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§1. Introduction.

One of important problems in the theory of partial differential equations
in the complex domain is the following: When can the holomorphic solutions
of a partial differential equation defined in some domain be continued to a
larger domain? For linear partial differential equations this question has been
answered by several authors. (See e.g.[3] and the references quoted therein.)
One of the main results regarding this question is a theorem of M. Zerner
which states that the solutions of a linear partial differential equation can be
continued holomorphically over any non-characteristic hypersurfaces.

In this paper we are concerned with holomorphic continuation of solutions
of general nonlinear partial differential equations in the complex domain. Our
purpose here is to present a continuation theorem which corresponds to that
of Zerner [5] for linear equations. It can be stated as follows: If the tangent
plane at a boundary point of the domain in which the solutions are defined is
non-characteristic for any Cauchy data, then every bounded solution can be
holomorphic near that point. Our argument depends on the quantitative pro-
perty of the domain in which the solutions of the Cauchy problem become
holomorphic. In §2, following carefully the well-known proof ([1], of the
Cauchy-Kowalewsky theorem, we obtain the desired result. Then in §3 we
find the continuation theorem. In the last section, §4, we study the single
equation of the first order with two independent variables for which the assump-
tions of the results in section 3 are not satisfied. In this case we can construct
a solution which cannot be prolonged under some conditions on the boundary
of the domain and the characteristic curve.

The results of this paper was already announced in without proofs.

I wish to thank Professor T. Kusano for his encouragement and constant
interest in my work.

*) Partially supported by Fdjukai.
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§2. The Cauchy-Kowalewsky theorem.

We consider the following system of quasi-linear first order equations for

N unknown functions w,(2), ---, wy(2) in some domain in the complex n dimen-
sional space C" with the coordinates z={(z,, ---, z,).

aw N n , a , '
D az: :kgl [ggf’”<z ’ w)_ali)%"’_hj(z , W), j=1,--, N

where 2’ =(z, -, 2,) and w=(w,, ---, wy). For the regularity of the functions
giu(z’, w) and h;(z’, w), we assume that

(i) gjm(z’, w) and h;(z/, w) are holomorphic on a closed
polydisc |z,|=7r (v=2, -+, n), |w,|=7 (p=1, -+, N).
Then we set
M= max {1g;u(z’, w)|, [hz', w)|}.
2w
Under these situations we have the next lemma.
LEMMA 1. A unique solution of (1) satisfying the next initial conditions

(2) u’j<0’ 2/>:0: .]:1’ '”)*/Vy
exists in
(3) |z:] <r/(AMNn),  |z|+ - +|z.|<r/4.

PrROOF. By the equation (1) and the initial conditions (2), the formal solu-
tion is uniquely determined. The convergence of this formal solution is proved

by the method of majorants. (See for details John [2], pp. 81-85.)

Mr
r—(z,+ -+ +z,+w,+ - F+wy) becomes a
majorant of all functions g;,,(2/, w) and h;(z/, w). Then, if we set {=z, and

E=z,+ --- +2z,, the solutions W({, & of the next initial value problem

By Cauchy’s integral formula,

ow Myr ow
@ o= v (VDG 1)
W, &)=0
becomes a majorant of all components of the formal solution w={(w,, -+, wy)

of (1) and (2). Therefore the formal solution is holomorphic where the solution
W(, &) of (4) is holomorphic. Now we can solve (4) explicitly as follows.

_ A(r—8*—2MNrn{

Nn

W, ="

where the branch of +/{r—&)*—2MNrn{ is taken so that it becomes r—& when
{=0. If we suppose that
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Sl <r/(4MNn),  [§]<r/4,

then (r—&)*—2MNrn{ does not vanish. Since the above domain is simply con-
nected, W({, &) becomes holomorphic (and single-valued) there. This completes
the proof.

