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Introduction.

A generator in the category (cf. of left (right) modules over a ring
A will be called a completely faithful left (right) 4-module according to [4].
The complete faithfulness of modules is a Morita invariant property, which
plays an essential part for the categorical theory of rings.

B. Miller introduced in [19] the notion of a quasi-Frobeninus extension
A of a ring 2. In case £ isin the center of /4, i.e., in case A is a £-algebra,
this coincides with that of a semi-Frobenius algebra in [157], and, in this
paper, we shall call this a quasi-Frobenius algebra. An algebra /4 over a com-
mutative ring R, which is a finitely generated projective R-module, will be
called a quasi-Frobenius R-algebra, if A*=Homjy (4, R) is a completely faith-
ful left (and right) A-module. The purpose of this paper is to show some
basic properties in quasi-Frobenius algebras.

As is well known, any completely faithful .4-module is faithful, but a
faithful 4-module is not always completely faithful, and if 4 is commutative,
then any finitely generated, faithful, projective 4-module is completely faith-
ful. It is also known (cf. or [9]) that, in case 4 is a quasi-Frobenius
ring, any faithful 4-module is completely faithful, and it was proved in
that, if 4 is a maximal order over a Dedekind domain in a central simple
algebra, then any finitely generated projective 4-module is completely faithful.
However, it seems that such facts have not been treated systematically.
Recently, G. Azumaya gave in a characterization of a ring A4 with the
property : (G) Any faithful 4-module is completely faithful. Another purpose
of this paper is to examine the structure of a ring /4 with each of the follow-
ing properties:

(FG) Any finitely generated, faithful 4-module is completely faithful.

(PFG) Any finitely generated, faithful, projective 4-module is completely
faithful.
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In §3 we prove a fundamental theorem for a quasi-Frobenius algebra,
which shows the strict connection with the classical one, and, in §4, we give
a characterization of a quasi-Frobenius algebra over a Noetherian ring which
is hereditary. As applications of these results we determine\, in §5, the struc-
ture of algebras with (FG) over a Noetherian ring, and, in § 6, we give a suf-
ficient condition for a ring to have (PFG). Furthermore, §7 is devoted to
establishing the commutor theory of quasi-Frobenius subalgebras of a central
separable algebra, and, finally, §8 is devoted to giving an affirmative answer
to a problem on semi-simple algebras in [15], in a special case.

Throughout this paper we shall only consider rings with a unit element
1 and modules over such rings on which 1 operates as identity. We shall
denote by R a commutative ring and by A a ring which is not always com-
mutative. An R-algebra will mean an algebra over a commutative ring R
which is a faithful R-module.

§1. Preliminaries.

First we refer to some well known facts, which will be freely used
throughout this paper (cf. [1] [4] [6] [11] [13] [18].

For a left A-module M we denote by T (M) the trace ideal of M in 4
(for definition see [1].

ProPOSITION 1.1. For any left A-module M the following statements are
equivalent :

) M is A-completely faithful.

2 T,My=4.

(3) For any maximal two-sided (left) ideal M of A, there exists a ¢
e Hom (M, A) such that Im ¢ <M.

@) A is a direct summand of the direct sum of some copies of M.

PROPOSITION 1.2. Let P be a projective left A-module. Then the following
statements are equivalent for P:

1) P is A-completely faithful.

(2) For any maximal two-sided (left) ideal M of A, we have Hom (P, A/M)
+ 0.

More generally, we have P=% ,(P)P and X ((P) is an idempotent ideal of A.

PropPOSITION 1.3. Let A be a ring with the Jacobson radical R which is
the unique maximal two-sided ideal in A. Then any projective, non-zero left
A-module is A-completely faithful.

PrOOF. Let P be a projective nor-zero left A-module. Then, by (1.2),
we have P=% (P)P. If L (P)& 4, then we have T ,(P)S N, hence P=NP.
Thus we have P=0. This is obviously a contradiction. Thus we must have
T (PYy=A.
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PrROPOSITION 1.4. Let N be a two-sided ideal of a ring A.

@) IFN=9, then T A=A

@) If T,0=U and N is left A-projective, tnen A =N.

PrOPOSITION 1.5. Any finitely generated faithful, projective module over a
commutative ring is completely faithjful.

ProPoSITION 1.6. Let A, I' be rings such that AS". If I is a completely
faithful left A-module, then A is the direct summand of I' as a left A-module.

§2. Faithful and completely faithful modules over an algebra.

Almost all of our results in this section may also be known. However, as
these are not given anywhere explicitely, we shall give them here in the ex-
plicit form.

Let R be a commutative ring, 4 an R-algebra and M a left A-module.
For any multiplicative system S of R which does not contain 0, we put cg(R)
={reR/sr=0 for some s&S}, cs(A)={ic A/sA=0 for some s<S} and
ts(M)={ues M/su=0 for some s S}. Then (g(R) is an ideal of R, and,
putting S = S+c(R)/cs(R), S is a multiplicative system of R/cs(R) consisting
of non-zero divisors in R/cy(R). Therefore R¢ is contained in the total quoti-
ent ring of R/cs(R). Also, cg(A) is a two-sided ideal of 4 and c¢y(M) is a
left A-submodule of M. As is well known, we have Ag=(A/cy(M))s= RS@A

as Rg-algebras and Mg= (M/cs(M))zs= RS@M as left Ag-modules. Especially,

if S is the complementary set of a prime ideal p in R, we use Ry, Ay, My,
(R), (A, (M) instead of Rs Ag, Mg cs(R), cs(A), (M), respectively.
Throughout this paper we shall use these notations.

We begin with the well known

LEMMA 2.1. Let A be an R-algebra which is a finitely generated R-module.
Then, for any maximal two-sided ideal M of A, MN\R is a maximal ideal of
R. Furthermore, for any maximal ideal m of R, we have mAN\R=m and there
exists only a finite number of maximal two-sided ideals of A in which m 1is
contained.

PrOOF. For example, see [11], V, §6.

PROPOSITION 2.2. Let A be an R-algebra which is a finitely generated R-
module and M a finitely generated left A-module. If M is A-faithful, then M,
is Ag-faithful for any multiplicative system S(®0) of R. Conversely, if M, is
A, -faithful for any maximal ideal m of R, then M is «l-faithful.

PROOF. As this is easy, we omit it.

