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In a former paper [6], the author developed a theory of ordinal numbers
independently of the set theory and then constructed the set theory in the
theory of ordinal numbers.

In that theory, we used only the predicates <, = and only the functions
N, max, Iq, 5, Min, Rec, and y. (We used other special variables and func-
tions 0, w, 8, represented by the above described functions.)

In this paper, we shall call a function semi-recursive if it is represented
by N, max, Iq, 7, Min and Rec, and a semi-recursive function recursive, if
every Min in the function satisfies the well-known condition as in the case
of the recursive functions of natural numbers (to be given precisely later).
We shall define, moreover, M, as the model generated by N, max, Iq, 7, Min,
Rec and the ordinals less than a. 9, is well-ordered by the original order
and has the same order type as the ordinal m(¢). Then we shall prove that
an interpretation of a recursive function f in the model of ordinals less
than m(g) is f itself and that the power of f(ai, ---,a,) is not greater than
the power of max(q,, ---,a,), if f is recursive and max(a,, -, a,) = . It
seems very difficult to generalize this proposition to the case of semi-
recursive functions, because the consistency of the set theory could be
proved, if it is proved.

On the formalized system developed in [6], we shall prove that there
exists a recursive function C such that we can replace the axiom of cardinal
by the weaker axiom Vx3yVz(C(x, y,2) =0 A y>0) to construct the set theory.
We shall give further the condition for the ordinal ¢ with countable power
that the ordinals less than a constitute the model of the set theory.

The author wishes to express his thanks to Prof. K. Godel, who has
given him valuable remarks. This work was done under Appointment sup-
ported by the International Cooperation Administration under the Visiting
Research Scientists Program administered by the National Academy of
Sciences of the United States of America.
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§1. Let O (> w) be a cardinal number and O be the class of all the
ordinal numbers < O. We say simply ‘¢ is an ordinal’, if = 0. (We may
regard, in the following, O as the class of all the ordinal numbers.) We
use the concepts on ordinals 0, w, <, =, @’ (successor of ), max(a, b) as usual.
Moreover we can define the following functions N, §, Iq, Eq, j, g', g from
ordinals to an ordinal.

0 if >0, b if 0<a<wand ea=0b’,
N@ = | )= |
1 (=0") otherwise. a otherwise.
0 if a<o, 0 if a=0b,
Ia(a, b) = { Eq(e, b) = l
1 otherwise. 1 otherwise.

(& a), &%) =a, g'(j(a b)=a, £(ja,b)=0.
jla, b) < j(c, d) 2 max(a, by < max(c, d)
V(max(e, b) =max(c, OANBG <dV (b=dNa<c))).

{(We use a logical symbol in this section as an abbreviation of a word or a
phrase of English.) Moreover, we shall define Min and Rec as follows. If
F €009 that is, f is a function from O to O, we define

) the least number ¢ such that f(@)=0, if Ix(f(x)=0),
Min(f) = {
0 otherwise.
and
) if b<a,
COH(f, a, b) = {
0 otherwise.

(We see easily that Con can be represented by Min, N, Iq, Eq and max.)
Let f be a function from O°x0O to O. Then we can define by the trans-
finite induction Rec satisfying

Yx(Rec(f, x) = f({ y}Con({z}Rec(f, 2), x, ¥), %)) .

{We use the notation {x}A instead of usual notations ixA or £4. Rec is a
function from

O(OOXO)XO
to O0.)
Now we shall define {W,,,}(m,2=0,1,2,3,---). A,, is aclass of functions
from QOX--~XQO>§OX---XQ to O. (Especially %,,,c0.) If a=N,,, then «

v

m n
is of the form

{fly o ,fm) Xyt ’xn}f(fb ,fm: Xiy 't xn) .
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If no confusion is likely to occur, we use the notations like

f(fly ,fmi X1y =ty xn) € ?.Im,n .
{2n,»} is defined as the least classes satisfying the following conditions.
1. {xlxe¥,,.
2. If f(fb ot 7fma X1 o0ty xn) € QI'm,n, then

{fl’ o ;fm-!—kr X1y =0 xn+l}f(f1) 7fmy X1yttt xn) S s)Im+k,n+l .

