suppose that u(t) satisfies for s<t. Then we have
(3.7 e ! lu(t)—x[*—e ** u(s)—x|*

= 20e ! Ju(e)—xlPde 4207 <, u(e)—xd,de

or

t
(3.8) (d/dty(e | u(e)—x|*dr ) —e* fu(s)—x|*
t
<207 [ (9, u(e)—x).de
for s<t. Integrating with respect to ¢ from s to ¢, we have
t t
(3.9) e-wj lu(z)—x|?dz— j e~ dg||u(s)—x|®

< Zth:e‘z”’”@, u(z)—xy,drdo

=2 ‘ f :e’z“"’da<y, w(t)—x>dr

for s<t. Combining with [3.7), we have [(3.1). Q.E.D.

PROOF OF THEOREM 3.2. We follow the argument of Bénilan [2] (See
also Kenmochi and Oharu [9] and Takahashi [17]) Let u(¢) be a DS-limit
solution of (CP; x,) on [0,T]. Let u,(f) be a DS-approximate solution of
(CP; x) on [0,T], defined by [2.1). We set hj=tf—tr_, for k=1,2,--, N,.
We first show that () is an integral solution of type @ of (CP;x,). Let
[x,y]eA. Since A is w-quasi-dissipative, we have by [(2.3),

L) (xF—x%-0)—ek, 2k —x0;+ Y, x—xD; S ol xf—x|?
for k=1,2,---, N,. Noting that
() Hag—x-), xi— 20 = @RI xf—x 1P = xf—x ),
we have
I —xlP—llxs—xll* = 2RY(@ 23— 21+ <y, xF—x)>s+ k] - lxF—x)

for k=1, 2, .-, N,. Adding these inequalities for k=j+1, j+2, -, 1, (i>]),
we have
[xf—xl*—lx%3 —x]?

<2 3 Bw]ap—x*+<y, 15— x>et ] g —x])

k=j+1

for 0=7<i<N,. Letting t}—t¢, t?—s and n—oco, we have
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()= x| ue)— 2l < 2 (@lu(e)— 2"+, u(e)—xd)de

for s, t€[0, T] such that s=<?. Hence, by [Proposition 3.2, u(t) is an integral
solution of type @w of (CP; x,).

Let v(f) be an integral solution of type w of (CP). Let a, 8<[0, T] such
that « <B. Then by and [3.2), we have

lv(B)—x%I*—llv(a)—x|?

ﬁ ]
<2 f al]v(a)—xZI|2d0+2j;<(h2)_1(x2—xZ—l)—S"k, v(0)—x3),do

for k=1, 2, ---, N,. Noting that
(hE) H(xF—x%-0), v(0)—x%ps = 2hE) " ([v(0) — x3-lI*—llv(e) —x%1%),

we have
RE(lv(B)—x%12—llv(a)—x£|®)

=20 o) —xtl*do-+ | Uo(o)—x11*—o(0)— x1]do

B
+2letl g lo(o)—x3ldo

for k=1,2, -+, N,. Adding these inequalities for k=j+1, j+2, -+, i, (i>}), we
have

33 A =il — o) — 531

i 8
<20 3 mf lu(o)—x%|*do
k=j+1 «

+[ Qoo —xy 1= oo} —xt1Ddo+2, % etlhf Io(o)—x1do
for 0=j<i<N,. Letting t7—1, t7—s and n— o0, we have
(310) [ Q@ —u@ =@ —u@)de

<20 [ Alo(0)—u(0)|Pdodz

+{ @)~ ()= lo(o)—u(t) o
for s, t[0, T] such that s<t. Hence, by the following Lemma 3.1, we have
(311) e u(®) =Dl < e u(s) v

for s,t=[0,T] such that s<tf. In particular, we see that u(f) is the unique
integral solution of type @ of (CP; x,) on [0, T]. Q.E.D.
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LEMMA 3.1. Let u(t) and v(t) be X-valued continuous functions on [0, T]
satisfying the inequality (3.10) for every s, t, @ and B<[0,T] such that s=<t
and a<B. Then they satisfy the inequality (3.11) for every s, t [0, T] such
that s<t.

is essentially due to Bénilan [2]. For the proof, see the proof
of Theorem 4.4 in [9] We have immediately

COROLLARY 3.1. Let u(t) and 4(t) be two DS-limit solutions of (CP) on
[0, T]. Then we have

(3.12) e lu(t)—a)| < e llu(s)—a(s)||

Jor s,te[0, T] such that s<t.