PROPOSITION 2.3. Let A be an R-algebra which is a finitely generated R-
module and M a finitely generated left A-module. Let a be a proper ideal of R.
If M is A-faithful, then Ann,, M/aM is a nil ideal of A/aA.
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ProOOF. As M is finitely generated over R, we can put M= Z’ Ru,. When
i=]

t
AM S aM for some A< /A, we have Au;= > a;u; for some a;;=a. 1f we put
=

4=|0,jA—ay|, then we have Ju,=0 for each i. Since M is A-faithful, we
must have 4=0. From this we can easily see 1’ ad.

The following proposition is given in [1] in a special case (see the proot
of (3.9) in [1]).

PROPOSITION 24. Let A be an R-algebra which is a finitely generated R-
module and M a finitely generated left A-module. If M is A-completely [aith-
Sful, then Mg is Ag-completely faithful for any multiplicative system S (3 0) of
R. Further assume that, for any maximal ideal m of R, c¢,(A) is a finitely
generated R-module. Then, if M, is A,-completely faithful for any maximal
ideal m of R, M is A-completely faithful.

PrOOF. Since the first part of this proposition is obvious, we have only
to show the second part. By (1.1) it suffices to show that, for any maximal
two-sided ideal M of A, there is a ¢ € Hom 4(M, A) such that Im ¢ ENM. If we
put m=M "\ R, then m is a maximal ideal of R according to (2.1), and I, is
a maximal two-sided ideal of A,. As M, is A,-completely faithful, there
exists, again by (1.1), a ¢ € Hom,, (M, 4,) such that Im@ £M,. If we put

1
M= 3 Ru; and we denote by d,, i, -, 4%, the residues of wu,, u, -+, u, in
=1
t
M/, (M), then we have M, = > R,#%, Let s be an element of R—m such
=1

that s@(@;) e A/c,(A) for all 1<i<t, and put ¢*(u;)=s@(u,;) for any 1. Then
¢* can be considered as an element of Hom 4, .4, (M/c,,(M), A/¢(A)) and we
have Im ¢* & M/c,(A). Since ¢,(A4) is finitely generated over R by our as-
sumption, we can find some t € R—m such that t-¢,(4)=0. Let A, 4, -, 4
be the representatives of s@(i,), s@(i,), ---, s¢(@,) in A, respectively. Then, for

some g, ps, -+, pe € A, we have St‘_,/,eigﬁ(z?i)zﬁ if and only if tZ'/,ei,?iz Z/),ui(z‘z,;)
i=1 =1 i=1

=0. Therefore, putting $(3,) =12, for each i, ¢ can be considered as an ele-
ment of Hom (M/¢,(M), A) and we have Im ¢ £I. Let ¢ be a natural epi-
morphism of M onto M/c,(M) and put p=¢@o¢. Then ¢ is as is required.
This completes our proof.

We remark that the assumption in the second part of (2.4) is satisfied in
case R is Noetherian or in case R is an integral domain and / is R-torsion-
free.

PROPOSITION 2.5. Let A be an R-algebra which is a finitely generated R-
module. Then, for any projective left A-module P, the following statements are
equivalent :

(1) P is A-completely faithful.
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@) For any maximal ideal m of R, P, is A,-completely faithful.

(3) For any maximal ideal m of R, P/mP is A/mA-completely faithful.

PrROOF. The implications (1)=>(2)=(3) are obvious. Hence it suffices to
show (3)=(1). Suppose that P satisfies (3). Let M be a maximal two-sided
ideal of 4 and put m=MR. Then, by (2.1), m is a maximal ideal of R.
Since P/mP is A/mA-completely faithful by our assumption, we have Hom,, 4
(P/mP, A/M) + 0 according to (1.2). As P is /A-projective, we easily obtain
Hom ,(P, A/M)+0. Again by (1.2) P must be A-completely faithful. This
implies (3)=(1).

PROPOSITION 2.6. Let A be an R-algebra which is a finitely generated pro-
jective R-module. Then, for any finitely generated R-module M,

(1) M is R-faithful if and only if A@M is A-faithful.

(2) M is R-completely faithful if and only if AQM is A-completely faithful.
R
() M is R-projective if and only if AQQM is A-projective.
R

Proor. (1) By (2.2) we may assume that R is local. Hence we may also
suppose that 4 is R-free. Then we can easily show Ann (A M)=A-(Ann,M).
"

From this we obtain (1). (2) Since the only if part is obvious, we have only
to show the if part. This can be proved by using (1.1), (1.5) and (1.6). (3) is
also trivial.

§3. Quasi-Frobenius algebras over a commutative ring.

Let A be an R-algebra and put ,/4*=Homg(4, R). Then A4 is said to be
a left quasi-Frobenius R-algebra if (1) 4 is a finitely generated projective R-
module and (2) ,4* is A-completely faithful (cf. [19]). The condition (2)' in
this definition can be replaced by (2): ,4 is (4, R)-injective or (27)": A% is
A-projective. Similarly we define a right quasi-Frobenius R-algebra, and an
R-algebra is called a quasi-Frobenius R-algebra if it is left and right quasi-
Frobenius. It is reported in that Rosenberg and Chase proved the equi-
valence (2) and (2)" under the assumption (1). In fact, in our main theorem
(3.3) in this section, we shall also see this. A quasi-Frobenius R-algebra 4 is
said to be a locally Frobenius R-algebra, if, for any maximal ideal m of R,
A, is a Frobenius R,-algebra. If an R-algebra with (1) is separable ([(2]),
semi-simple ([14]), Frobenius, or symmetric ([(I07]), it is quasi-Frobenius.

In this section we shall prove some basic results in quasi-Frobenius
algebras.

We begin with the following general

LEMMA 3.1. Let A be an R-algebra which is a finitely generated projective
R-module and M a finitely generated left A-module which is R-projective.
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(1) For any commutative R-algebra S, we have dhgy, SQM < dh M.
R R

(2) We have dhy M =sup dh,,M, =sup dh,, M/ mM where m runs over

all maximal ideals of R.
PROOF. By our assumption on M, we can find an R-split projective resolu-
tion of a A-module M :

P, —> e — Py Py— M —0

where each P, is /A-finitely generated. From this we obtain the projective
resolution of a S /A-module S M :
N 13

