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Let M=M(T, r, PY) be a P¥-bundle over an abelian variety T, G=Aut® M
and H=Aut’T the connected components of the complex Lie groups contain-
ing the identities of all holomorphic automorphisms of M and T respectively.
Then there exists a holomorphic homomorphism m« of G into H canonically
induced by =.

M is said to be a homogeneous bundle if m. is surjective. If M is a
bundle defined by a homomorphism of the fundamental group I' of T into
PGL(N), it is called a flat bundle.

In §1, we shall prove the following proposition.

PROPOSITION. Let M be a PN-bundle over an abelian variety T. Then M
is a homogeneous bundle if and only if it is a flat bundle.

Let @ be a homomorphism of I’ into PGL(N). We call a of finite type
if Im « is a finite group. In §2, we shall prove the following proposition.

PROPOSITION. Let M be a flat P¥-bundle over an abelian variety T defined
by a homomorphism a. If a is of finite type, then

1) AXPY is a finite holomorphic covering manifold of M, where A=
C"/ker a,

2) there exists a Kdhler metric canonically induced by that of AXP¥ such
that the corresponding Ricct curvature of M is positive semi-definite.

A connected compact complex manifold M is called an almost homogeneous
manifold if there exists a complex subgroup G of Aut M such that the G-orbit
through some point of M contains an open subset of M.

COROLLARY. Assume that N+1 is a prime number. If the bundle space of
a PY¥-bundle M over an abelian variety T is an almost homogeneous manifold,
then there exists a flat vector bundle E over T such that M is the projection
of E.

We shall give an example of an almost homogeneous P?*-bundle over an
abelian variety 7 which is not the projection of a flat vector bundle over 7.

In §3, we shall classify homogeneous PZ?-bundles over an abelian variety
T and give a necessary and sufficient condition that such a bundle space is
an almost homogeneous manifold.
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§1.

LEMMA 1 ([1], Lemma 3.15). Let G be a connected Lie group and B a
closed connected normal subgroup of G. Then there exists a maximal compact
subgroup K of G such that BNK and the tmage of K in G/B are maximal
compact subgroups of B and G/B respectively.

Now let G be a connected complex Lie group, K a maximal compact sub-
group of G and ¥ the Lie algebra of K. Denote by K the connected complex
subgroup of G corresponding to the complex Lie subalgebra f=1t4+~—11.
Then K has the following property:

LEMMA 2 ([5], §2, Proposition). There exist connected closed normal com-
plex subgroups § and Z satisfying the following properties:

1) K=8.Z §~\Z is a finite group,

2) S is semi-simple,

3) Z is the connected centre of K.

LEMMA 3. If there exists a holomorphic homomorphism nyx of a connected
complex Lie group G onto a connected compact complex abelian Lie group H
such that the number of connected components of the kernel my is finite, then
there exists a holomorphic splitting p of the induced holomorphic homomorphism
wof g onto N, that is, p is a holomorphic homomorphism of Y into g such that
r-p=id. on V), where g and Y denote the complex Lie algebras of G and H
respectively.

PROOF. Let I be the kernel of mx Then we have G/I=~H. First,
assume that [ is connected. Then, since H is compact, there exists a maximal
compact subgroup K of G such that 7«(K)=H, by Lemma 1. Therefore,
the restriction zx|K of 7% to K is a holomorphic surjection of K onto H.
Moreover, by there exist connected closed complex subgroups S
and Z of K satisfying K=5-Z. Since § is semi-simple and H is abelian, 7«
induces a holomorphic surjection #¢ of Z onto H. Thus we have a holo-
morphic homomorphism # of § onto b induced by #x, where § is the complex
Lie subalgebra corresponding to Z. Moreover, since § and § are both complex
abelian Lie algebras, a complex linear splitting of the complex linear mapping
7 of § onto Y as complex vector spaces defines a holomorphic splitting z of
# as complex Lie algebras. This is the desired one. Thus we complete the
proof in this case.

Next we shall prove the general case. By our assumption, //I° is a finite
group, where I° denotes the connected component of I containing the identity.
‘Therefore, G/I° is a finite holomorphic covering group of G/I=H. Thus
‘G/H® is also compact. Put H =G/H’. We have an exact sequence of com-
plex Lie groups:
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(1) 0 H* G H 0.

Now the previous arguments may be applied to the sequence (1). Hence
we have a holomorphic splitting g of n’:g—¥) —0. But, since §) =%, ¢/ can
be considered as a holomorphic splitting of z:g—5)—0. This completes the
proof.

