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§1. Introduction.

The aim of the present paper is to study some detailed properties of
special solutions of the 3-dimensional stationary and nonstationary Navier-
Stokes equations from several points of view. The solution to be considered
in this paper is the classical Couétte flow between two rotating concentric
cylinders.

There are two main reasons why we wish to study this flow. First it is
important to study detailed properties of special solutions of the Navier-Stokes
equations” in special cases in order to guide the mathematical analysis for
the equation in the general formulation. Secondly, the Couétte flow itself has
many properties which are quite interesting mathematically as well as physically.
For example, as the celebrated experiment by G.I. Taylor in 1923 revealed
and as was rigorously proved mathematically by Velte [6]in 1966, the Couétte
flow is not necessarily the unique solution. And moreover, what is more inter-
esting and challenging to mathematicians is the physical fact that in experi-
ments the Couétte flow is actually observed in one case but not in another
case, notwithstanding mathematically it is equally a solution for both cases.
In the latter case flows different from the Couétte flow are observed. Explana-
tions of this phenomenon have been tried by physicists from the standpoint
of the stability theory (See, for example, C.C. Lin [3]). But at the present
state of the mathematical study of the N-S equations where we do not know
whether a unique and global in time regular solution of the 3-dimensional N-S
equation exists or not, the stability theory is confronted with theoretical dif-
ficulties.

In this paper we shall treat some general problems related to the Couétte
flows. First we shall study the problem whether there exists for any given
T (>0) a regular solution in the interval [0, T] of the nonstationary N-S
equation for every initial data given closely to the Couétte flow. After esta-
blishing an affirmative answer to this question, we next prove the differentia-
bility in the sense of Fréchet of the evolution operator of this initial value

(1) For simplicity, we call it an N-S equation.



614 A. TAKESHITA

problem which gives a mathematical foundation to the linear stability theory.
Thirdly, we shall study the eigenvalue problem of the Fréchet derivative
evaluated at the Couétte flow and show that the Couétte flow is unstable for
infinitesimal perturbations under certain circumstances. Finally, we shall
prove that the Couétte flow is an isolated solution under almost all circum-
stances.

The author wishes to express his hearty thanks to Prof. H. Fujita who
showed interests in this work and encouraged him with stimulating conver-
sations.

§2. Formulation of the problem and the results.

We consider the non-stationary and stationary N-S equations in a special
domain G between two concentric cylinders of radii R, and R, (> R,). More
precisely, G is defined by G={x=(x;, x,, x;) € R*; Ri=x{+x}=Rj}. The two
cylinders rotates with constant angular velocities £, and £,; the inner with
2, and the outer with £, counter clockwise.

In G the N-S equation is written for the non-stationary motion as

g—?: Av—V,w—gradgq, t>0, x=G

divv(x)=0, x=G

v(0, x)=a(x)

and the boundary condition of adherence at the boundary
that the fluid on the boundary move with the boundary,

(NSE)

and for the stationary motion as

Av—V,w—grad ¢=0
(SE) divv=0
the boundary condition of adherence at the boundary.

The boundary condition will be made explicit later. In these equations v is
the velocity vector field of the fluid in question and g is a scalar function
which is the pressure in the fluid. The unknowns are v and ¢. V means the
canonical affine connection in R?® and A is the Laplacian. In the sequel to
treat the equations (NSE) and (SE) conveniently, we use two coordinate sys-
tems, the cartesian coordinate system (x,, x,, x;) and the cylindrical coordinate
system (7, ¢, z). In these coordinate systems a vector field v is expressed ; in

3 0
the first, v=(v,, v,, v;)= Zvia_x’ and in the latter, v=(v,, vy v,)=
i=1 1

0

0 Yo aa¢ +v, 57 The well-known Couétte flow is then expressed by

”rar+ 7
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w = (a+%ﬁ)—a‘% and go= T%(aﬁ%)dp where a=(R}Q2,—R:Q,)/(Ri—RY)
and f=RIR}(2,—R,)/(R3—R}). This is a solution of (SE) for all R,, R,, 2,, 2.
We use the letter w to denote the Couétte flow exclusively in this paper. It
is the aim of this paper to study the properties of the Couétte flow and those
of the solutions of the equations (NSE) and (SE) near the Couétte flow. To
that end, we consider a portion G, of G and treat the equations in G,. G is
defined by G,={x=G; 0=x,<h} and the union of the top and the bottom of
G, is denoted 0G,. In G, we consider the following initial value problem and
boundary value problem.