3. If f(f]) ,fm; X1y "t xn) € S)I'm,'ﬂ. and (kly o ’km) and (lly 7ln) are any
permutations of (1,---,m) and (1, ---, %) respectively, then

{flcp )flcm, Xipy "7y xln}f(fu yfmv X1 "t xn) € S)I'm,n .
4. I F(f1 s for X1 o0 5 %n) € W, then
{fn s Fmy Xy s xn}f](f(fn s e Xy s xn)) EQIm,n .

5. I Ffiy s o X %) EW . and g(fy, o+, frur iy o5 2) € Uy then
N(f(fl’ rfm) ¥ TP Xn))s
JE Sy Foms Xy 5 %)y @S 15 2005 Soms X1y 0005 X))
max(f<f1’ vy S Xy oo 7xn): g(fl) 7fm’ Xyy or yxn)) and
LIa(F(f1s v 5 foms X1y o0 5 %a)s G(S15 ** 5 Fms X1y ++ 5 %)) belong to Wiy, -

6. If f(fl; o ’fmy Xy oo yxn) S 91"m,,n; then
Mln({x}f(fls 7fm: Xy Koy ** xn)) = Qrm,n~1 .

T I F(f1 s for Xy ooe s %) € W A0 (S o0 5 Fonr Koy =+ 5 %) € Wipy,n—y , then
Rec({fs X} (S, for = s Jons % Zay =+ s Zm)s G2 =% 5 s X2y 5 %)) € Wiy ey -
Clearly we have the following propositions.
Prorosition 1. Every W, , is countable.
Proprosition 2. If F(fy, s oo Xy o0 5 %) € Wny
G115 s Too Xor %1y 5 %) € Wievats s G155 Lo Ko X155 %) € Wi, 14
and h,(f1, -+, for X o5 %) € Wy s
b (1 S %y e, %) € Uy, then
FUxYg (f1 o s oo % %oy oo 5 %)y o s XG5 o0 5 S % X1y 205 %7)
h(fiy s for X5 %) s (1 ooy fro %y 5, %)) € Ws,: -
DeriviTion. We call a function a to be semi-recursive, if a<N,, for
some m, 7.

Clearly a semi-recursive function is constructed from N, max, Iq, j, Min
and Rec.

DeriniTiON. Mg = {f(B) | f €N,,; and b < a}.
Clearly we have the following propositions.

Prorosition 3. If a = w, then the power of M, is equal to the power of a.
(The power of a means the power of {x|x<a}.)
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Prorosition 4. flxy, -, %,) EWgn and ay, € My, +++ , @y € My, then fla,, -+, au)
eMm,.
Definition of the bounded minimum.
_ the least number b such that f(b)=0Ab < a, if exists such 5,
Bm(f, a) =
0 otherwise.
The bounded minimum Bm(f, x) clearly belongs to 2;,, and is represented.
by Min({ y}max(f(y), Iq(y, £)).
Derinition. Min in Min(f) is called recursive, if Ix(f(x) =0).
DeriniTioN. A semi-recursive function is called recursive, if every Min.
contained in this function is recursive or is bounded.
As usual, it is easily proved that there exists an ordinal m(¢) and one
to one mapping 7, from M, onto {x|x < m(a)} satisfying

a, €My, a, €My, a1 < ay — Tolay) <t.(a,).

DeriniTiON. %Y, , is defined by

{{fh ot ’fm’xn ) xn}f<f1y ,fm, Xiy*t* 5 Xny b)l
f(fl’ see ,fm, x1, re. ,xn+1) = QIm,n+1 al’ld b Em}a[} .