Let M= M(T, z, PY) be a P¥-bundle over an abelian variety T, G and H
the connected components of the complex Lie groups of all holomorphic auto-
morphisms of M and T containing the identities respectively. Then there
exists a holomorphic homomorphism 7+ of G into H canonically induced by
x ([7], Satz 1.3).

LEMMA 5. M=M(T,r, P¥) is a flat bundle if and only if there exists a
connected complex abelian Lie subgroup A of G such that the restriction mwy|A
of mx to A is a holomorphic covering homomorphism of A onto H.

PrROOF. Let M=C"X,P¥ be a flat bundle defined by a homomorphism «
of the fundamental group I" of T into PGL(N). For an arbitrary element
w of C™ the mapping w of C"XP¥ onto itself defined by (z, &) —(z+w, &)
induces a holomorphic automorphism of M. By this operation, C" can be
considered as a complex Lie group of holomorphic automorphisms of M.
Moreover, two elements w and w’ of C™ induce the same operation on M if
and only if w=w’ (mod. ker «). Hence A=C"/ker « can be considered as a
connected complex abelian subgroup of G and, by this construction, the re-
striction wx|A of 7« to A is a holomorphic covering homomorphism of A
onto H.

Conversely, assume that there exists a connected complex abelian sub-
group A of G satisfying the condition described in Let I" be the
kernel of 7x|A of A onto H. Then, for a fixed point o€ T, I can be con-
sidered as a group of holomorphic automorphisms of the fibre = '(0)= P¥.
Thus there exists a homomorphism & of I’ into PGL(N) corresponding to the
operation of I' on =~%0). Moreover, M is clearly the bundle defined by
a=da(c|l"), where o is the canonical projection of C” onto A. This completes
the proof.

PROPOSITION 1. Let M be a PV-bundle over an abelian variety. Then M
is a homogeneous bundle if and only if it is a flat bundle.

PROOF., Let M= M(T, , P¥) be a homogeneous bundle. Let G=Aut* M
and H=Aut’T be the connected components of complex Lie groups of all
holomorphic automorphisms containing the identities of M and T respectively.
By a theorem ([2], Theorem 8), M has a Hodge metric. Moreover, since the
irregularity of M equals the complex dimension of 7, T can be considered
as the Albanese manifold of M. Therefore the component group I/I° of the
kernel I of the holomorphic homomorphism nx of G onto H is a finite group
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(3] §8, Proposition). Thus, there exists a holomorphic splitting ¢ of 7:¢—H,
by Lemma 4. Denote by A the complex abelian subgroup of G corresponding
to the complex abelian Lie algebra (). It is easily proved that A satisfies
the condition described in Lemma 5. Thus M is a flat bundle.

The converse is trivial by Lemma 5. This completes the proof.

§2. Let I be afree abelian group of finite rank and @ a homomorphism
of I' into PGL(N). « is said to be of finite type if Im a is a finite group.

LEMMA 6. If a is of finite type, then every element of a(l’) can be repre-
sented by a unitary matrix.

PROOF. Let {ry, -, 7.} be a system of generators of I" and a(y,) =p(A,),
A;eGL(N+1), for i=1,2,--,g, where p is the canonical projection of
GL(N+1) onto PGL(N).

We can choose {A;} such that they satisfy the following conditions:

1) for any i, there exists a positive integer m; such that AP =id.,

2) for any pair (i, 7), there exists a non zero complex number p;; such
that

AA;=pi;AA;.
Since
det A; det A;=(p;;)¥ " det A; det A, ,

we have (p; )"t =1.
Denote by p a primitive (N+1)-th root of 1. Set

['={p*As - A%, 0<k=<N, 0= e, <m;—1}
and
['={o*; 0Sk=N}.

Then we have a central extension of abstract groups:

. _pIT
0 r I a(l’y— 0.

Therefore I is a finite nilpotent subgroup of GL(N-+1) of class 2. It is well-
known that a representation of a finite group is equivalent to that of unitary
matrices. Thus we have the Lemma.

PROPOSITION 2. Let M=C"X,P¥ be a flat PN-bundle over an abelian
variety T defined by a. If a is of finite type, then A=C"/ker « is an abelian
variety and we have

1) AXP¥ is a finite holomorphic covering manifold of M,

2) there exists a Hodge metric on M canonically induced by that of AXPN
such that the Ricci curvature R(M) of M is positive semi-definite.

PROOF. 1) is clear by



On homogeneous PN-bundles over an abelian variety 381

Since a is of finite type, every element of a(l’) can be represented by
a unitary matrix, by Lemma 6. Since AX PY¥ has the standard Hodge metric
with R(AXP¥)=0 and (a translation on A)X(a projective transformation
defined by a unitary matrix) is an isometry with respect to the above metric,
M has a Hodge metric canonically induced by that of AXPY, Moreover, it
is clear that R(M)=0. This completes the proof.