ov

2 =Av—V,v—gradq
divyv=0
(IVP) (0, x)=a(x)
W, 3, =00ty o ), G (i i )= (s, 33 )
v= (a+—%)ai¢ for rl=xitxl=R), i=12,
and
Av—V,v—grad ¢=0
divv=0
<BVP) v(xly xz, O)ZV(XI, x21 h) ’ (xl! xz, )— a (xly x27 h’)
0 )
U:(a-i-%%)—a;— for r=R;, 1=1,2.

In order to treat the problem in a functional analysis setting, we introduce
some function spaces and operators. L?=L*G,) is a Hilbert space of all R®-
valued functions v=(v,(x), v,(x), vs(x)) defined in G, for which the norm

3 1

vl :(j‘a p v%(x)dx)2 is finite. C§,=Co(Gr) is a space of all R*-valued func-
ri=1 —

tions @ =(p,(x), Po(x), ps(x)) such that (i) every component ¢;&C=(G,) (ii)
¢;,=0 near the lateral I'; of G,. Fh—{x xﬁ—x%zR‘f, 1=1,2,0=x,=<h}. (iii)
diV SDZO (IV) So(xly x2, ) ¢<x1, x2’ h); (xlv ny 0)_- a (xl! x2; h) L2_L2¢7(Gh)
is the completion of C{, with respect to the norm of L“'(Gh). By P we denote
the orthogonal projection of L? onto L. For ¢=C¢, we define an operator A
by Ap=—PAp. It is easy to verify that A is a strictly positive symmetric
operator in the Hilbert space L:. The positivity follows from the Poincaré
inequality. We take the Friedrichs extension of A which we denote also by
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the same letter A. Then A is a strictly positive self-adjoint operator with
compact inverse A, For real y we denote A’ the fractional power of A and
by 9D(A7) the domain of definition of A" endowed with its graph norm |¢|,=
lA7¢ll. Transforming the unknowns from (v,¢) to (%, p) by the identities
v=u+t+w, ¢=p+¢,, and making use of the above notations, the equations (IVP)
and (BVP) are transformed (formally) into the following abstract evolution
equations (EE) and operator equation (E) in L2, respectively.

%: — Au—P(T,u+Y yu+,0)
(EE)

u(0)=a
and
(E) Au+P(N u+Vu+V,w)=0,

In (EE) u=u(t) is regarded as an L-valued function defined on {f=0}.
In order to investigate the integrability of the equation (EE), we introduce
the following integral equation (IE),

(IE) u(t) = et a— e 4D P(T etls) - Ttes) 4+ Tucot)ds

where by e ‘4 we denote the semi-group of operators generated by —A. If
we can prove the existence of solution u(f) of (IE) with a certain regularity
property, it is easy to verify that it is a regular solution of (EE). Hence we
shall be engaged exclusively in (IE).

Now we can write the main statements of our theorems which we are
going to prove in this paper. Full statements of these theorems will be given
in later sections.

THEOREM 1 (an existence theorem). (1) For every r>0 there exists T >0
such that there exists uniquely a solution of (IE) on the interval [0, T] for
every ac D(AY?) with | AV al<r.

(2) For every T>0 there exists r>0 such that the statement in (1) holds.

According to [Theorem 1, the evolution operator, S;:a—u(t) (0<t<T) is
well defined in the r-neighbourhood of the origin for T and 7 in (1) or (2).
Then we have

THEOREM 2 (differentiability of the evolution operator). The evolution
operator S,: D(AY?)— D(AY?) is Fréchet differentiable at 0<D(AY?) for any
>0.