Proposition 5. If f(f1, =, fo %0 0 s Xna) € Wity @ € My, -, € My,
then F(f1, s fmr X 0 s Zny @y 5 @) E NGy e

DeriviTion. If £E%¢, and 7,(f(0) = g(z, (b)) for every b= M,, then we
say ‘g is an fTe’,

LemMma 1. If a, €M, and a, =My, then 1,(N(ay) = N(t.(ay)), to(max(a,, a,)) =
max(z.(@,), 7a(@,)), ta(la(ay, a5)) = 1q(zalay), 7a(@s)) and ta(j(ay, @) = j(va(a@y); val@s))-

Lemmva 2. If gis an ffe and Min in Min(f) s recursive, then z,(Min(f))
= Min(g).

Proor. We set b=Min(f). Then f(b) =0, so g(z,(0))=0. If there exists
¢ satisfying ¢ < 7,(0) and g(c) =0, then Ad(c =1, (d)Nd =M,). Clearly z,(f(d))
=g(ro(d)) =0 and d < b, which is a contradiction.

Lemma 3. If g is an ffe and b <M, then v, (Bm(f, b)) = Bm(g, 7,(b)).

Proor. If Jx(f(x) =0Ax<Db), then the proof is done in the same way as
in the proof of Lemma 2. We consider therefore the case when Va(x <b—
F(x)>0). Then we have only to prove Bm(g, 7,(3))=0. Let ¢=Bm(g, 7,05
>0. Then ¢ < 7,(b)Ag(c) =0, so there exists d such that d=M, and ¢ = 7.(d),
which is a contradiction.

TueoreM 1. If {fi, =) for X0 s X (S 1 o0 s Sons X1y o0 5 %) € W, 85 vecursive:
and g; is an fi"e and a, =M, for each i (=m and i =n respectively), then

T (f1s s s @1y = 5 @) = F(G15 - 5 s To(@1), 5 Tal@n)) -

Proor. We prove this by induction on the number of stages to construct
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f£. If the outermost function of f is other than Rec, then the theorem is
clearly proved by Lemmas 1-3 and the hypothesis of the induction. There-
fore, we have only to prove the theorem in the case, when f is of the form

Rec({f, x}gl(fffl! s fm X ay, e, an)x y2(f1: ) fvm gy "ty an)) .
We set ¢c=g,(fi, " »fm @ »@,). From the hypothesis of the induction
follows 7,(c) = g.(gy, =+ » &m» Tal@1), -, Tal@,)). Therefore we have only to prove
Ta,(ReC({f7 x}gl(f)fly b 7fmy Xy A1y *°* an)y C))
= REC({f, x}gl(.f)gly 8 X Ta(al)y "ty Ta(an))r Ta(c» .
We prove this by the transfinite induction on ¢ with the condition ¢ M,.
“We set
{y}fo(y) - {y}con({Z}ReC<{f7 x}gl(f:fl’ oo :fmy Xy Byy*tt an)’ Z), C, y) ’

"then Rec({f, x}gl(f:fu ot ’fm; X, Qs s an)’ C) = gl(fo» C)-
Clearly we have f, = 2¢,.

However, if ¢, € M,, then

Ta(ReC({f‘r x}gl(.f’fly 7fm; Xy A1y "y an)y C) if o< C,

0 otherwise.

Ta(folco)) = {

By the hypothesis of the transfinite induction, we have

Rec({ f, 2}g:(f5 815 8ms X% Tal@1)s 5 Tal@n))s 74(C0)) if <€,
To(folce)) = {

0 otherwise.