REMARK 3.2. Let u(t) be a DS-limit solution of (CP) on [0, 7] and let A
be a maximal (**) extension of A. Then the proof of [Theorem 3.2 shows that
u(t) satisfies the inequalities and for [x, y1eA and s, t€[0, T] such
that s<1.

REMARK 3.3. The proof of [Theorem 3.2 shows also that DS-limit solutions
are “bonne solutions” in the sense of Bénilan [2].

Let u(f) be a X-valued strongly continuous function on [0, T]. Then we
define

Dru(t)= Qom"(x*"x'){h‘l(u(t—{—h)——u(t)); 0<h<e},

for te[0, T), where the symbol conv’*™%*"” denotes the closed convex hull in
the weak* topology of X**. It is clear that if lir,E,ifﬁf A7 u(t+h)—u(t)|| < +oo,
then D*u(t) + 0.

The following is proved in [16] for the case w=0. Thus we omit the
proof. (See Proposition 2.5 in [16].)

PROPOSITION 3.3. Let A be a maximal (**) extension of A. Let u(t) be
an X-valued continuous function on [0, T] satisfying the inequalities (3.1) or
(3.2) for every [x,y]e A and s,t<[0,T] such that s<t. Suppose that u(t)e
D(A) for te[0,T]. Let t,=[0,T). Then the following properties are equi-
valent:

@) wt)eD(A);

(ii) lim sup R lu(ty+h) —u(ty)ll < +o0;

(iii) Dru(t,) +0.

In these cases, we have also gi;?oh“1lu(t0+h)—u(t0)ll:Hldu(to)lll and D*u(t,) C
Au(ty).

On the Lipschitz continuity of DS-limit solutions, we have the following.

THEOREM 3.3. Let A be a maximal (**) extension of A. Let u(t) be a DS-
limit solution of (CP; x,) on [0, T] with x,& D(A). Then u(t) is Lipschitz con-
tinuous on [0, T] if and only if xo€ Do(A). In this case we have also u(t)
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D(A) for te[0, T), u(T)eDo(A) and
(313) Jut+ R —u@) < | An| e[ er=0dz

for t,t+he[0, T] with h=0.

PrOOF. By Remark 3.2 and Proposition 3.3, if u(¢) is Lipschitz continuous,
then u(t)eD(A) for t<[0,T) and hence u(0)=x,€ Dy(A). Furthermore, we
have by [Corollary 3.1
(3.14) e~ lu(t+h)—u@)| = u(h)—u0)|

for =0 and t<[0, T ] such that t+h<[0, T]. Hence we have by [Proposition 3.3,

el AuDll = llAxll  for t<[0,T).

Hence u(T) < Dy (A).
Conversely, suppose that x, € D.(.4). Then there exists a sequence [x,, ¥,

e A such that x,—x, as n—co with |y, <|Ax,|+(1/n). Therefore we have
by Remark 3.2,

e ()= P [u(0)— 5P S 2 €3y, ()= 22Dz

t
< 2 Axo| + (/) e ue) —xalld
for t=[0, T]. Letting n—oo, we have

e u(t)— x| = | Axo | e (@)=l de

for t[0, T]. Therefore, by a standard argument (see Lemma A.5 in Brezis
[4]), we have

e Hu(t)—xl =] Ax| | erdz  for te[0,T1.