THEOREM 3 (eigenvalue problem for the Fréchet derivative of the evolution
operator). For any ow=(w,, w,)€S* (the 1-sphere) such that (Riw,— Riw,)(w,—w,)
>0 there exists p,>0 such that if ~/23+23>p,, then the Fréchet derivative of
the evolution operator S, at O has real positive eigenvalue greater than 1 for
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every t>0,
THEOREM 4. 0 is an isolated solution of (E) in D(AT) with r>% except
for a countable set of values of Q3+ Q3.

§3. Existence theorems.

First we state two lemmas concerning the operators A and e ‘4. For the
statement of Lemma 1, we introduce the operator B defined as follows. The
domain of definition of B is 9D(B)=W¥G,)N\HYG,) where WG,) is a L

Sobolev space of order m, and Hé(Gh):{ue WYGr); ulr,=0, u(xy, x5 0)=

Uz, %o, 1), o, 13, 0)= 9 (3, 7, W)} And for u=9(B), Bu=—Au,
3 3 —

LEMMA 1. For 0<y <1, 9(A")=D(B"YN L% And therefore D(AT)C C(Gp)
for r>—i— and fggllu(x)l S CrlATu| for ue (A7), with some constant Cy>0.

Here, C(G,) is the space of all continuous R®-valued functions defined
on Gh.

We can prove the lemma by the interpolation theory of Lions and a certain
fact concerning 9(A). For details, see H. Fujita and H. Morimoto where
analogous result is proved.

LEMMA 2. For 0<yr<e, |Aret4| <t7,

PROOF. The proof is easy if we use the spectral representation of A and
so we omit the proof.

We note here that by virtue of [Lemma 1|, the nonlinear operator PV,v is
well-defined for every ucs D(A") if r>i, and ve 9(AY*) and we have [PV,
< CyllATu|||AY?*v|.  Actually in the cartesian coordinate system, V,v=

3 .
i(zu,—B—Z)L)——a——E(u-V)v and hence the above estimate is an immediate
ANi= "t oxg axj
consequence.

Now we are ready to study the integral equation (IE). For that purpose
we introduce a function space ¥% for T and y with 7>0 and —i—<7<1. (/28
is a Banach space of all 9(AY?)-valued continuous functions u(t) defined on
the interval [0, T7] such that (i) u(t)e D(A7) for 0<tZT, (i) u(t)eC([0, T];
DAY NC0, TT; 9(AT)), and (iii) the norm

llll = sup | A¥2u(t)|+ sup sup s7" 2| Aru(s)|
0=tsT 0=t=T 0<sst

is finite.

We are going to obtain solutions of the integral equation (IE) in the class
U7 by the iteration method. We use the following iteration scheme.
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uo(t): O ’

3.1 '
U Una(l) = e‘”a—foe“”“”APE(un(S)-VWn(S)

H(w - Vu,(s)+(uy(s)-Vywlds for n=0,1,2 .

First we must verify that the iteration is possible in ¥}. To that end we
introduce functions K,(t), M,(t) for functions u(t) in ¥%. They are defined as

follows.
K,()= suptsf‘”zllAfu(S)ll , M= max [AY2u(s)| .
0<s= =s=

And in addition we define operators A, B, C by

)ty = | :e““"s’AP(u(s)-V)u(s)ds ,

Bu)(t) = [ e =D 4P(w- Tyu(s)ds,
0
cu)t) = [ e t-o4P(u(s)- Tywds .
0
Then we obtain the following estimates which justify the feasibility of the

iteration.
LEMMA 3.

( oiugtsr'l’zllAYJ(u)(S)ll S 77er B Ky (D My(1)

| Sup s ATBu)(s)) < 1 | AT M)
0<s= -

Ve

sup s” VA ATC(u)(s)| < 17T er By | AW Ko()
0<(sst

=N

sup IAY2EA(u)(S)I| S B Ter By Ko (£ My(t)

{1 sup A2 B(u)(s)|| = 1°2¢r[| ATw|| M,(2)
0<sst

r

sup | AV C(u)(s)| St 7er Byl AV w | K (1) .
0sst

Here BlzB(l—r, —g———r) where B(-, -) is the beta function,

PROOF. We prove the first estimate only. The others are proved similarly.

