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Existence of derivations in graded algebras.

By Tsuyoshi FUJIWARA and Kentaro MURATA
(Received Sept. 12, 1958)

In the present paper we shall discuss on the existence of derivations in
the sense of C. Chevalley in graded algebras. We shall give a new de-
finition of a homomorphism of graded algebras which is a generalization of
the usual one. Such a homomorphism will naturally lead us to a definition
of free graded algebras as a generalization of the concept of Z-graded free
algebras. The free graded algebras will play a fundamental réle in our
study.

Section -1 shows the existence of derivations of the free graded algebras.
Section 2 deals with transferability between the derivation of a graded
algebra and that of its homomorphic image. In the last section 3 a criterion
for the existence of derivations in any graded algebras is obtained by using
new binary operations which are generalizations of the usual partial differ-
ential operators.

§1. Throughout this paper an algebra means an algebra with a unit
element 1, and a homomorphism of algebras means a ring homomorphism
which maps unit upon unit. We denote by I, 4,--- additive (commutative)
groups and by (E,I') a I'-graded algebra over any fixed (commutative or
non-commutative) ring A with a unit element.

Let £= >,8rF, and F= >:2,F; be decompositions of (£,I") and (F, 4)
into homogeneous modules respectively. Let ¢r be a homomorphism from E
onto (into) F as algebras, and ¢, a homomorphism from I" onto 4. If ¢x(&;)
S Fog), then @ = (@g, ¢4) is called a homomorphism from (Z,I') onto (into)

(F, 4). For convenience, we write ¢(x) = @) for x€E, and ¢(r) = @q(r) for
7€' ; the kernel of ¢ means the kernel of ¢

Let (E,I') be a I'-graded algebra over A. Let 4 be a homomorphic image
or a factor group of I'. Then it is easy to see that £ is also a 4-graded
algebra. An element in the homogeneous module E; of E is called 4-homo-
geneous of degree 8. A submodule M of E is said to be 4-homogeneous if
M= 3:2,(MNE;). If a submodule M or an ideal N of E is generated by
4-homogeneous elements, then it is 4-homogeneous by Theorem 1.3 in [1]

Tueorem 1. Let (E,I") be a graded algebra over A. If 4 is a factor group
of T, then there exists, for any 4-homogencous two-sided ideal N of E, a homo-
morphism from (E,I') onto (E/N, 4). Conversely, if ¢ = (¢r, Pg) is a homomor-
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Dphism from (E, ') onto (F, 4), then there exists a 4-homogeneous ideal N of E
such that (E/N, 4) and (F, 4) are isomorphic.

Proor. The former part of this theorem 1is easily obtained. We now
prove the latter part. It is clear that E can be considered as a 4-graded
algebra, and that ¢’ = (¢, [5) is a homomorphism from (E, 4) onto (F, 4). Let
a = Xscqs; be an element of the kernel A of ¢ Then 0 = @pa) = > scs Prlas)-
By the uniqueness of this representation, we have ¢@z'a;) =0, i.e. a;=.
Hence % is 4-homogeneous. Therefore (F, 4) is isomorphic to (E/, 4). This
completes the proof.

Let (E,I') be a graded algebra over A. If I'” is the subgroup of I
generated by the set {r; Ey=0}, then it is clear that I’ is uniquely deter-
mined by (E,I'). Such a subgroup I'V is called the irredundant subgroup of
I’ with respect to E, and denoted by I'(Z). It is easily seen that E is a
I'(E)-graded algebra. Hereafter [£,I'] denotes the I'(E)-graded algebra E,
le [E,I']l=(E ), and is called an irredundantly graded algebra.

Let I be a free algebra with a free system of generators {x;; A=A} over
a ring A, and 4 the additive group freely generated by 4. Let § be any
element of 4, and & = A,4-----1, an expression of § in the normal form in 4.
F; denotes the submodule of F which is spanned by the set {y.) = %1 -
Xz 3 © TUNS over the symmetric group S,}. Then F forms an irredundantly
d-graded algebra. This algebra [F, 4] is called a free graded algebra with
a free system of generators {x;; A= A4}.

TuecoreM 2. Let [E,I'] be any irredundantly graded algebra over A. Then
there exists a free graded algebra [ F, 4] such that a homomorphism from [F, 47]
onto [E,I'] exists.