Combining this inequality with (3.14), we have (3.13). Hence u(?) is Lipschitz
continuous on [0, TJ]. (See also Remark 2.4.) Q.E.D.

§4. Nonlinear semigroups.

In this section we review the results obtained so far from the view point
of the theory of nonlinear semigroups.

Let A be an w-quasi-dissipative operator in X. We denote by (CP). the
Cauchy problem formulated for A on [0, ©). We say that an X-valued con-
tinuous function on [0, c0) is a (backward) DS-limit solution of (CP). if u(f)
restricted on any finite interval [0, T ] is a DS-limit solution of (CP) on [0, T].

DEFINITION 4.1. Let A be an w-quasi-dissipative operator in X. Then we
say that A has property (@) if for any x=D(A) there exists a DS-limit solu-
tion of (CP). with the initial value x.
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THEOREM 4.1. Let A be an w-quasi-dissipative operator in X. Let D be a
subset of D(A) such that D= D(A). If for each x€D and T>0, there exists a
DS-approximate solution of (CP; x) on [0, T, then A has property (D).

PEoOF. Let x& D(A) and T>0. Let {x;}JCD be a sequence such that
x,—x as [—oo, By assumption and [Theorem 2.1, there exists a DS-limit solu-
tion u(t) of (CP; x,) on [0, T] for each [. Hence by [Proposition 2.3, there
exists a DS-limit solution of (CP; x) on [0, T].

Let x€D(A) and T,, be a sequence of positive numbers such that T, 1 oo
as m—oo, Then for each m, there exists a DS-limit solution u™(¢) of (CP; x)
on [0, T,]. Then we have by [Proposition 2.1 and 2.2,

u™(t) = u™(t) for t€[0,T,] and m<n.
Therefore we define a continuous function u(t) on [0, c0) by

u(z‘):u(""(t) for te [0, Tm:] and m:l’ 2, e,

By [Proposition 2.2, u(f) is a DS-limit solution of (CP). with the initial value x.
Q.E.D.

THEOREM 4.2. Let A be an w-quasi-dissipative operator in X, having pro-
perty (D). Then there exists a unique semigroup {T(t);t=0} of type w on
D(A) such that for each x< D(A), u(t)=T(¢)x is the unique DS-limit solution
of (CP)w with the initial value x.

PrROOF. For each xeD(A), let u(t, x) be a DS-limit solution of (CP). with
the initial value x. Then, by [Proposition 2.1, we can define a family of operators,
T(t) for t>0, from D(A) into itself by setting T()x=u(t, x) for x= D(A) and
t>0, Then we have by [Corollary 3.

ITOx—=TH)y| < e”llx—y]  for x,y< D(A) and t>0.

To prove the semigroup property of {T(¢);t=0}, let xD(A) and t, s=0.
Then by Proposition 2.2, the function u(f)=T(t+s)x=u(t+s, x) is a DS-limit
solution of (CP). with the initial value u(0)=u(s, x). Therefore, by [Proposition]
2.1, we have u(t)=u(t, u(s, x))=T({)T(s)x. Hence T(t+s)=T()T(s). Q.E.D.

By we have immediately the following.

PROPOSITION 4.1. Let A be an w-quasi-dissipative operator in X, having
property (D) and let A be a maximal (**) extension of A. Then, for the semi-
group {T(t); t>0} obtained in Theorem 4.2, we have the following:

(i) Put

D={xeD(A); T()x is Lipschitz continuous

on any bounded interval of [0, o)} .
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Then ﬁ:D(J):Da(J) and hence, each T(t) maps D(A) into itself.
(i) If D*T(tyx+0 for xe D(A) and t,=0, then T(t)x € D(A) and D¥T(t)x
C AT (ty)x.

§5. Existence of DS-approximate solutions.

In this section, we give a sufficient condition for an w-quasi-dissipative
operator to have property (9).

Let A be an w-quasi-dissipative operator in X, where w is a real number.
We consider the following condition on A:

(R,) li5m+inf 0 'd(R(I—0A), x)=0 for any x< D(A),
—~+0

where d(C, x)=inf {|lx—y]; y=C} for x€ X and CC X.