We next study the more general system of equations for N unknown
functions u,(2), ---, uy(z), which is of the normal form (Courant-Hilbert [1],
p. 39),

amuj _ 0 \“ - )
(5) S =1 (z e, () ) d=1 N,
where f; depends on the variables z=(z, -, 2,) and (8/0z)u, (k=1, -+, N)
with multi-indices 0(:((1’1, ) an)y |a[:a1—!—— e Fa,Sm and a1§7’71—1. We

impose the initial conditions on u;(z) on the complex hyperplane z,=0 as
follows.

(6> m j:lr '”a-ZV,'
oz 0, 2")=¢;,m-1(2")
where ¢; ,(2") are arbitrary given functions. Now we assume that

(i) fi(z -+, Pr,ar --+), where the variables p, . correspond to the terms
(0/0z)*u,, are holomorphic on a closed polydisc [z,|=<7, {Pp,l <o,

(ii) ¢;,.(2") are holomorphic on [z,|=7,
and set

C= mag{[(—%-)a,gﬁj,k(z’); i lz,| <7, |a’{+le§m+1},

Jka
0f;
apk,a

M= L, 111|355

, | 1527, 1l = O]
and N:(m+n) 1/(m! n!), the cardinal number of the set of all multi-indices
a=(ay, -, a,) with |a|Zm,

Then we have the next theorem.

THEOREM 1. There exists a unique solution u(z)= (u,(z), ---, un(2)) of the
initial value problem (5) and (6) in the following domain:

|2, | <r/{4M(NN+Dn},  |z]+ - +]z,] <r/4

where M=3(1+r+C)YNNM):.

Proor. We will prove this theorem by showing that the initial value prob-
lem (5) and (6) can be reduced to the equivalent problem for a system of
quasi-linear differential equations of the first order, which is considered in

Lemma 1. The method is an adaptation of that employed in Courant-Hilbert
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[1], pp. 43-48 (see also F. John [2], pp. 78-82). For the reduction of the equa-
tions (5) to a quasilinear system, we introduce new unknown functions v; .(z)
(j=1,-+, N, a=(ay, ---, a,) such that |a| < m) which correspond to (9/92)u;(z).
The equations for v;(2) are then as follows.

(7) TZ;Uj,a:: Vj,a+1

if |a|<m—1, where a+1=(a,+1, a,, -, a,), and
0 0

(8) a—zlvj,xx(z)—‘ —aZvj,aJrl—li,

if lal=m, a;<m—1 and for some /={(a)+#1, a; =1, where a+1—1,=(a,+1,
Ayy oy al_]-s Tty an), and if a;=m,

where the terms (0/0z,)v,p arising in the right hand side of (9) should be
replaced by v, gy, or (0/02)v,5.,-y, according as (7) or (8) holds. The initial
conditions for v; . are determined by

7,400, 2) = <—aa’-2,—)a’¢j,al(z’) , if a,<m—1,
(10) S
V5,40, z’):fJ(O, 2, (-a—z,—> or,3,(2), ) , if a,=m,

Where a,:(am Tty an): ‘B,Z(ﬁb Tty ‘Bn‘)
To make the initial condition homogeneous, we introduce the unknown
functions w; .(z) defined by

wj,a(z) = vi,“(2>_(736?7)“,9257',“1(2/) , a,=m—1,
(11) 5 s
wj,a(2)=vj,a(2)*fj<0, 2, <W> Pr,5,(2"), ) a=m.

Then, we obtain the following equations for these functions w; .(2):
Q) if |a}]<m—1 and a,<m—2,

(12) *aaz—l Wja= wj,a+1'+‘<%>a ¢j,a1+1(zl) ,
(i) if |e|<m—1 and a;=m—1 (i.e. a=(m—1,0, ---, 0)),
0 0 ¥ /
(13) o Wia=Wian T (0 2, () Bea@) )

(iii) if |a|=m and a, <m—2,
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0 0 0 \¢
(14) "ij,a: Ta‘zl*wj,aﬂ—lz"*‘(_a?) ¢j,n1+1(zl) y
(iv) if |la|=m and a,=m—1,

and

(v) if a,=m,
(16) ?@Zwﬂ": aaT[fj <z, e wk,ﬁ—}—(%)ﬁ/gﬁk,ﬂl(z/), )]