Proor. Let {a,; A=4} be a system of homogeneous generators of [F,I'].
Take symbols {x;; A=A4}. Then there exists a free graded algebra [F, 47
with a free system of generators {x;; A= 4}. The mapping x;—a; (A= 4) can
be clearly extended to a homomorphism ¢, from F onto E as algebras over
A. If x is a homogeneous element of degree § in [F, 4], then we have x =
2ines, An(a) () X ¥n(y) With 6 = 2;4---+2,. Let @ be the g¢p-image of
x. Then @ = Fires, An(1),,n(2) aray @y 1L ay is a homogeneous element
of degree 7(2), then ¢ is a homogeneous element of degree 7y = r(4)+---+7(,).
Since 4 is a free additive group, the mapping ¢;: 0— ¢4(0) = r is clearly a
homomorphism from 4 onto I'(Z). Hence ¢ = (¢z, ¢¢) is a homomorphism
from [F, 4] onto [E,I']. This completes the proof.

Let (&,I') be a graded algebra over A. Let I' have a subgroup I'” of
index 2. Then the main involution J of £ with respect to I'/T"” can be defined
as in [1]. If ® = 'E)YNI'"+I'(E), then it is easily verified that (I'(E): ©) = 2.
Hence we can form the main involution J; of E with respect to I'(E)/6.



Existence of devivations in graded algebras. 87

Then we have J(x) = J;(x), and also the symbolical power J*(x) =J,*(x) for every
v in I'(E). On the other hand if ® = I'(E), then we may define J,(x) = x for
every x in £. Then we have J(x) = /,(x), and J*(x) = J,"(x) for every v in I'(E).
In the following, we assume that J and J” are defined on [E,I'] as above,
whether I'(E) has a subgroup of index 2 or not.

Let (E, I'), (F, 4) be two graded algebras over A, ¢ a homomorphism from
(E,I') into (F,d), and let v be a fixed element of I'. A linear mapping D
from E into F is called of degree ¢(v), if D(x)EFp(usyy for xE,. A linear
mapping D of degree ¢(v) is called a ¢-derivation of degree ¢(v) from (E,I")
into (F, 4), if it satisfies

D(xy) = D(x)e(»)+@(J" () D()

for every x, y in E.

Tueorem 3. Let [F, 4] be a free graded algebra with a free system of
generators {xy;, AeA}. Let (E,I') be an arbitrary graded algebra over A, and ¢
a homomorphism from [F, 4] into (E,I'"). Assume that for each element 2 of A,
a I'-homogeneous element v, FE of degree ¢(A-+v) is preassigned avbitrarily, where
v is a fixed element in 4. Then theve exists one and only one ¢-derivation D of
degree o) from [F, 4] into (E,I'), which is an extension of the mapping x;— vy

Proor. First we put D(1) =0 and D(x;) = v,. Next we set

D(x/h"'xln) =2 gp(fu(x/h'"x/li_l))D(xAi)go(xliH"'xln) ’
and define
D(x) = 2w awD(x,x3,) (D) = Ay,+, 4,)

for any element x = > apxax, in £ Then D forms a linear mapping
of degree ¢(v) from [F, 4] into (E,I'). Now we shall prove that D satisfies
the condition:

D(xy) = Dx)¢(»)+¢(J*x)D(y) -
If vy =2 BwXp Xy, () = (14,7, 4n), then
5 = S0 ADB W Ha K1 Ky Koy -
Then we have
D(xy) = 20w B wD(Xa, %2, Xyt X )
= 20 WADB L@ X2 ND X2 ) P Xy 20 )P X X))
ML ACACTREE /)] CALCRIE MRN)I LC PRI C RIS PN
= 2w AWB WD %) )P Xy X))+ U X2y 22, ) Dy %) ]
= [2Zw ®wD@ - 22,) 10 (X B X %p,,)
+o(J"(Ew @@xa 22, ) 2w B D&, %p,,) ]
= D)9+ (x)D(y) .
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Namely the mapping x;—y, is extended to a ¢-derivation D of degree ¢(v)
“from [F, 4] into (E,I'). If a ¢-derivation D’ of degree ¢(v) from [F, 4] into
(E,I") is any extension of the mapping x,—y,, then it is easily verified that
D—D’ is a zero derivation. Hence D is uniquely determined by the mapping
x,—D(x;) = y;. This completes the proof.

