J. Math. Soc. Japan
Vol. 24, No. 4, 1972

Theta series and automorphic forms on GL,
By Hideo SHIMIZU

(Received Jan. 17, 1972)

The main purpose of the present paper is to give another proof of
Jacquet-Langlands [5, Th. 14.4], the assertion of which is the following.

Let X be a division quaternion algebra over a global field F. To every
irreducible admissible representation = of the Hecke algebra 4(X}), we can
make correspond an irreducible admissible representation z* of the Hecke
algebra #(GL,(A)) so that, if = is a constituent of the representation of
I(K3) in A(p, K3) (the space of automorphic forms on X} with a character
7), then 7* is a constituent of the representation of H(GL,(A4)) in A,(n, GL,(4))
(the space of cusp forms on GL,(4) with a character ) under the condition
that theé component 7, of # is infinite dimensional for all places v of F un-
ramified in X.

In view of various ideas in Jacquet-Langlands [5], and also of Shalika-
Tanaka and Weil [1I], we find it natural to consider theta series made
of Weil representation of SL,(A4) in the Schwartz space on X, and in order
to construct an irreducible subspace of A4,(», GL,(A)) from the space of theta
series, to make use of a spherical function associated with automorphic forms
on XK. In this way we obtain a proof of the above theorem, somewhat more
direct than the original one, under a weaker condition that = is not one-
dimensional (in substance our proof is quite similar to that of [5, Th. 13.1]).
The main theorem in our formulation is stated as (8§ 5, No. 12).
Applied to the holomorphic automorphic forms, it gives a generalization of
Eichler [1,2]. It is stated as (§ 6, No. 5).

For convenience sake we summarize in § 1-§ 3 generalities on admissible
representations, theta series, automorphic forms and spherical functions.

§ 1. Admissible representation of GL,.

1. Definition (non-archimedean case). In No. 1—No. 4, F will be a non-
archimedean local field. By an admissible representation n of GL,(F) we
understand a representation w of GL,(F') in a vector space ¢V over C satis-
fying the following conditions.

(1.1 For any x& <y, the group of elements g in GL,(F) such that
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7(g)x=x is an open subgroup of GL,(F).

(1.2) For any open compact subgroup H of GL,(F), the space of elements
x in <V such that n(h)x=x for all A= H is finite dimensional.

We say that = is irreducible if ¢V has no proper invariant subspace.

2. Local Hecke algebra. Let % be the space of all C-valued locally
constant functions of compact support on GL,(F). It forms an associative
algebra under the convolution :

fisfdg)={,  f(amrhdh.

We call 4 the Hecke algebra of GL,(F). For an admissible representation
w of GL,(F) in <&V, we define a representation = of 4y in <V by

"x=f_ fou(@xdg (f€dr x€V).

For a fixed x, f(g)r(g)x is a <V-valued locally constant function of compact
support on GL,(F). Therefore, the integral in the above expression is actually
a finite sum. Denote by p(g)f or A(g)f the right or left translate of a func-
tion f on GL,(F) by an element g in GL,(F):

()M =f(hg), (A =S(gh).
By definition we have
(1.3) (A )=n(Qn(f)  for ge GL,(F) and f& HF.

Let o be the ring of all integers in F, and put K= GL,(v). By an elemen-
tary idempotent we understand a function £ on K of the form

(k)= dimo, tro(k™),

o; being a finite number of inequivalent irreducible representations of K.
§ is in fact an idempotent in 4 if we regard £ as a function on GL,(F),
putting &(g2)=0 for g« K.

By (1.1) and (1.2) the representation = of 4 r has the following properties.

(1.4) For any x = <V, there exists a function f in % such that =n(f)x=x.
(1.5) For any elementary idempotent & #(&)CV is finite dimensional.

Conversely, for any representation = of 4z in €V with these properties, there
exists an admissible representation = of GL,(F) satisfying

3. Principal series of representations. We denote by |a|r the module
of a« in F*; namely, dlaa,)=|a|rda,, da, being the additive Haar measure
of F. Let T be the group of all upper triangular elements in GL,(F). Every
one-dimensional representation { of 7 can be written in the form .
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d((§ 5= mtum@| 5|7,

where pu,, u, are quasi-characters of F*. Let $(u,, y,) be the space of all
locally constant functions f on GL,(F) satisfying

/g =CBf(g) (teT, geGL(F)).

The right translation p defines a representation of GL,(F) in B(y,, y,). It
can be shown that p is admissible. By [5, Th. 3.3] the irreducible constituents
of B(u,, ¢,) are the following.

i) If g,p5!' equals neither | |f nor | |7, B(y,, ¢,) is irreducible.

i) If pypst=| 1r, B(p, p.) contains the only one proper invariant sub-
space B,(y,, ), which is of codimension 1.
i) If gpt=| |7, B(y, 1) contains the only one proper invariant sub-

space B,(u,, ¢,), which is of dimension 1.

In the case i) we write 7(y,, p,) for p. In the case ii) we write a(y,, ¢,)
(resp. n(u,, ¢,)) for the representation of GL,(F) in By, pt;) (resp. B(py, )/
By, ) induced by p. In the case iii) we write a(py,, p,) (resp. w(gy, )
for the representation of GL,(F) in B(u,, )/ Bty o) (resp. B,(py, pt,)) induced
by p.

(g, 1) (resp. o(py, p.)) and w(y,, p,) (resp. o(uy,, £,)) are equivalent, and
there is no other equivalence relation among these representations (cf. [4,
§1, Th. 7.

By [5, Prop. 2.7] a finite dimensional irreducible admissible representation
x of GL,(F) is necessarily one-dimensional, and we have n(g)=X (det g) with
a quasi-character X of F*. If p(a)=Xa)la|i? pua)=Xa)|la|7? = is equi-
valent to w(y,, ).

4. Absolutely cuspidal representations. An irreducible admissible repre-
sentation w of GL.(F) is called absolutely cuspidal if it is not a constituent of
B(py, p,) for any choice of gy, u,.

5. Definition (archimedean case). In No. 5-No. 7, we assume that F is
an archimedean local field so that F is either the real number field R or the
complex number field C. Let K be a maximal compact subgroup of GL,(F).
Let dg (r>:p. dk) be a fixed Haar measure of GL,(F) (resp. K). We denote
by 4% r the space of Radon measures on GL,(F) spanned by the following two
kinds of measures:

i) f(g)dg; f is a C= function of compact support on GL,(F), which is
K-finite on both sides.

ii) &(k)dk; &(k) is a matrix coefficient of some irreducible representation
of K.

In the following we identify f(g)dg (resp. &k)dk) with a function f (resp. §).
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Let 4 be the space spanned by the measures of type i) and 45 the space
spanned by the measures of type ii). If * denotes the convolution of mea-
sures, 4 r forms an associative algebra under *. In fact, * coincides on %%
{resp. A%) with the convolution of functions on GL,(F) (resp. K), and

r&(e)={ flgk)skdk,

sxf(@)= [ sk kg)dk.

‘We note that an elementary idempotent can be defined in the same way as
in No. 2, and it is an element of .4}.

We say that a representation 7 of .4y in CV is admissible if it satisfies
‘the following conditions.
{1.6) For any x< <V, we can find f; € 4, and x; € <V such that

x= 3 (f)xi.

‘(1.7) For any elementary idempotent &, n(&)cV is finite dimensional.
(1.8) For any xe <V and for any elementary idempotent & the mapping
J—r(flx of ExHp*& into n(&)SY is continuous (the topology in 7(£)V is the
usual topology in a finite dimensional vector space over C, and the topology
in £+ £& is the one induced by the Schwartz topology in the space of all
«C> functions of compact support on GL,(F)).

REMARK. If we limit ourselves to a special case where <V is a space
rconsisting of continuous functions on GL,(F) and = is defined by

m(@We(h) = [ohe)dim(g)  (peV, pedr),

then (1.6)-(1.8) can be replaced by the following conditions.
(1.6)) For any ¢ < cV, there is an élementary idempotent & such that z(&)p=¢.
{1.7) For any elementary idempotent &, (&)<Y is finite dimensional.
«(1.8) Let ¢, & be as in (1.8). Let f; be a sequence of functions in &*.Hp*&
such that the supports of f; are all contained in a compact set of GL,(F), on
‘which f; converges uniformly to 0, together with all derivatives of higher
-order. Then #(f;)¢(g) converges to 0 for all g GL,(F).

In this situation, (1.8)’ is trivially satisfied. It can be shown that (1.8)
‘implies (1.8), and that (1.6)’ and (1.7)’ imply (1.6).

6. Representation of Z, K or 1 induced by an admissible representation.
Let = be an admissible representation of 4 in <. Let Z be the center of
GL,(F). We can define a representation = of Z (resp. K) by the condition
that 7(g)n(f)=n(A(Q)f) is satisfied for all f in K%, if g is in Z (resp. K).
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Let g be the Lie algebra of GL,(F) and Ul the universal enveloping algebra.
of gc=gQ®C. = being as above, we can define a representation = of 1 in <V
"

so that we have

r(X)r(f)=na(Xxf), =w(Hn(X)=r(f*X)
for all fe 4} and X=g. Here

Xxf(g)=[(d/da)f(exp (—aX)g)]a=o,
[+ X(g)=[(d/da)f(g exp (—aX))a=o-

If gis in Z or K, we have
n(Ad (g X)=n(Qn(X)x(g™").

7. Classification of admissible representations. Let T, {, p,, ¢, be as i

No. 3. Let By, #,) be the space of all functions ¢ on GL,(F) which are
K-finite on the right and satisfy

o(tg) = L(He(g) for teT.

Note that any function in $B(y,, ¢,) is necessarily a C~ function. If we put

o(we(g)= [ p(@e)du(e)

for p= % r and ¢ € B(p,, p,), we obtain a representation p of Hr in B(y,, ).
It is admissible. By [5, Th. 5.11 and Th. 6.2] every irreducible admissible
representation of 4 r is equivalent to a constituent of some B(y,, ).

The case F=R. 1f F=R, the irreducible constituents of B(y,, y,) are
the following ([5, Th. 5.117).

i) If pyp,7'(a) is not of the form a?sgna with a non-zero integer p,.
B, ) is irreducible.

ii) If pp,”'(a)=a?sgn a for a positive integer p, B(y,, ¢,) contains the
only one proper invariant subspace By, ¢,), which is of finite codimension.

iii) If g,p,"(a)=aPsgna for a negative integer p, B(y,, ¢,) contains.
the only one proper invariant subspace B/(y,, ¢#,), which is of finite dimension..

In the case i) we write n(y,, ¢#,) for the representation p of 4z in
By, t). In the case ii) we write o(y,, u,) (resp. #(u,, ¢,)) for the representa-:
tion of Hr in By(p,, p.) (resp. B(py, p.)/ B py, ¢.)) induced by p. In the case
iili) we write o(y,, #,) (resp. w(y,, p,)) for the representation of 4 in
B, p2)/ Bs(pa, pa) (resp. B,(uy, ) induced by p.

The equivalence relations of these representations are as follows. #(g,, g,)
and o(y,’, ¢,’) are not equivalent. =(g,, ¢t.) and =n(y,’, p,’) are equivalent if
and only if (g, p)=(/, po’) or (&', p). o(p, p2) and o(py/, p,’') are equi-
valent if and only if (g, ¢,) is one of the four pairs (g, "), (¢o’, '), (¢'7,.
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22'7), (', p1'77). Here 7(a)=sgn a.

The case F=C. If F=C, the irreducible constituents of $(y,, p,) are
the following ([5, Th. 6.2]). .

i) If pp, () is not of the form aP&? or a ?& 9, p and ¢ being positive
-integers, then B(y,, p,) is irreducible.

ii) If pp,7'(a)=a?a@? with positive integers p, ¢, B(y,, ¢,) contains the
-only one proper invariant subspace B,y,, ¢,), which is of finite codimension.

iii) If pyp, " a)=a Pa& ? with positive integers p, g, B(u,, ¢,) contains
‘the only one proper invariant subspace B/(y,, t,), which is of finite dimension.

We define #(y,, p,) or o(yy, p.) in the same way as in the real case.
Unlike the real case, every irreducible admissible representation is equivalent
‘to some m(gy, ). w(pe, o) and m(py’, p,') are equivalent if and only if (py, p)
= (s ') or (', p)).