f 14re =24 P(u(a)- Tyu(o) | do = [ (s—0) T, ATulo) || AVl do

o (s=0) 7T () My(5)do
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:CTK”(S)Mu<S)j‘OI(1_p)'7p1/2_733/2_2rdp

___53/2—27'07,3(1—7/’ %_ r)Ku(S)Mu(S) '
Hence we have

Sugtsf'” 2| AT A(u)(s)| = ¢ B, supﬂS“TKu(S)Mu(S) S B PTK(HM,(1) .
0s=s 0<s=

In the last inequality we used the fact that K,(f) and M,(¢) are increasing func-

tions and the assumption that %< r <l Q.E.D.
By we have

Osggtsf"”zll AT Au(s))+B(u)(s)+C(u)(s) ]l

S L Ku(O) Moy(D)+ ¢, Ku(8) + stV M, (1)]
and
sup [ AL A(u)(s)+B(u)(s)+C(u)(s)]l

< 7L Ku(O My() 4 ¢, Ku(D) 4t M (£)]

Therefore, defining N, () = max {K,(¢), M,(#)} and M(u)= A(u)+ B(u)+C(u), we
have

(3.2) N (1) = 7L Nieux() (et 6ot Nagyeu(£) ]

where we used ¢, ¢,, ¢; to denote positive constants depending only on 7 and
the Couétte flow w.

We now return to the iteration scheme [3.1). By the estimate we
have the following reccurence inequality, writing Ng,,(¢) simply as N,(f)

(3.3) Npii(t) S [ AYV2a| +1TCe, N3 (8) +(catcot AN, (1)] .
By a simple consideration we have for every u,
(3.4) N, () = X(%)

if ¢t T+, t?<1 and A(t)>0 where we define

(35) A(t) = (et T, t2— 1) —4e, 7| AV
and
(36) () = L1 (ot T+ est2)— A(E)72] /2,17

We can now study the convergence of the iteration. Setting v,(f)=
Up11(D)—u,(t), we have v,(t)=e*4a and
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va(8) = _-jl:e_(t_smpuvn—l(s)'V)un<5)+(un-1(5)'v)vn-1(5)
+ (W Vv, (8)+(Va-y(s)- VIw]ds .
In order to estimate v,(¢) we define

Dy(t)=sup s | Au(s),  En()=sup [A"0,(5)],

Then we have

F,() £ t177(d, X(1)+d, | ATw [ #7724 do || AV*w ) Fr -1 (2) = p(2, w)Fpy(2)
and
F(t) < | AY%al|

where d,, d,, d; are positive constants depending only on y. If we note that
for every fixed w, X(¢) tends to 0 as ? tends to 0, we immediately see that

there exists a positive 7 such that o(T, w)<1l. For such T, Zw) F,(t) converges
n=0

uniformly in {€[0, T]. Hence we see, noting that A is a closed operator and
has a continuous inverse, that u(?)=1im u,(t) exists in L and 92(AY?) for every
n—oo

te[0, T] and in 9(A7") for every t=(0, T] and that the former convergence is
uniform on [0, 7] and the latter locally uniform in (0, 7). The fact that the
limit function belongs to ¥} is evident.

Now let us suppose that arbitrary positive 7 is given. We consider a
problem whether there exists a positive T such that the integral equation (IE)
has a solution in ¥% for every initial data a€ D(A**) with ||AY%a| <r. From
the discussions above we see that it suffices that T satisfies the following three
inequalities.

¢,TV7+¢, T2 <1, A(T)>0 and (T, w)<1

where ||[AY%a| is replaced by 7 in the expression of A(T') and p(T, w). The
fact that there exists such a T is easily seen from the explicit expression of
A(T) and p(T, w).

Next let us consider a problem whether, for any given 7T, there exists a
positive 7 such that the integral equation (IE) has a solution in ¥% for every
ac D(AY?) with ||AY%a)| <r. If we notice that || AY%a| does not appear in the
first one of the three inequalities above and that X(T')—0 when ||AY%a||—0, we
see that we can construct a solution in question by a finite number of steps
of time-intervals.