‘Hence we have

{3}gy(») = {y}Con({z}Rec({ f, x}g.(f, &1 *** s Gms X, Tal@s), -+ 5 Tal@n)); 2)5 TalC)5 3)
is an fye.
In virtue of this and the hypothesis of the induction we have

Ta(gl(f(b C)) = gl(g()y Ta(c))
= Rec({f, x}gl(f: Sis 2 &ms % Ta(@1)y " To(@n)), Ta(0)) -

TueoreMm 2. If flx;, - ,%,) is rvecursive and a, <My ,a, €M, then
To(f(@yy - 5 @n)) = f(ralay), -+, Tal@n))-

Tueorem 3. If f(x;, -+, x,) is rvecursive, then the power of flay, -, a,) is not
greater than the power of max(ay, -, a,) provided that max(a,, -, a,) = o.

Proor. Let ¢ =max(a,, - ,a,). Then t.,(f(a, -, a.)=sflay, -, an), to(flay,
o, a,)) < m(@) and the power of m(q) is equal to the power of a.

Let 2 and 2, be two cardinal numbers and 2,< 2. It follows from
Theorem 3 that Jx(x < LAgX, ay, -+ ,a,) =0) implies Ix(x < LoAgx, ay, -, ay)
=0) for a; < 2y, -, a, < 2, and a recursive function g. We see, therefore,
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a recursive function f of the ordinal numbers < £ remains recursive, even
if the domain of f is restricted to £,.

§ 2. In this section, we shall prove that the functions defined in
are almost recursive. Some acquaintance with [6] is assumed in this sec-
tion.

In this section we confine ourselves to the system of axioms obtained
from the system of axioms in by removing the axiom of cardinal. But
instead of the axioms II 1-7 we shall use the following axioms:

IL 1. VpVaVy(x =y~ p(x) = p(y)). :
2. a) YpVa(p(x) =0—p(Min(p)) = 0Ax = Min(p)),
b) Vp(p(Min(p)) =0V Min(p) = 0).
3. VpVadaVy(y <x+—p(y) < 2).
7. VpVx(Rec(p, x) = p({y}Con({z}Rec(p, 2), x, ¥), %)),

where Con(f,a,b) is the abbreviation of a composition of Min, N, Iq, Eq
and max, and satisfying the axiom of contraction in [6] We see easily
{f,x,y}Con(f, x,y) is recursive. We can easily define S(f, g, b, @) satisfying
the axiom of sum in [6] as a recursive function and also a recursive func-
tion T(fy, -+ s foms @1y -+, &) fOr every primitive formula F(fy, -+, foo @15 = 5 @n)y
whose quantifiers are all bounded, satisfying the following formula:

Vpl o mevxl Vxn(T<p17 s Pms Xyy 00 xn) :O""F(Pn oty Dy Xyp o 7xn)) .

(See [6], Chapter II, § 2 for the definition of primitive formula.) From this.
and the axiom II. 3’ follows that {f, x}sup(f,x) is recursive. In the same
way, we see, every function defined in [6], Chapter II, § 3 and Chapter III,
§1 is recursive. (G(a,b,c),a—b, Od(a) and C(a) are also defined by Min(z)
(z < cANK(z, ¢)=71(a, b)), Min(x)(b+x=aAx<a), Min(x)(x < a’Ax=a) and Min(x)
(x <aAx< a) respectively.)

Now, we shall prove that every function in [6], Chapter III, §4 is re-
cursive.

Cy(a, b) is also defined by Min(x) (x < wAa < By(x, b)).

The following function H{a, b) is clearly recursive:

H(0,b) =bAV2(0 < xA % < w+— H(x, b) = H(O(%), b)+7(0, H(5(x), b), 0))
AVx(o =< x— H(x,0)=0).
A(n,a,b) is also defined by
A0, a,b)=aAVx(w Zx— A, (x,a,b)=0)
AVE(0 < aNAx < w— Ay(x, a, b) = Ay(A,(0(x), @, b), H(x, b))) .

Cp(a, b) is also defined by Min(x) (B,(x, &) > AN® < x). Therefore we have
that A(a,b,c) is recursive.
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Now we define recursive functions A(b,¢) and C(b, x,c) by sup({x}A(x, b,
o), b) and the following formula respectively:

C(b,0,c) =Min(z) (z < A, c)AIy(y <bAz= Ay, b, c)))
AYx(x > 0—C(b, x, c) = Min(z) (z < A, )Ny <bAz= A(y, b, ¢))
A Yu(u < A(b, ¢) — Con({v}C(b, v, ¢), %, u) < 2))) .