8. The case of quaternion algebras. We consider in this section the
-multiplicative group of a division quaternion algebra X over a local field F.

We define the Hecke algebra 4 (X*) and admissible representations of
. H(K*) exactly in the same way as in No. 2 or No. 5, taking X * (resp. the
unique maximal compact subgroup of X *) for GL,(F) (resp. K). In this case
‘we still denote by K the maximal compact subgroup of X*. Write n(x) for
the reduced norm of x in K. Then K is the group of all g X* with n(g)
=0* (resp. n(g)=1) if F is non-archimedean (resp. F= R) (there is no divi-
-sion quaternion algebra over C). However, for any admissible representation
7w of 4(K™), there exists always a representation = of X * satisfying for
geX* and fed(K*) (even if F is archimedean, because K is a normal
subgroup of X*). If = is irreducible, the corresponding representation = of
.KX* is an irreducible (continuous) representation of finite dimension.

9. Global Hecke algebra. In this section, we assume that F is a global
field, i.e. an algebraic number field of finite degree or an algebraic function
field over a finite field.

We write v for a place in F, F, for the completion of F with respect to
v, and A for the adele of F. Also we write o, and o for the rings of all
integers in F, and F, respectively. (If F is a number field, denote by S.. the
'set of all archimedean places. If F is a function field, we fix a non-empty
finite set S. of places. By an integer in F we understand an element in F
~contained in o, for all ve S..)

Let X be a quaternion algebra over F and put va———F,,(%)JC. We say

that v is ramified in X if X, is a division algebra. The number of ramified
places is finite and even. Conversely, if there is given a set S of even num-
‘ber of non-archimedean or real places, there exists a unique (up to isomor-
:phism) quaternion algebra X over F such that S is exactly the set of places
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ramified in X.

For all » unramified in X, we define an isomorphism &, of X, onto M,(F,)
in the following way. Take a maximal order © in X with respect to 0. For-
an unramified v not in S, let O, be the o,-module in X, generated by £O..
There is an isomorphism of £, onto M,y(o,), which can be naturally extended:
to an isomorphism of X, onto M,(F,). Let #, be this isomorphism. For an
unramified v in S., take #, to be any isomorphism of X, onto M(F,). If O
is another maximal order, we have ©,=9%, for almost all v; hence the.
choice of {#,} is canonical so far as “almost all” v are concerned.

We fix {6,} once and for all and identify %, with M,(F,) and hence X;
with GL,(F,) by 6,. Put

GL,(0,) if v is non-archimedean,
K.,=1 OJR) if F,—=R,
U,(C) if F,=0C,

and denote by J(X) the Hecke algebra of K, = GL,(F,).

If v is ramified in X, we denote by K, the maximal compact subgroup:
of X%, and by (X)) the Hecke algebra of £, defined in No. 8.

Put K:EIKD. Let 90(X}) be the space spanned by all @f,, with foeH(K)),.

where almost all f, are the characteristic functions of K,. It forms an asso--
ciative algebra (as a subalgebra of the tensor product of 4(K;)).

Let 7, be an admissible representation of #(X;) in &/, and assume
(1.9) for almost all v, the restriction of =, to K, contains the identity

representation exactly once.

Take an element e, in <V, such that w,(k)e,=e¢, for all k€ K,. Let <V be-
the restricted tensor product of <V, with respect to {e,}, i.e. the space:
spanned by all (ngv (x, € V,) such that x,=e, for almost all v. We can.

define a representation = of #(X}) in ¢V by putting

m(f)x=Qm(fo)xy

if f=®/f, and x=®x,. By the assumption (1.9) the equivalence class of ="
is independent of the choice of {e,}. We call = the tensor product of =, and
write 7T =X r, (note that (1.9) is implicitly assumed whenever we speak of’
the tensor product of admissible representations). = is irreducible if and
only if all =, are irreducible.

The tensor product of admissible representations of #(X,) is an admis-
sible representation of 4 (X}) in the sense of [5, §9], and every irreducible:
admissible representation of (X }) is the tensor product of admissible repre--
sentations of #{x>) ([5, Prop. 9.11).
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4(K}3) can be interpreted as an algebra of measures (of compact support)
on X If ¢ is a continuous function on X} and p < J(X3}), we put

ety = [ phg)dp(a).

In particular, if an element f in 4(X}) is of the form f,, where £, is a
function on X, then f is identified with a function f(g)=TII/,(g,) on X3,
and we have

o(Neth) = [ p(hg)f(2)dg .

§2. Weil representations and theta series.

1. Weil representations (local case). Let us recall that the Schwartz
space S(G) on a finite dimensional vector space G over a local field F is the
space of all locally constant functions of compact support on G if F is non-
archimedean, and S(G) is the space of all rapidly decreasing C* functions on
G if F is archimedean.

Let F be a local field and let A be either one of the following semisimple
algebras over F':

a) FQF,

b) a separable quadratic extension of F,

¢) a quaternion algebra over F.

In each case, denote by x—x‘ the following involution of A over F;

a) (a, B)—(B, ),

b) the non-trivial automorphism of 4 over F,

¢) the canonical involution of <4 over F.

Put tr (@) =a+a‘, n(a)=aa‘ for a = A. n(a) is a homomorphism of -4* into F*.

Fix a non-trivial additive character ¢ of F. Since (x, ¥)—tr(xy) is non-
degenerate bilinear form on 4, <A can be identified with its dual by the
pairing <x, y) =¢(tr (xy)). Let dx be the unique Haar measure on 4 which
equals its dual. For M e 8(A), the Fourier transform M’ of M is by defini-
tion

M(x)= [ M(y)Xx, y>dy
A
and M’ is again in S(A). By the self-duality of dx we have
M) ={ M/(3)x, —y>dy.
A

Put f(x)=¢n(x))=¢(xx*). By [11, Th. 2] there exists a constant
y =7(A/F, ¢) such that (M*f)(x)=7f(x)"*M'(x) for all MeS(A). r=1 if
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A=F@F or M,F) (cf. [11, Prop. 3]; note that the quadratic form n(x) on
A is then a kernel form). y=—1 if A is a division quaternion algebra over
F (cf. [11, Prop. 4]). If A is a separable quadratic extension of F, the value
of y is found in [5, Lemma 1.2] or (in [10], it is assumed that the
residue class field of F is not of characteristic 2).

Let » be a representation of SL,(F) in S(.A) defined by

@D (5 L D)IMD = 0@ al " Max),
22) (G DM =gnmm,
@3 (O O)M@=r(A/F, M.

Here w is the non-trivial character of F*/n(.A4*)if A is a separable quadratic
extension of F, and w=1 otherwise. | | is the module in 4. Since the

elements of the form (g a.?), ((1) [i), (0_1 (1)> generate SL,(F), r is uni-

quely determined by (2.1)-(2.3). That r is actually a representation is proved
in [5, Prop. 1.3].

LEMMA 1. For an element a in A* and a function f on A, write p(a)f(x)
= f(xa), Aa)f(x)=f(a 'x), c(a)f(x)=f(a 'xa). Let A" be the group of all elements
in A with n(a)=1; let s be any element in SL,(F).

i) r(s) commutes with p(a) and A(a) for all a = A

ii) 7(s) commutes with ¢(a) for all ae A*.

,_[a N\ s 0 p . .
iii) Put s’'= 0 1) 5(0 1) for a € F*. If there is an element a in
A with n(a)=a, we have p(a)r(s)=r(s")p(a).

PROOF. It is enough to prove i) and ii) when s is of the form (g a'(‘) ,

(é Q) or (0_1 (1)> In the first two cases, this is immediately seen from

definition. If s:(o_l (1)), this amounts to see that, for M e S(A), (p(a)M)’
=Aa)M’, (A(@)M) = pla)M’ (a e A') and («(a)M) =c(a)M’ (ae A*). This is
easy to prove. iii) can be proved in the same way.

2. Special or absolutely cuspidal representations. Let .4 be a separable
quadratic extension or a division quaternion algebra over a local field F, and
7 an irreducible representation of A4* in a finite dimensional vector space U
over C. An element in the space S(A)QU is regarded as a function on A

taking values in U, whose coordinates (with respect to a basis of U) are
Schwartz functions on A. Denote again by r the representation r&1 of
SL,F) in S(A)Q U, 1 being the identity representation of SL,(F) in U. Let
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S(A, ©) be the space of all elements in S(JZ)@U such that

M(xg) = n(g " )M(x)

for all g A% It is invariant under the action of SL,(F) (Lemma 2 i)). Let
G be the group of all s in GL,(F) such that det s = n(.A*). By [5, Prop. 1.5]
the representation r of SL,(F) in S(A, w) can be extended to a representation
7> of Gy in S(A, n) by setting

(5 D))ME) =11 MCeh)

if a=mn(h) for he A~

If F is non-archimedean, there exists a unique division quaternion algebra
X over F. Put 4 =X ; then it is proved in [5, Th. 4.2] that the representa-
tion 7, of G, =GL,(F) in S(X, n) is admissible and is a multiple of a single
irreducible admissible representation z*. If dimz=1, = is written as n(g)
=X(n(g)) with a quasi-character X of F*; then n* is a special representation
o(X| |72, X |F~¥®). If dimz>1, #* is an absolutely cuspidal representation.
By [5, Th. 15.17, # —=* gives a one to one correspondence between the equi-
valence classes of finite dimensional irreducible representations of £* and
the equivalence classes of special or absolutely cuspidal representations of
GL(F).

Assume now that F=R. Let £ be a division quaternion algebra over

R. Identify J with the set of matrices of the form (* ; ) with a, b= C.

“Then n(h)=det h for he K. Every irreducible finite dimensional representa-
tion 7 of X* is written as

m(h) = n(h)" pa(h)

with r C, p, being the n-th symmetric tensor representation of GL.(C).
Let g, g, be quasi-characters of R* defined by

+n-r1/2

ﬂl(a) =lal”
() =|a|""V*(sgn a)*

and put z*=o0(y,, #,). Every special representation of 4 (GL,(R)) is obtained
in this way. This correspondence of = and =* is described in [5, §5] by
means of an intervening quasi-character of C*.

3. Weil representations (global case) and theta series. Let F be a global
field and £ a quaternion algebra over F. We use the notation in §1, No. 9.
Let ¢» be a non-trivial character of A/F and write ¢(a) =II¢.(a,) for a="(a,)
= A. (We shall fix this character throughout this paper.) Let a, be the
largest o,-lattice in F, on which ¢, is trivial. We call a, the conductor of
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¢y. Almost all a, coincide with o,.

Using the above ¢,, we define the Weil representation 7, of SL,(F,) in
S(Ky). Let S(K,) be the space spanned by all elements of the form (EUQM,,
with M, € S(X,), where for almost all v, M, is the characteristic function M,*
of £,. We shall prove in that, for almost all v, M,° is invariant
under 7,(s,) for s, & SL,(n,). Hence we get a representation » of SL,(A) in
So(X 4) by setting

r(SHE My) = Qry(so) M,
for s =(s,) e SL,(A).
So(K4) is regarded as a subspace of the Schwartz space S(K,) on K 4.
By [11, Chap. III, No. 38, 39] the action of SL,(A4) in S,(X,) can be extended
to S(K4), and the mapping (s, M)—r(s)M of SL,(A)XS(HK,) into S(K,) is
continuous. By [11, Chap. III, No. 41]

(2.4) OM)= 3 M)
& XF

converges uniformly on any compact subset of S(X,). It follows that @(r(s)M)
is, as a function of s, continuous on SL,(A).
PROPOSITION 1. If o= SL,(F), then
(2.5) O(r(e)M)=06O(M).
PROOF. We can assume that M is of the form @ M, with M, € S(K,).
a 0 . N 1 . .
If o:(o a") with «¢ € F* or (O /13) with e F, the left hand side of (2.5)

is reduced to

laly 3 Mag), or X g(An(E)ME),

which is clearly %}M({-‘), since |a|,=1 and ¢(Bn(&))=1.

To prove (2.5) for 0___(0_1 (1)), note first the following. If dx, are the

self-dual measures on X, with respect to {x, Vy)=¢,(tr (x,3,)), we can
introduce the product measure dx of dx, on X, and dx is self-dual with
respect to the pairing {x, ¥> = ¢(tr (x¥)). If M =Q M,, then M’ =R M,’ is the
Fourier transform of M. As is stated in No. 1, y(K,/Fy, ¢») =1 or —1 accord-
ing as v is unramified or ramified in X. Since the number of ramified v is

even, we have IIy(X.,/F, ¢,)=1. Consequently, (2.5) for a:(o_l (1)) is

reduced to the Poisson’s formula

I ME=3 ME).

