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An exponential formula for one-parameter semi-groups
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For a complete normed linear space S consider a function T from [0, o)
to the set of continuous transformations from S to S which satisfies:

1) T)T(y)=T(x+y) if x,3>0,

@ 1Txp—Tx)qll =l p—ql if x=0, p, g are in S,

(3 if pis in S and g,(x) =T(x)p for all x in [0, co) then g, is continuous

and ;.:13.?1 g,(x)=p.

If it is also specified that T(x) is linear for all x>0, then one has a semi-
group about which the following is known ([I] chapters 10, 11 and sec-
tions 142, 143):

For all p in some dense subset of S, g7,(0) exists and if Ap=g4(0) for all
p for which g7,(0) exists, then (/—xA4)™! exists, has domain S and is continuous
for all x=0. Moreover, if p is in S and x=0,

(%) lim [ (I—(x/mA)™"p—T(0p || =0.

It is the purpose of this note to add to assumptions (1)-(3) a differentia-
bility condition (which, it turns out, holds in the linear special case) which
implies an ‘““ exponential formula” suggested by (x). The results of this note
give a nonlinear version of the linear strong case of (section 11.5); pre-
vious work (sectioh 3) of this author gave a nonlinear version of the
linear uniform case of [1] (section 11.2).

The differentiability condition mentioned above is:

(4) there is a dense subset D of S such that if p is in D, then g, is

continuous with domain [0, o).
If 6 >0, denote (1/0)[T(0)—I] by As. The main result of this note follows.
THEOREM. If (1)-(4) hold, p is in S and x =0, then

lim lign sup | (I—(x/m)As)"p—Tx)p | =0.
n—00 -0+
Consider first some lemmas.

LEMMA 1. Under conditions (1)-(3), if 6, x>0, then (I—xAp~! exists and
has domain S.
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Proor. Suppose w is in S. A unique point y of S is sought so that
(I-—-xAs)y=w, that is, y—(x/0)T()y+(x/0)y=w, that 1is, y=[0/(0+x)]Jw
+[x/(0+x)1T(0)y. Define Kz=[0/(0-+x)Jw+[x/(6+x)]1T(6)z for all z in S. It
is easily seen that K is a contraction mapping. Hence there is a unique y
in S so that y=Ky. This proves the lemma.

LEMMA 2. Under conditions (1)-(3), if 6, x>0, then

II—=xAp u—U—xAs)"w| = |u—v|
for all u, v in S.

Proor. Suppose that (/—xAyp)u=y and (I—xA;) w=2z Then y=[3d/
(0+x)Ju4[x/(6+x)]T(d)y and z=[6/(0+x)Jv+[x/(6-+x)]T(5)z and hence, || y—z ||
=00/@+01u—v | +Lx/O@+0)I TOy—T@z || =[6/@+x)] | u—v | + [x/(0+x)]
fy—z|. But this gives that |y—z| <|u—v| and hence the lemma is esia-
blished.

LEMMA 3. Under conditions (1)-(3), if 0, x>0, then |(I—xAz) " p—T&X)p|
S x| App—AsTX)p| for each p in S.

PROOF.

Id—=xAg p—TWp | = [ p—U—xA)TX)P |
= [T(x)—11p—xAsTOPp | = x| Aep—AsT()P |
LEMMA 4. Suppose that each of L and M is a continuous transformation
from S to S such that if wandvarein S, |Lu—Lv|| =< |u—v|. Then for each
positive integer n, | L"p—M™p| éfi | LM=p—M®p| for all p in S.
PRrOOF.

|L"p—M"p| = | 5 LM p— L M) |

< B LML M) S B LM p—Mp] .

LEMMA 5. Under condition (4), suppose that p is in D, R is a bounded
subinterval of [0, ) and €¢>0. There is a 6 >0 such that if x,y are in R
and 0 <|x—y|<d, then max | (x—y)[gp(x)—gx(]—gw) |l <e.

w in [x,v]
Proor. For x and y in R, x#y and w in [x, y], gp(x)—gp(y):f g, and
Y
hence
| =)L gp(D)—gp(M]I—ggw) || = || (x—y)~*

f:(gzé—g;(w)) = max gx(c)—g;w)l.

The uniform continuity of g, on bounded intervals then gives the lemma.
Proor oF THE THEOREM. The conclusion is obvious if x=0. Suppose
x>0. Assume first that » is in D. If 6 >0 and = is a positive integer, then
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II—(x/m)Ap)"r =T | = I[LUT—(x/m) A~ I"r—[T(x/m)]"r |
= é I I—(x/m) A T(x(E—1)/myr—T(x/m)T(x@—1)/n)r |

< 3 G/m) | Apn TG —1)/myr— AT fmyr |
= (x/m) 3 | (n/x) g xi/m)—g,(x(—1)/my]—(1/ )L 8o+ i/ m)—gi i /)]
< e/ 33 | (/)L g i /m)— g CxG— 1)/ m)]—giCei/m) |

+ 31 (/9L & (6-+ix/m) g, xi/m)1—gilxi/m) |}

Suppose now, in addition, that e¢>0. Denote by ¢’ a positive number
less than 1 so that if 0<v,u<x+1 and 0<|u—v|< ¢/, then max |(u—v)™

w in [u,v]

Lo (u)—g.(v)]—gl(w) | <e/(4x). Denote by N an integer so that x/N<d’. Ifn
is an integer greater than N and 0<0<d, | (I—(x/n)As) "r—T(x)r|

< (x/n) 3 (2¢)/(4x) =e/2. From this it follows that lim sup || (I—(x/n) Ay ™
-0+

i=1
—T(x)r| <e.

Suppose that p is in S and ¢ >0. Since D is dense in S, there is a point
r of D such that |p—r| <e/6. By the above argument, there is an integer
N and a 6’>0 such that if n is an integer greater than N and 0< 0 <d’,
| (I—(x/n)As)""r—T(x)r|| <e/6. For d and n chosen in such a way, [|T(x)r
—T(x)p|| <e&/6 and | (I—(x/n)A};)“”r—(I—(x/n)A(;)‘"p | <e/6 (by repeated appli-
cation of which gives || (I—(x/n)Ay)~"p—T(x)p| < e/2. From this it
follows that ;Lrorlsup | (I—(x/n)As)"p—T(x)p|| <e for all integers n greater
than N. This proves the theorem.

In closing it is noted that conditions (1)-(3) do not imply (4). This can
be seen by considering the case in which S is E, and

p—x if p=1 and p—x=1, x=0
Tx)p=9 1 if p=1 and p—x<1, x=0
p if p<l1, x=0.

This author considers it likely that conditions (1)-(3) do imply interesting
differentiability conditions and that the conclusion to the theorem (or perhaps
a stronger conclusion) can be obtained using only conditions (1)-(3) together,
perhaps, with some condition much weaker than (4). Investigations into
these matters may well lead to a theory of semi-groups of nonlinear trans-
formations which parallels rather completely the well developed linear case.

Emory University
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