§2. Let (B, '), (E,, Ty, (£, I'Y) and (EyY,I'y) be four graded algebras
over A, and ¢ a homomorphism from [E,I',] into (&, I'y). Let o, be a
homomorphism from [£,, I',] onto [E,", I'}’], and ¢, a homomorphism from
(E,, I',) onto (E,,I'y). Let %A, be the kernel of o, ( = 1,2) as algebras, and
let o(WA,)SW,. Moreover let N; be the kernel of ¢; as groups, and let @(V,)
€ N,. Then ¥ = (Yry, ) defined by the pair of mappings ¥z: 0,(x)— 0,(@(x))
and ¥rg: 0,(r)—0,(¢(7)) gives a homomorphism from [£,/,I')’] into (E,, I'y).
Let © be a subgroup of I' (%)) which contains N,. Then the subgroup ¢,(®)
of I')/(£,)) has the same index as that of © in I';(£)). Conversely, if 6’ is a
subgroup of I')/(E,’), then the subgroup o,7!(6’) of I',(E,) has the same index
as that of ® in I')/(E,"). And we get

0,7 (0,(0) =6, 0,(0,7'(O)=6".

Let /9 be the main involution of [ E,, I',] defined by the subgroup @ of I'/(E)).
The main involution Js, gy of [E,/, I')’] defined by 0,(@) is said to be deduced
from Jg. Conversely, let Jg. be a main involution defined by the subgroup
6’ of I')/(£,"). Then we get

Jomieon =Jo,  Joiame) =Jor -

If D is a ¢-derivation of degree ¢(v) from [E|, I',] into (&, I',) with respect
to the main involution Jg, and if the mapping

D: 0,(x)— D(0,(x) = 05(D(x))

forms a +vr-derivation of degree (o,(v)) from [E/, I')’] into (E,), I'y) with
respect to the involution J, (9, deduced from Jg, then we say that D is
deduced from D.
Under the above assumptions, we prove the following Theorems 4 and 5.
Tureorem 4. If there exists a @-devivation D of degree ¢(v) from [Ey, I'\]
nto (E,, I'y), then in order that the mapping

D: 0,(x) = D(0,(x)) = 0,(D(x))

is a deduced r-derivation of degree V(o,(v)) from [E/, I'\] into (E,, I'y), it is
necessary and sufficient that DN,)SU,.

Proor. Suppose that D,)S,, First we prove that D is a linear map-
ping. Let 0,(x) = 0,(y) for some elements %, y in E;, then o,(x—y) =0, x—y =
as,;, and 0,(D(x))—0,(D(9)) = 0:(D(x)—D(y)) = 0,D(x—y) = 0,D(a). Since D(U,)
=9, we get 0,D(@) = 0. Hence 0,(D(x)) = 0,(D(»)), i.e. D is a well defined map-
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ping. The linearity of D can be easily obtained from the linearity of D and o;.

Next we shall show the relation o,/3(x) =J&:%)(0,(x)). This relation is
clear in the case of ® =I",(£,). Hence we shall prove the relation in case
(I'/(Ey):0) =2. Let x=ux,+x. be the homogeneous decomposition for the
semi-graduation concerning 6, ¢,(x) = 0,(x),.+0,(x)_ the homogeneous decom-
position for the semi-graduation concerning ¢,(0). Since it is easily verified
that ¢,(x,) = 0,(x). and o0,(x_) = 0,(x)_, we have

01 Jo(x) = 01 Je (X1 +2x-) = 0,(x, —x) = 0y(x,)—0y(x)
= 0,(%)+—0,(%)- = J4,00)(0,(%) 1+ 0,(%)_) = J5,09)(0:(%)) .

Hence we get o,/4(x) = J2:8&)(0,(x)).
We obtain therefore
D(0,(x)0,(3)) = D(0,(x)) = 05(D(x))
= 0, D®)p(»)+¢(J5(x)D(¥)]
= 0,D(x)- 0,0(9)+0:.9(J§(x) - 0,D()
= D(o,(x))-Y0,(3)+v0,(J§(x)-D(a,())
= D(0,())¥(0,(3))+ ¥ LT 58 (0:1(x)1D(0,()) «
This completes the proof of the sufficient part.