REMARK. The statement in the above is valid if we take, in place of



Theta series and automorphic forms 649+

J, an algebra over F of type a), b) or ¢) in No. 1. The case of separable
quadratic extension of F is discussed in Shalika-Tanaka [7], where @(r(s)M )
is used to construct cusp forms on SL,(A).

Assume for a moment that the characteristic of F' is not 2. In the nota-
tion in Weil [11], Ps(.A), is isomorphic to Sp(.A), and there is an obvious.
embedding of SL,(A) into Sp(<A),, and hence into Ps(A);. We see that.
s—(s, r(s)) gives an isomorphism of SL,(A4) into Mp(.1),, and the restriction
of this isomorphism to SL,(F') is the same as ry defined in [11, Chap. III,.
No. 40]. Then, [Proposition 1, together with the remark preceding it, is a.
consequence of [11, Th. 6].

§3. Automorphic forms and spherical functions.

1. Definition of automorphic forms. Let X be a quaternion algebra over
a global field F and 7 a quasi-character of A*/F*. By an automorphic form:
(more precisely, an automorphic form with a quasi-character ), we understand.
a continuous function ¢ on K\ K} satisfying the following conditions.

(3.1) ¢ is K-finite on the right.

(3.2) For any elementary idempotent & in #(X}), the space
{0&)elf e H(HK2)} is finite dimensional.

(3.3) o(zg) =7n(2)p(g) for all z€ A~ and g K.

(3.4) For any compact set £ in X and for any constant ¢ >0,
there exist constants c¢;, ¢, such that

[o((5 De)lsalale

for all g £ and for all a= A* with |a|,=c.
(The condition (3.4) should be neglected unless KX =GL,(A).) Here the nota-
tion is the same as in §1, No. 9 and | |, is the module in X,. We denote:
by A(n, X34) the space of all automorphic forms with a quasi-character 7.
Let Ay, GL,(A)) be the space of all ¢ in A(n, GL,(A)) such that

© Je(G Depan=o

for all g= GL,(A). Such a ¢ is called cusp form. To simplify the statement,.
we occasionally write A(n, X%) for A(y, KX%) if K is a division algebra.

If o€ A(n, K) and p < JH(KY), then p(p)p e J(n, K3); thus we obtain a.
representation p of H(K}) in A, Ki). Ay, Ki) is invariant under p. It
can be shown that the restriction of p to Ay, K% is the direct sum of
irreducible admissible representations, each of which occurs with a finite:
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multiplicity ([5, Prop. 10.5, Prop. 10.9, Lemma 14.1]). Moreover, each multi-
plicity is at most 1 if K} =GL,(A) ([5, Prop. 11.1.1]).

REMARK. For any quasi-character n of A*/F*, we can find a quasi-
character X such that X?, is a character. Put ¢’(g)=X(n(g)¢(g) for p<
Ao(m, KX3). Then ¢— ¢’ gives an isomorphism of A (7n, K3) onto A(X%y, K).
If p is the representation of (X} in the former space, the representation
in the latter space is the tensor product of p and the one-dimensional repre-
sentation Xon. For this reason we may assume that » is a character with-
-out losing generality.

2. The space L%, X}3). » being a character of A*/F*, let L%, K3})
be the space of all functions ¢ on X} satisfying the following conditions.

'(85) @(zrg)=n(2)p(g)  for z€ A", y € X}, g€ K3,
(3.6) |¢o(g)| is square-integrable on P(X*)g\P(X*),, where P(X*)=X*/F*.
(3.7 If X;=GL,(A),

me(((l) 1lt)g)d“ =0  for almost all g.

Ly¥(n, X3) forms a Hilbert space, the inner product being

(@1, ©s) :j' o:(8)p.(8)dg .

PCXXOYp\P(K>) 4

The right translation p defines a unitary representation of X} in L*(n, K}).
“The space A,(n, K;) coincides with the space of all K-finite functions in
L*(n, K3) (cf. Godement [4, §3, No. 1]).

If £ is a closed subspace of L,%%, X)) invariant and irreducible (topo-
logically) under the action of X}, then &V =_ N A(n, K}) is invariant and
irreducible under the action of 4 (X}); conversely if the subspace <V of
Ay, K3) is irreducible under the action of 4(X}), its closure £ is invariant
.and irreducible under the action of X}, and <V is the space of K-finite func-
tions in -£ (cf. [4, § 3, No. 3]).

3. Spherical functions. We write X' for the group of all elements in
.KX* of reduced norm 1 and put K,)=K,NK,', K'=KNX, . Let .L be an
irreducible closed subspace of L%, X}) and m a representation of 4} in L.
For an irreducible representation b of K?, let £(b) be the space of all ¢ in
L such that

[ 1 e alkpdh =0,

‘where X, (k) =dim b tr d(k,).
LEMMA 2. _L(d) is finite dimensional.
PROOF. Let <V be the space of all K-finite vectors in L. We first prove
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that £(d)c <v. By [4, §3, Th. 2] r is the tensor product of irreducible uni-
tary representations mw, of XJ in -£,. Denote again by = (resp. w,) the
admissible representation of (X }) (resp. H(X})) in <V (resp. <V,), <V, being"
the space of all K,-finite vectors in L,. Let S be a finite set of places such
that for all v & S, the restriction of 7, to K, contains the identity representa-
tion. If ve& S, we have n, =n(y,, ¢#,) with unramified quasi-characters g, #,.
of F;. Then it is easy to see that ¢V, contains the unique (up to a scalar
multiple) vector invariant under K,!, which is still K,-invariant (hence the-
same is true for .L,). It follows that every element in L£(b) is H-finite if
H :Z<K)K1};EIS K,, Z(K) being the center of K. Since H is of finite index in.
K, it is also K-finite.

It is evident that, if £(D)= {0}, an element in £(d) transforms under the-
action of H according to an irreducible representations of H determined
uniquely by d and %. If &k)=> dim o, tr ,(k™*), where o; are all the irre-
ducible constituents of the representation of K induced by b, then £(b) is.
contained in #(&)cY. Hence -£(b) is finite dimensional.

By Cemma 2 we can define the spherical function @, of type b of = (cf..
Godement [3]). By definition we have

w, (g) =tr (E(M)r(g)),
E(d) being the projection of £ to .L£(b). It follows that

N
38) @ (8)= X (=(Dps 99
if {¢;, -, oy} is an orthonormal basis of _£(b). In a special case where the-

multiplicity of b in £(b) is 1, we have
(3.9) o(gws () =dimd | o(gikgk™)dk

for any ¢ in £(b) and for any g, in X} (cf. [3, Th. 8]).
Since 7 =Qr, and b= b, with irreducible unitary representations =, of
v v

KXy and irreducible representations b, of K,', we have
(3.10) W (g) = ].;[(Ub,,,<gv) )

w,, being the spherical function of type b, of w,. Also we have

(3.1D) wy (B gk, ™) =w, (g) for k, e K*,
(3.12) [ 2o eV (ky@)dley = 0 (2.
K1

These are immediately seen from definition.
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§4. Construction of a space of automorphic forms.

1. Let X be a division quaternion algebra over a global field F and 7 a
.character of A*/F*. Write n(a)=117%.(a,) for a=(a,)= 4*. Let <V be an
irreducible subspace of _A(yp, X }) and 7 the representation of #(X}) in ¢/. Let
L be the closure of <V in L,%(», X ;) and write still # for the representation
of K in L. In the notation in §3, No. 2, let D be any irreducible repre-
‘'sentation of K' such that £(b)# {0} and let {¢;};-,¥ be an orthonormal basis
-of _L(b).

Denote by GL,(A). the group of all s € GL,(A) such that dets=n(h) for
'some he K% and put GL(F). =GL,(F)YNGL,A),. If s is in GL,(A)., write

.s:<(c)1ets '(l))s, and take an arbitrary h in X} with n(h)=dets. For an

-element M in S(KX,), let ¢, be a function on GL,(A). defined by

(4.1) bu) =2 Idetslaf O, 5, Dpl8dE,
“where
(4.2) OM, s, 8=\ 1 02:h)B(p(&:h)(&)r(s)M )dg; .

‘Since O(p(y)M)=0OA(y)M)=6(M) for y € X}, the integrand in is, as a
function of g,, left K r'-invariant, and the integral is independent of a choice
-of h. We see easily that @,(M, s, g) is, as a function of g, left KX 5-invariant.

LEMMA 3. ¢x(s) is a continuous function on GL,(A)., and ¢y(os)=@y(s)
Jor all o€ GL,(F)y. and s GL,(A).,.

PROOF. Since x—g 'xhg is an automorphism of X, the mapping (A4, g, s,)
— p(h)(g)r(s;)M is a continuous mapping of HEIXKIXSL,(A) into S(K,).
Hence ©(p(h)(g)r(s;)M) is a continuous function of A, g, s, (for a fixed &,
o(h)(@r(s,)M(¢) is a continuous function of A, g, s, and ©(M) is uniformly
.convergent on a compact subset of S(X,)). Since P(KX*)r\P(KX ™), and K '\ K 4!
‘are compact, the integrand in (4.1) is bounded if s stays in a compact set of
‘GLy,(A)s. It implies that ¢, is continuous.

Let ¢ be an element in GL,(F), of the form (g g) We can find an
element ¢ in X} such that n(d)=a. Substituting dh for A and then replacing
g, by 6g,07" in (4.2), we see that @, (M, os, g) =D,(M, s, g). Hence ¢y(os)=0¢ y(s).
Assume now that o € SL,(F). By Lemma 1, if s:(de‘gs (1))81:SZ<de(3)ts ?),
we have p(g,R)d(g)r(s)M = p(g:h)r(s,)e(g)M =1 (s;)p(£:h)¢(g)M, and by Proposi-
‘tion 1, O(r(s,)p(g,h)(g)M) remains invariant if we replace s, by o¢s,. Hence
“D.(M, os, 8)=D,(M, s, g and Py(os)=¢y(s). This proves the lemma.

2. An element s=(s,) in GL,(A) belongs to GL,(A). if and only if dets,
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is positive for all real places v ramified in X. From this it follows that
GL,(A)=GL,(F)GL,A),. By [Lemma 3 ¢, can be extended to a function on
‘GL,(A) invariant under the left translations by elements of GL,(F). Obviously
@y is then continuous on GL,(A).

Consider an arbitrary continuous function ¢ on GL,(F)\GL,(A). For a
fixed s, ¢(((1) ?)5) is a function of a € 4, invariant under the translation

a—a+a for a=F. Let ¢ be as in §2, No. 3. Every character of A/F can
be written as a—¢(aa) with a< F. Hence the Fourier coefficients of the
above function are

a, S)ZfAngﬁ(((l) ‘DS)(/)(—aa)da ,

da being the Haar measure of A such that the total volume of A/F is 1. We
see that :

(4.3) Ba, =61 (§ 9)s) for acF.
Let us now prove that
(4.4) ¢M(5) :a§F$M<a’ s)

for M = S8(K,). Assume first that se GL,(A),.. The term by term integration
of gives (this is permitted, since @(p(h)(g)r(s,)M) converges uniformly
‘while (h, g, s,) stays in a compact subset of KX K%XSLy,(A))

O M, 5, )= 19 &hr(s)MO)dg,

+5\_,§;JJCFI'\JCAI SDi(glhg)T(Sl)!(g)M(Eglh)dgl .
Here the second term can be written as

3 Joedachors) oM gshdg, .

E;’,J(;—fv /J{F

“Therefore, putting

N
r(4.5) ¢o(S) = 2 ldet S ] Afp(xx)F\P(J{x)Aj‘x}'\J{h

o 8:hQ)r (s)M0)e(g)dg.dg,

and

N
(4.6) $i(s)= 3] |det s ., f R f .

o &hQ)r (s OM(g W) (g)dg.dg,
we have
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(4.7) du() =9+ 3 (5 D).

Here we have put Fi—=F*n\n(Xp).
By the same reasoning as before, the Fourier coefficients of ¢, can be

calculated term by term. If s:sz<d%ts (1)), we have

[ oM (5 Ds g)d(—aarda

=2 |, Jupug odahor o andame)
Pla n(§)—aa)dg,da.