—S®P,— + >SQP, > SR P, —SQ@M—0.
R R R s

Hence we have dhgg,S® M < dh M, which proves (1). By (1) we have dh M
R R

>dhy,M,, dhy,aM/mM for any maximal ideal m of R. On the other hand,
since each P, is a finitely generated projective 4-module and any R, is R-flat,
we have R, Q Exth (M, N) = Ext}, (M,, N,,) for any left A-module N, and so
R
we obtain dh M <supdh,,M,. Thus dh,M =supdh,,M,. In order to com-
plete the proof of (2), it suffices to show dh,, M, <dhy , M/mM for any
maximal ideal m of R. Therefore we may assume that R is a local ring with
a maximal ideal m. Let R be the Henselization of R (cf. [21]). Then we also
have RQExtY(M, N)= ExtﬁgA(f?(g)M, R®N) for any left A-module N, and so,
I 4 n r

as R is R-faithfully flat, we obtain dh, M =dhse,R QM. Since R/mR = R/m.
R r

RRA/MRRA) = A/mA and R® M/m(R® M) = M/mM, we may further suppose
" R R 0
that R is Henselian. Then, for a finitely generated projective left A/mA-

module P, there is a finitely generated projective left A-module P such that
P/mP=P. Now let

—>Pﬂ——> oo ——)Pl-—>}30—>M/mM—>0

be a projective resolution of M/mM where each P, is A/m/A-finitely generated.
Then we can find the projective resolution of M:

——>Pn—>u-——>Pl-—>P0——>M—>O

such that P,/mP,= P, for any n. From this we can easily see dh,M <dh, 4
M/mM, which completes our proof.

PROPOSITION 3.2. Let A be a quasi-(locally)y Frobenius R-algebra. Then,
for any commutative (not always faithful) R-algebra S, SQ A is a quasi-(locally)
Frobenius S-algebra. )

PROOF. As it is easy, we omit it.
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Nuw we give

THEOREM 3.3. Let A be an R-algebra which is a finitely generated projec-
tive R-module. Then the following statements are equivalent:

1) A4 is a left (right) quasi-Frobenius R-algebra.

(2) For any maximal ideal m of R, A, is a left (right) quasi-Frobenius
R, -algebra.

3 For any maximal ideal m of R, A/mA is a quasi-Frobenius R/m-algebra.

PROOF. This can be proved by applying (3.1), (2) to M= A*.

ProposITION 3.4. Let A be an R-algebra which is a finitely generated pro-
jective R-module. Then A is a locally Frobenius R-algebra if and only if, for
any maximal ideal m of R, A/mA is a Frobenius R/m-algebra.

ProoF. Suppose that A/m/ is a Frobenius R/m-algebra for any maximal
ideal m of R. Then we have A, /md, =(d,/md)* =A% /mA% as left A,-
modules. Since A, and A* are /,-finitely generated projective, we obtain
A, = A%, and so 4, is a Frobenius R,-algebra. Then, according to (3.3), 4 is
a locally Frobenius R-algebra.

PROPOSITION 3.5. Let A, I' be R-algebras which are finitely generated pro-
jective R-modules. Then A(%?F 1s a quasi-(localy) Frobenius R-algebra if and

only if both A and I' are quasi-(locally) Frobenius R-algebras.
Proor. The if part is evident and the only if part can be shown, for
example, by reducing this to the classical case by (3.3) and (3.4).
ProprosITION 3.6. Let A be an R-algebra which is a finitely generated pro-
jective R-module and S a commutative R-algebra such that mSN\R=m for any
maximal ideal m of R. Then A is a quasi-(locally) Frobenius R-algebra if and
only if SQA 1s a quasi-(locally) Frobenius S-algebra.

Proor. We have only to show the if part. Assume that S® 4 is a quasi-
R

Frobenius S-algebra, and let m be a maximal ideal of R. Then, by our as-

sumption, there exists a maximal ideal M in S containing m, such that MR

=m. Now we have SR A/MSRX A =S/MRRXA=S/M KR A/mA. Since S/M is
KR k IR R/m

the extension field of R/m and S/ ® A/mA is a quasi-Frobenius S/M-algebra,

R/m
A/mA is a quasi-Frobenius R/m-algebra, as is well known in the classical

theory. Hence, again by (3.3), 4 must be a quasi-Frobenius R-algebra.

The assumption on S in (3.6) can not be omitted.

PROPOSITION 3.7. Let A be an R-algebra which is a finitely generated pro-
jective R-module. Then the following statements are equivalent:

(1) R is a quasi-Frobenius ring and A is a quasi-Frobenius R-algebra.

(2) A is a quasi-Frobenius ring.

Proor. (1)=(2) was proved in [19], Satz 3 in a more general form. Sup-
pose that 4 is a quasi-Frobenius ring. Then, as 4 is left A-injective, it is
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(4, R)-injective, and so A is a quasi-Frobenius R-algebra. Since R is an R-

direct summand of A, R is obviously Artinian. Let M be a faithful left R-

module. By (2.6), AQM is A-faithful, and then 4® M is A-completely faithful
I i

(ci. [4]). Again, by (2.6), M is R-completely faithful. Therefore, according to
[4], Th. 6. R 1s also a quasi-Frobenius ring. This implies (2)=>(1).

§4. Quasi-Frobenius algebras and hereditary rings.

In this section we shall determine the structure of a quasi-Frobenius al-
gebra which is a hereditary ring.

LeEMMA 4.1. Let R be a ring with the total quotient ring K and A an R-
finitely generated, tovsion-free R-algebra which is semi-hereditary. Let M be a
finitely generated left A-module which is R-torsion-free. If KQM is KX A-
projective, then M is A-projective. * ‘

PrOOF. Since A is semi-hereditary, it suffices to prove that M is a sub-

module of some free left A-module F. As M is finitely generated uver R, we
{

can put M= 3 Ru,, and, as M is R-torsion-free, M can be regarded as a sub-
i=1

i=

module of KQM. Since KQM is K A-projective, KK M is imbedded in
R R R R

a free K®A-module F’ with a free basis v, v, ---,v, Then we have
R

U= (7‘—: ®Zij)vj for seme non-zero divisors ¢;; of R and some element A;;
s 1%

i m m
of A. 1f we put t=1] IIt,;; and wj=<f§~®1>vj for any j, then F= 3 Aw,
i=1

i=1 j=1
is as is required. This completes cur proof.

PROPOSITION 4.2. Let R be a ring with the total quotient ring K, and A
an R-algebra which is a finitely generated projective R-module. It A is a semi-
hereditary ring and KQ A is a quasi-Frobenius K-algebra, then R 1s a semi-

R

hereditary ring and A is a quasi-Frobenius R-algebra.

Proor. From (2.6) it follows that R is also semi-hereditary. As A is R-
projective, A* is also R-projective. By applying (4.1) to A* we can show that
/A is a quasi-Frobenius R-algebra,

COROLLARY 4.3. Let R be a Noetherian integral domain with the quotient
field K. Let X be a semi-simple K-algebra and A an R-projective R-order in
2. If A is a hereditary ring, then R is a Dedekind domain and A is a quasi-
Frobenius R-algebra.