The necessary part can be easily obtained. Because, if D)4, then
D is not well defined.

CororLrLary 4.1. Let (E* I'*),(E,I') and (F, 4) be three graded algebras.
Let o be a homomorphism from [E*, I'*] onto [E, I'], ¥ a homomorphism from
[E, I'] into (F, 4) and let ¢ = Vo,i.e. P = Vrop and Pg= Yog. Suppose that
there exists a @-derivation D of degree () from [E*, I'*) into (F, 4). Then in
order that the mapping D: o(x)—D(0(x)) = D(x) is a deduced -derivation of
degree V(o)) from [E, '] into (F, 4), it is necessary and sufficient that the
kernel of o is contained in the kernel of D.

Tueorem 5. Assume that [E,,I'\] is a free graded algebra with a free
system of generators {x;; A€ A}, and that (c)g ts an isomorvphism from I's onio
Ly. If there exists a -devivation D of degree V(o,(v)) from [E\/,T')] into
(&Y, I'y) with respect to the main involution Je', then there exists a ¢-derivation
D of degree o) from [E, I'\] into (E, I'y) which deduces D, i.e. D(o,(x)) =
0.(D(x)) for every x in E..

Proor. For each generator x; of [E;, I'}], we consider the set o,7'Do,(x;).
Since

Do,(x) € (B Yo,is)) = (B aswtan)
and since g, gives a module-homomorphism from (E,)¢+y) ONto (Ey)seaev)s
it is easy to see that there exists an element a; contained in ¢,"'Da,(x)
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(Eea+n). Hence by the mapping x;—a; can be extended to a
¢-derivation D of degree ¢(v) from [FE,, I',] into (E,, I',) which concerns the
main involution J,-g,. Now we shall prove that the derivation D deduces
the given derivation D. Do, is a ¥o,-derivation of degree ¥¢,(v) from [E,, I'\]
into (E,, I'y'), and 0,D is a g,p-derivation of degree o,9(v) from [E,, I',] into
(Ey, T'y). Since Vo, = 0,9, and since Do,(x;) = 0,D(x;) for every generator x,
it is easy to see that Do, and ¢,D are the same derivation, i.e. Do,(x) = 6,D(x)
for every element x in E,. If o,(x)=0, then Do,(x) =0, i.e. 6,D(x)=0. Hence
the kernel %, of o, is contained in the kernel of ¢,D, i.e. DA)EN,. Then
by the mapping
D: 0,(x) = D(0,(¥)) = 0.D(x)

is a deduced vr-derivation of degree Y (g,(v)) from [E,, I')’] into (E,, I'y),
which concerns the main involution Jg. Now we have

D(o,(x)) = 05(D(x)) = D(0,(x))

for every element x of E|. Hence we get ﬁ(al(x)):ﬁ(al(x)) for every element
o,(x) in E\. This completes the proof.

. §3. Let (E,I') be any graded algebra over A, and [F, 4] a free graded
algebra with a free system of generators {x;; A4} over A. Let ¢ be a
homomorphism from [F, 4] into (£, I'). Let f be any element of ¥, and let

(0 I =200 0 By 2y K™ X,

be an expression of normal form in the free algebra F. Let A, denote the
set of all A2 each of which appears in (¥). Let ¢ be any element of £. Now

we define a binary operation <—5§f’8(711)> from KX F into E as follows:

DRI SRNNPINDD) PP @ A C7IITY ST R/ 28 2 C7PEE
“ et >f

If D is a ¢-derivation of degree ¢(v) from [F, 4] into (E, I'), then, by using

%) if ded,,

if Aeedy.

the .above operation <%>, we have

D) =D, D s -

It is convenient to consider a<?9§b(rﬂ> as an operator for F. We now
A

define an addition W of the operators as follows:

< 99(x;) >EE b< do(x) 3?6@1) >f+ < 09(x) >f
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Then we have

D=3 Dd s =(3 5 P 5 05 0)).-

If £ is commutative, then defining

ety = gty

we have

Remark. Let [F, 4] be a free graded algebra freely generated by
{x;; Ae A} over a field &, and let K be the polynomial ring generated by
{X;; A4} over k. Then K forms a 4-graded algebra, and the mapping
x;— X; can be extended to a homomorphism ¢ from [F, 4] onto [K, 47:

o:f—of =f(X), [fEF fA(XpekK.