Now let M =C"X,PY be a flat P¥-bundle over an abelian variety T defined
by a homomorphism « of the fundamental group I' of T into PGL(N). Set
G=Aut*M, A=C"/ker « and I=Xker myx. Moreover, denote by I the group
consisting of holomorphic automorphisms @ of M satisfying 74«®@ =1id. on 7.

PROPOSITION 3. [ contains the centralizer Cla(I")) of a(I') in PGL(N).

Moreover, if a is of finite type, then T is isomorphic to Cla(l)).

PROOF. Let @ be an element of I. Since C®XP¥ is a holomorphic
covering manifold of M, @ induces a holomorphic automorphism of C™X PV,
which we denote by (z, &) = (¢1(2, &), ¢s(z, £)). For a fixed z€ C", £—¢(z, &)
defines a holomorphic mapping of P¥ into C", hence ¢,(z;, &) is a constant
mapping, in other words, ¢,(z, §) = ¢,(z) is independent of £ € PY. Moreover,
since nx®@ =1id. on T, there exists an element y <[’ such that ¢,(z)=2z+7,
for arbitrary z= C".

Next we may assume that ¢,(z, &)= ¢,(2)§, for arbitrary z< C" and
& e P¥, where ¢, is a holomorphic mapping of C" into PGL(N). Moreover
the condition that 7@ =1id. on T implies that

2) 0(z+7)=a(—7r)p(2)a(y’), for arbitrary z€C" and y'&I.

Hence, if ¢,(2)=1¢, is a constant element in C(a([")), (2) is always satisfied,
in other words, id.X¢, belongs to T for @, € Cla(l)).

Next, assume that « is of finite type. Then A=C"/ker « is an abelian
variety. Since ¢, can be considered as a holomorphic mapping of A into
PGL(N) and PGL(N) is a Stein manifold, ¢, is a constant mapping. There-
fore, by (2), ¢, is contained in C(a(I')). Thus we get

{(id. X @y), @, € Cla(l))} =1T.

This completes the proof.

A homomorphism « of I' into PGL(N) is said to be non proper, if there
exists a homomorphism & of [’ into GL(N+1) such that a =pa& where p is
the canonical projection of GL(N+1) onto PGL(N).

PROPOSITION 4. Assume that N-+1 is a prime number. If a is proper, then

1) a is of finite type and a(l') = Zy X Ly,

2) ClaI))=a(l).

COROLLARY 1. Assume that N-+1 1s a prime number. If a is proper, then
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M=C"X,PY is not an almost homogeneous manifold.

COROLLARY 2. Assume that N+1 is a prime number. If a PN-bundle M
over an abelian variety T is an almost homogeneous manifold, then there exists
a flat vector bundle E over T such that M= proj. E.

Let A"(a) be a complex r-square matrix of the form:

, acsC*,

Ay, Aoy * @ v v v - , O N
pal, ....... !paS'l
- ) for r=s,
0 p*tay J
Kal’ az’ ....... , ar N
pah ....... 7paT-1
- . for r<s.
L 0 pr-xal

LEMMA 7. For given A"(a), A*(B) and p=C*, a complex rXs-matrix B
satisfying
3 A"(a)B=pBA*(p)
is the following form:

1) if a=+ppB, then B=(0),

2) if a=ppB, then B is contained in A(r,s; p).

PrROOF. We may assume that r=s. If r=s=1, then the above state-
ments are clear.

Next we assume that » >s=1. Let B=(b;,), then (3) is equivalent to
3.1y aby by = P;Bbil for 1=:1<7r—1,
(3.2 aby, = pBb,, .

Therefore, if a+#pp, then we get B=(0) and if a=ppB, then we get
‘B=(b,;,0,+-,0), where b;; is an arbitrary complex number.
Now we assume that r=s>1. Let B=(b;;), then (3) is equivalent to
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(3.1)” aby 4= ppBbi for 151<r,

(3.2)" by = pBby |

(3.3)” ab;;+biy;=pbi;_+pBb;;  for i#rand 1<j<s,
(3.4)” abr;=pb.;,+ppb,;  for 1<j=s.

1) Assume that a # pf. Since we have b,, =0 by (3.2)”, the »-th column
vector is zero. If we assume that the k-th column vector is zero for k=
1+1, -+, 7, then (8.1)” and (3.3)” are equivalent to

ab;;=pby;_,+pBby;  for 1<j<s,
ab“:pﬁbil for 15i<r.