Proor. This is an immediate consequence of (4.2).

LEMMA 4.4. Let R be a Noetherian complete local integral domain which
1s not a field, and A an R-finitely generated torsion-free R-algebra. If A is a
hereditary ring, then any finitely generated A-module which is R-torsion-free is
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A-projective.

ProoOF. See [13], (3.6).

PROPOSITION 4.5. Let R be a Noetherian ring, and A an R-finitely gener-
ated projective R-algebra which is a hereditary ring. Then

Q) R is expressible as a direct sum of non-triwvial Dedekind domains D,
1=<i<, with the quotient fields K; and fields F; 1 <j<m.

2 Any K,@A 1s a semi-simple K;-algebra.

3) Any D;® A is a hereditary D;-order in K;Q A.
rn R
4) Any F;QA4 is a Fj-algebra which is hereditary.
B
() 4 is expressible as a direct sum of D, A, 1<i< ! and F;Q4, 1<j<m.
R R

Proor. (1) follows from (2.6) and (3), (4), (5) follows directly from (1), (2).
Hence we have only to show (2). Without loss of generality we may assume

that R is a non-trivial discrete valuation ring. Let R be the completion of R
and put /=R®A. Then R, ] satisfy the assumptions in (44). As (A)* is

f?-projective, (A* is A-projective by (4.4). Therefore, A* is A-projective, i.e.,

A is a quasi-Frobenius R-algebra. Let K be the quotient field of R. By virtue

of (3.2), KR A is also a quasi-Frobenius K-algebra. On the other hand, K& /A
yis £

is hereditary, as /4 is hereditary. Then K® /4 must be a semi-simple K-algebra
k

by [10], Th. 16. This proves (2). Thus our proof is completed.

Our main result in this section is given in the following

THEOREM 4.6. Let R be a Noetherian ring and A an R-algebra which is a
finitely generated projective R-module. Then the following statements are equi-
valent :

(1) A is a quasi-Frobenius R-algebra which is an hereditary ring.

(2) R is expressible as the direct sum of Dedekind domains D, 1 <1
and A is expressible as the direct sum of D;Q®@A, 1 <i<I, each of which is a
hereditary Dj-order in a semi-simple algebra oger the quotient field of D,.

Proor. (1)= (2) follows from (4.5) and (2)= (1) was proved in (4.3).

In (4.6), replacing the words “a hereditary ring ” and “ Dedekind domains”
by “a regular ring” and “regular domains ”, (1):> (2) can be shown similarly.
However, in this case, we did not succeed in proving (2)= (1).

ProPOSITION 4.7. Let R be a Dedekind domain and K the quotient field
of R. Let X be a semi-simple K-algebra and A an R-order in 3. If A is a
maximal ovder, then it is locally Frobenius R-algebra.

ProOF. By (3.4) we may assume that R is a discrete valuation ring. As
is easily seen, a maximal crder over a discrete valuation ring is a principal
ideal ring (cf. [1]). Hence, for a maximal ideal m of R, 4/mA is a uni-serial
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R/m-algebra. Again by (3.4), 4 is a Frobenius R-algebra.

§5. Rings with (FG).

In this section we shall determine the structure of an algebra with (FG)
over a Noetherian ring.

First we shall prove, as a special case,

THEOREM b.1. A commutative Noetherian ring has (FG) if and only if it
is expressible as the direct sum of Dedekind domains and quasi-Frobenius local
rings.

It is well known that any finitely generated module over a Dedekind do-
main can be expressed as the direct sum of a projective module and a torsion
module. From this fact and the if part of (5.1) follows immediately.

Now we shall prove the only if part of (5.1), step by step, in the following
lemmas and proposition.

LEMMA 5.2. Let R be a commutative Noetherian ring, and suppose that
there is a prime divisor of 0 with height >1 in R. Then R has not (FG),

Proor. Denote by K the total quotient ring of R and let p be a maximal
prime divisor of 0 such that htyzp>1. Then pK is a maximal ideal of K and
we have Ry,= K,x. As Anngz,pR,+0, there is a ¢ = Anngp such that 0+4a in
R, where 0, 7 are the residues of 0, ¢ in R,. It is easily seen that Ka is a

minimal ideal in K. Since ﬁ p'Kyx =0 and hty pK =1, we find some b p such
=1

that g & bKyg, b+0, where b is the residue of » in R,. From the minimality
of Ka we obtain Ka~Kb=0. Now let F=Ru-+Rv be a free R-module with
a free basis {u, v}, and put M=F/R(au—bv). As Ra~Rb=0, M is clearly a
finitely generated faithful R-module. We shall show that M is not R-completely
faithful. In order to prove this, it suffices, by (2.4), to show that M is not
R-completely faithful. As R,=K,;, we may assume R=K. Let 7, & be the
residues of u, v and u*, v* the residues of #, # in M, respectively. Then we
have M,=F,/Ry(au—bv)= Ryu*+R,w* and gu*=>5hv*. Let ¢ be an element of
Homg,(M,, Ry), and put o(u*)=¢, pw*)=d, ¢, d € R,. Since gu*=bv*, we have
ac=bd. If ;=pR,. then g < bR, which is obviously a contradiction, and so
we have ¢ €pR,. From the fact that ¢ € AnngpR;, we obtain @¢=bd=0 and,
then, as b+ 0, we have d € pR,. Therefore we have Im ¢ S pR,. Thus M, is
not Ry-completely faithful. This proves that R has not (FG).

LEMMA 53. Let R be a commutative Noetherian ving. Suppose that the
zero ideal of R is unmixed and that there is a prime ideal p of R with htpp=>1
such that R, is not a discrete valuation ring. Then R has not (FG).

ProOOF. By our assumptions, p is a finitely generated faithful R-module.
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Now we shall show that p is not R-completely faithful. In order to prove this,
it suffices to show that pR, is not R,-completely faithful. Hence we may sup-
pose that R is a local ring with a maximal ideal p. Since R is not a discrete
valuation ring, a minimal basis of p contains at least two elements, and we
denote it by {p,, p,, -+, D}, t=2. Let ¢ be an element of Homg(p, R) and put
o(p)=a,€ R for any i If, for some i, a; is a unit of R, then we have
bi=a;la;p;, € Rp;, for any ¢. This is obviously a contradiction. Thus we must
have Im ¢ Sp, which shows, by (1.1), that p is not R-completely faithful. This
proves that R has not (FG).

From lemmas (5.2) and (5.3) it follows directly that a ring R with (FG) is
expressible as the direct sum of Dedekind domains and Artinian local rings.
Therefore the proof of the only if part of (5.1) is completed if the following
proposition is proved.