Then we have

THEOREM 5.1. Let A be an w-quasi-dissipative operator in X, satisfying
condition (R,). Then A has property (D).

Hence A satisfying condition (R,) generates a semigroup of type @ on D(A),
in the sense of

REMARK 5.1. Yorke announces in [20] that he has obtained a similar result.

For the proof of [Theorem 5.1, we start with

LEMMA 5.1. Let A be an w-quasi-dissipative operator in X, satisfying
condition (R,). Let xo= D(A) and ¢>>0. Then there exist a sequence [x;, ¥,1€ A,
k=1,2, --- and a sequence {t,}3-, of positive numbers such that they salisfy the
following:

1) 0=t <t < <t, <+ and ty—co as k—oo;

(i) t,—t,.1=<e¢ for k=1,2,-;

(i)  xe—Xps— (Gt )Vl = (Ee—tp_r)e for k=1, 2, ---.

PrROOF. We set w,=max (w, 0). We may assume ¢ to be so small that
2w,e < 1. Then for each xeD(A), we define 6(x) as the supremum of & with
the following properties:

(5.1) 0<d=e;
and
(5.2) there exists [x; v5]< A such that

[ x5—x—0y5| < de .

Then by condition (R,), d(x) is positive for any x&D(A). Therefore we can
choose inductively [ x;, y,]€ A and h,>0 for k=1, 2, ---, so that they satisfy the
following :

(5.3) (1/2)0(xp-1) S h, <e¢ for k=12, -;
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(5.4) xp—Xp1—he il < hy for k=12, .

k
We define t,= 3 h; for k=1, 2,---. In order to complete the;proof, we want
=1

to show that ¢{,—co as k—oco. For this purpose, we establish the following
estimate :

.5) ;= 1T (l—wphy)™ TT (1—wph,)™
p=it+1 p=k+1

: {(ti—tj)”[Axk[”“{“s(ti_tk)’*'s(fj_tk)}

for every i=j=k=1, where we set a; ;= [x;—x,l.
To prove the estimate [5.5), let #=1 be fixed and define

riy= T (l—wohy)- II (I—wph,) for i=j=k.
p=k+1 p=k+1

Also we recall the proof of Lemma 2.1. We have by (iv) of and
(5.4),

(A—woh) || x;—x, [ < llxi—x,— Ry ll+ Al Axl

< X —xull 4 hae Al Azl
or

i = (I—wohy) (@1 0+ hie+ | Axill)
for :t= k. Therefore, inductively, we have
Ti,kai,k§(ti—“tk)]”Axk[”+5(ti—tk)

for 1= k. Hence a,, satisfies for t=k. Furthermore, a;,; apparently
satisfies [(5.5) if i=.

Now let us assume that a;_,; and a;,;-, satisfy with i >j>%k. Then
by (ii) of and (5.4), we have

(Rt hy—@ohsh;)as,; < byl xi—x3— oyl il 2y—xi— b,
< hjaoy,;+hiag, -t 2ehih; .
Hence we have by the assumptions,
(5.6) (hith—wohih )y, ;0,5
S [h(I=wohy)(tio1— 1)+ hi(1—woh )t —1;-1) - [| Az,
+Lh(I—woh)(e(tio— 1) +e(t;—1,)
+hi(l—woh;)(e(t;—1t,)+e(t;o,— 1)+ 2ey:,;h:h5] .