Thus the i-th column vector is also zero. Hence we have B=(0) by the
induction method on 1.

2) Assume that « =pfB. Then we have that, by (3.1)”, b;, is arbitrary
and b;;=0, for i1>1. If we assume that, for a fixed j, b,; is arbitrary, b;; =
Pbi—qj-1, for 1<i=<j and b;;=0, for i>J, then we have that b,;,, is arbitrary,
bi1je1=pbyj, for 1=1=j and b;4; 41 =0, for 1>].

Thus we complete the proof by the induction method on j.

PROOF OF PROPOSITION 4. Now we assume that N+1 is a prime number.
Let 7 be one of generators of [’ satisfying a(y)#id. and a(y)=p(4), Ae
GL(N+1). Denote by {a,, -, a,} all distinct eigen values of A. If there
exist Be GL(N+1) and p= C*, p+1, satisfying AB=pBA, then, by Lemma
7, A, B and p must satisfy the following conditions:

E=N+1
and
PO = Qyyy for 1<i=N,
PAN41 = Ay .
Thus we may assume that
p by
PZ_ 0 b, .
A= . and B=| . O
. 1 0 .
0 PV by+1
where p is a (N+1)-th root of 1, p#1 and by, b,, -+, by, are non zero complex
numbers.

Denote by K the subgroup of PGL(N) generated by p(A4) and p(B). We
can easily prove that K~Zy,,XZy,; and C(K)=K.

Since « is proper, «(l’) is not cyclic. Hence the arguments described
above show that a(l") ~Zy,;XZy., and Cla(I"))=a(l’).
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Corollaries 1 and 2 are clear by Propositions 3 and 4.

REMARK. If N+1 is not a prime number, then there exists an almost
homogeneous PY-bundle M over an abelian variety T which is not the pro-
jection of a flat vector bundle E over T.

Let {ry, -, 722} be a system of generators of the fundamental group I’
of T, where n is the complex dimension of 7. Let a be a proper homo-
morphism of /" into PGL(3) defined by

a(r)=p(4),  al(r)=p(B)

and
a(y;)=id. for 3=Z1<2n,
where
1 1 1
1 0 0 .
A= -1 and B= 1 —1
o ! ;0
Set

K:{p(D) e PGL(3);

p=[" )] p.=[g 1In[g 1] p.ecL@)}.

It is clear that K < C(a(l’)) and K acts on P® almost transitively. Hence
M=C"X,P? is an almost homogeneous manifold which is not the projection
of a flat vector bundle over 7.

§3. Let I' be the fundamental group of an abelian variety 7. A homo-
morphism & of /" into GL(N-+1) is said to be a unipotent representation (a
special unipotent representation) if @& is equivalent to a homomorphism of I’
into N (N), where N (N) is a subgroup of GL(N-+1) consisting of matrices
of the form:

1 1 a, a, ay
1 * 1 a

0 0 g,

1 1

LEMMA 8. An indecomposable unipotent representation & of I' into GL(3)
is equivalent to one of the following:
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(1 a b
1) a special unipotent 1 a |, where a:I'—C is non trivial,
0
1 0 b
2) 1 a |, where a and b are homomorphisms of I’ into C which
L 0 1)
are linearly independent over C,
(1 a b))
3) 1 0|, where a and b are homomorphisms of I' into C which
GUNEY

are linearly independent over C.

PROOF.,

into C which are linearly dependent over C.
then there exists a non zero complex number 4 such that a,= 4a,.

wethave

Let a=

1

0

This is the case 1).

Next we assume that ¢, and a, are both trivial.

I~}

But this contradicts to the fact that & is indecomposable.

is non trivial.

over C, then there exists a complex number A such that b= 1a,.

have

1 0
1
0
(1 b
1
0

1

0

b
a, |, then a, and a, are homomorphisms of I’

1
If a, and a, are both non trivial,
Therefore

0 o (A g 1 a b
1 a, 1 = 1 a,
1L o 1JL 0 1 0 1

Then we have

by (1 0 0L 0 byl 0 0
ol~l0 o0 1 1 ollo o 1
1) Lo 1 oJLO 1Jlo 1 0
0
0
|

Thus one of {a;}

Moreover, if a, is trivial and a, and b are linearly dependent

And we
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1 0 b6y (1 =2 01 0 byt 2 0

a= 1 a,|~ 1 0 1 aq 1 0
L 0 1 0 1) 0 1JL 0 1
(1 0 0)

= 1 a,

\0 1

This contradicts to the fact that @ is indecomposable. Thus if a, is trivial,
a, and b are linearly independent over C. This completes the proof.

