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In C. Faith and E. A. Walker gave a characterization of a left artinian
ring in terms of module theories. That is, a ring B is left artinian if and
only if every injective left B-module is a direct sum of injective hulls of
simple left B-modules. Under the assumption that a ring B is commutative,
P. Vamos investigated in [9] some conditions for B to be locally artinian.
One part of this paper is concerned with these results, that is, we give some
conditions for a commutative ring R such that there exists a finitely generated
injective R-module. The details are the following: Let R be a commutative
ring with the noetherian total quotient ring. Then we have the followings:
(1) There is a torsion-free and finitely generated injective R-module if and
only if there exists a maximal ideal M in R such that Ry is an artinian local
ring (Theorem ). (2) There is a cyclic injective R-module if and only if
there exists a maximal ideal MM in R such that Ry is a self-injective artinian
local ring (Theorem 3).

The other part of this paper is concerned with the ring property of an
injective hull of a commutative ring. Let B be a ring and let Eg(B) be an
injective hull of B. Then we call E3z(B) a B-algebra only when Ez(B) (identi-
fying B with its canonical image in E(B)) has a B-algebra structure and the
multiplication between an element of B and an element of Ez(B) as a B-algebra
coincides with the multiplication as a B-module. In B.L. Osofsky gave
an example of a non commutative ring B whose injective hull is not a B-
algebra. Even when a ring is commutative, such a ring exists (Theorem 4).
Now we give here a necessary and sufficient condition for a commutative
ring of special type such that its injective hull is an R-algebra. The result
is the following: Let R be a commutative ring whose total quotient ring is
artinian. Then an injective hull of R can be made into an R-algebra if and
only if the total quotient ring of R is a self-injective ring (Theorem 6).

In this paper we assume always that a ring is commutative and has a
unit element and a module is unitary. Let R be a ring. We denote an injec-
tive hull of an R-module M by Ep(M), the set of all the regular elements
(=non zero-divisors) in R by S(R), and the total quotient ring of R by Q(R).
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If it is clear from context we sometimes denote by S (resp. @) instead of S(R)
(resp. Q(R)). Terminologies and notations are due to and [5]

The author wishes to express his heartfelt thanks to Professor Y. Nakai
for his kind advices and valuable suggestions.

§1. Existence of an injective module of finite type.

First we observe the properties of an injective hull of a simple module
over a noetherian local ring.

LEMMA 1. Let R be a noetherian local ring with the maximal ideal M.
Then the following conditions are equivalent.

(1) R is an artinian local ring with M* =0 for some n > 0.

(2) A,=Ex(R/M), where A;={xc Ez(R/D)|Mix=0}.

B) ER(R/M) is a finitely generated R-module.

PrOOF. The equivalence of (1) and (3) follows from Theorem 5 of [8].
(1)—(2): This is trivial. (2)—(1): Assume that A,=Ex(R/M) and A,+ A,-,.
Now, if M"-+0, then there is an K-homomorphism f of Rx (0 x < M™) into
Ex(R/M) defined by f(x)=y, where ye A,={z< Ex(R/M)|Mz=0}. Since
ERr(R/M) is injective, there is an R-homomorphism g of R into Ex(R/M) such
that the restriction of g to Rx is f. Set g(1)=a. Then y=f(x)=gkx)=xa
and x€M", and so xa=0. This is impossible. Thus M"=0.

When R is a noetherian ring, in [6] E. Matlis showed that Ez(R/PB)
= Epg(Ry/PBRy) as an R-module and as an Ry-module for any prime ideal
of . We can now omit the condition that R is noetherian.

LEMMA 2. Let R be a ring and P be a prime ideal of R. Then Eg(R/%P)
= FEry(Ry/BRy) as an R (Re)-module.

Proor. We first prove that ER(R/P) can be regarded as an Rg-module.
For any € R—%, we define an R-homomorphism T,: Ex(R/B)— Ex(R/R) by
T, (x)=rx for all x in ERx(R/P). Then.T, is a monomorphism. In fact, if
rx=0 (0% x & Exg(R/P)), then Rx\R/P+0 because Er(R/P) is an essential
extension of R/, and » (Rx\R/P)=0. Since P is a prime ideal of R, this
is impossible. Thus Ker (T,)=0.