This is not 0 if and only if there exists an element & in Xy with a =n(§),
and if a =n(§) for & € X}, then it equals

[ 1o ahp(aimr(s ) M©)dg,
=[ 1 0emheIr(s ) DM(Egih)de,

{10 8iEhDT () DM gD,

From this we see that ¢,(0, s) = @,(s) and

é, ((g (1))3) if ac Fx,

0 otherwise.

Hence (4.4) (for s € GL,(A),) follows from

If s is not in GL,(A)s, find an element 8 in F* such that s’:<g (1))5
& GLy(A),. Then ¢y(s’)=du(s) and dyla, s’)=dxy(apB, s) by (4.3) so that (4.4)
is valid for s. Putting a= "' in the above equality, we see that ¢ ,(1, s)=0

if sa& GL,(A), (cf. [4.8).
LEMMA 4. If m is not a representation of dimension 1, we have ¢ 4(0, s)=0.
PROOF. For ¢ = <y, put

Ho(g)= |

(4.8) du(a, s)=

0(g,8)dg, .

HP\K 4

It is easy to see that Hp is a continuous function on £} belonging to
L7, X%). Furthermore, Hy is right K-finite. Hence Hp e A(y, KX%). Since
¢ —Hp commutes with the right translation, either H(<V)=0 or the repre-
sentation of (X)) in H(<V) is equivalent to . In the latter case = is neces-
sarily one-dimensional representation, for Ho(g) depends only on n(g). Hence
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we have H(V)= {0}, and $,(0, s)=¢(s)=0 by (4.5).
3. In the notation in No. 2, we put Wy(s)=éx(1, s). Evidently

(G s)=¢@Wuls)

for a= A. Remark that @,(1, s) is &,(s) if s€ GL,(A), and 0 otherwise. In
view of (4.6) and we obtain

det s|af o (@ih)r(s)M(gi)dg,  if s & GL(A),
0 if s GLy(A),.
It follows from [(3.11) and [(3.12) that

Wu=Ws=Wgz.u,

(4.9) Wa(s)=

if we put

M(x) = j M, dks,

%% M(x) = | s (k) M(kix)dks

For this reason we may limit ourselves to the functions M such that M=M
= ib * M.
In a special case where the multiplicity of d in -£(b) is 1, we still obtain

if we put
(4.10) o(8)Py(s)=dim d|det s| Afxlly\x 1 @(glhg)@(P( gih)r(s)( g)M)dg,

for s GL,(A). and for M e S(x,) such that M= M, where ¢ is any non-zero
function in £(d) and g is any element in X} with ¢(g) = 0 (cf. [3.9).

4. Let S,(K,) be the subspace of S(X,) spanned by all M satisfying
the following conditions.

i) M(x) =TI M,(x,) with M, & S(K,).

ity M=M.

ii) TyxM=M.

iv) If Fy,=R and X, is a division quaternion algebra over R, X, is
identified with the set of all matrices of the form (6_1_5 2) with @, beC.

We have n(x) =det x for x < X,. Assume that =, is written’ as

(g = n(g)rpn(g)

(reC, p,=the n-th symmetric tensor representation of GL,(C)) and that
¢o(a) =exp (2riu,a) with u,= R. Let X, be the character of p,. Then M,
is of the form
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M(x) = exp (=27 | uy | n(x)) P(n(x)Xn(x%)

for x= X,, P being a polynomial.
v) If F,=R or C and X,=M,(F,), and if ¢(a)=exp (2riu, trr, r(a))
with u, € R, M, is of the form

My(x) =exp (—rd, | u, | tr (x X)) P(x),

where d,=[F,: R] and P(x) is a polynomial of &,;, &, if x:<§“ ?2)_
21 22

5. Let <y* be the space spanned by all p((S (1)>>¢M for M < S, (K )

and a € E, E being a representative system of A*/(A*)>. By (4.4) the mapping
Su(s)— Wy(s)= & (1, s) is injective and commutes with the right translation.

Let 9%* be the space spanned by all p((g ?)) Wy for M= S (K ,) and acsE.

PROPOSITION 2. If m is not one-dimensional, CV* is a subspace of A7,
GL,(A)).

PROOF. In §5 we shall see that 9* is invariant under p(y) for all
p <9 (GL,(A)) and the representation of #(GL,(A)) in W* is admissible. This
implies the conditions (3.1) and (3.2) for all functions in €V*. So far we see
that @, is continuous on GL.,(A), left GL,(F)-invariant and cuspidal (i.e.
#u(0, s)=0). Therefore it is enough to prove that ¢, satisfies (3.3) and (3.4)
(then, every right translate of ¢, will also satisfy these conditions).

Let z be in A*. Since

2o — (22 d(;at S (1)> (z(")‘ g>sl ’

(G D)M=1="1pM,

we see that (M, zs, g)=|z7| (2)P(M, s, g) and hence that ¢,(zs) = n(2)P x(s)
(cf. (4.1), (4.2)).

To prove (3.4) in our case, we may assume that £ is a compact subset
of GL,(A), and a varies within A% =n(X}). Let us substitute ({ Ms tor s
in (4.1). Write S___(d(c)ats (1)) s, and let A be an element in X} such that

n(h)=adets. If s varies in £ and g varies in a compact fundamental domain
2, of P(X*)r in P(KX*),, «(@r(s;)M stays in a compact subset of S(K,). By
[11, Lemma 5] there exists a function M, in S(X,) such that

le(@)r(s)M(x)] = My(%)

for all xe X, s 2, g £,. On the other hand, the functions ¢; are bounded
on XK. Hence we get an estimate
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|9((§ D)= cln® L 4 s Ol Mg, ,

«¢; being a constant independent of ¢ and s. Now (3.4) is a consequence of
the following lemma.

LEMMA 5. Let ¢ be a constant >0, and M an element in S(KX,). Then
“O(p(h)M) is bounded for all he X} such that |n(h)|,> c.

PROOF. Assume first that F is a number field. Let S. be the set of all

-archimedean places in F and put K.= II X,. We can assume that M(x)=
VESwo

M. (x..) I;I My(x,), where M., & S(X.) and M, is the characteristic function of

-a 0y-lattice L, in X,, and almost all L, are ©,. Clearly ©@(p(h)M) does not
-change if we replace 4 by dh for 6 = X3 Let &) be the group of all ge X}
with |n(h)],=1. Identify an element « = R* with an element g < X} such
“that g,=1 for v& S. and g,=a forve S.. We have K ;= R*XJ and HK3\KJ
is compact. Hence we may assume that h=a & R* applying [11, Lemma 5]
-again.

Let L be the set of all £ € Xy such that é< L, for all v & S... Projecting
L to KA., we get a Z-lattice in K.. We have

O(p(a)M) = 3, Mo(axf).

"Let M, be the Fourier transform of M. and L’ the dual lattice of L. By
"Poisson’s formula

2 M (ab)=|a|™ 3 M (a &),
gL ser

m being the dimension of X, over R. Letting |a|— oo, the right hand side
converges to a constant multiple of J.M;,(xw)dxm. This proves our assertion.

If Fis a function field, it is easy to show that the support of p(h)M is
~contained in a fixed compact subset of X, for all 2~ with [n(h)|,>c. Then
~the lemma follows immediately.

§ 5. Whittaker spaces.

1. We shall prove that the representation of #(GL,(A)) in &* introduced

“in §4, No. 4 is admissible, and determine its equivalence class.
From the definition of W, and it follows that, if M(x) =TI M(x,)
-is an element of S,(X,), then we have

~(51) WM(S) = I;[ Wﬂlv(sv) ’

~where
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(5.2) Wia(s) = det s| £, 1 @n( gih)r(s:) Mo g1)dg,

for s:<d§ts (1)>sl = GL,(F,)+, h being an element of X; with n(h)=dets,
and '

(5.3) Wro(s)=0 for se& GL,(Fy)s..

Clearly we have

(5.4) Wano(sS") =W, sra,(S) for s’ & SL.(F,).
Let 7, be as in §4, No. 1. By the same proof as in we get:
(5.5) Wa(s2) = 0o(2) W no(s) for ze F;.

Denote by S,(X,) the space of all M, & S(X,) satisfying
fwv(k1Xk1_l> =My(x) (ke Kvl) , va*Mv =M,

as well as the conditions iv), v) in §4, No. 4. Let 9¥ be the space spanned’
by all p(<g (1))) Wwu, for M, e S,(X,) and a« € E,, E, being a representative-

system of F;/(F;)%. Let M, be the characteristic function of £, and write:
W' =W, for M,=M,°. We shall prove in that, for almost all v,
W,° is invariant under the right translations by elements of GL,0,). By
(5.1) we see that W* is the restricted tensor product of W,* with respect to-
{W,°} and that, if we let H(GL,(A)) (resp. H(GL,(Fy,))) act on W* (resp. W,*):
by right translation, the representation of H(GL,(A)) in W* is the tensor
product of the representations of JH(GLF,)) in W,* (granted that W* or
W,* is invariant under this action, which we are going to prove).

7w being as in §4, No. 1, write r=®r,. Let S be the set of all places.
in F ramified in X.

PROPOSITION 3. 9W,* is invariant under the action of H(GLF,)) and the
representation p, of H(GL,(Fy,)) in W,* is admissible. Ifve S and m, is infinite
dimensional, p, is equivalent to m,. If vE S, p, is equivalent to =,* (§ 2, No. 2).

The proof of this proposition will be given in No. 2-No. 11. Since all
the arguments in the following are purely local, we write for simplicity r
for r,. b, denotes always an irreducible representation of K,' contained in
the restriction of =, to K,.

2. In No. 2-No. 6, v denotes a non-archimedean place in F unramified in
K so that K,= My(F,) and KX;=GL(F,). Assume first that m,==m(g, tt:)
with quasi-characters p,, g, of F; such that pg,p,"" is neither | |z, nor | |p,7".

By Godement [3, No. 16] the spherical function w,, is obtained in the-:
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following way.* Let T,  be as in §1, No. 3 (take F to be F,). Put U=
“TNK,; then XX=TK,". If we put

X6,(th) = LD L(u oy (uk)du

for te T and k = K,', we have

(5.6) o @)= [y X8, (ks gl )y

for g = K,;. Here dk, (resp. du) is the Haar measure of K,' (resp. U) with
“the total volume 1.

Let us calculate W, for M < Sy(X,). We put T*'=TNKX,.. For ac F}
set h=(2 ). Since M(kyxk,")=M(x) and Zo,* M= M, we have

L W (¢ M=]  onlhg)M(hg,)dg,
= X5.(he)M(hg))dg,
= et ot (uk) M(ht k)t d b du
TLpY Ky U
=f fC(htlu‘l)M(htlu-l)dt;du
Tl yvy U ‘

- j _ CCht)M(ht,)dt, .

“Here dt, is the left invariant measure of 7' and dt,=df,du. If we write

1 0y - C
2y :<0 ’?)(6 7_1>, we have df, =|y|r,2dBd*y. Then the last expression in
‘the above equals

iy - ay B x
/11(a>|CYIF1;1 sz: j‘FUﬂlﬂz I(T)M<(O r-1>>d‘8d 7.
“Therefore, if S:Q)“ (1))51 with dets=a, we get
{5.7) Wals) = (el 2 . f e om((§7 _r_ﬁl))dﬂdxr .
For M= S(X,) and (a,, a,) € F, X F,, we put

Ot ey, a)={ (G 5))d.

* In [8, No. 16] the space $¢ of the induced representation consists of all con-
‘tinuous functions on GL,(F,) satisfying f(tg)=((@)f(g) (¢&T). The space B(p;, 1)
~of m(py, ps) is the space of all locally constant functions in $¢. However, the spherical

functions of both representations are the same, for all K,!-finite functions in 9% are
ilocally constant.
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Clearly f(M)e S(F,6pF,). Denote by r, the Weil representation of SL,(F,}
in S(F,&@F,) (with respect to the character ¢, of F,). By [5, Prop. 1.6] 7,
can be extended to a representation of GL,(F,) such that

?‘o((g g))m(ah a,) = m(aa,, a,)

for m e S(F, @D Fy).
LEMMA 6. For M e S(X,) and s, € SL,(F,) we have

Sr(s)M)=rs)f(M).
The proof is immediate.
It follows from Lemma 6 and (5.7) that

5:8) W) = p(det s)ldet s|e2f . g  (IRSFADG, 1797

so that W, is contained in the space W(u,, ¢, ; ¢,) in the notation in [5, §3]..
By the assumption on g, p, this space is the Whittaker space of =(y,, p,)
(cf. [5, Prop. 3.5]).