PropPOSITION 5.4. A commutative Artinian ring R has (FG) if and only if
it is a quasi-Frobenius ring.

Proor. The if part of this proposition is obvious ([4]). Hence we have
only to prove the only if part. Since a commutative Artinian ring can be
expressed as the direct sum of local rings, we may assume that R is a local
ring with a maximal ideal m. Suppose that K is not quasi-Frobenius. Then
Anngm is not a principal ideal of R, and therefore there exist some a, b= Annym
such that ae Rb and be Ra. As Ra and Rb are minimal ideals of R, we
have Ra~\Rb=0. Let F=Ru+Rv be a free R-module with a free basis u, v
and put M=F/R(au—bv). By using the same method as in the proof of (5.2),
we can show that M is R-faithful but not R-completely faithful. Hence R
has not (FG). This proves the only if part of our proposition.

A ring 4 is said tec have (FG) (FG)") if any finitely generated, faithful
left (right) A-module is completely faithful.

Now we can conjecture that a left and right Artinian ring with (FG)'
((FG)) is a quasi-Frobenius ring. However we did not succeed in proving
this in the general case. We remark that the only if part of (5.4) can also be
proved by applying [17], (3.11) and (4.1).

Secondly we shall concern with orders in a semi-simple algebra. The
essential part of the proof of the following theorem was shown in [1] and
[13], though this is not given in [17] and [13] explicitely.

THEOREM 55. Let R be a Noetherian integral domain and K the quotient
field of R. Let X be a semi-simple K-algebra and A an R-projective R-order
in Y. Then A is a hereditary, maximal R-order if and only if it has (FG)
(FG).

PrOOF. The only if part: Suppose that /4 is a hereditary, maximal R:
order. Then, by [13], (2.2), the center of A is a hereditary ring which contains
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all central idempotents in 3. Therefore we may assume that R is a Dedekind
domain and that X' is a central simple K-algebra. By (2.2), (24) and [13], (1.5),
we may further assume that R is a discrete valuation ring with a maximal
ideal m. As 4 is a maximal R-order, the Jacobson radical of 4 is a unique
maximal two-sided ideal according to [1], (2.1). Hence, by (1.3), any non-zero
projective left /A-module is completely faithful. Since /4 is hereditary and XY
is simple, we see easily that any finitely generated, faithful left A-module is
a direct sum of a non-zero projective left 4-module and a left /4-module which
is a torsicn R-module. Consequently any finitely generated faithful left A-
module is completely faithful, and so 4 has (FG). This proves the only if
part of our theorem.

The if part: Suppose that A has (FG). Then, by (2.6), R has also (FG),
and so R is a Dedekind domain by (5.1). Further assume that 4 is not a
hereditary, maximal order. Since a maximal order over a Dedekind domain
is hereditary by [1], (2.3) and [13], (2.1), 4 is not maximal under our assump-
tion, and therefore there exists an R-order I' which contains A strictly. Let
C(I") be the conductor of I with respect to 4. Then C(I") is a two-sided idcal
of 4 which is a faithful left /4-module, and, by [13], (1.6), we have Z(CU"))
=CI"). As CU")+ A, CI") is not A-completely faithful. This contradicts the
assumption that 4 has (FG). Thus 4 must be a hereditary, maximal R-order.
This completes our proof.

Finally, combining (5.5) with (5.1), we obtain

THEOREM 5.6. Let R be a Noetherian ring and A an R-algebra which is a
finitely generated projective R-module. Then A has (FG) (FG)) if and only if
it is the direct sum of a finite number of hereditary, maximal orders over
Dedekind domains in semi-simple algebras and quasi-Frobenius rings which are
Jinitely generated modules over commutative quasi-Frobenius local rings.

Proor. The if part of our theorem follows from (5.5). Therefore we have
only to show the only if part. Suppose that 4 has (FGY. Since A4 is a finitely
generated projective R-module, R has (FG) by (2.6). According to (5.1) we can
put R=D,®D,® - PDPE,DE,® - QE, where any D, is a non-trivial
Dadekind domain and any E; is a quasi-Frobenius local ring. If we put
AizDi@A for any 7 and F,—_—Ej(?/l for any j, then any A,(I")) is a D(Ey-

-algebra which is a finitely generated projective D,(E;-module. Since AX([™¥)
is Al p)-finitely generated faithful, it is A,(/")-completely faithful, and so
A" is a quasi-Frobenius D,(Ej;-algebra. From (3.7) it follows directly that
any I'; is a quasi-Frobenius ring. Hence we have only to show that any A,
is a hereditary, maximal D;-order in a semi-simple algebra. In order to sim-
plify our notation, we put D=D, and A=/, and denote by K the quotient
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field of D. By (5.5) it suffices to show that K® 4 is a semi-simple K-algebra.
If we assume that K (%)/1 is not semi-simple, tlfen the nil radical %t of A is not
0. Without loss of generality we may assume that D is a discrete valuation
ring with a maximal ideal Dp (p+#0). Since we have % 0 and (03 A,=0,
there exists an integer [, such that ® & A,u. Now put A= A,+N. ’ﬁllen A is
a two-sided ideal of A which is a faithful left A-module, and so, as A has
(FG),, % is also A-completely faithful. Therefore there exist some ¢y, ©,, =+, On
< Hom, (%, A), some uy, uy, -, u, =N and some A, A, -+, A€ A such that
Zm] @A P+ ug) = % @i (; 0"+ ZLV‘_, o;(u;)=1. As A is a quasi-Frobenius D-algebra,
]? (127 A is also a (171;:1$i-Frobeni:s]l K-algebra (in the classical sense) by (3.2), and
S0 lit is left self-injective. Then we have Tz (KQMN)=KQMN. From this we
obtain T,MN)=N, as N is a nil ideal of A. Ifl)enceywe haveDgoi(%)gSR for any
1, i.e., i piu;) € R. Therefore ﬁ ©(2;p") is a unit of 4. Let u be an element
of M v:/;ich is not contained intjpw. However we have ¢, (ul;p") = up,(2;p")
= plop,(uld;) € Ap' for any ¢, and so u % ©i(A:p%) € Ap'. Hence u e Ap', which
is obviously a contradiction. Thus Ig_(%)/l must be a semi-simple K—algebra.b
This completes our proof.

§6. Rings with (PFG).

A fairly general sufficient condition for a ring to have (PFG) is given in
the following

THECREM 6.1. Let A be a ring and C the center of A. Suppose that there
exists a subring R of C satisfying the jfollowing two conditions:

(1) 4 is a finitely generated R-module.