As Er(R/$) is an indecomposable injective R-module by Theorem 2.4 of
[6] and as T, is a monomorphism, T, is an automorphism. For any re R—%
and for any x e ER(R/P), there is only one element y in Ex(R/$P) such that
ry==x. Therefore Ez(R/PB) can be regarded as an Rg-module. Next we show
that ER(R/PB) is injective as an Rgp-module. Let % be any ideal of Ry and
let fe Hom, (N, Ex(R/P)). Then f can be regarded as an R-homomorphism.
As ER(R/P) is injective as an R-module, there is an R-homomorphism g of
Ry into ER(R/%P) such that the restriction of g to A is f. g can be regarded
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as an Rg-homomorphism which is an extension of f because for any r& R—%,
T, is an automorphism. Thus Ez(R/P) is injective as an Ry-module. Consider
an injective hull Epy(Ra/BRy) in Ex(R/P) of Ry/PRy, as an Ry-module. Then
since Ex(R/P) is an indecomposable injective R-module and since any Ry-
module can be regarded as an R-module, we have En(R/P)= Epy(Ry/PRy).
The proof is completed.

Let R be a ring and let M be an R-module. Then M is said to be forsion-
free in case for any element x in M and for any element s in S(R), sx=0
implies x=0, and M is said to be forsion in case for any x in M there is an
element s in S(R) such that sx=0.

It is easily seen that for any R-module M, t(M)={xe M|sx=0 for some
s in S(R)} is a unique maximal submodule of M which is torsion (this sub-
module of M is called the torsion submodule of M and is denoted by ((M)),
and that M is torsion-free if and only if t(M)=0. For any R-module M, M
is called @ divisible R-module if sM =M for all s in S(R).

Let M be an R-module. Then, if M is injective, M is divisible. It is
easily seen that if M is a torsion-free and divisible R-module, then M can be
regarded as a Q(R)-module.

THEOREM 1. Let R be a ring with the noetherian total quotient ring. Then
there is a torsion-free and finitely generated injective R-module if and only if
there exists a maximal ideal M in R such that Ry is an artinian local ring.

PROOF. If Ry is an artinian local ring for some maximal ideal M in R,
then by Theorem 5 of [8] Ex(R/M) is a finitely generated R-module. On the
other hand, as MRy, is nilpotent, M is not a regular ideal of R, and so S(R)
S R—IMM. Thus Ex(R/M) is torsion-free because En(R/M)= Egy(Rn/MRy) by
Lemma 2.

Assume that there is a torsion-free and finitely generated injective R-
module M. Then M can be regarded as a Q(R)-module and it is injective as
a Q(R)-module by Lemma 2.1 of [5]. Since Q@ =Q(R) is a noetherian ring,
using Proposition 3.1 of [6], M can be expressed as follows:

M=2YDE(Q/B),
where P} is a prime ideal of Q for all i. Thus Ey(Q/P;) is finitely generated
as an R-module, a fortiori as a Q-module. Furthermore, ;=R\ R is not
regular, and so the quotient field of Q/P; is equal to that of R/P;. On the
other hand, by Theorem 3.4 of [6],

A= {x € Eg(Q/B}) | xP; =0}
is isomorphic to the quotient field of Q/P; as a vector space. Moreover A4,

is finitely generated as a Q-module because Q is noetherian and A, is a sub-
module of a finitely generated R-module Eo(Q/$;). Thus the quotient field of
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Q/%B; is integral over Q/T}, and hence P, is a maximal ideal of Q. From the
facts that A,/A, (A;={x& EgQ/P) | x(B) =0}, A,=Eo(Q/$BY, and A,#A,_,)
is a finite dimensional vector space over @/, and is a finitely generated
R-module, and that the quotient field of R/%; is equal to Q/%R;, we have that
the quotient field of R/$; is integral over R/P;. Hence PB; is a maximal ideal
of R.

Next, let us prove that Ry, is artinian. Since Eo(Q/$7) = Eqq/(Qn/BiQw))
by Qg is an artinian local ring by Lemma 1. Furthermore, Qg2 Ry,
and S(R)S R—%, and so, we have RmiZQsB;-

Next let us consider a condition for a ring R that the torsion submodule
of any finitely generated injective R-module is zero.

LeMMA 3. Let M be a cyclic module over a ring R. Then the torsion sub-
module of M is isomorphic to NQ N R)/N, where M= R /.