For s; € SL(F,) and M & S(K,), we have p(s)W, =Wy with N=1r(s,)M,.
and S,(X,) is invariant under 7»(s,), because r(s;) commutes with p(k,) and!
A(k,) for ke K,! (Lemma 1). By and [(5.5) the space W,* spanned by all.

p((g (1))) Wy (Me S(K,) and a€ E,) is invariant under p(s) for all.

s&GL(F,). W.* is clearly non-zero. Since W(y,, u,; ¢») is irreducible, we:
have W,* = W(u,, ¢, ; ¢») and hence p, is equivalent to z(y,, u,).

3. Let wn, be =(y,, y#,) with quasi-characters g,, g, of FJ such that
st =1 15l Write p(a)=X(a)|a|r;'? p(a)=Xa)|a|F® Then r, is the:
one-dimensional representation Xon. Obviously b, is the identity representa-
tion and @,,(g)=2X(n(g)). By a simple calculation we again obtain for-
Me Sy (H,). As in No. 2, we see that W,* is an invariant subspace of
W, o5 ¢v). Consequently p, is admissible.

4. For almost all v, the restriction of =7, to K, contains the identity"
representation. By [5, Lemma 3.9], if K = GL,(F,) and v is non-archimedean,.
such a m, is of the form m(y,, ¢,) with unramified (= trivial on 0}) quasi--
characters g, ¢, of F.

LEMMA 7. Assume that m, = (g, ) with unramified quasi-characters y,.
p. of Fy. Let a, be the conductor of ¢,. Put

L, =0y€;,F0y21,1 0,6, 108y, ,

e;; being a 2 by 2 matrix such that (i, j)-coefficient is 1 and the other coefficients:
are 0. If N is the characteristic function of L,, then r(s,)N=N for s, SLy0,)..

Furthermore, if ]\/[:J'x 1,Z(I’el)Ndlel, then p(SYWiy =Wy for s e GLy(0,).
v
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. a 0 1 B /0 1N a0
PROOF. GL,(0,) is generated by (0 a")’ (0 1), (__1 O)’ <O 1) (ae
05, B=0,). We note that L, is a op,-lattice and n(x)=a, for all x L,. It
follows from definition that r(ON=N it s=(& %) or (5 5). Let L,* be

the set of all x € X, such that tr (xL,)Ca,. Evidently L,*=a,e,;+0,€;,-+0,65,
+0,¢,, and the Fourier transform N’ of N is the characteristic function of

L,* up to a positive constant. Hence r(((ll é))N(x):N’(x‘):cN(x). Since
r((o_l é)z)N:r(—l)N:N, ¢ must be 1. This proves the first assertion.

By Lemma 1, i), the same assertion is valid also for M. It follows from (5.8)
that

Wa(s (§ g’)) — uy(det s) |det 5| 72
fmp@rr(e(§ DM, .

If a=of, we have p((g §)>>M=M so that p((&“ g))WMzWM. Together

with what we have proved above, this proves the second assertion.

5. We assume now that =, =o(y,, g¢,) with quasi-characters g,, g, of Fy
such that gyp,"'=| |p,. Write g(a)=%(a)|a|r? p.la)=2A(a)la|r;*?. In the
notation in §1, No. 3, put <&V =3(y,, ¢,) and XV, = B(tt3, ).

We first note that the restriction of =, to K,' does not contain the identity
" representation. If this is not true, there would be a non-zero function f in
<V, invariant under K,.. By [5, § 3]

Cpu po> = eul)pulk)ik

is a non-degenerate bilinear form on B(y,, ¢,) X B(¢,~, p,~') invariant under
the right translation, and B(y,, ¢,) is the space of all ¢ € B(y,, #,) orthogonal
to the function X 'odet in B(x¢,"?, ¢.”"). Hence

jxvx-l(det Bk = [ x-@f ((§ ?)) d*a=0.

It implies that f(1)=0 so that f is identically 0. This is a contradiction.
Let <v(b,) be the space of all f = <V such that

§ 1 Tl ™ot = 7,

and put Wy(d,) =<V, N\ V(b,). By the above remark b, is not the identity
representation. On the other hand, the representation of GL,(F,) in <V/<V,
is equivalent to Xodet, whose restriction to K, is the identity representation.
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Hence <V(b,) = CV4b,). From the definition of spherical functions it follows
that (5.6) is still valid in our case.

As in No. 2, we have Wy & W(u,, to; ¢») for M e Sy(K,). By [5, Prop.
3.6] Wy belongs to the Whittaker space W(a(y,, &,); ¢v) of o(p,, p2) if

(5.9 §, s, 0de,

=f . MG ))aeae 0.

This condition is certainly satisfied by M e S§,(X,), for

§ i @ ‘55))dsldsz
- ijvajA'J M((gl £6>k1>va(kl)dkldEld£2

- J‘vaF'ijq} M<(gll 52(/) )va(kl)dkldgl/dgz, =0,

since ij,,(kl)dk,:o. By the same reasoning as in No. 2, we see that 9 *

is the Whittaker space of o(y,, ¢,) so that p, is equivalent to o(g,, g,).

6. Let us assume that =, is absolutely cuspidal, and is realized in its
Kirillov model (5, §2]). The representation space of 7, is then the space
S(F) of all locally constant functions of compact support on F;. Let ¥ be
any non-trivial additive character of F,. We may assume that

(& B))e@=vBo0@s),

w((§ )o@ = (@)

for ac F;, B F, and ¢ € S(F;). Hence 7, is determined by the action of

s 0

¢ being a character of Fj, we set

()= [ o Ou()d ¢

for ¢ € S(F;). Transforming the action of 7,(g) (g< X,;) by the mapping
¢ — @, we obtain (cf. [5, Prop. 2.10])

(5.10) nv(((‘; ?))@(y) =p  O)P(p),

G1D) w((y D)W =], meT @@ e,
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(5.12) =((O, D)etw=ciotu

with a constant C(y) depending only on p.

Here we sketch a proof. (5.10) and are immediate. To see [5.12),
let v be a character of o} and ¢, an element in S(Fy) such that ¢,(&)=v7'(§)
if £=0 and 0 outside of 0. If @ is a prime element in F,, the functions

m((m{)_ ?))go,, (for all integers n and for all characters v_of o;) form a

basis of S(FJ). Let v, be the restriction of 7, to n;. Write w:((z_l (1))
-1 -1
Since w(g (1))w‘1——— & 2) (g (1)), we have

m,((g ?)) (W), = vy ()T (W),
for a« €0}. Therefore, we can write
To(W)epy = %Cn(p—lvo_l)”v<<’(()j—n (1)»%—1»0-1-
Taking the Fourier transforms of the both sides, we get
To(W)P () = pY Coly o™ H(@™MP, 1,0 -1(t2) -

Clearly &,_,,-:(#t) = @.(,"*¢¢™") and this is not 0 if and only if the restriction
Yo of p to oy equals v~'y,"'. Hence, if we put

Clw)= g Calprp(w™),

holds for ¢ =¢,. It is now easy to see that holds for all

(" e

In the following we take ¢, for ¥. It is shown in [5, Prop. 2.21.2] that
the hermitian form

(o =] 006

on S(F2) is invariant under =,. Write <V =S(Fy) and define <V(b,) as in No.
5. Let {¢;}:% be an orthonormal basis of </(b,). By definition

N
(8 =2 [ (@10, @) laolks )k, .
1=1Y Ky
Hence, if M e S,(K,), we have
N
(5.13) Wilg)=ldets|r, 3 [ (ro(@ih)oi 0r(s)M(g:h)dgs,

where s = (d(()et $ (1))31 and n(h)=dets.
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As in No. 2 we see that 9,* is invariant under p(s) for s € GL,(F,). For
W e w,* and &€ FJ, put ow(&) = W((g (1’))

LEMMA 8. oy € S(Fy) for We w,*.

PROOF. It is enough to prove this in case W =W, for M € S,(X,). Then
it follows immediately from (5.13) that ¢y is locally constant and the support
of ¢y is contained in a compact set of F,. We now prove that ¢ =0 in a
neighbourhood of 0. We shall prove in Lemma 14 that b, is not the identity
representation. Hence

MO)= [ % (k)M(O)dk; =0

and hence there exists a neighbourhood V of 0in X, on which M is identi-
cally 0.

It is easy to see (cf. the proof of [5, Prop. 2.20]) that the support of the
function (7,(g)e, ¢) is compact modulo F;, if ¢ € S(F;). Hence there is a
compact set C in K, such that F;C contains the support of (7,(g)¢;, ¢;) for
1=1, ---, N.

Set s=h=(3 ) in (513). g is written in the form @ Neu(, £

with 2, € K,'. Then a =7y0% Assume that k1(6 ‘?) e C. Then 7 is contained.

in a compact subset of F;. Consequently, we can find a small neighbour-
hood V’/ of 0 in F, such that if @« € V’, then 6C is contained in V so that
M(g,h)=0, and hence ¢y(a)=0. q.e.d.

By Lemma 8, W — ¢y is a linear mapping of 9,* into S(F;). It:is easily
seen that

(5.14 ox(®=pBOewad) it X=o((¢ E))w.
We now assert that
(5.15) To(S)Ow = Qorw for se GL,(F,).

In view of (5.14) it is enough to prove (5.15) for s=w= (% ~ ). To do this,
let us calculate @y. If W =Wy, we have

(5.16) () = | L (&)d*§

o len(ea@ Dol D)am

= [ mdet 9l det gl r, 3 (o Do pIM(2)dg.

LEMMA 9. Let dx be the self-dual measure of KX, (with respect to (x, y)
= ¢,(tr (x¥))) and dg the Haar measure of K such that |detg|r,’dg coincides
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with dx on X}. Then we have

(5.17) J 4 \det gl ropu(det ) £s, @Iu(ir R)d2

= C(e)(@1, ©2)
for ¢y, @, € S(F3).
PROOF. We follow the method in [5, Lemma 13.1.1]. Write g= (7" 712)

Va1 [z
=G 96 DG DG D

if 7,,# 0. If da is the self-dual measure of F, (with respect to {«, B>=¢,(aB))
and if d*a=|al|p, 'da, then dg=|y|Fr, 'dBdB'd*yd*6. In the above notatiom
we have

oo e0=2@(= (G Dl D)o Do)

A=n(@ D@ Dew A==l D)o
By (5.10)-(5.12) we have

Aey= g 0N ot 710 @ PoEBOA D E

in the form

Put

File) = [/ (©)pu(E8)pu(8)07E
If dp is the dual-measure of d*a,
(fo fo) = [ Fu) Fule)dge

Therefore, the left hand side of (5.17) equals

(L1051 ror@r)na(@e 1))

{fer9.1@¢. R0 @a e H{ [ ©eue Breu@)d e}
P88 —B)) d' |17 | p, dBdp d a5 .

Now we have (by Fourier’s inversion formula)
[ @0u&)pu(e8)p(—38)d"EdE =151 £y 1£B)a(D) ,

[fe @09~ 3p)d*Ed8 =101 r, 7, D)D)
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so that (after a change of a variable) the left hand side of equals

A d r [ ()@ 3)d 5 .

Write p(ew™ =u(e)t® and p/(ew™)=y/(e)t’® with characters v, v/ of o; and
complex numbers £, t/ of absolute value 1. Put c:foxd*e. If y=ew™ for

e po,, then
fuw 1 Cuhdp =1/ 5§ | o ety B Coly et
=1/c %} vy’ "1 (e)t™C,,(v').
Hence, integrating it by d*y, we get
1/eX § 3 O Cn(v)d e = T™Con() = C(p1) -

This proves the lemma.
We assume in the following that dg is normalized as in though
the final result is independent of this normalization. Putting W’ = p(w)W

in |(5.16) in place of W, we obtain

Pw(p) = fx:#(det g)ldet gl r, 2 (2o 8)ps pIM'(g)dg .
Since
M/(g9) = .« Mh)ultr (hg)|det bl r,dh,
we get (replacing g by gh‘™?)

w(p) = [{ 1det (gh)| ,pe(det (gh~)

;(nv(gh"‘)soz—, ) M(h)g,(tr g)dhdg

= C()f |det h| pop~(det h)
S @k pOM(WAR  (by Lemma 9

=C()Pw(pt™ ' ny ™).