_ofi | & 0f; 0 \* ,
——E;Z_;+k§ {'ﬁl?m——l 3}’5:,‘8 <wk"€+1+< 0z’ ) Prpra(2 ))

Br=m—2

N

o/ / 0 ! ,
- ﬁz(m%}‘lol‘__’O)Tpéi?(wk;ﬁﬂ“f‘fk((), AT (—87>T G uri(2), )>

5 0fi ( OWipii-y 0 \* ,
+k§1 {Iglgm ) apk’ﬁ \ azl +< 0z’ ) ¢k,f91+1(2 ))
1 Sm—

x 0f; [ awk,ﬂ+l—l 0 PR
+2 Em 1 0bep \ 0z = 0z, [fk(O,z,

o () @, )]).

Lastly we set wy.,(2)= 2z, and obtain the following additional equation and the
initial condition.
0

0z, wya(2)=1

(17)

Wy +1(0, z2)=0.

Then we can substitute wy,, for the variable z; which appears in the right
hand side of (16). Consider the Cauchy problem consisting of the equations
(i2}-(17) and the homogeneous initial conditions. Since the equations [(12)-(17)
do not depend explicitly on the variable z,, if we can take a constant M>0
so large that all the absolute values of the coefficients of the equations [12)-
de not exceed M in |z,|<7r (v=2, -+, n), |wesl <7 and |wy| <7, then,
by applying [Lemma 1, we obtain the conclusion of the theorem. In view of
the equations [12)}-(17), it is sufficient for M to be larger than the following
numbers :

r+C, r+M, max {1, C}, max {1, M+NNMC} ,
max { NNM, M+NNM(r+C+r+M+C+M+NNMC)} .
It is easy to see that the constant M= 3(14+7+C)(NNM)? has the desired pro-
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perty. This completes the theorem.

§3. Holomorphic continuation.

Throughout the rest of this paper, we denote by U some neighborhood of
0 in C™ and by £ some domain in U with regular boundary 9f containing the
origin, that is, there exists a real-valued C* function ¢ in U such that ¢(0)=0,
d¢+0 in U and
Q={ze U|¢(z)<0}.

Then, under the suitable coordinates (z, -+, 2z) with z;=x,++—1y; (=1,
-+, n), we can assume that

09 0 09 oy — =0 ...
axl (O>"‘1v axj (0)_‘07 ]’_‘Zy y 10,
(18)
09
0V

(0)=0, k=1, ,n.

In this case, we have the next lemma due to Zerner [5].
LEMMA 2 (Zerner). There exist sequences {a,}, v=1,2, - («, <0, a,—0)
and {p,}, v=1,2, --- (p,>0) such that

(1) (avy 01 ’O)EQy

(ll) {leav}m‘gj{zl:aw l22|§puy ) !znlépv},
and

(iii) lim a,/p,=0.

Here we introduce some notion to be used later.

DEFINITION. A holomorphic function #(z) in £ is said to be bounded of
order m if u(z) and all its derivatives of order less than or equal to m are
bounded in £.

We first consider the system of quasi-linear equations for N unknown
functions u,(2), .-+, uy(2).

N
19 B 3 akt(z, 0/02Pu)0/021ue) =z (0927w,
j: 17 ) N7
where ai* and f;, depend on the variables z,, -+, 2, and p;p=(0/02)°u, (I=1,

-+, N, |Bl<m—1). We suppose that af* and f; are holomorphic in z€ U and
|p1,5] <co. Since the complex tangent plane at 0 of the surface 02 is {z,=0},
we make the following condition (A).

Condition (A): for all ze U and p, 4,

det (afiko,..0(2, ) # 0.
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Then we have

THEOREM 2. Under the condition (A), every solution of (19) in 2 which is
bounded of order m-+1 becomes holomorphic near the origin.