We denote by I, (¢=1, 2) the ¢-th term of the right side of the inequality
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(5.6). Then we have

(.7) Li=[(hj(1—@oh)+h(1—woh))(t;— 1)+ hihjoo(hs—h)]- || Azl
=[ (At hy—@ohsh)(ti—t,)+hihswo(hy— ) — hihjoo(ti—t;)]- 1 Ax)
= (hithj—oohihy)(t—t,)- 1Az,

where we used the fact that ¢,—¢;=h,—h;+(t,_,—t;y) = h;—h;. Since 7,;<
(1—w,hy), (1—wyh;), we have

Izéhj(]._wohi)(e(ti_]_tk>+5<t]"—tk)>
+hi(l—woh;)(e(t;—t)+e(t;-,—1,)
+hih(e(l—wohy)+e(1—wyh;))

= (h(1—=wohy)+hi(1—woh;))(e(ti—t,)+e(t;— 1) .
Therefore, we have by [2.6) in [Lemma 2.2,
(5.8) L= (hithy—wohih,)e(ti—t)+e(t;— 1)) .

Combining (5.6)-(5.8), we see that a;,; satisfies [5.5). Hence by induction, a;,;
satisfies for all i=j=k.
For showing #;— o0 as i— o, we suppose that {;—s,< 4+ as i—oo, Then

we have by [5.5),

lim sup [x;—x;{| = 2 exp (4oy(so—12)) - e(So—14)
1,]J—0

for k=1, where we used the inequality [2.9). Since t;—s, as i—¢o, we see
that {x;}72,C D(A) is a Cauchy sequence in X. Hence there exists u, < D(A)
such that x;—u, as i—oco, Then by condition (R;), there exist a positive
number 0 and [us vs]€ A such that 6 <e and

(5.9) s —uo—0vs| < de/2.

Since h; (and hence 0(x;)) converges to 0 as i—oo, there is an i, such that
0(x;) <0 for all i=17,. Then by definition of d(x;), we have

lusg—x;—ovs|| >eo for 1=1,.
Letting 1— o0, we have

us—us—ovsl =ed,

which is contrary to [5.9). Hence t;—occ as i—oco. Q.E.D.

PrROOF OF THEOREM 5.1. Let x,&€ D(A) and T>0. Let ¢,)0 as n—oo,
Then by [Lemma 5.1, there exist [x% 1€ A and >0 for £=1,2,---, N,
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such that
1) 0=t3<tr< e <t <T <Y, n=1;
(i) max ((7—1t7)<ey n=1;
15i<Np

(ili) le?_x?—l—(t?_t:l—l)y?|l §8n<tzl—t?—l)y 1‘:1y 27 Tty Nn9 ngl ’
where x} =x,. We define u,(t) by
Xo for =0,
Uy(t) =
x? fOI' te (t%l—l) t?)/\(O, T]r i:]_’ 2y Tty "\’Tn .
Then u,(f) is a DS-approximate solution of (CP; x,) on [0, 7. Hence, by
fTheorem 4.1, A has property (D). Q.E.D.
REMARK 5.2. Let A be an w-quasi-dissipative operator satisfying the fol-
lowing condition (see Crandall and Liggett [7)):

(R,) R(I-2A)DD(A)  for 0<A<2,.

Then apparently A satisfies condition (R,).

REMARK 5.3. Let A be an w-quasi-dissipative operator. Suppose that D(A)
is closed and A is continuous on D{A). Then condition (K,) is equivalent to
the following condition :

©) lim inf 3'd(D(A), x+84x)=0  for any x<D(A).

-+0

See Martin [12], where A is assumed to be strictly w-dissipative. See also
Takahashi [17].

REMARK 5.4. The following example due to Martin shows that con-
dition (R,) does not imply condition (R,) in general. Let X=R? with the
Euclidean norm. Let D(A)={(x, y); x®*+y*=1} and let A(x,y)=(y, —x) for
each (x, )= D(A). Then A is continuous and dissipative and satisfies condi-
tion (R;) or (C). But R(/—A1A) does not intersect D(A) for any 4>0.

As an application of [Theorem 5.], we give the following.

THEOREM 5.2. Let A be dissipative operator in X. Then the following (i)
and (ii) are equivalent:

(1) A is closed and A—z satisfies condition (R,) for any z€X;

(i) A is m-dissipative.