(2) For any maximal ideal m of R, A/mA is the direct sum of primary
rings.

Then A has (PFG).

Proor. Let P be a finitely generated, faithful, projective left (right) A-
module. By (2.5) it suffices to prove that, for any maximal ideal m of R, P/mP
is A/mA-completely faithful. Put A= A/mA, P=P/mP and = Ann3 P. By
virtue of (2.3), ¢ is contained in the Jacobson radical of 4. By our assumption
we have A=A,®A,P - P, where any /A, is a primary ring. If we put
P,= A,P and t;= A for 1<i</, then we have P=P ®P,® - ®P, as /-
modules and t=¢, P, D - P, as two-sided ideals of 4. Here any c¢; is con-
tainéd in the Jacobson radical of /; which is a unique maximal two-sided
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ideal of /,, and we have also EizAnnziﬁi for any i. Therefore any P, is a
non-zero projective /,-module. Hence any P;is /;-completely faithful by (1.3).
From this we see easily that P is /A-completely faithful. This completes our
proof.

The assumption in (6.1) is satisfied in each of the following cases:

1) A4 is a commutative ring (cf. (1.5)).

(2) 4 is a semi-simple R-algebra which is a finitely generated R-module
(cf. [14]D.

(3) 4 is a hereditary, maximal order over a Dedekind domain R in a
semi-simple algebra (5.5).

(4) A is an R-algebra which is a finitely generated R-module such that,
for any maximal ideal m of R, 4/m/ is a uni-serial ring. (1), (2), (3) are special
cases of (4).

From (1.2) we obtain directly

PROPOSITION 6.2. Let A be a ring and let P be a finitely generated, faith-
ful, projective left A-module which is not A-completely faithful. Then T (P) is
a proper idempotent two-sided ideal of A which is A-faithful. Especially, if A
is left Noetherian or if A is a finitely generated module over the center C of
it, then T 4(P) is a finitely generated left A-module.

Proor. We have only to show the final assertion, under the assumption
that Ais C-finitely generated. Since P and Hom4(P, A) are A-finitely generated,
they are also C-finitely generated, and so T 4(P) is C-finitely generated. Hence
FTA(P) is A-finitely generated and this completes our proof.

COROLLARY 6.3. A left Noetherian, left hereditary ring A has (PFG) iy
and only if there is no proper idempotent two-sided ideal in A which is A-
Sfaithful.

Proor. This can easily be derived from (1.4) and (6.2).

COROLLARY 6.4. Let R be a Dedekind domain and K the quotient field of
R. Let X be a semi-simple K-algebra and A a hereditary R-order in Y. Then
A has (PFG) if and only if it is a maximal R-order.

It was shown in (4.3) that a hereditary order over a Dedekind domaiin R
in a semi-simple algebra is a quasi-Frobenius R-algebra. On the other hand,
by (6.4), a non-maximal hereditary R-order has not (PFG). Hence we have

PROPOSITION 6.5. A quasi-Frobenius algebra over a Dedekind domain has
not always (PFG).

§7. Quasi-Frobenius subalgebras of a central separable algebra.

Let I" be an R-algebra and A an R-subalgebra of I'. Now we put V(A1)
={yel'|ya= 2r for any 1€ 4}.
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A. Hattori proved in the following basic results: Let I' be a central
separable R-algebra and 4 an R-subalgebra of I'.

(I) If I" is A-completely faithful, then there hold
() I' is A®I*-completely faithful.

g

() I' is Vp(A)-projective and A® I = Homy ., I').
(i) V(VpA)=A.

() If I" is A-projective and /A-completely faithful, then I" is AQRQI™-

R

projective and A ["*-completely faithful, and so V(A4)°is Morita equivalent
to AQI™ *

In this section, as an application of the above mentioned results, we shall
establish the commutor theory of quasi-Frobenius subalgebras of a central
separable algebra.

First we give

PrOPOSITION 7.1. Let A, Q be R-algebras which are finitely generated pro-
jective R-modules. Suppose that 2 is Morita equivalent to A. Then £ is a
quasi-Frobenius R-algebra if and only if A is a quasi-Frobenius R-algebra.

Proor. By (3.3) it suffices to prove our proposition in case R is a field.
However, as the property (G) is obviously Morita invariant, our proposition
holds in this case.

Now we have

THEOREM 7.2. Let I’ be a central separable R-algebra and /A a quasi-
Frobenius R-subalgebra of I which is an R-direct summand of I.

1) We have V(V(A)=A.

(2) Vp(4) is a quasi-Frobenius R-subalgebra of I' which is an R-direct
summand of I' if and only if I' is A-projective.

PrOOF. Since 4 is (A4, R)-injective, 4 is an R-direct summand of [ it and
only if I" is A-completely faithful. From (I) it follows V(Vp(4)=A. Now
assume that /" is A-projective. Then, according to (II), V(4)° is Morita equi-
valent to A%}F". As A(jg)l“" is quasi-Frobenius by (3.5), V;(A4) is quasi-Fro-
benius by (3.3) and (7.1). Since [ is A-projective, I is also A@F“—projective,
and so, by virtue of the Morita theorem, I is V(A)-completely faithful. Con-
sequently Vp(4) is an R-direct summand of ['. Conversely, suppose that
Vi(4) is a quasi-Frobenius R-subalgebra which is an R-direct summand of I.
Then I' is V(A)-projective and V(A)-completely faithful, and therefore Vp(A)°
is Morita equivalent to A(%)FO; Homy, ,(I', I'). Again, by the Morita theo-
rem, I' is /1(%)1" *-projective, and so [ is A-projective. This completes our

proof.
For a commutative ring R, we put f. gl. dim R = Sup {dh, M| M is a finitely
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generated R-module with dh, M < }.

COROLLARY 7.3. Let R be a commutative ring with f.gl.dimR=0. Let
I' be a central separable R-algebra and A a quasi-Frobenius R-subalgebra of
I.

(1) We have Vp(V(A)=A.

(2) Vp(A) is a quasi-Frobenius R-subalgebra of I' if and only if I' is A-
projective.

PrROOF. As A and [" are R-projective, we have dh, /' 'Ax1. By our as-
sumption on R, I'/A is R-projective, and therefore A is an R-dirsct summand
of I'. Thus our corollary is an immediate consequence of (7.2).

The classical case is obviously included in (7.3). However it seems that
(2) has not been given in the classical theory.

COROLLARY 7.4. Let I' be a central separable R-algebra and A a quasi-
Frobenius R-subalgebra with (PFG) of I which is an R-direct summand ¢f I’
If I' is A-projective, then Vp(A) is a quasi-Frobenius R-subalgebra with (PFG).