PROOF. The idea of this proof is due to Zerner [5]. By the condition (A),

we can solve with respect to 0™u,;/dz* (j=1, -, N) and obtain the fol-
lowing equations :

(20) (_a%?)"‘uj(z): Pz () ), =1, N

where F; depends on the variables z, -, z, and (8/02)%u,, |a|<m, a,<m—1,
k=1, ---, N. And this type of the problem we have just studied in
1. Let {a,}, {p,} be the sequences guaranteed by Lemma 2. We may assume
that p, is bounded by some p>0 and the set {z ||z—a,|=Zp, |2|=Zp, -, | 2,]
=< p} is contained in U for every v. Then we consider the initial value prob-
lem consisting of and the initial conditions on the plane {z,=a,} with the
restrictions of u;(2), -+, (8/0z)™ *u;(z). If we apply to this situa-
tion, u,(z), ---, uy(z) become holomorphic in

|zi—a,| < o,/ (AM(NN+Dn}, |z + - +20] < p,/4

for every v. But since u,(2), ---, uy(z) are bounded of order m+1 in £, the
sequence {M,} is bounded. Therefore there exists a constant ¢>0 which is
independent of v such that u,(2), -, uy(2) are holomorphic in

|Zl—au|<cpuy IZ2I++IZ7ZI<|0‘J/4

Then it is sufficient to show that
(21) 0e UlzeUlla—al<co,, [al+ -~ +lzl <p./4}.

If is not valid, then we have, for any v, |a,|=cp,. This contradicts the
property of a,, p, in Thus the proof is complete.

REMARK. When the equation is a single linear differential equation
P(z,0/02)u(z)=0, the condition (A) means that the plane {z,=const.} is
non-characteristic. In this case, states that every solution of
P(z,d/0z)u(z)=0 which is bounded of order m+1 can be holomorphically con-
tinued over the non-characteristic hypersurface. Therefore this may be regarded
as a partial extension of Zerner’s theorem [5].

We next study the system of general nonlinear equations of order m.

(22) F,-(z, . (‘%ﬂk, --->:O, j=1,, N,

where F,; depend on z, -, 2z, and P, .=(0/02)u, with k=1, -, N, |a|<m,
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and are holomorphic in z€ U and |p,«| <oo. If we differentiate the equation
22) with respect to z,, then [(22) is reduced to a system of quasi-linear equa-
tions of order m-+1. Therefore, applying [Theorem 2, we have the next corol-
lary.
COROLLARY. Under the condition (B) below, every solution of (22) in 2
which is bounded of order m-+2 becomes holomorphic near the origin.
Condition (B): for all ze U and p; .

det (

oF; .
apk,(m,o,m,o) (z, p)) #0.

We remark that the boundedness in the assumptions in and
seems to be necessary because of the following example.

EXAMPLE. The equation

exp ( gz

has a solution u(z)= z, log z;—2z,, which is bounded (of order 0) in any simply
connected bounded domain not containing z,=0.

>::: z; in C"

§4. Solution with singularities.

We study, in this last section, the single equation of the first order with
two independent variables for which the condition (B) in the preceding section
is not satisfied. We denote the variables by (x, y) instead of (z, z,) and write
p=u,=0u/ox, g=u,=0u/dy. The equation is given by

(23) F(-x; Y, U, Uy, uy)zo

where F(x,y, u, p, q) is holomorphic in UXC? We now suppose that F(0, 0,
Ug, Doy G0) =0 and F,(0, 0, uy, Do, o) =0 for some uy po, ¢ We may assume,
without loss of generality, that u,=p,=¢,=0, since otherwise we could intro-
duce u(x, y)—u,—p,x—¢q,y as a new unknown function. Then our last theorem
is the following.