A torsion R-module is of bounded ovder in case it is annihilated by some
element in S(R).

LEMMA 4. Let x=(X;)i=1,5,..n be a finite set of zero-divisors in a ring R.
Then the torsion submodule of R/Rx; is of bounded order if and only if the
set Fo={(Rx: Rs)|s< S(R)} satisfies the maximal condition, where Rx= 2 Rx,;.

PROPOSITION 1. Let R be a ring with the mnoetherian total quotient ring
and assume that for any finite set x=(x;)ic1,5,.n 0f zero-divisors in R, the set
F,={(Rx: Rs)|se S(R)} satisfies the maximal condition. Then the torsion sub-
module of any finitely genevated R-module is of bounded order.

ProOOF. Let M =R/, where % is an ideal of R. If % is a regular ideal
of R, then {(M) is of bounded order. Assume that % is not regular. Then
NAQ is a proper ideal of Q and it is finitely generated since Q is noetherian.
We may assume that %Q = Qy,+Qy,+ - +Qy, any y, U for all i. Now, by
Lemma 3 (AQ n\ R)/%A is the torsion submodule of R/Y. By the assumption
and by Lemma 4, NQ "\ R)/2Ry; is of bounded order.

But (UQ N R)/N is a homomorphic image of (AQ N\ R)/ 2 Ry;, and so (UAQ N\ R)
/%A is of bounded order. Therefore the torsion submodule of any cyclic R-
module is of bounded order. Let M be a finitely generated R-module with
the generators z,, z,, ---, z;. 1f =1, then the proposition is true. Assume
that for any R-module generated by at most {—1 elements the proposition is
true. Consider the following exact sequence:

0 Rz, M M/Rz, — 0.

Then we have the exact sequence: 0—¢(Rz,)—t(M)—t(M/Rz,) with t(Rz,)
and {(M/Rz,) being of bounded order by the induction hypothesis. Thus (M)
is of bounded order.

THEOREM 2. Let R be a ring with the noetherian total quotient ring and
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assume that for any finite set x={(X;)i=1,5mn 0f 2ero-divisors in R, the set
F,={(Rx: Rs)| s S(R)} satisfies the maximal condition. Then there is a finitely
generated injective R-module if and only if there exists a maximal ideal M of
R such that Ry is artinian local.

Proor. By Proposition 1, the torsion submodule of any finitely generated
R-module is of bounded order. Furthermore, the torsion submodule of any
divisible R-module is also divisible. Ience the torsion submodule of any
finitely generated injective R-module is zero, and so every finitely generated
injective R-module is always torsion-free. From this we have the result by
Theorem 1.

If R is a noetherian ring, then for every finitely generated R-module M,
t(M) is of bounded order. Thus we have the following corollary.

COROLLARY 1. Let R be a noetherian ring. Then there is a finitely gen-
erated injective R-module if and only if there is a maximal ideal MM in R such
that Ry is artinian local.

If R is an integral domain, then the torsion submodule of any finitely
generated R-module is of bounded order. For any proper prime ideal P of
R, Ry is not artinian. Hence we have the following corollary.

COROLLARY 2. Let R be an integral domain. Then if there is a finitely
generated injective R-module, R is a field.

The author does not know whether there is a ring R such that there is
a finitely generated injective R-module which is not torsion-free and not cyclic.

§2. Existence of a cyclic injective module.

In this section, we investigate the conditions for a ring over which there
is a cyclic injective module.

LEMMA 5. Let R be a ring and let N be an ideal of R. Suppose that R/N
is diwvisible as an R-module. Then R/ is a torsion-free R-module.

Proor. If %A is a regular ideal of R, then R/ is divisible and a torsion
R-module of bounded order, and so R/%=0. If % is not a regular ideal of R,
then S(R)C R— and hence, for any s in S(R) the class 5 in R/% containing
s is not zero in R/%. By the assumption $(R/WA)=R/A for any s in S(R).
Thus 3 is invertible in R/%. Hence R/ is torsion-free as an R-module.

THEOREM 3. Let R be a ring with the noetherian total quotient ving. Then
there is a cyclic injective R-module if and only if there exists a maximal ideal
M in R such that Ry is a self-injective artinian local ring.