ProOOF. The property (PFG) is evidently Morita invariant. Hence it suf-
fices to prove that /1(%91" ® has (PFG). Let P be a finitely generated, faithful,

prcjective A®I'°-module. Then P is sbviously A-finitely generated, faithful.
R
projective. As /A has (PFG), P is A-completely faithful. Since P is A®I™"-
R

projective, it suffices, according to (1.2), to show that, for any maximal two-
sided ideal M’ of ARI°, we have P/MM'P+0. Now we can find a maximal
R

two-sided ideal MM of A such that W' =MR ", as [ is a central separable

R-algebra. However, since P is A-completely faithful, we have P/VP=P/IMP
#0. Consequently P is A& ['°-completely faithful.
3

LEMMA 7.5. Let R be a commutative ring with the total quotient ring K
and I' an R-algebra which is a torsion-free R-module. Let A be an R-subalgebra
of I' such that Vmp(VK%F(K@A)):K@A. Then we have V(Vp(A)=A4 if

R N R

and only if KQANT = A.
K

PROOF. As it is easy, we omit it.

PROPOSITION 7.6. Let R be a commutative ring with the total quotient ring
K such that f.gl.dimR=<1 and 1.gl.dim K=0. Let I" be a central separable
R-algebra and A a quasi-Frobenius R-subalgebra of I'. Then the following
statements are equivalent:

1) We have Vp(Vp(A)=A.

@ I is A-completely faithful.

(3) 4 is an R-direct summand of I.
If A satisfies these conditions, Vp(A) is a quasi-Frobenius R-subalgebra of I
when and only when I' is A-projective. _
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Proor. For the first part, it suffices to show (1)=>(@). Assume V(V(A)
= /. Then we have Vigpr(Vier(KQA)=K® A, and therefcre, by (7.5), we
K R K K

obtain KR AI"'=A. Hence I'/A is R-torsion-free. Since both K®A and
R R
K®I is K-projective and f.gl.dim K=0, KR I /A4 is K-projective. So ['/A
B )7

is an R-submodule of a finitely generated free R-module. While, 4 and I are
R-projective, and so we have dh, ['/4<1. As f.gl.dim R <1, this shows that
I'/4 is R-projective. Thus 4 must be an R-direct summand of /. The second
part of our proposition follows from (7.2), as we have V (VA (V(A))) =V (A).

It is to be noted that there exists a quasi-Frobenius R-subalgebra 4 of a
central separable R-algebra I which is not an R-direct summand of I

THEOREM 7.7. Let R be a Dedekind domain which is not a field and I" a
central separable R-algebra. Let A be an R-subalgebra of I' which is a here-
ditary ring.

1) We have V(V(AD))=A if and only if I' is A-completely faithful.

(2) Vp(A) is an R-subalgebra of I' which is a hereditary ring.

PROOF. According to (4.5), A is a quasi-Frobenius R-algebra and K (§>/1 is

a semi-simple K-algebra, where K denotes the quotient field of R. Thereiore,
by (7.6), we have (1). If we put @=KQ A, then we have V(A)= Vp(2)
h

and V(V(£2))=£. Since A is hereditary and 2 2 4, 2 is also hereditary by

[13], (1, 4). Hence, in order to prove (2), we may assume that [ is /-com-

pletely faithful. As K® is semi-simple, K®I is K& A-projective, and so
R 5" #

I" can be regarded as a /4-submodule of a finitely generated free A-module.
Since A is hereditary, this shows that I is A-projective. Consequently V(A1)
is Morita equivalent to A® ™. By [2], (1, 8 we have gl.dim AR °<gl dim 4,

and so A®I™ is hereditary. Hence V() is also hereditary.
R

COROLLARY 7.8. Let R, I" be as in Theorem 7.7 and A an R-subalgebra
with (PFG) of I' which is hereditary. Then A is a maximal I-order in a semi-
simple K-algebra KQ A, and V(A)is a maximal R-order in Vgep (KX A).

R A R

Proor. This follows directly from (6.4), (7.4) and (7.7).

§8. A remark on semi-simple algebras over Dedekind domains.

Finally we give, as a supplement to Hattori’s paper [14], the following
THEOREM 8.1. Let R be a Dedekind domain and A an R-algebra which is
a finitely generated projective R-module. Then A is a semi-simple R-algebra if
and only if, for any maximal ideal m of R, A/mA is a semi-simple R/m-algebra.
This is also an affirmative answer to Problem 7 in in a special czse.
The only if part of our theorem was proved in [14], (2.7). Hence we have
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only to show the if part. Beforc proving this we shall give some lemmas.

Let A4, I' bc rings with the common unit element such that AcC [’ and
assume that [I' is a finitely generated left (right) A-module. Then /I is said
to be a left (right) semi-simple extension of 4 if any finitely generated left
(right) I'-module is (I, A)-projective. This is a slight generalization of the
notion of semi-simple algebras in

LEMMA 822 Let A, I, 2 berings with the common unit element such that
Acl'c .

Q) If 2 is a left (right) semi-simple extension of A, then 2 is also a left
(right) semi-simple extension of I.

(2) If I' is a left (right) semi-simple extension of A, and £ is left (right)
semi-simple extension of I', then 2 is also a left (right) semi-simple extension
of A.

Proor. For any left 2-module M, we define a /"-homomorphism @4 (M):
FQA@M—»M by putting Q@LM)GQRQu)=7ru, rel’, ue M, and similarly, we

define £-homomorphisms @9¢(M) and @$M). Then we have the following
commutative diagram as left £-modules:

QR QM — 2QM
r 4 4

I,QO5M) | | 050
QM ——— M
Topa

From this we can easily obtain our lemma. ,
LemMA 83. The full matrix algebra M,(A) of degree n over a ring A is a
left and right semi-simple extension of A.
ProOF. By using the same method as in the proof of [9], IX, (7.3), we
can show that M,(A) is Mn(/l)(?Mn(/l)"-projective. Then we can prove, along

the same line as in the proof of [14], (2.3), that M,(A) is a left and right
semi-simple extension of /.

LEMMA 84. Let A be an R-algebra which is a finitely generated projective
R-module and C be a subring of the center of A such that RSC. If A is C-
projective and, for any maximal ideal m of R, A/mA is a semi-simple R/m-
algebra, then C is R-projective and, for any maximal ideal m of R, C/mC 1s a
semi-simple R/wm-algebra.