THEOREM 3. For the equation (23) we assume that F(0, ---, 0)=0, F,(0, ---, 0)
=0 and F, 0, ---,0)=1. Then under the condition (C) below, there exists a
solution of (23) which is holomorphic in {(x,y) e V|¢(x,y) <0} but cannot be
holomorphic at 0, where V is a small neighborhood of 0 and ¢(x, y) is of class C?,

Condition (C): Let (x,(t), yo(t), ue(t), Do), qo(t)) be a characteristic strip of
(23) through (0, ---,0) at t=0, then for every t,+0 (t,€C) and a real para-
meter T,

S Bxet), 3| >0,
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Before the proof of this theorem, we prepare some lemmas. Let
) zHllogz  z+#0
f(Z):{
z=0
for ze C where % is any positive integer and for any &, and &, such that
0<60,<0,<m/2,

110126,
dm:{

0 [0l=6,
for —7 <@ =< and suppose that (f) is infinitely differentiable. And set
f20)  z+0
{ z=0

g(2)=

where 0 =arg z (—x <@ =r). Then we have the next

LEMMA 3. g(2) is a C* function with respect to the real two variables Re z
and Im z and is holomorphic in the sector |0]>40,.

PROOF. If we denote z=re, then 0/0z= (e */2)(0/0r)+ (e *?/2ir)(0/00)
and 0/0z=(¢*?/2)(3/0r)—(e*?/2ir)(0/00). Therefore if D™ is any differentiation
of order m (m < k) with respect to z and Z,

| D™f| < const.| z***"™|(|log z|+1)
and

| D™)| < const.r™™

for r sufficiently small. Then
| D"g| = const. 33| D™ 'f| | D]

< const. 7***"™(|log | +1) .

Thus D™g tends to zero if » converges to 0, which shows that g(z) is a C*#
function. It is trivial that g(z) is holomorphic where ¢(#)=1, thus the proof
is complete.

LEMMA 4. Let F(x,y,u, p, q) be the function given in Theorem 3 and g(z)
be the function defined in Lemma 3 with k=2. Then the equation for h(z)

0
(24) F(20,8(2), 55, h(2))=0
where %L:%( gfl —1 aaf; ), z=2z,+12, (2, zZ,€ R), has a unique C*~* solu-

tion in a neighborhood of 0 such that h(0)=0 and h(z) is holomorphic where
g(z) is so.
PrOOF. We denote the real and imaginary parts of 2 and F by hy, 1, and
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F,, F,, respectively. By the assumption that g(z) is of class C¥, F, and F, are
C** functions. Since F=F,+iF, is holomorphic with respect to h=h,+ih,
and (0F/0h)(0, ---,0)=1, we have at 0,

aFl__an __l aFl ___ aFZ__

oh, = 0oh, — 77 oh, = 0h,
Thus

OF, Fy)

a(hh hz) ’

which implies that, by the implicit function theorem, there exist unique C*™*
functions h,(z) and h,(2) with A,(0) = h,(0)=0 such that A= h,+ih, satisfies
in a neighborhood of 0. If g(z) is holomorphic at some point, then so is F.
Therefore, applying the implicit function theorem for holomorphic functions,
h(z) obtained above is holomorphic at that point. This completes the proof.

Now we prove [Theorem 3.

PrOOF OF THEOREM 3. Consider the following characteristic differential
equations related to the equation [23).

d dy du

7%‘, =F,, dg =F,, _di_:ppp_!_qpq’
(25) J p

ap o aq o

Since all the right hand sides of equations are holomorphic, the solutions
x(8), y(8), u(t), p(t), q(t) are holomorphic in . For the initial conditions of these
functions, we set

xO=z, ¥0=0, w0)=2g(),
(26) 1

pOY=-25.,  qO)=h2),
where g(z) and A(z) are the functions in and 4, respectively, with
k=3. Since the initial condition is of class C? the solution of and is
C? in z and Z and holomorphic in ¢. But the solution becomes holomorphic in
z and t where g(2) is holomorphic.
Let
x=X(zt), y=Y(zt), u=1U(z, 1)

p=P(z,t), ¢=Q(z1)

be the solutions of the initial problem [25}-(26). If we can solve for z and ¢
in terms of x and ¥ in the first two equations, then, substituting in the third,
we obtain the function

(27)

u=u(x, y)=U(z(x, y), t(x,y))
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which is obviously the solution of taking the initial values g(z) on the
hyperplane {y=0}. Therefore, to prove this theorem, it is sufficient to show
that

1) the inverse mapping theorem is valid in a neighborhood of 0 for the
functions x= X(z, t) and y=Y(z, t) in [27),

and that

2) the functions z=z(x, y) and ¢{=1(x, y) obtained above are holomorphic
in {(x,y)e V|¢(x, y) <0} where V is a small neighborhood of 0.