PROOF. Apparently (i) implies (i). Suppose that A satisfies (i). We first
show that A is maximal dissipative on D(A). For this purpose, let x& D(A)
and ze X satisfy that A\U[x, z] is dissipative in X. Then by the assumption,
there exist [x,, ¥,1€A and d, | 0 such that lim d;'|x,—x—0,(¥,—2z)|=0. Since

n—00

AVJ[x, z] is dissipative, we have
53.[!3’1;'“2]12éamb’n—zuz‘i‘%n@n—zy x_-xn>s

= 102(¥n—2)—(ta—2)|*
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or
[¥n—2] < 07 X —x—0,(yn—2)1 .
Therefore y,—2z as n—co and hence x,—x as n—oo, Since A is closed, we
have [x, z]J A. Hence A is maximal dissipative on D(A).
Let z€ X and B=A—I+z Then B satisfies condition (R,). In fact, let
x€D(B)=D(A). Then by the assumption, there exist [x,, ¥.]=A and 6, ] 0
such that }EE Ollxp—x—0,(y,—x+2)|=0. Take h,=0,/(1—0,) for sufficiently

large n. Then we have
Rl —x =R Y — 20+ 2) || = A | (L Rp) (X — %) — o (Y —x+2)]
:5;1!!xn—x_5n(yn_x+z)” .

Therefore we see that B satisfies condition (K,). Hence, by [Theorem 5.1,
B generates a semigroup {T(f);t=0} on D(A) such that |T(O)x—T®y| =<
e t|x—y| for x, yeD(A) and

(5.10) 1T x—ull?— | x—ull?
< —2Jf:nT(r)x—unzdr+zj:<v—u+z, T(D)x—1),dr

for xeD(A), t>0 and [u, v]€ A, since B is (—1)-dissipative. Since each T(¢);is
a strict contraction on D(A), there is a unique x,&D(A) such that T(t)x,= x,.
Since T(S)x,=TG)THx,=TH)T(s)x, for any s>0, we see that x,=ux, for all
t>0. That is, there exists a unique x,& D(A) such that T(¢)x,=x, for all >0.
Let x=x, in [5.10). Then we have

0= —llx—ull*+{v—utz xy—uy;
é <U—x0+2, x()*—u>s

for any [u, v]Je A. Since A is maximal dissipative on D(A), we have x,&D(A)
and x,—z< Ax,. Thatis ze R([—A). Since z< X is arbitrary, we have R(I—A)
=X. Q.E.D.
THEOREM 3.3. Let A be an m-dissipative operator in X. Let B be a con-
tinuous operator in X such that D(A)C D(B) and A--B is dissipative. Then
A+ B is m-dissipative.
PrOOF. We define the operator J; on D(A) for 0 >0 by setting

Jsx=(I—0A) " (x+6Bx) for x=D(A).
Then we see that J;x—x as 6—+0 for each x& D(A). In fact, we have

I Jox—x| = I(I—0A)(x+0Bx)—(I—0A) " x|+ [ ([—0A4) " x—x|
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< 6| Bx||+ | (J—0A) x—x]| for xe D(A).

Let x= D(A) and xs;=J;x. Then by definition of Jsx, there exists y;& Ax;
such that x;—0y;=x+0Bx. For such [x; ¥5], we have

lim 67*||x;—x—0(y5+Bx)| = lim | Bx,—Bx| =0,
5—+0 0—+0

since B is continuous on D(A). Therefore, A+ B satisfies condition (R.).
Similarly we see that A+ B-z satisfies condition (R,) for any z€ X. Further-
more, A+B is apparently closed in X. Hence, by we see that
A+ B is m-dissipative. Q.E.D.

REMARK 5.5. When B is a continuous dissipative operator defined on X,
B is strictly dissipative and hence A-+B is dissipative. Therefore, [Theoreml
3.3 is an extension of the results of Barbu and Webb [19].

REMARK 5.6. Recently a similar result has been obtained by Pierre
by a quite different method.
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