Let (£, I') be any commutative graded algebra over k&, a homomorphism
from [K, 47 into (£, I'), and ¢ =vc. If J¥ is identity on F, then the above

0 . . _or° ] . .
EEeA f coincides with the usual symbol (X, which is the result of
the substitution of Y(X)) (=¢(x)) for X, in the partial derivative —g%
2
[2; p. 12].

Tueorem 6. Let [F, 4] be a graded algebra over A with a system of homo-
geneous generators {a,, Ac A}, and [F*, 4% a free graded algebva over A with
a free system of generators {x;; A A}. Let o be a homomorphism from [F*, 4%]
onto [F, 47 which is an extension of the mapping x,— a,, and let W= (fp; pEP)
be the kernel of o. Let (E,T") be a graded algebra over A, and  a homomor-
phism from [F, 4] into (E,I'). Then in order that the mapping

d:a;—da) =b,€ Loty (4, ved¥)

can be extended to a -devivation D of degree (o(v)) from [F, 47 into (E, I'),
it is necessary and sufficient that

D 2 iy =0
Jor every psP.

Proor. By Theorem 3, the mapping x,—b; can be extended to a Yro-
derivation D of degree vo(v) from [F¥*, 4*] into (E, I'). It is verified by
Corollary 4.1 and Theorem 5 that the mapping

d: a;=o(x) — D(xp) = by
can be extended to a y-derivation D of degree ¥ (a(v)) from [F, 4] into (E, I),
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if and only if the kernel A of ¢ is contained in the kernel of D. Hence it
is sufficient to prove that

() N <€ kernel (D) < E}E/lb,1<fa¢§@>fp =0 (pespP).

. 0 . . . . .
Since D( f,,):EEAb,1<» 5 w—d(xl)—>fp, the implication = is evident. To prove
the converse implication of (xx), it suffices only to show that D(gf,%) =0 for
any elements g, 2 of F*. Since D(fp) =0 and o(f,) = o(J*(fs)) =0, we have

D(gfoh) = D(@Vro(foyyro(h)+yro(J*(€)D(fo) ¥y o(h)+¥ra(J*(@)Va(J* (fo) D(h)
=0.
This completes the proof.
CoroLLaRrRY 6.1. If E is commutative in Theovem 6, then in orvder that the

mapping d can be extended to a “V-derivation D, it is necessary and sufficient
that

Doty 70)=0
for every psP.

Tureorem 7. Under the same assumption of Theovem 6, in order that a
system of equations

() 212 e =0 =P

has a non-trivial solution for Z,, it is necessary and sufficient that theve exists a
system of ome-variable equations

2z 9 =0 (oeP)

with a non-trivial solution for Z,.
Proor. Let {b;; A=A} be a non-trivial solution of (xxx), i.e.

EzeAb‘<“6’Z&§(};)“>f »=0  (0EP).

Then, by Theorem 6, the mapping o(x;)— b, can be extended to a yr-derivation
D from [F, 4] into (E, I'), and by Theorem 3, the mapping x;—b; can be
extended to a vro-derivation D from [F*, 4*] into (&, I'). Then it is clear
that D(x) = D(s(x)), and hence, by Corollary 4.1, the kernel of ¢ is contained
in the kernel of D. Suppose that 5,#0, and ¢;=0;,0, It is clear from
Theorem 3 that the mapping x;—¢; can be extended to a +rs-derivation D’
from [F*, 4%¥] into (£, I'). Then the kernel of D is clearly contained in the
kernel of D’. Hence the kernel of ¢ is contained in the kernel of D’.
Therefore, by Corollary 4.1, there exists a y-derivation D’: o(x)— D’(x) which
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is an extension of the mapping «@,=o0d(x))—D'(x))=c;. By we

obtain
Do i oy =0 e e oy =0 (0<P).

Conversely, if there exists a system of one-variable equations

0
Zﬂ<m>fﬂ: 0 (oeP)

with a non-trivial solution ¢, then putting b;zﬁmc#, we obtain

ExeAb"<W7§@ >f - c"< 0V a(xy) > So= (beP).

This completes the proof.

Yamaguchi University.
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