Thus we have proved the following

THEOREM 1. (1) For every given r>0, we can choose T>0 such that for
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every ac D(AY?) with || A¥?a| <, there exists a solution of the integral equation
(IE) in the interval [0, T] which belongs to the class ¥.

(2) For every given T>0 we can choose r>0 such that there exists a solu-
tion of (IE) on [0, T] which belongs to the class Uy for every acs D(AY?) with
|Aa] <.

REMARK. We have not mentioned the uniqueness of the solution. However,
it is not difficult to prove the uniqueness of the solution in the class ¥%.

§ 4. Differentiability of the evolution operator S,.

First let us recall the definition of the Fréchet derivative.

DEFINITION. Let X, Y be Banach spaces and @ be a continuous mapping
defined in a neighbourhood U of an element a X with values in Y. A bounded
linear operator A from X to Y is called the Fréchet derivative of @ at a if

O(a+h)—@(a)= Ah-+o(||h]) as a+h tends to a in U.

And when this is the case, @ is said to be Fréchet differentiable at a.

We now return to the integral equation (IE) and define the evolution
operator S;: D(AY*)— D(AY?) by S,a=u(t) where u(?) is the solution of (IE)
with initial data a. By Theorem 1, we know that for any given T>0 we can
find a neighbourhood U of 0= 9(AY?) where S, is defined everywhere. Hence
we can talk about the Fréchet differentiability of S, at 0. We fix U and T
above. For heU, S, satisfies the following integral equation by definition

Sih=e"t4h—| :e““‘S’AP[(Ssh-V)Ssh—{—(w~ VS, A+ (S,h-Tyw]ds .

An inspection indicates that the Fréchet derivative of S, at 0= 9(A"*) which
we denote by DS, must satisfy the following integral equation if it exists

41 DSh=e"h— ¢=¢-94P(w-V)DS,h-+(DS,h-Tywlds
0

In order to integrate the equation (4.1) we define an operator I in the
function space ¥} by

()= et 4h—{ " e=@=DAPL (- 9) f(s)+( f(s)- Tywds.
The operator I’ is well-defined since we have the following estimate
(4.2) max { sup s" 2| ATL(f)(s)ll, sup AV T'(f)(s)II}
0< st 0<s<t

= AR+ (BT K (1)1 M (1))

with positive constant ¢ depending only on 7 and w (the Couétte flow). And



622 A. TAKESHITA

we have for any f,, /€¥7T (0<c<T),
(4.3) W)= (M= e TN Arwl| A+ e YA fi—fll

with positive constants c,, ¢, depending only on y. We choose >0 sufficiently
small so that

(4.4 Tt T A w | (14 cr’ 2 < 1.

Then there exists uniquely in ¥7 a solution of f=1I(f) which we denote by
F(t; h.

Next we shall prove, making use of f(¢; h), that there exists 0<z/' <7
such that S.. is Fréchet differentiable at 0. We set g(¢; h)= S,k then we have

(4.5) F(t; h—g(t; h):fte““s’AP[(g(s; h)-N)g(s; h)lds
0
t
—l—joe“’"s’AP[(w-V)(f(s; m—g(s; M)+ f(s; h—g(s; K)]-V)wlds.
It is enough to prove that there exists 7/>0 such that
[AYV2(f(z’; B)—g(z’; I)I/IAY?h| —= 0  as [AY?h|—0.
Estimating [(4.5), we have
lf(E; B)—g(t; WIS st T ATwl| A+ VAN f(E; )—g(t; W
et T| ATw || L(2)®
with positive constants ¢, ¢,, ¢; depending only on 7y where the norm ||| is
for functions f, g&¥7%, and

L()=max { sup s A7g(s; W), sup | A%g(s; M)}

If we choose />0 such that
(4.6) et Awl| (A4, <0<,

we have
Wft; h—g(t; Wil <A—0) " ese* 7| Aw|| L(z')?.

This implies the desired relation
F';s B—g(’'; )y=o(I AV?h]),

since the inequality L(z’) < ci(z’)||AY*h] is obvious from the property of Theo-
rem 1. Thus we have proved that S. is Fréchet differentiable at 0. By the
estimates (4.2) and [4.4), we see that 7’ is determined only by 7 and w and so,
by the chain rule for Fréchet derivatives, we have the following

THEOREM 2. For every T >0 the evolution operator S, from a mneighbour-
hood of 0 D(AY?) into D(AY?) is Fréchet differentiable at 0 D(AY?),
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§5. The eigenvalue problem.