This proves for s=w.
shows in particular that the space of all W € W,* such that ¢, =0
is GL,(F,)-invariant. If ¢ow=0, then #,()pw =0, w =0 and hence

W((g (1)>5> =0 for all s € GL,(F,). Therefore, the mapping W — ¢y is injec- V
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tive. Its image is a non-zero m,-invariant subspace of S(F,) so that it must
be the whole space. It follows that 9,* is the Whittaker space of =, and
that p, is equivalent to =,.

7. We assume that v is non-archimedean and ramified in X so that X,
is now a division quaternion algebra over F,. In this case 7, is an irreduci-
ble finite dimensional representation of X;. Let X be the character of m,.
It follows from definition that

(8= [y 10, (ks (k)R
and hence that, if M e S,(X,),
W(s)=\det sl r,| , X(&h)r(s)M(&:h)dg,

for s= (d(e):t s (1)) s; and for h e x; with n(h) =dets. Note that X, =K,

Let U be the space of functions on J4; spanned by all the coefficients of
7y. Let £ be the representation of X in U defined by right translation:

Qef(hy=f(hg) for feU.

£ is the direct sum of d copies of =, if d=dim 7,.
For Me S{(X,), fe U, g Xy and x< KX,, we put

(PM,f(g, Xx) :f‘le; f(gg)M(xg,)dg, .

Since f, M are locally constant, this integral is in substance a finite sum and
ou,/(g, x) € U for a fixed x. Furthermore, we have ¢y, (28, X)=¢u,(8g 18"
or 2(g)eou, 8, x)=qu,(g xg, ") for g, KX,'. Hence ¢u,(g x) is (as a U-
valued function of x) an element of S(XA,, £) in the notation in § 3, No. 2.
If we write 7o for the Weil representation of GL,(F,) in S(HK,, £2), we get

7’.(.?(S)SDJII,f = |det s| FoPohdorsM, QS »

where s, and % are the same as before. Denote by <V, the space spanned
by 7g(S)¢u,x for all s GL,(F,) and M < S,(X,). Let L be the linear map of
S(HK,, £2) into C defined by

L(p) = (1) (1)
for ¢ € S(K,, 2) (this is the value of the function ¢(1)(g) in U at g=1). Let
<Y, be the space of all ¢ = S(K,, £2) such that L(rg(s)p) =0 for all s GL,(Fy).
Clearly <V, is GL,(F,)-invariant. We see at once that

L(rg(s)ﬁoM,x) = Wx(s).

It follows that the space 9,* coincides with the space of L(rg(s)¢) for all
¢ € <V, and that the representation p, of GL,(F,) in 9,* is equivalent to the
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representation of GL,(F,) in &V,/V,; <V, induced by rg. Consequently, p,
is the direct sum of representations equivalent to 7,* (cf. § 3, No. 2). By the
uniqueness of the Whittaker space ([5, Th. 2.14]) we see that W,* is irreduci-
ble and p, is equivalent to x,*.

Here we prove a lemma which will be used in §6. p denotes a prime
ideal in o, and £, a maximal order in X,.

LEMMA 10. Assume that the restriction of =, to K, contains the identity
representation. Then m, is of the form X,on, X, being an unramified quasi-
character of F;. Let a, be the conductor of ¢,. If M is the characteristic
Junction of the two-sided D,-ideal L, of norm a,, then p(s)Wy =W, for all

s:(;Y 'g) in GL,(0,) such that y e p.
PROOF. Since K, is a normal subgroup of X; and x;/K, is abelian, =,

must be one-dimensional. Therefore we can write n,=X,on. That X, is
-unramified is obvious. Under the assumption of the lemma we get Wy(s)

=7rg(s)M(1) with 2 ==x,. By definition we have ro(s)M =M if s:<g g) is
in GL,(0,). It is well known that the set of all x € X, such that tr (xL,)Ca,
is ayL, P 1=L,P*, B being a prime ideal of O,. Hence the Fourier trans-
form M’ of M is a constant multiple of the characteristic function of L,

‘Then rg(w)M = M’ is invariant under rg<<(1) _{)) for all y=p. Since the

:group of all elements a p in GL,(o,) with y €p is generated by the ele-
y 0

ments of the form (g g) and (71, (1)), this proves our assertion.

8. In No. 8-No. 11, v is assumed to be archimedean. In this section we
:assume that F,=R or C, KX,= MyF,) and =, is infinite dimensional and of
the form =#(y,, p,) with quasi-characters pg,, g, of F,.

Note that the representation w, of #(X;) is induced by a unitary repre-
-sentation (which we again denote by =,) of X in a Hilbert space £,.
‘Obviously w,, is uniquely determined by the values of

fon(@)f(&)dg = tr (E(do)mo(1))

for fe H(Ky) so that w,, depends only on the representation of H(X;) in
‘the space of K,!-finite vectors in £, (here K,'is SO,(R) if F,=R and SU,(C)
if F,=C). From this we see that (5.6) is still valid in our case.

Let 7, be the Weil representation of SL,(F,) in S(F,& F,) with respect to
‘the character ¢, of F,. As in No. 2, if M(x)=exp (—ndy,|u,|tr (x‘%))P(x) is
in S(X,), we get
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(5.18) W u(s) = p,(det s)| det s| g, "?

[ s a8 PRIADG, 70d
for s GL,(F,), where ,
(5.19) FM )@y, @) = exp (—mdy |y | (s + @) Pols, as)

Pl a)={_exp(—mdy|u OP((§ 5))de.

Clearly P, is a polynomial of aj, X, Ay, s
For me S(F,8 F,), put

fOonen, a)=[ | mlas, (et .
If m is of the form
m(ay, a,) =exp (—ndy |ty (a0 +a,8,:))Qay, as),
where @ is a polynomial of «,, &;, a, &, then f'(m) is written as
fr(m)ay, o) =exp (—nd,|u, [(a:8+a,@,)Q"(ay, @),
)’ being another polynomial of «,, &,, a, @, By [5, Prop. 1.6] we have
F(ro(s)m)ay, az) = f/(m)(ay, @)s)

for se GL,(F,). From this it follows that fIM) (Me S,(X,)) is SO,(R)- or
SU,(C)-finite according as F,=R or C, if each group is made to act on f(M)
through 7,. Hence W, belongs to the space W(u,, tt.; ¢»), which is the
‘Whittaker space of n(y,, ¢,) (cf. [5, Th. 513] for F,=R and [5, Th. 6.3] for
F,=0C).

LEMMA 11. Let g, be the Lie algebra of SLy(F,). Then, S;(X,) is tnvariant’
under r(X) for all X = g,.

PROOF. Since 7(s) commutes with p(k;) and A(k,) (k, € K,'), it is sufficient
to show that the space # of all functions of the form M(x)=exp (—nd,|u,]
tr (x*%))P(x), P being an arbitrary polynomial of &;;, S-ijy is invariant under

7(X). Assume first that F,=R. g,=238(R) is spanned by Xlz((l) __(1)>, X,
= (8 (1)), X3:<(1) 8) M being as above, we have

r(X)M(x) = [(d/da)r(exp e X;)M(x)]a=o
= [(d/da)(e"M(e"x))a=o ,
r(X)M(x) = [(d/da)r(exp aX;)M(x)]a=0
= [(d/da)(¢.(an(x)M(x))]a= -
A direct calculation shows that r(X,)M and r(X,)M are again in M. Since
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Ad (w)X,=—X, we have only to show that # is invariant under »(w) or
that < is invariant under the Fourier transformation M — M’. This is easy
to prove. The proof is the same in case F,=C, g.e.d.

Let g be the Lie algebra of GL,(F,). By Lemma 11, and the
space of all W, (M e S,(X,)) is invariant under p(X) for Xeg. If F,=R,
9 ,* is spanned by all W, (Me S,(X,) and their right translates by

e:(o—l (1)> It is obviously invariant under p(¢) and p(X) for Xeg. If

F,=C, %,* is the space of all W, (M e S,(X,)). In either case #,* is in-
variant under p(f) for all f & H(Ky) (cf. [5, Lemma 5.4]) so that W,* = W(gu,,
U2 ¢y). Hence p, is equivalent to m(g,, t).

9. Let the assumptions be the same as in No. 8 except that m,=n(g,, U,)
is now finite dimensional. Since =, is induced by a unitary representation,
7, is necessarily one-dimensional. Consequently we may assume that p,p,™!
=| |r,”", and putting X(a) = p,(a)|a|r, "%, we get 7, =Xon. D, is the identity
representation and ,,(g) =X(n(g)). We see that (5.18) is still valid for
Me S(K,). As in No. 8 we infer that 9,* is an invariant subspace of
W(g, t2; ¢»). Hence p, is admissible.

10. We assume that F,=R, X,=M,(R) and =, =o0(y,, ;) with quasi-
characters p,, ¢, of R* such that p,p, (a)=a”(sgn «) for a positive integer
p. In this case K,'=SO0,(R). Write b, as

n((C5ino  coss)) ="

By [5, Th. 5.11] b, is contained in the restriction of o(g,, ¢,) if and only if
nzp+lor n<s—p—1 and n=p+1(mod2). If this condition is satisfied, b,
is not contained in the restriction to K,' of the representation of % (X,) in
By, pa)) By, t2). 1t follows that (5.6) is still valid in this case. Hence we
obtain again (5.18).

By [5, Cor. 5.14] W, is in the Whittaker space W(a(g,, ¢.); ¢») of oy,
t.) if and only if

(5.20) [ et 2 e, 0day =0

for all (7, j) such that i+j=p—1, i =0, j=0.
We now prove for M e S(X,). Differentiating (5.19) by a,, we get
aj . 7 *® 2 aj_k o E
s TNy O =3 Conf exo (—rlusl(@®+eM7 . P((0 5))de
with

. (é)(_ﬂluvwkmk!/(k/z)! if k=0 (mod?2),

0 if 20 (mod 2)
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(We write P(x)r—P( g“ ?2))> Since M & S,(HK,), we have

2 .
P(x)=1/2z[ " P(xk)e°d0
0
so that

: 2{1{,‘_,‘,, P(3)—=1/2z j‘j”(_sin 6

j-k
S tcos 0 .0 -) " P(xk)en0do .
22

a —
8521 aEZZ
Putting x:<gl g) and (a;, &)k, =(a, B8), we can write
" at 2 (M@, 0)d
jﬁma‘ ’a*&;‘f( ey, 0)da,
= 1/27r.fj;j_m j‘: rexp (—7| uy| (a®+8?)) (a cos 8+ B sin 6)°

; 0 a7k o« BYY,ine
S Cu(—sind 57 +eos® 52 ) P((§ ))end0dadp.
This is a linear combination of the integrals of the form
fzncosl 6 sin™ 0 ¢t %d6
1]

with [=0, m=0, [+m=<i+j=p—1. It is easy to see that these integrals all

vanish if |n|=p+1. Hence we get [5.20)
We infer, as in No. 8, that 9 ,* is the Whittaker space of o(u,, ¢,) and

Ov 18 equivalent to o(yy, ).

11. We assume that F,= R and X, is a division quaternion algebra over
R. We use the notation in §4, No. 4, iv). Let X be the character of x,.
Since the restriction of w, to K,! =X ,' is irreducible, b, is necessarily this

restriction. Hence
(5.21) 02, 8) = UD) y Xes X(Rs)de
Let w be a quasi-character of C* defined by
w(z) =(2z)"V2zmt
and S,(C) the space of all functions m on C of the form
m(z) =exp (—2n|u,|22)P(z, 2),

where P(z, %) is a polynomial of z and Z such that P(zu, z#t) = w(u™!)P(z, 2)
for all ue C with u#z=1. P(z, Z) is then written as P(z, 2)= P(z2)z"*!, P
being an arbitrary polynomial.

Let f be a linear mapping of S;(K,) onto S;(C) defined by
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fIM)z) =exp (—2r|u,| 22) P(22)z"+!

for M(x)=exp (—2r|u,| n(x))P(n(x)X,(x?). The following lemma can be easily
proved by using [5, Lemma 5.20.1].