ProOOF. Assume that Ry, is a self-injective artinian local ring for some
maximal ideal M in R. Then Ry is a finitely generated R-module. In fact,
set A;={xE Ry | M Ryx=10}. Then, by Theorem 1, A,= Ry for some posi-
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tive integer n and A; is a finitely generated Ry-module for i=1, 2, ..-, n, and
80 A;/A;_, is finitely generated as an Ry/MRy (= R/M)-module for i=1,2, .-, n.
Thus, Ry, is a finitely generated RK-module.

Set = {xe R|xr=0 for some » in R—IM}. Since Ry, is noetherian and

it is finitely generated as an R/Y-module, by of [2], R/% is a
noetherian ring. Furthermore, for any a I, there is a positive integer m
such that a®<W. In fact, since Ry is artinian local, MM™Ry =0 for some
positive integer m, and hence, there is an 7 in R—I such that ra™=0.
Therefore a™ <= %. From the above remarks, MM/ is nilpotent, and so, R/
is an artinian local ring because M/ is a maximal ideal of R/A. Thus R/%A
= Ry, that is, Ry is a cyclic R-module.

Hence Ry is a cyclic injective R-module.

Conversely, assume that there is a cyclic injective R-module M and let
M=R/% (N: an ideal of R). Then R/N can be regarded as a Q-module by
and the canonical map f:R— R/% is uniquely extended to a Q-
homomorphism A:Q-— R/%. Set B=Ker (). Then, by Lemma 21 of [5]
Q/B is injective as a Q-module. Moreover, Q/B is a self-injective noetherian
ring. In fact, for any ge Homg,s (€/B, Q/B) (€: any ideal of Q containing B),
there is a Q/B-homomorphism 2 which is an extension of g because g can
be regarded as a Q-homomorphism of €/% into Q/B and Q/FB is injective as
a ()-module.

Thus, by Lemma 2.8 of [5], we can express Q/B as follows,

Q/B=0Q:BQ.D -- DQn (as a ring),

where Q, is a self-injective artinian local ring for i=1, 2, --- , n. In this case,
Q; is an indecomposable injective -module for all 7.

Set ' =0Q,PD - PQ, and set W' =M"BQ,PD --- PQ,, where PM” is the
maximal ideal of Q,. Then Q,=(Q/8B)/¥’ and ®’ is an irreducible I/-primary
ideal of Q/®B because (Q/B)/D’ is an indecomposable injective Q/B-module.
Let D=h1"Y(D’) and let M=~1"'(M’). Then M is a maximal ideal of Q and D
is an irreducible M-primary ideal of Q. Furthermore, Q,=(Q/B)/D = Q/D,
Q/D=Ey(Q/M) by Theorem 2.4 of because /9 is an indecomposable
injective Q-module, and by Lemma 2, Q/®= Eq (Qu/MQw), and hence Qn is
artinian local by since Q/%B is a cyclic injective Q-module.

Now, Q/D— Qun/DQy is monomorphic and Q/D (= Ele(Qm/‘mQ%)) is an
indecomposable injective Qg-module. Thus Q/®D = Qu/DQy. Since Qg is
artinian local and Q/® = Qu/DQy is injective as a Qp-module by
we have DQm=10. Thus Qn is a self-injective artinian local ring.

Now, set MN\R=2P. Then P is not regular because R/P < Q /M is torsion-
free. From this, the quotient field of R/ is equal to Q/M. On the other
hand, since E,(Q/M) is a finitely generated R-module, by the same method
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as in the proof of P is a maximal ideal of R. Moreover, S(R)
C R—-%, and Ry — Qg is monomorphic, and so, Ry = Q. Thus Ry is injective
as an R-module and is artinian local. By Ry is a self-injective
artinian local ring. The proof is completed.

COROLLARY 3. Let R be a ring. Then the following conditions are equiva-
lent.

(1) R is a self-injective artinian ring.

(2) Q(R) is a noetherian ring and for any simple R-module M, Ex(M) is

cyclic as an R-module.

Proor. (1)—(2): It is immediate. (2)—(1): Assume that Q(R) is noetherian
and, for any simple R-module, its injective hull is cyclic as an R-module. Let
M (= R/M) be any simple R-module. Then, as is shown in proof of [Theoreml
3, Ry is a self-injective artinian ring, and so R is a self-injective noetherian
ring. Therefore, R is a self-injective artinian ring.