PROOF. Since / is a finitely generated projective C-module, C is a C-direct
suramand of A. As A is R-projective, C is also R-projective and we have

1) K. Hirata and K. Sugano gave also this in the following paper: On semi-simple
extensions and separable extensions over non-commutative rings, J. Math. Soc. Japan,
18 (1966), 360-373.
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mA N C=mC for any maximal ideal m of R. Therefore C/mC can be considered
as a subring of the center of a semi-simple ring A/mA, and so C/mC is also
semi-simple.

LEMMA 85. Let A be an R-algebra and a an ideal of R. Then Ajad is
(A, R)-projective as a left (right) A-module.

PrOOF. Since A/ad = A(%)R/a, this is obvious.

The proof of the if part of (81). By [14], (2,14), we may assume that R
is a discrete valuation ring with a maximal ideal pR. Suppose that 4/p4 is a
semi-simple R/pR-algebra. Then /4 is a quasi-Frobenius R-algebra by (3.3),
and it is a hereditary ring by [13], (3.6), as pA4 is the Jacobson radical of 4.
Let K be the quotient field of R and put Z’:K@A. By (4.5), (6.1) and (6.2),

Y is a semi-simple K-algebra and 4 is a hereditary maximal R-order in 2.
By virtue of [137, (2.2) and (2.3), the center C of A is a direct sum of Dede-
kind domains D,, D,, -+, D;, and, denoting by F; the quotient field of D; and

puttlng Az:Dz@A, Zi:Fi®A, we have A:é@)/lwz:é@zz and any Ai
R. i=1 =1

is an hereditary maximal D;-order in a central simple F;-algebra Y, As A is
C-projective, C/pC is a semi-simple R/pR-algebra by (8.4), and then C is a
semi-simple R-algebra by [147, (4.4). Therefore it suffices, by (8.2), to prove
that 4 is a semi-simple C-algebra, i. e, that any 4; is a semi-simple D;-algebra.
Since any A4; is D;-projective and any A;/pA; is a semi-simple D;/pD;-algebra,
it suffices to prove, under the assumption that 2 is a central simple K-algebra,
that 4 is a semi-simple R-algebra.

Now, by [1], (3.8), 4 is a full matrix algebra over a maximal R-order 2
in a central division K-algebra. Then £ is obviously an R-algebra with the
Jacobson radical p2. Let I be the completion of R and put /3:1?@/1. Then

we have R/pR=R/pR and A/pAd= A/pA, and A is a semi-simple R-algebra if
and only if A is a semi-simple R-algebra. Therefore we may further assume
that R is complete. By [1], (3.11) and its corollary, then, any left (right) ideal
of £ coincides with p*Q for some integer k=>0. Since £ is a principal ideal
ring (cf. [1], Corollary to (3.3)), £2/p*Q2 is a uniserial ring for 2>0. Then we
can easily show that any finitely generated left (right) £2-module is expressible
as the direct sum of cyclic £-modules, each of which is isomorphic to Q/p%2
for some k£ =0. Therefore £ is a semi-simple R-algebra by (8.5). On the other
hand, A is a left and right semi-simple extension of £ according to (8.3).
Finally, by applying (8.2) to R, £, A, we can show that /4 is a semi-simple
R-algebra, This completes our proof.

Tokyo University of Education



456

[1]
[2]
L3]

S. ENnpoO

References

M. Auslander and O. Goldman, Maximal orders, Trans. Amer. Math. Soc, 97
(1960), 1-24.

M. Auslander and O. Goldman, The Brauer group of a commutative ring, Trans.
Amer. Math. Soc.,, 97 (1960), 367-409.

G. Azumaya and T. Nakayama, Algebra II, Iwanami, Tokyo, 1954 (in Japanese).
G. Azumaya, Completely faithful modules and self-injective rings, Nagoya Math.
J., 27 (1966), 697-708.

H. Bass, Finitistic dimension and a homological generalization of semi-primary
rings, Trans. Amer. Math. Soc., 95 (1960), 466-488.

H. Bass, The Morita theorems, Lecture note at Univ. of Oregon, 1962 (mineo-
graphed note).

H. Bass, K-theory and stable algebras, Publ. de L’Institut des Haute Etudes Sci.,
1964, N 22, 489-544,

H. Cartan and S. Eilenberg, Homological algebra, Princeton Univ. Press, 1956.

C. Curtis and I. Reiner, Representation theory of finite groups and algebras,
Interscience, 1962.

S. Eilenberg and T. Nakayama, On the dimensions of modules and algebras, 11,
Nagoya Math. J., 9 (1955), 1-16.

P. Gabriel, Des catégories abéliennes, Bull. Soc. Math. France, 90 (1962), 323-448.
A. Grothendieck, Sur quelques points d’algebre homologique, T6hoku Math. J., 9
(1957), 119-220.

M. Harada, Hereditary orders, Trans. Amer. Math. Soc., 107 (1€63), 273-290.

A. Hattori, Semi-simple algebras over a commutative ring, J. Math. Soc. Japan,
15 (1963), 404-419.

A. Hattori, Semi-simple algebras over a commutative ring, Proc. Symp. Algebra,
Math. Soc. Japan, 6 (1965), 37-40, (in Japanese).

A. Hattori, Simple algebras over a commutative ring, Nagoya Math. J., 2T (1966),
611-616.

E. Matlis, Injective modules over Noetherian rings, Pacific J. Math., 8 (1958),
511-528.

K. Morita, Duality for modules and its application to the theory of rings with
minimum condition, Sci. Rep. Tokyo Kyoiku Daigaku, Sect. A, 8 (1958), 83-142.
B. Miiller. Quasi-Frobenius Erweiterungen, Math. Zeit., 85 (1964), 345-368.

B. Miller, Quasi-Frobenius Erweiterungen II, Math. Zeit., 8§ (1965), 380-409.

M. Nagata, Local rings, Interscience, 1962.

T. Nakayama and T. Tsuzuku, On Frobenius extensions I, Nagoya Math. J., 17
(1960), 89-110.



	Completely faithful modules ...
	Introduction.
	\S 1. Preliminaries.
	\S 2. Faithful and completely ...
	\S 3. Quasi-Frobenius ...
	THEOREM 3.3. ...

	\S 4. Quasi-Frobenius ...
	THEOREM 4.6. ...

	\S 5. Rings with $(FG)$ ...
	THEOREM 5.1. ...
	THEOREM 5.5. ...
	THEOREM 5.6. ...

	\S 6. Rings with $(PFG)$ ...
	THEOREM 6.1. ...

	\S 7. Quasi-Frobenius ...
	THEOREM 7.2. ...
	THEOREM 7.7. ...

	\S 8. A remark on semi-simple ...
	THEOREM 8.1. ...

	References