LEMMA 12. Let r, be the Weil representation of GL(R). in S(C, w) with
respect to the additive character ¢ (trcr(2)) of C. Then we have
ro(S) (M) = f(r(s)M)
Jfor all M S,(K,) and s e SL,(R).
Let s be in GL,R). and h (resp. a) an element in X; (resp. C*) such

that det s =n(h)=aa. Write s= gets ?)sl. By [(5.21) and Lemma 12 we get

Wa(s)=|det s|eX(Df [ X, (kgih)r(s)M(gih)dk,dg,
= |det s|x"*X(D)ru(s2)f (M X@)w(a)
[ ey xeag X (h g, drd,

=|det s|g'?w(a)r.(s,)f(M)a)
=r.(s)f(IM)X1).
It is proved in [5, Lemma 5.12, Th. 5.13] that the functions 7r,(s)m(1) (meS,(C))

and their right translates by ez(o_l ?) generate the Whittaker space of
¥ = 0oy, p,) for

pa) =|al g2, poa)=|a|g" V¥ (sgn a)" .
It implies that %,* coincides with this Whittaker space and that p, is équi-
valent to =,*.
For a later application we remark the following. Put M(x)
=exp (—27| u, | n(x))X,(x°). Let g be the Lie algebra of GL,(R) (identified with
/0 1 71 i 71 —1
M,(R)). We regard U—(_l O>’ V“”_(i _1), V_= _1) as elements

—1
in g&QrC. For an integer p =0, put

oV Wo if >0,

Praepia = ovore((gh DIWa it w <0,

[ p(V—)pP((b_ ' ?))Wu if u,>0,
90—71—211'2:1

(V)P Wy if u,<0.

Then, these functions form a basis of 9 ,* and
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oo, =1im ¢,  for m=x(n+2), t(n+4), -

Thus we have seen that, in all cases, the assertion of is true.

12. PROPOSITION 4. The notation being the same as in Proposition 3, assume
that m is not one-dimensional. Then, w, is infinite dimensional for all ve S.

PROOF. Assume that 7, is finite dimensional (hence one-dimensional) for
a place v&S. We use the notation in No. 3 or No. 9. The only proper
invariant subspace of W(u,, t,; &) is the Whittaker space W(o(y,, ¢,); ¢) 0f
a(p,, ;). We shall show that 9,* is not contained in this subspace so that
Wo* =W, ta; Po)-

Let v be non-archimedean. By (5.8) and [5, Prop. 3.4, Prop. 3.6] W, (M
e Sy (Kyp) is in W(a(yy, (o) ; ¢o) if and only if

(5.22) fran pas={fm((y  §))dzde =o0.

The characteristic function M,° of £, is in S,(X,), but does not satisfy this
condition.

Let v be archimedean. By [5, Cor. 5.14] and its analogue in the case of
C, we see that (5.22) is a necessary and sufficient condition for W e W(o(y,,
t:); ). The function M(x)=exp (—ndy,|u,|tr (x’%)) is contained in Sy(Ky),
but does not satisfy this condition.

From this it follows that 9,* has a one-dimensional constituent. Put
U, = W(a(p, t12); ¢») and let U be the restricted tensor product of GY ¥
(' #v) and U, W*/U is isomorphic to the restricted tensor product of
qy.* (v’ #+v) and a one-dimensional space W,*/U,.

On the other hand, by Proposition 2, <V* is an invariant subspace of
Afn, GL,(A)) so that <V* is a direct sum of irreducible subspaces. Since the
representations of #(GL,(A)) in W* and <V* are equivalent, the representa-
tion of #(GL,(A)) in W*/4U is a direct sum of irreducible representations,
each of which is equivalent to a constituent of Ay, GL(A)). Let c=K 0.
be any one of them. From what we have seen, g, must be one-dimensional.
This is impossible (cf. [5, pp. 353-354])). q.e.d.

We resume Proposition 3 and Proposition 4 as follows.

THEOREM 1. Let X be a division quaternion algebra over a global field F
and S the set of all places in F ramified in K. Let 1=, be an irreducible
constituent of the representation p of H(K}) in A(y, K3), n being a character
of A*/F*. Forves, let w,* be as in §2, No. 2 and define an admissible
representation ©* of H(GL,(A)) by

= QR ¥

veES vES

In the same notation "as”in §4,”No. 1, let CV* be the space spanned by all
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p<<8 (1))> by for Me S|(K,) and ac E, E being a representative system of
A/(A).

Assume that n is not one-dimensional. Then CU* is an invariant subspace
of A«n, GL,(A)) and the representation of H(GL,(A)) in CU* is equivalent to m*.

§6. An application to the holomorphic automorphic forms.

1. In this section, F is a totally real algebraic number field. We denote
by b non-archimedean places in F and by v (exclusively) archimedean places
in F. Also we write A. (resp. A;) the archimedean (resp. non-archimedean)
part of A.

Let g, be the Lie algebra of GL,(F,) and U, the universal enveloping:
algebra of gv@(). The universal enveloping algebra Ul of GL,(A.) is identifiedi

with @U,. In the notation in §5, No. 11, regard
D=1/4)(V.V_+V_V,)—1/2)U*

as an element in U,. Put

D if vVv=v,
D,=x X, with X,,.:[
v’ 1 if vv#v.

For an integer m, let o,, be the representation of SO,(R) defined by

o
(Ciine cose) ="'

Let m, be an integer =2 and n an integral o-ideal. We denote by Uyn)
the group of all (? g) in GL,(op) such that y =0 (mod no;). Let A(GL,(A))

be the space of all continuous functions ¢ on GL,(F)\GL,(A) satisfying the
conditions (3.1), (3.2), (3.4) and (C) in §3. Consider the space H of all ¢ im
A(GL,(A)) satisfying the following conditions.

o(Dy)e =(1/2)((m,—1*—Dgp,

p(R)p =TI on,(ko)p  for ke ILU,m)IISO(F,),

o(2)p =TI(sgn z,)™ ¢ for ze AZ.
Evidently H is invariant under p(z) for z= A*, and p defines a representatiomn
pa of A* in H trivial on F*(TT0,*)(A4%)°, (A%)° being the group of all ze A%
such that z,>0. Consequently p, is actually a representation of a finite
quotient group of 4A* so that it is a direct sum of one-dimensional repre-
sentations. Let Y be the set of all quasi-characters n of A*/F* such that
7o(a) =(sgn a)™ and 7, is unramified. It follows from the above argument
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that H is contained in %, where @ is the sum of the spaces A%, GL,(A))
for peY. .

Let ¢ be a non-zero element in H. Write o= ¢;, ¢, #0, ¢, € V,;, V;
‘being a certain irreducible subspace of $. It is immediate to see that, if
T=QRQmy X7, is the representation of #(GL,(4)) in any one of <;, = has to
-satisfy the following conditions.

{6.1) 7, is equivalent to o(y,, p.), where g, and u, are quasi-characters
of FJ such that p,(a)=|a|™ V2 u(a)=|a| ™ P?(sgn a)™.
+(6.2) The restriction of #p to Uy(n) contains the identity representation.

2. LEMMA 13. Let p,, p, be quasi-characters of Fj. Assume that my is
anfinite dimensional and of the form mw(py, p,) or o(py, ps). Then, the restriction
of m to Uy(p) contains the identity representation if and only if p,, p, are
unramified. Suppose this condition is satisfied. If my=n(g,, ps), the space of
Uy(p)-invariant vectors is spanned by two linearly independent vectors ¢,, ¢,
:where ¢, 1S GLy(0p)-invariant and gpgznp((é £>>¢1. If my=o0(py, ps), the
.space of Uy(p)-tnvariant vectors is of dimension 1.

PROOF. First consider the case m, =n(g,, #£,) and let 7y act on the space
B, ) (81, No. 3). Let ¢ be a Up(p)-invariant function in B(y,, p,). Since

(T A GLy0)\GLy(00)/Us(p) is represented by two elements ((1) (1)) and (g (1))

¢ is determined by its values at these elements. If ¢ =0, at least one of
ithese two values is not 0. On the other hand, if a, 0 =9y, we have

oG D=e(§  )=m@m@e(G 1)
oG D= DG ) =mom@e(( ).

"Therefore p;, g, must be trivial on 0. Assuming this is the case, let ¢, be

.an element in B(y,, ) such that ¢, (u)=1 for all ue GL,(05). Then ¢,
=p(((l) m?))% is Uj(p)-invariant. Since

o(G D)=m@iwine,  w(@ D)=wm@iwi,

<@, and ¢, are linearly independent.

Next assume that g, =] |r, and 7 = o(y,, ¢,) acts on the space B,(u,,
M.). As is seen above, if B,(u,, p,) contains a non-zero Uy(p)-invariant vector,
.¢; and p, must be trivial on of. In this case, a function ¢ € B(y,, y,) is in
By, p2) if and only if

(6.3) | L QLI
2(0yp
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If ¢ is Uy(p)-invariant, an easy calculation shows that (6.3) is reduced to

o NHwlee(o D)=0-

Hence there is exactly one Ujy(p)-invariant function ¢ satisfying (6.3). This:

proves our assertion.
LEMMA 14. Let =m, be absolutely cuspidal. Then the restriction of =, to-

Us(p) N\ Kp' does not contain the identity representation.
PROOF. The notation being the same as in §5 No. 5 take for ¥ a.
character of F, whose conductor is o,. Let ¢ be a (U,(») Kp')-invariant.

function in S(Fy). Since gp(E):m\(((l) ?))SO(E)ZW(‘BE)SD(E) for all B <oy, the:
support of ¢ is contained in o,. Putting m(w)e =¢’, we get m((é —{)) ¢’

1 —7 .
=¢’ for all y €p, for w()l, (1)) = (0 1>w. Consequently, the support of ¢’

is contained in p . By (5.12) we have

(6.4) ¢'(p) = C(p)¢(p'n, ™)

for all characters g of Fy. Write u(ew™)=y(e)t", where v is a character of’
o; and t is a complex number of absolute value 1. Then we have

P= 3 rf po @ enede,

Hp'p, = B (@) p(@ e e ) e

-2

C= 3 1"C),

because C,(v)=0 if n= —1 by [5, Prop. 2.23]. Putting these expressions im
(6.4), we get an equality which holds for all v and ¢. This is possible only"
if ¢’ =¢=0. This proves the lemma.

3. From now on we assume that n is square-free. Let U, be the sum
of all irreducible subspaces < in % such that the representation = of’
H(GL,(A)) in <V satisfies (6.1), (6.2) and =, is a special representation for all
p dividing n. Put H,=HN U, < being as above, & "N\ H is one-dimensional
(Lemma 13 and [5, Lemma 3.9]) so that dim H, is the number of irreducible-
subspaces contained in U,.

Let us write for a moment H= H(n), H,= H,(n). Denote by p; (=1, 2,.
---,v) all the prime divisors of n and by &, a prime element of p;,. For a.
subset B of A={1, 2, ---, v}, we put

g Z}—IBD;' ) pp= FB<(1) m,?) .



Theta series and automorphic forms 677

It follows from [Lemma 13 that
Hm)y=3 3  p(pc)Hns),
BZA CCA—B

where the sum is direct. In other words, H(n) is the direct sum of H,(n) and
the space spanned by the right translates of elements in Hy,(m), m being a
proper divisor of n. Hy(n) (to be precise, the intersection of H,(n) and
Ao, GL,(A))) has been introduced in Miyake [6] as the orthogonal comple-
ment of the space X X p(pc)H(ng). We call any function in Hy(n) properly
BGA CCA-B :

of level n.

4. Assuming that v-+[F: Q] is even, let X be a definite quaternion algebra
of discriminant n over F.

Denote by 4’ the sum of A(yn, KX}) for p= Y. Let <V’ be an irreducible
subspace in %’ and = the representation of 4 (X}) in &V’. Let U’ be the
sum of all <V’ such that

(6.5) 7, is equivalent to the representation g—n(g) ™v"»2p, . (g,
(6.6) the restriction of m, to K, contains the identity representation.

Then it follows from that, if p divides n, we have 7y =%,0n with
an unramified character X, of FJ, and hence my is trivial on Kj.

Denote by b the irreducible representation of K* of the form ®b,®bd,,
where D, is equivalent to pn,-. (we identify K,' with SU,(C). cf. §4, No. 4)
and b, is the identity representation. = being as above, d is contained in the
restriction of = to K! with the multiplicity 1.