REMARK. There exists a ring, which is not artinian, such that Er(M) is

a cyclic R-module for any simple R-module M. In fact, set R = ﬁKi, where
i=1

(2

K, is a field for i=1, 2, --.. Then, for any maximal ideal M, Ry is a field
which is isomorphic to Ez(R/M) as an R-module. Let us show that Ry is a
field for any maximal ideal 9t in R. Now, it is sufficient to show that for
any x (=(x;)) in M, there is an element » in R—I such that rx=0. Set
r;=0 if ie{iel|lx;+0}=D(), r,+0 in K, if i& D(x). Then x+7r (r=())
is a unit element in R and x< M, and hence r & M. Furthermore, we have
rx=0. Hence Ry is a field.

§3. The ring properties of injective hulls.

Next we observe the ring property of an injective hull of a commutative
ring. Let R be a ring and let M be an R-module. Then the socle of M is
defined by the sum of all simple submodules of M. Thus the socle of a ring
R is a direct sum of all distinct minimal ideals of R.

LEMMA 6. Let R be an artinian local ring. Then R is self-injective if and
only if the socle of R is simple.

Proor. If R is self-injective, then by Proposition 3.1 of [6] R = Exz(R/M)
(M is the maximal ideal of R) since R is indecomposable as an R-module.
Thus by Theorem 3.4 of [6] the socle of R is equal to A; (={xe R|xaM=0})
= R/M. Conversely, assume that the socle of R is simple. Then A;= {x
€ Ex(R/M|xM =0} 2M* M #0 and M =0) and by Lemma 1 of [8]
A/ A = M/ME+ as a vector space over R/M. Furthermore, R is an essential
extension of the socle of R, and so Ex(R/M)= E(R). Hence Ei(R) has the
same length as R. Thus R= E,(R).
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PROPOSITION 2. Let R be a ring with the noetherian total quotient ring.
Then R can be embedded into a divect sum of finitely many self-injective artinian
local rings, which is an essential extension of R.

Proor. Let (=D, "D, - N\D, D;: B;-primary) be an irredundant
irreducible primary decomposition of (0) in the total quotient ring @ of R.
Then by Theorem 2.3 of [6], we have EyQ)= 2D EyQ/D)).

On the other hand, EyQ/PB;)=E,Q/D;) by Proposition 3.1 of [6], and
EQ(Q/SBI-)EEQ%(Q%/%Qmi) by Lemma 2, for all i.

Furthermore, by Proposition 3.1 of [6], EQ%(QW/%Q;BZ.):EQ%(Q%/@,-Q%).

Since by Lemma 2.1 of [5], Er(R)=EyQ), we have Ez(R)=2XDEyQy,
/PB:Qp,). Thus Y PQyp,/D.Qp, is an essential extension of R because we can
embed R in YDQy,/DQy,. Moreover by Lemma 6 Qgp,/D;Qp, is a self-
injective artinian local ring for all 7.

ExaMprLES. (1) Let R be an integral domain. Then an injective hull of
R is isomorphic to the quotient field of R. Thus ER(K#) can be made into an
R-algebra and R is contained in the center of Ex(R). (2) Let R be a ring and
M DN be R-modules. Then M is called a rational extension of N in case for
any endomorphism f of M, if fis trivial on N, then f is trivial. Now, if
ER(R) is a rational extension of R, then Ei(R) can be taken into an R-algebra
and moreover, R is contained in the center of Er(R). In fact, since En(R) is
a rational extension of R, any R-homomorphism of R into Ex(R) can be
uniquely extended to an R-endomorphism of E;(R). Thus Homg (Ez(R), Ex(R))
=~ Homp, (R, Ex(R)) = Ex(R). The canonical embedding ¢ of R into Homy (Ex(R),
Eg(R)) is given by o¢(r)=T,, where T, is defined by Tr(x)=rx for all x in
Ex(R). Hence R is contained in the center of E(R).

LEMMA 7. Let R be a noetherian local ring and suppose that the socle of
R is not simple. Then ER(R) can not be made into an R-algebra.