Then from [6], Chapter III, §2 follows the following theorem:

Tueorem 4. We can construct the set theory in the system of axioms 1. 1-24
in [6] and 11. 1, 2, 3/, 7 and YxAyVz(Clx,y,2) =0A y > 0), where C is a recursive
Sunction. (the axiom of cardinal is unnecessary.)

Note. We use the axiom II. 3’ to prove the recursivity of C but for
the recursivity of C we necessitate only the weaker axiom, which states
that ordinals run over the domain less than a certain ordinal number.

Now, we define the semi-recursive function D(6) by Min(y) (Vz(C(,y, z)
=0Ay>0)). Then VxIyVz(Clx,y,z)=0Ay>0) is equivalent to VxVz(C(x, D(x),
2)=0AD(x) > 0).

Tueorem 5. If ApVx(x < D(a)—Iy(y <aAx=p(y)) for every a=w, then
the consistency of the set theory holds.

Proor. Now, we shall consider the ordinal less than £2,. If the power
of b is countable, then we have clearly 3yvVx(C(b,y, x) =0A y > 0), whence
follows Vx(C(b, D(b), x) =0A D) >0). From the hypothesis of the theorem
we see that the power of D(b) is countable. Therefore, if we confine our-
selves to consider the ordinals less than £,, then ¥/ x3'y¥’2(C(x, y,2) =0A y > 0)
holds, where V’x (or 3'y) means that x (or y) runs over the ordinals less
than £,. The axioms I. 1-24 and II. 1, 2, 3/, 7 also hold in £,, if we replace
Vx (or 3y) by V'x (or 3’'y), and we interpret p as ‘for all functions from 2,
to £,” etc. Hence we have the consistency of the set theory from the
hypothesis of the theorem and the axiom on the ordinals less than £,.

TreorEM 6. [f 7,(D(b)) = D(z,(b)) for every a and b < M,, then the consist-
ency of the set theory holds.

Proor. From the hypothesis of the theorem follows

D(b) = to(D(b)) < m(d) .

Since the power of m(p) is equal to the power of b for every b= w, the
theorem follows from Theorem 5.

§3. We now define 7, M, w-~ by 7, M, m(w) and shall consider them in:
this section. We assume the axiom of cardinal or the axiom Vx3yVz2(C(x, y, 2)
=0Ay>0) in this section.

Clearly the power of w. is countable and the system of ordinals less.
than w. is a model of the set theory. shows that the interpre-
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tation of a recursive function f in this model is f itself. Especially for
every a, b, c =M, t(C(b, a, ¢)) = C(z(b), t(a), t(c)) holds, so we have

V(X < O — IN(Y < @ A Y > 0AV2(2 < W — C(x, ¥, 2) = 0))) .

In the same way as in we have easily the following lemma.

Lemma 4. Let {x}f(x) be semi-recursive. We define {x}f*(x) from {x}f(x)
by rveplacing every Min( ) in f by the bounded minimum Bm( , w=). Then
7(Min(f)) = Bm(f*, o).

In virtue of this lemma we have easily

Theorem 7. There exists an ordinal w- satisfying the following conditions:

Q) The power of we is countable.
(2) Va(x < We—39(y < 0N > 0AV2(2 < 0 — C(x, y, 2) = 0))).
(3) For every recursive function f,

Va o Vo (x; < @A s Ay < Qoo — (X4, 000 5 ) < Do)
4) For every vecursive function f,

V(% < @eo —F2(2 < 0 AVY(y < x—f(¥) < 2))).
(5) For every semi-vecursive function f,

V- Va0 < @A - Ady < Qoo —F5(X1, 20, %) < Do)
(6) For every semi-recursive function f,

Va2t < 0o —32(2 < 0 AVY(Y < x— f*(9) < 2))).