Set KXX=TIHKy, XL=TIK,' and define the representation 4 of X% by

(6.7) A(g) = Q (n(8)™ TP pmy-5(£0)) -

Let H' be the space of all ¢ in U’ invariant under p(k) for all k= I] K,.
It is easy to see that H’ is the space of all functions ¢ on K;\K} satisfying
the following conditions:

i) p(R)p=¢ for keIl K,,

ii) ¢— p(k)p defines a representation of X% equivalent to a direct sum
of A.

We consider the space U spanned by all matrix coefficients of 4 and the
representation 4 of X% in U defined by left translation. If /=dim 4, 2 is a
direct sum of [/ copies of A (since A4 is unitary). There is an isomorphism
of H’ onto the space of all functions ¢’ on KXi\K} taking values in U such
that

©'(hkg) = 2(g V)¢’ (h) for ge X%, k<sII Ky, he X3.
This isomorphism is given by ¢ —¢’, (¢’(h)(&) = ¢(hg).
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We fix an arbitrary irreducible subspace V of U and denote by H” the
space of all ¢ in H’ such that ¢’ takes its values in V.

5. Let a, be the conductor of ¢p. Write ¢,(a) =exp(2riu,a). Let L,
denote a two-sided ©Oy-ideal of norm a, if p divides n (O, is the maximal order
in K) and Ly =ope,,+0pe,,+ape,, +ape,, if p does not divide n. Put

M(x) =TI My(x0) TI Mo(x,,) for xe K4,
where

My = { (k) Nodkes,

N, being the characteristic function of L, (My= N, if ap=0, or if p divides

1) and
M(x,)=exp (_275 [ Uy | n(xv))xmv~2(xv{) .

Let ¢ be an element in 4* such that ¢,=—1 whenever u, <0 and all other
components are 1.

Let ¢ be in H” and g in X4 If s is an element in GL,(A) such that
det s=n(h) for h = X%, we denote by @, ,(s) the right hand side of in
§4, where M is the function defined just above. Extend ¢,, to a function
on GL,(A), GL,(F)-invariant on the left.

Put 6¢,g(s):¢¢,g(s (8 (1))) Let {¢;};/1 be a basis of H” and {g;};% a set

of elements in X} such that det(¢;(g;))# 0. Our aim is to prove the follow-
ing theorem, which may be viewed as a generalization of Eichler [1, 2].

THEOREM 2. If m,>2 for all v, H, is spanned by 0,,,, (i,j=1, ---, n).

The proof will be given in No. 6-No. 10.

6. Let t=Qnmn,@mn, be an irreducible constituent of U’. Then 7,* is
equivalent to o(y,, ¢,) defined in (6.1), and for all p dividing n, we have
my=Xpon so that m*=a(Xs| |£,"? Xp| |#,”""?) (cf. §2, No. 2). Therefore, by
fTheorem 1,

= Q7w Q@ mp* Q¥

t4n ¥im

is an irreducible constituent of U, if # is not one-dimensional. Denote by
c* the space of n* defined in §4, No. 4.

Let U’(x) be the sum of all irreducible subspaces <’ in <€’ such that
the representation of #(X}3) in <V’ is equivalent to 7. Fix an irreducible
subspace ¢V’ in U’(w). Take any non-zero element ¢ in <V’ "\ H’ and an ele-
ment g in K3 such that ¢(g)#0. Obviously ¢ satisfies

J 1 e p(k)pdl, = .

By definition we have 6,,, =o(2)o(({ (f))m, éy being as in [4.10), and



Theta series and automorphic forms 679

hence 0,,,,(1, S):gp(g)p(<g (D)WM(S) (§4, No. 2). It follows from Lemma 7,

and the remark at the end of §5, No. 10 that #,, is a non-zero
element in <V* N\ H, (that W, is non-zero is clear in view of the argument
in §5). In the same notation, it is easy to see that

Bo.(1, 5) =0(@p((§ 1))Wuls)  for all D=V (m)NH, ge K.

‘Therefore, follows if we prove that

{6.8) every irreducible constituent of U, is equivalent to #* for
some irreducible constituent = of €’, and

{6.9) 7w being as in (6.8), we have U'(x)\ H” = {0}.

(6.8) will be a special case of [5, Th. 16.1] at the time its proof is com-

pleted. For the present we use [8, Prop. 4.1] instead.
7. For all p prime to n, denote by 4° the subalgebra of H(GL,(F}))

consisting of all right and left GL,(0y)-invariant elements, and put
ﬂ[o - ® J[po .
in
For all p dividing n, let & be an elementary idempotent in #(GL,(Fy)) such
that &,*fp=/fy, f» being the characteristic function of Uy(n), and let &’ be
the characteristic function of K,. Then

> FR(R 6@ m)

and

f—‘>f®(§%'$n/@zbv)

define embeddings of 4° into 4 (GL,(A)) and H(K}), respectively. We identify
9° with the images of these embeddings. In this way 4° is made to act on
Af(GLy(A)) as well as on A(K%). It is obvious that H, H,, H', H” are invari-
ant under p(f) for fe 4’ Writing T(f) (resp. To(f), T'(f), T”(f)) for the
restriction of o(f) to H (resp. H,, H’, H”), we obtain representations T, T\,
T/, T” of #4°. We see immediately that 7’/ is equivalent to the direct sum
.of [ copies of 77,

8. H” is isomorphic to the space M(1, {m,—2}) defined in Shimizu [8,
§2.2] (if ¢g(g@)=¢(g™"), ¢p— ¢’ gives the isomorphism). Also 7” is equivalent
to the representation ¥ defined in the same place, if T is restricted to %°.

On the other hand, H is isomorphic to the space of holomorphic cusp
forms introduced in Shimura [9] Put U(n):IpIUp(n)GLz(Aw) and let s; (1 =1,

-, q) be the representatives in GL,(A) of GL,(F)\GL,(A)/Un). Put [,
=GLF)s;Um)s;"*. Let ¥ be the set of all z=(z,) with z,=C, Im z,+#0.
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For se GL,(A) we set

- — avzv+Bv
5(2)—‘ rvzv_+_5v )n

s, 2) =T Idet s, (oo +3) ™ if 5= (F257).

Let S; be the space of all f satisfying the following conditions.

i) f is holomorphic on .

i) flo(2))=1(2)j(e, 2)™* for o I';.

iii) TI.|Im z,|™*?|f(2)| is bounded on .
Let S be the direct product of S,, -+, S,. We can assume that s; & GL,(A4y).
For ¢ € H, put

fi(2)=1(s, z9) " (ss8),

where z,=(+~/—1, ---, v/ —1) and s is an element in GL,(A..) such that”s(z,)=z.
Then ¢—(fy, -+, fy) gives an isomorphism of H onto S. Furthermore, the
representation T of #° in H is equivalent to the representation ¥ defined in
[9, 8§37, if it is restricted to 4°.

9. We assert that T, is equivalent to 7”. It is sufficient to show that
tr To(f)=tr T”(f) for all fe 4° (cf. [8, §4.4]). In the notation in No. 3,

Hy(ug) is invariant under 7(f) and p(p.) commutes with 7(f). Consequently
we have

(6.10) tr (T(F)|H) = 3 2%4-B tr (T(f)| Ho(np)),

B_4A

where T(f)|H,(ng) is the restriction of 7(f) to H,(np) and #(A—B) is the
number of elements in A—B. On the other hand, the repeated application
of [8, Prop. 4.1] yields

(6.11) tr 77(f) = 2 (—=2)* 4= tr (T(/)| H(np)) .

Substituting [6.10) in [(6.11), we see that tr T7(f)=tr (T(f)| Hy(n)), as asserted.
10. LeEMMA 15. Let p,, p, be unramified quasi-characters of Fy and let
¢ be a GL,(op)-invariant element in the representation space of m(y,, p;). Then

¢ is an eigenfunction of p(f) for all f 4,°. Let f, (resp. f,) be the charac-
teristic function of

w w
GLoN(J  DGLo) (resp. (§  )CLo»).
If o(fi)p=cip 1=1, 2), then
12:(@) + (@) = | @ | £, 201
ﬂl(m’){lz(m/) =Cy.
The proof is straightforward if we let 7#(g,, #,) act on the space B(y;, y,)-
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Take an irreducible subspace 9 of U, and let 0 =R o, g, be the repre-
sentation of H(GL,(A)) in W. If pe€WNH, ¢ is an eigenfunction of p(f)
for all fe .4°. Write p(f)p=csp for f= #°. Since T, is equivalent to T”,
there exists a non-zero function ¢” in H” such that p(f)e” =csp” for all.
fes’. 1t follows from that there exists an irreducible repre-
sentation 7 =R, Qr, of H(K}) contained in U’ such that m, is equivalent:
to o, for all p prime to n. Note that n,* is equivalent to ¢,. By [6, Corol-
lary of Th. 17®, n* is necessarily equivalent to ¢. Also it is clear that ¢”
is contained in U/'(wx)\H”. This proves (6.8) and (6.9), and completes the:
proof of

11. We discuss a case where the situation seems the simplest. Assume:
that

i) [F:@Q] is even,

ii) the class number of F is 1,

iii) every totally positive unit in F is a square of a unit in F.
Furthermore, we make a particular choice of ¢. Let ¢¢ be an additive:
character of the adele of @ trivial on @ such that ¢¢,.(a)=¢**** and the con-
ductor of ¢q,, is Z, for all rational primes p. Put ¢(x) = @o(trp,e(x)). It
implies that u,=1 and a, Dop.

Put I';=GL,») and let S, be as in No.8. Let X be a definite quaternion
algebra of discriminant o over F. Fix a maximal order © in X and define:
the isomorphisms #, of X, onto M,(Fy) as in §1, No. 8 (so that K, =y). It
can be shown that if p is the class number of O, K\FKL/TT Ky K% is repre-
sented by the elements x;, --+, x, in K4

LLet V be as in No. 4 and {w,, ---, w;} a basis of V. Take elements g,,.
=+, g in K& such that det(wy(g,))#0. Put M’(.X):I;[Mp(Xp).

By we see that, if m,>2 for all v, S, is spanned by f;.
@G =1 ,p; 4 p=1,--,1) whose restrictions to F°={ze &F|Imz,>0} are:
given by

Ji522) =5§F‘wz(5’gﬁe)M’(xj"‘§xi)
11 [n(&y)™o~2"2 exp (2rin(£,)z20)] -

If X; is the right ©-ideal such that ¥X,,=x,,O, and if a=TJa; then the sup-
port of M’'(x;/'¢éx;) is contained in a¥,¥;,”, and its value depends only on.
& mod X;X,7.

REMARK. Let F be an algebraic number field of finite degree and b the:

* It asserts that, if o; (4=1,2) are irreducible constituents of A¢(y;, GLy(A4))..
respectively and if ¢,9 is equivalent to ¢y, for almost all v including all archimedeam
valuations, then ¢; is equivalent to o,.
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different of F. It is proved in Hecke, Vorlesungen iber die Theorie der
algebraischen Zahlen, Satz 176 (as to a generalization to the function field
case, see J. V. Armitage, On a theorem of Hecke in number fields and func-
tion fields, Inventiones Math., 2(1967), 238-246) that there exists a y = F* such
that by is a square of an ideal in F. ¢4 being the same as in §6, No. 11,
define a character ¢ of A/F by

D(x) = Po(tr iy X)) .

‘Then the conductor a, of ¢ is d,™'yp™* and hence it is a square of an ideal

in Fy. In the discussions in §6, No. 5, we can start with this particular
character ¢. In this case, however, there is an alternative and simpler way
of defining 6,,, or of defining M (cf. §6, No. 5). Namely, for every p, we
may take M, to be the characteristic function of the two-sided £O,-ideal L,
of norm a, (if a, =56y% then L,=0,0;). The statement in §6, No. 11 can be
modified accordingly. The space S, can be spanned by f:. (4, 7=1, -+, p;

A, p=1,---, 1) whose restrictions to {z= &|y,Imz, >0} are given by
fijl/z(z) = c- jz‘Jin’lw,l(E:gp)

X TI[n(&.) "2 exp (2miyon(§0)2s)] -

Here L is a two-sided ©-ideal of norm a.

College of General Education,
University of Tokyo
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