Denote by M, the P?*bundle over T defined by a homomorphism a of I’
into PGL(2) and by E; the vector bundle over T defined by a homomorphism
a@ of I’ into GL(3).

LEMMA 9 ([4], Théoréme 3). For an indecomposable flat vector bundle E
over a complex torus, there exist a flat line bundle L and a unipotent represen-
tation @ of the fundamental group of the complex torus such that E is equivalent
to LQE;.

PROPOSITION 5. A homogeneous P:-bundle M over an abelian variety T is
equivalent to one of the following:

1) M,, where a is proper,

2) proj. Ez,

a) a=a,Pa,Pa, where & is a homomorphism of I' into C*, for
1=1,23
b) a=a,Pa, where @& is a homomorphism of I' into C* and @&, is

an indecomposable unipotent representation of I' of degree 2,

c) @ is an indecomposable unipotent representation of degree 3 of the

forms 1), 2) or 3) described in Lemma 8.

Movreover, M is an almost homogeneous manifold if and only if M is
equivalent to one of 2,a), 2,b), 2,¢, 1) and 2,c, 2).

PrROOF. If @ is proper, then, by Corollary 1 of M, is not
almost homogeneous.

Next we assume that « is non proper. Then there exists a flat vector
bundle E; such that M= proj. E;.

Decompose @ into indecomposable components, then we have three cases
a), b) and ¢). Moreover, we can easily prove that, for the cases a), b), ¢, 1)
and c, 2), the corresponding manifold M = proj. Ez is almost homogeneous ([6J).

Therefore, to prove it is sufficient to show that, for the
case ¢, 3), the corresponding manifold M= proj. Ez is not almost homogeneous.
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Let W={U,} be a sufficiently fine open covering of T and{/f;;= 1 0
0 4

a system of transition functions of the bundle M = proj. E; with respect to U,
where @ is of type c,3).

Let # be the bundle projection of M onto T and @ < ker 7. Then there
exists a system {¢;} of holomorphic mappings ¢; of U, into GL(3) satisfying

(4) Sotfw PuquDJ fOI’ UszJ:ﬂ ’

where p;; is a holomorphic mapping of U, U; into C*. Moreover, by (4),
p=1{p:;} defines a system of transition functions of a complex line bundle
L over T. Since, by (4), det ¢; det f;;=(p;;)® det f;; det ¢, we have L*=1.

Conversely, if there exists a system {¢;} satisfying (4), then we can con-
struct an element @ of Aut M satisfying nx® =id. on 7.

LEMMA 10. Let L be a non trivial complex line bundle over T. If there
exists a positive integer m such that L™=1, then we have H(T, 2(L))=0,
where Q(L) denotes the sheaf of germs of holomorphic sections of L.

PROOF. Let {p;;} be a system of transition functions of L with respect
to a sufficiently fine open covering W= {U,} of T. Let h={h;} € HY(T, 2(L)),
then we have h;=p;;h;, for every pair (i,j) satisfying U;N\U;+#90. Since
L™=1, we may assume that p;;” =1, for every pair (i,j). Therefore A™=h™;
is a global holomorphic function on 7. Thus #4; is a constant on U, for
every i. Since L is non trivial, we have A=0.

For the case c, 3), (4) is equivalent to

(4.1) atyy = ps;as;,

(4.2) a'510:5+ 0t = pi a7, ,

(4.3) @ty b i+at,=p;;a07s,

(4.4) @ty = pi;a75,

(4.5) aly0; 5+ 0%, = pi;as,,

(4.6) aloibi i atys = pijalss,

4.7 atyy = pi(afy+alya-Hasbyy)

(4.8) atna;;+aty, = pial+alya,+ayg b)),
(4.9) @ty bijtats = pij(alistalssa, - algsh; ;) ,

where ¢, = (a’4p).

If p={p;;} is non trivial, then, by Lemma 10, [(4.1), (4.2) and [[4.3), we get
a'y, =al,=aly,=0. If p is trivial, then d’;;=a’;, is a constant by [4.I)
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Since {a;;} and {b;;} are non trivial C-bundles, we have a; = {a’y;} =0 and
a5, ={a%,} and a,,={a%;} are constants by and [4.3) The similar

a b ¢
arguments show that, for every 1, ¢; = a 0] is a constant element in
0 4
GL(3). Thus we have
a b ¢
ker my = [ = a 0|eGL@B); asC* b ceC
0 a

It is easily proved that I does not act on P? almost transitively. Hence
M is not an almost homogeneous manifold. This completes the proof of
proposition.
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