Movreover the conditions (2), (6) mean that the ordinals < we constitute the model
of the set theory.

TuroreM 8. w. is greater than Church-Kleene’s w,. (See [1].)

Proor. If f is a recursive function from the natural numbers to the
matural numbers, then there exists a recursive function f in our sense such
that 7 is equal to f on the domain of natural numbers. In this sense, 0,7,
is recursive in our sense, where U, T, are Kleene’s function and predicate
(see [3, pp. 278 and 2817). We define a new recursive function ¢(c,a,b) by
UMin(y) (y < oA T(c, @, b, ) and B(c, %) by the following formula.

B(c,0)=Min(z) z < o A9(c, 2,2) = 0AVx(x < o A@(c, %, ) = 0— @(c, 2, x) = 0)
AVx(x > 0+— B(c, x) = Min(z) (z < @A ¢(c, 2, 2) = 0AVYWy < x— 7 (2 = B(c, y)))
AYu(u < o AVY(y < 2+ 7 (u = Blc, YA\ P(c, u, u) = 0—¢(c, 2, u) =0))) .

B(c) is defined by Min(z) (B(c, 2) =0AB(c,2’)=0). We see w, =sup(B, w) by
[5], whence follows that all the ordinals not greater than w, belong to M
and o; < ®w.

Nore. Until now, we have considered the model of Godel’s set theory.
‘We can consider the model of the set theory with the axiom of inaccessible
number by the same method. Let S,, e.g., be the set theory with Tarski’s
axiom N (cf. [7]) and without the axiom of replacement. Then by the above
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method we see the existence of an ordinal a. satisfying the following
conditions:

(1) The power of a.. is countable.

(2) V2(x <@ Fy0 < YN Y < B8 AV2(2 < @ — C(x, 3, 2) = 0))).

(B) Va(x < @wt—T9(y < Az <IAV2E <y+—D() <)
AVulu <y—Yo( < @et—1u -0 € 3)))),

where D(b) is the abbreviation of Min(#) (Vo(v < @w+— C(b, 2, v) = 0) Au > 0) and
b-c¢c and b=c¢ are recursive function and predicate defined in [6, p. 106].
Conversely the conditions (2), (3) mean that the ordinals < a. constitute
the model of S,.

Tokyo University of Education.
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Correction of ¢ On the theory of ordinal numbers’ ([6])).

p. 1. Errata Corrections
96 8  VaWy7(x<yAy<x) VaVwWz(x =y Ay =2+—x=2)
96 26 — —
97 1 2.4. 24.
97 4 (x=vy (x=y
98 30 T(f, - @ @, , b). T(f, -+ , 8 a, -, b)
98 32 VS, -, 8 a - ,b) VS, -, 8 a, - ,b)).
100 1 . ,
100 19 Con({v} U(a), %, 2) Con({u}Ulw), x, )
101 3 T(x) T(a)
103 5 (Con(K, a, Ty(@))))) Con(K, a, Ty(@))))
103 8 K(j(a, b)) K(j(a, b)) .
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104
105
107
108
109
111
111
112
112
112
112

19
31
16
21
29

© o0 O I

Vaxy3z(J(y, b)+z=x
21(K(x, a)) <ang(K
Levmma 2

x(b)

p(P)

sup((»)A4,(6(x), 3, b), b)
700, B,((x), b), 0)
As(x, b)

By(b)

B((Cp(x, b)), b)

i, , z)

G. TAKEUTI

0<b—-VxIyA2(J(y, b)+z=x
(K, a) <ang(K-
THEOREM 2

x2(b)

()

sup({ 3} A,(6(x), 3, b), b)
J0, B,(6(x), b), 0)

Ay(x, b)

B(b)

B,(0(Cp(x, b)), b)

(w3, 2)
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