Proor. Let S, and S, be two distinct simple submodules of R. Then
Ex(S)) is a direct summand of E,(R). Set S,= Rx, and set S,= Rx, (x,, x,& R).
Let f;=Homy (Rx; D Rx,, Ex(Rx))) such that fi(x)=ux, and fi(x;)=0 if 1+,
for 7,7 =1,2. Then there is g; € Homg (R, Ex(Rx,)) such that the restriction
of g; to Rx,(PRx, is f;, for i=1,2. Set g(l)=ga,; for i=1,2. Then xa,==x,
= x,a, and x,a, = x,a,=0. Hence (x,a,)-a,=x,-a,=x,+#0, but a,-(x,a,)=a,-0,
and so Ex(R) can not be made into an R-algebra because Ex(Rx,) is a direct
summand of Er(R).

THEOREM 4. Let R be an artinian local ring. Then an injective hull of R
can be made into an R-algebra if and only if R is a self-injective ring.

Proor. If R is not self-injective, then the socle of R is not simple by
Lemma 6. Thus by Lemma 7, E,(R) can not be made into an R-algebra.
The converse is trivial.
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Let R be a ring, # a prime ideal, and let M be an R-module. Then let
us call the socle of My the socle of M at .

THEOREM 5. Let R be a ring with the noetherian total quotient ring. Then
if an injective hull of R can be regarded as an R-algebra, then the socle of
Q=Q(R) at any prime ideal of Q 1is siniple or empty.

PrOOF. Suppose that the socle of ) at some prime ideal 8 of @ is not
simple and not empty, then there are two elements x, x, in @ such that
Qx,"\Qx,=0 and the annihilator ideal of Qx; is equal to %, for 1=1,2. In
fact, since the socle of Qg is not simple and not empty, there are at least
two simple submodules S;, S, in @g. Thus there are y, v, in @ such that
Qpy;=S; for i=1,2. Since P is finitely generated, there is an » in —P such
that »Py, =Pry; =0 for 1=1, 2, and so x;=7ry; (=1, 2) answer the question.

Let f; and f, be two Q-homomorphism of Qx,+Qux, into E,(Qx,) defined
by fi(x)=/f{x)=2x; and fi(x,)=f(x;)=0. Since E,(Qx,) is injective, there is
a Q-homomorphism g; of into Fy(Qx,) such that the restriction of g; to Qx,
+Qx, is f; for i=1,2. Set g(1)=ga, for i1=1,2. Then x,a,=x,a,=x, and
xa,=x,a,=0. Now, we have (x,a,)-a,=x,-a,=x, and qa, (x,a)=a,-0=0.
Thus E,(Q) can not be made into a Q-algebra since E¢(Qx,) is a direct sum-
mand of Ey(Q). Therefore Ex(R) can not be made into an R-algebra. This
is a contradiction to the hypothesis that Ez(R) is an R-algebra.

Let R be a ring with the total quotient ring which is artinian. Then we
call such a ring a (qa)-ring. It is well known that if R is noetherian then R
is a (ga)-ring if and only if the prime divisors of (0) in R are all minimal.

THEOREM 6. Let R be a (qa)-ring. Then an injective hull Ex(R) of R can
be made into an R-algebra if and only if Ex(R)=Q(R).

PrOOF. Assume that Ep(R) is an R-algebra. As Ex(R) is a torsion-free
and divisible R-module, Ex(R) can be regarded as a @-module, and hence Ex(R)
is injective as a Q-module by Lemma 2.1 of [5]. On the other hand, Q is an
essential extension of R, and so we have Ez(R)= Ei(Q). Furthermore by
Lemma 2.1 of [5] Ex(R)=EyQ). Since R is a (ga)ring, we may write
Q=2@PQ,; where Q; is artinian local for all i. Thus Ey(Q)=2 D E(Q;)
= YD Eq,@Q).

If Q. is not a self-injective artinian local ring, then by Lemma 6 there are
at least two distinct minimal ideals S,, S, in Q;, a fortiori, of . Thus there
are two elements x, x, in ; such that Qx;=S; for j=1,2. By the same
method as in proof of Theorem 5, we can find two elements a,, a, in Ey(Qx,)
such that x,a,=xa,=x, and x,a,=x,a,=0. Now, we have (x,a,)-a,=1x, - a,
=1, and a,- (x,a,)=a,-0=0. Thus EyQ) can not be made into a Q-algebra
because Fo(Qx,) is a direct summand of EyQ). Thus Ex(R)= E,Q) can not
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be taken into an”R-algebra. This is a contradiction. The converse is trivial.
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