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Supplement to: Holomorphic imbeddings
of symmetric domains

By Shin-ichiro IHARA

(Received Aug. 2, 1967)

There are some incomplete explanations in p. 274 (§2) of my previous
paper [17], which I will supplement here. I wish to express my sincere thanks
to Professor. I. Satake who has kindly indicated me the incompleteness
together with valuable advices.

1. We used a property without proof, which can be formulated as follows:

PROPOSITION. Let g=1t+p and ¢/ =¥V -+yp’ be Cartan decompositions of Lie
algebras of hermitian type without compact factors, p:q-—¢ o homomorphism
salisfying the analytic condition (H,) w.r.t. complex structures H, and H} of

(g, © and (&', ¥) respectively. Let further q= zcj a; (e=2) be a decomposition of g

d=]

nto the direct sum of simple ideals. Then there are regular subalgebras
q; A=j=¢) of o/ such shat

) o) Cqj, and the restriction of p to g; satisfies the condition (H,) w.r. 1.
the complex structures of (4, 1) and (g, §) compatible to those of (g, ¥) and (g, ¥)
respectively ;

i) Lo gd=01f i#].

Proor. We may assume that g’ is simple ([1], p. 273). Let H,, be the
projection of H, to g, and put Hj = p(H,). Since p satisfies (H,), we have

H, = S H,, H,—= > H. Put
i= i=1
b= {a’ €V} |a’(H)=v—1}.
pi=a' 2 Qe tela),

als By

=0 ] and g =%+,
where v/ denotes the set of all positive non-compact roots, and ¢, the root
space belonging to a’. Then ¢} is a regular subaigebra such that the restric-

tion of p to g; defines a homomorphism of g; into g satisfying (/,) w.r.t. H,
and H{; (cf. [T], Theorem 2). On the other hand, one knows ([Z], p. 96) that

Hy=2v-13% a,
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where &’ denotes the restriction of a’ to the Cartan subalgebra g/’ of g
Hence, if we denote by ¢, (>0) for each a’ < v}, the ratio of the Killing form
of ¢’ and that of: the simple component of g/ whose root system contains the
restriction of «’, we have

e e 2H o
Hu= 2 =1 3 o gy =2V 71 B
It can be easily seen that
) 0 =<Hy,, 1]6]>’ = —2 2 Cars Cﬁ,<a/’ 13/>/
d’evi_’_
=y

il

if 1=j. If «’ and B’ are positive non-compact roots of ¢, then «’-|-f3’ cannot
be a root, and so <{a’, /)’ =0. Hence it follows from (1) that <{a’, /)’ =0,
and a’—j’ cannot be a root. Therefore we see [, p;]==0, and hence [f/, ;]1==0.
Then we can see at once that [gf, 0j1=0, q.e.d:

2. Thus, if ¢ has no compact factors; it is sufficient {or finding all homo-
morphism p:g-—g’ under the condition (/,) to determine for each simple factor
g; a regular subalgebra g¢; such that [g}, ¢/]1==0 if i~ and that there is a
homomorphism p,:q;,—q; satis{lying (f,); in fact, the homomorphism p=p@® ---
@p. of g=9,P - Pg, into a regular subalgebra ¢” =g/ P --- Pq; of ¢ satisfies
(H,). This procedure can be carried out by the results in §4 and §5 of [I]
If g contains a compact ideal, the reductions given in p. 274 of [1] are valid
only modulo compact factors. They are, however, sufficient for our main pur-
pose of determining holomorphic imbeddings between symmetric domains.
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