In this section we study the eigenvalue problem of the linear operator
E,= DS, which is the Fréchet derivative at zero of the evolution operator S..
What we wish to know is whether E, has an eigenvalue whose absolute value
is greater than 1 or not.

This problem can be reduced to the question whether the eigenvalue problem

(5.1) —Au— PV ,w—PV u=Au

admits real positive eigenvalues or not. It is easy to verify that is equi-
valent to

(5.2) Au—V,w—V, u—grad p=2u, divu=0
with a suitable scalar function p. We adopt the cylindrical coordinate system

(r, @, z), where u=(u,, ug, u,) =1u, 6(2’ + z;? aa¢ +u, aaz and the Couétte flow

w is expressed as w=(w, Ws W,) = (a—l——rﬁz—)-a%. We recall that a=
(R32,—R32,)/(R3—RY}), B=RiRY(£2,—2,)/(R}—R?). In the cylindrical coordinate
system, is expressed as

0 0
(A—— 7,12 Up— 7,22 az;; — T (w)u,+ wq;u¢ —f]Z(u)w,—|—~1€“‘%‘}i af =Au,

09 r r g
(5.3)
Au,— TN w)u, —J(u)w —a;pzllu2
1 0 1 0ug 8u .
— oy () - 98 +—52=0
0’ 1 o 1 0 0 0 ,vs 0 0

where A:far—z‘_i“r‘ or + r2 a¢2 -+ 0zt and 32(1)) Uy ar—l——rvw—l—vzw.
We seek u and p which are independent of the variable ¢. Then (5.3) reduces

to

u —|—2/ ) Ouy —Zur
( 1 )u¢ 2a aau’ =AU,
(5.4) ”
Auz —--a—z— = Zuz
12y =g
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Introducing a stream function f by the relations ru,:——aa?(rf) and ru,=

"_aar—(ff), we obtain from

LL—2f+2(at+—E)us=0
(5.5)
(L—Duy—2af=0
h te L=-0 1 L 0 . 0 1 G ¢veimposean additional
where we write L=—"r+ -~ —-+ 55— Onf we imp

boundary condition that f, —gr—fzo for r=R,, R,. Weset f(r, z) =f(r) cos oz,

ug(r, z) =14(r) sin oz with o:—z—hn—. The boundary condition is reduced to the

condition f(R,)=f"(R,)=u(R;,)=0 for 1=1,2. Hence we have the following
system of linear ordinary differential equations

(L=t L2— o =D f(r)+2 at—E-)outr) =0

(5.6) (L~ 0> Du(r)+2af(r) =0
F(R)=f(R)=u(R;)=0, 1=1,2

) _d? 1 d 1
where we write L = —d'rg——l——r—*a?*—rT.

(5.6), we consider the following two boundary value problems for ordinary
differential operators £ —p for p=0.

In order to investigate the system

(L—pwgr)=e¢r), re(R,R,)
(BVP-1) {

L—p)(L—p, ") = ) R;, R,
(BVP-2) { (L= p)(L—p)g(r)=P(r) re( )

gR)=g'(R)=0, 1=1,2

with g, ¢, 20, i=1, 2.

The next lemma is useful.

LEMMA 4. Let G(r,7r"; p) and H(r,v"; py, tt,) be the Green functions for
(BVP-1) and (BVP-2) respectively. Then G and H are negative valued and
positive valued respectively almost everywhere.

This lemma may be proved by an explicit construction of the kernels
making use of the Bessel functions but it can be proved also by repetition of
elementary discussions. So we omit the proof.