If these assertions are shown to be true, then the solution u(x, y) becomes
holomorphic in {(x, y) & V|¢@(x, y) <0}, but on the plane {y=0}, u(x, 0)=g(x)
cannot be holomorphic at 0. Thus this function u(x, y) is the desired one in
[Theorem 3

We now prove the assertions 1) and 2).

1) Inverse mapping theorem. We denote X(z, t)= X,(z, )+1X,(2, 1), Y=
Y,+1iY,, z=2z,+1z, and t=1t,+it, where X,, X,, ---, t,, t, are real valued. Since
X(2,0)=2z2, Y(z, 00=0, (dX/dt)(0)=F,0, ---,0)=0 and (dY/dt)(0)=F,0, ---, 0)
=1, we have

0(X, X, Y, ¥
a(zl, 2y, ty, tz) 2=t=0

= . |=1.

1
Therefore in a neighborhood of 0 there exist unique inverse C? functions z=
z(x,y) and t=1t(x,y). We remark that the above functions are holomorphic if
X(z,t) and Y(z, {) are holomorphic by the inverse mapping theorem for holo-
morphic functions.

2) Holomorphy of z(x,y) and #(x, y). To show that X(z, t) and Y(z, t) are
holomorphic, it suffices to prove that g(z) is holomorphic in {z|¢(X(z, 1), Y(z, 1))
<0, |t| small enough}. We now expand ¢ to the second order in the variables
zand t. In view of and (dX/dt)(0)=F,(0, ---, 0)=0, (dY/dt)(0)= F,(0, ---, 0)
=1, we have

(28)  ¢(X(z, 1), Y(z 1)

= 5-(z+2)
+1 ai? Oz +-22 Oz +4 25 07
1 X _
+{ axay O+ 557 (O 2t+ {5 axay b0+ 8zat (0)} d

¢ o, 1 X -1 X
Ozl +555, (02t + 5 5257 Wzt +—5- =5 (0)z

+ axay
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171 X 5% Y TR
55 g0+ 5 O} +55ay O
11 a
+515 3

If z is in the sector [': |arg z| <6, (0<6,<=x/2), then

Db )lero( 21117 .

(29) z2,=0 and |z,] < az,

where 0<a=tanf,. Since x,()=X(0,1), v,=Y(0,?), the condition (C) in
is given by the following

1 PX 1 B g, 0 ., 09 g, 89 p
R TR R e A 5" £+ 2a A 37 H4—5=5— 5 F2=r|t)®

for some constant y >0. Then by and [30), (28) can be written as follows:
$(X(z, 1), Y(z, 1))
= 2 Cilzl* Gl @)tz 711 ol 21+ 12]?)

(30)

= {1-Ci(1+a)z—C(1+a) 1] }21+—%—rlt12+0(12|2+|ﬂz) ,

where

=3 550|220+ 5| 55 0

and

2

525 O+ Sar 0+ S o).
Thus if z and t are sufficiently small and z is in the sector I, then ¢ =0.
This means that if z and ¢ are sufficiently small and ¢ <0, then g(z) becomes
holomorphic. This proves 2) and the proof of the theorem is complete.

REMARK. By which is the condition (C), we have (0°¢/dy3a5)(0) > 0.
Consider the Levi form of ¢ at 0. Since the complex vector A= (4,, 4,) satisfy-
ing 4,(00/0x)+2,(04/0y)=0 is of the form (0, 4,), the Hessian of ¢ for this 4
is equal to

—2\ 350y (O)‘—i—Z‘

62
ayg— 25,50 (,#0).

This means that the domain {(x,y)e V|¢(x, ¥) <0} is strictly pseudoconvex
at 0.
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