We now return to the system [5.6]. From we have

57) 7)== ["Ho, v o, o+ D20 (a—Er utrdr
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and
Ry

(5.8) wr)=—{ "G(r,v'; *+22af(r')dr".
R1

Hence we have

(5.9) £y =" K, s; 0, Df()ds

R
where K(7, s; o, 2)-——40“. 2H(r, r'; 0% oﬂ—l)a(a—l— 7 )G(r s; o®+A)dr’. Now the
R
problem is reduced to that whether the integral operator K defined by the
kernel K(7, s; o, ) has 1 as its eigenvalue or not. For that purpose the follow-
ing lemma of Jentzsch (See Schmeidler [4]) is useful.
LEMMA 5. Let K(r, s) be a continuous kernel on the interval [R,, R,] which
R
is positive almost everywhere. Then the integral operator Kf(r):f 2K(r, s)f(s)ds
R
has a positive eigenvalue, '
What we have to do next is to investigate the sign of the function k(»)

=a(a+-2)= Rzg Rl (R0~ R+ R%R%(f;_gz) ] Por a fixed 0=
(w,, w,) = S* (the l-sphere) we set (2, 2,)=p(w,, ®,), p=0, and

2 — 2
1r; p, ) = p* PG (R, Riw)+

R} R2(w1 W) ]
Then the kernel K satisfies
K(r,s; 2):40532 H(r, 7" ; 0 o®+ DI ; p, K, s; 0, dr’
R1

=0’L(r,s5; 2, ®).

Hence, making use of Lemma 4 and [Lemma 5 we have

THEOREM 3. For every fixed w = (w,, w,) € S, such that (R}w,— Riw,)(w,—w,)
>0 there exists p(w)>0 such that for every p=8i+523> p(w) the corresponding
Couétte flow is unstable under infinitesimal perturbations.

It suffices only to note that the integral equation is reduced to

f(7’)=p2f: L(r,s; 2, o) f(s)ds.

§ 6. Isolatedness of the Couétte flow.

What we are going to do in this section is to investigate whether or not
0 is an isolated solution of the equation

(E) Au+Pu-V)u+Pw-Vu+Pu-Vw=0
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where w is the Couétte flow. We take 7 with —Z—<r<1 and work in the

Hilbert space 9(A7). Assume that 0= D(AY?) is not an isolated solution of (E).
Then there exist solutions u, (#0) of (E) for n=1, 2, --- such that lim || A7u,|

=0. Set ¢,=u,/[|A™u,]. Then we have
(6.1) Agn 1 AU | P((@n- )@+ P(w V)@t P, V)w)=0.
As for the second term, we see that
[P ($n-V)@oll < crl A7@ull | AV2P, || < cr| AV T AT B, |1* = crl] A7
and so lim |A"u,|P(¢,-V)¢,=0. Hence lim {A¢,+P(w-V)@,+P(¢, - V)w}=0
strongly ni;: L%, And so by the boundedne?smof A™"! we have

(6.3) 1135 {A7¢,+ AT '[P(w-VN)@,+P(¢, - Vw]l} =0.

By the compactness of the inclusions D(A7")— D(AY?))— L2 and the equality
Vel = AV2¢| for o= D(AY*) we see there exists a subsequence {¢,} such
that ljm CP(w-N)¢,+P(¢, -V)w] exists strongly in L2 and this implies that

¢m=llim ¢, exists strongly in 9(A”). Hence we have
{ AP+ AT [P(W+ V) Poot P oo V) w]=0
[A7¢e| =1.

(6.3)

This implies that the operator B defined by B¢=—A"[P(w-V)¢+P(¢-V)w]
in L2 with domain of definition D(AY?) has 1 as its eigenvalue.
We now recall the explicit form of w.

_ws o _ 1 _ RIRY(w,—wy) 10
w=—t = p =Ry LRies—Riot r 1o,

where p=0, o= (w,, w,) €S'. We set w=pw,. Then
Bo=—pA[P(w, V¢+P®-VNw,]=pBe.

By the compactness of the operator A™' and the equality [|V¢| =[AY?*¢| for
e P(AY?) we can prove that B can be extended to the whole space L% and
the resulting operator is a compact operator. Hence by means of the Riesz-
Schauder theorem we have

THEOREM 4. The Couétie flow is an isolated solution in WI(Gy) (r>%).

For a fixed (w,, w,)€S?, the isolatedness holds except for a countable set of
values of 23+ 85
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