Journal of the Mathematical Society of Japan Vol. 10, No. 1, January, 1958

On the theory of ordinal numbers, 1L

By Gaisi TAKEUTI

(Received May 30, 1957)

In his former paper [2], the author formalized a system of axioms for
the theory of ordinal numbers, which will be denoted by I', in this paper.
He proved in [2] that the consistency of the set theory follows from that
of I',. In this paper the proof for its converse is given, namely we shall
show that I'y is consistent, if the set theory is consistent.

For this purpose we shall give three formalizations I',, I’y and I'y of
set theory. Among them I', is the ‘weakest’ and the I'; the ‘strongest’
one, and Godel’s axiom system A, B,C,D and E lies between I'; and I',.

More precisely, the system I'; is the system obtained from Godel’s axiom
system A, B,C,D and E by replacing any class variable by a well formed
formula of Gentzen’s LK (cf. [6]). The system I', is obtained again from
Godel’s system by replacing any class variable by a variable for formulas.
However, in I'y we use the logic HLC [3], which means the predicate logic
of the second order and the first level. The system I'; is so constructed
that it contains enough axioms for our purpose to reduce I'y to I',, In I,
we use the logic FLC [2], which means the logic without variables for
formulas but with bound variables for functions of any order.

We first prove the consistency of I', under the assumption of the con-
sistency of I'; (§2 of Chapter I). Then we show that I'; is consistent, if
I'y is consistent (§3 of Chapter I). Finally, by using the restriction theory
in the author’s paper [4], we construct a model for Iy in the set theory
I'; (§2 of Chapter II). Consequently the consistency of the ordinal number
theory I'y is proved, provided that the set theory I'; is consistent (§2 of
Chapter II).

Chapter I. Three formalizations of set theory.
§1. The first formalization,

We give the first formalization of set theory by the following axioms
I', in LK.
1.1. VaVy(Vz(zExzEy)—x=1y)
1.2. VaVyVz(ze{x, y}—x=2\Vy=2)
1.3. VaVy(yeUx)—Jz(ysz\z2E4))
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1.4. Vx7(x0)

1.5. lew

1.6. Vi(xew—xU{x}ew)

where {¢} means {a, e} and ¢Ub means U{{q, b}).

1.7. Va(Vy(yex—yU{y}ex) N\0Er—aCx)

where ¢Cb means Vx(x€a—xeb).

1.8. VaVy(yeP(x)—yCx)

1.9. Vx@y(yex)—hkx)ex)

1.10.  VaVy(x=y—h(x)=h(y))

111, VAVx(VaVoVwA(u, v) AW (u, wy—v=w)—JyVz(zey—Ju(u < x \ W(u, 2))))

(For the meaning of V¥, see [3], §1.)

112, YAERA@)—IxQA)A Yy 7 (rex AA)))

In these axioms the symbols or notations €, =, {qa, b}, Ule), 0, o and P(a)
correspond to ¢, =, {ab}, S(a) (the sum of a), 0, w, and P(¢) (the power
class of @) in Godel’s [1], and h(e) means the function of choice. 1.7, 1.9
with 1.10, 1.11, and 1.12 are the axioms corresponding to Group C, Axiom 1
(the axiom of infinity); Axiom E (the axiom of choice); Group C, Axiom 4
(the axiom of replacement); and Axiom D in Godel’s [1], respectively.

By Godel [1I], M 1, we see easily that if A, B,C,D and E in Godel
are consistent, or if the set theory constructed under I'y in [2] is consistent,
then I'; is consistent. In this sense I'y may be considered as the weakest
formalization of set theory.

I’, is the axiom system consisting of, besides those of I';, the following
axioms.

2.1. VaVyVz(x=y— (abz(x, z)—abz(y, 2)))

2.2 VxVyVz(y=2z—(abz(x, y)—abz(x, 2)))

2.3. Vx3y(ye o \abz(x, »))

2.4. VaxVyVz(abz(x, z) Aabz(y, z)—x=y)

where we restrict the notation ¥ in I, only to the case that % has no
predicate abz (cf. [5].

§ 2, The second formalization.

In our former paper [3], §1, we formalized the logic calculus HLC.
The second formalization I', of set theory is given by the system of the
following axioms in HLC.

1.1—-1.9 and
113.  VoVaVy(x=y—(e[x]1—¢[y])

1.14. VoVx(VuVoVuw(eLu, vIN¢Lu, wl—v=w)—JyVz(zey—Ju(uex \¢Lu, 21)))
L15.  Vo(Irplxl—3x(e[xIAVy7(yex AeLyD))
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1.14 and 1.15 are obtained from 1.11 and 1.12 respectively by replacing 2 by
¢ (cf. [3D.

I', is the axiom system consisting of the axioms of I'y, and 2.1—24. In
case of I',, we restrict the inference-figure V left on f-variable on HLC only
to the case that in the variety V in the following inference

_FV),I—4
YoF(p), I'— 4
occurs neither V¢, nor 3¢, nor the predicate abz.
Then by [3], §1, we have the following proposition.
Prorosition 1. If I', is consistent, then I'; is consistent. Moreover, if I,
is comsistent, then I's is consistent.

§3. The third formalization.

In our former paper [2], we defined the logical system FLC. We denote
now by f, g,-- free and bound functions if no confusion is to be feared.
The third formalization I'; of set theory is given by the system of the
following axioms in FLC.

1.1-—-1.8 and
116,  VfVaVy(x=y—f(x)=1())

1.17. VAVxAyVz(zey—Ju(usx \z=1()))

L18.  Vf3x(f()=0)—3x(f()=0AVy7 (y=x \f()=0))
L19.  3fVx(Qy(yex)—f(¥)Ex)

1.20. Vx(B(x)=0—3y32(x =<y, 2> \yE2))

where <@, b> means {a, {a, b}}.

1.21. Vx(B(x)=0VB)=1)

where 1 means {0}.

1.22. VrVgVx(Int(f, g, x) =0—/(x)=0 A g(x)=0)

1.23. ViveVax(dnt(f, g, x)=0VInt(f, g, x)=1)

1.24.  VfV(G(f, 0)=0—TyFe(x =<y, 2> \z=/(3))

1.25. VEVx(G(Sf, x)=0V G(f, x)=1)

1.26. VIVx(C(S, x)=0—71(x)=0)

1.27. VEVx(C(f, x)=0V C(f, x)=1)

1.28. VAV2(D(Sf, %)=0—Fy(f(<x, y>)=0))

1.29. VrVx(D(f, x)=0VD(f, x)=1)

1.30. VIVx(V(f, x)=0—=3yF2(x =<y, 2>\ f(3)=0))

1.31. VAVx(V(f, x)=0V V(f, x)=1)

1.32. VAVx(Inv(f, ) =03 y32(x =<y, 2> N\ f(<<z,y>)=0))
1.33. VrV¥x(Inv(f, x)=0VInv(f, x)=1)

1.34. VAVx(Cnv,y(f, x) =0—TJuIwx=<u, v, w> \ f(<v, w, u>)=0))
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VFVx(Cnv,(f, x)=0V Cnv,(f, x)=1)

VrVx(Cnv,(f, 2)=0mFuIowx=<u, v, w> )\ f(<u,w, v>)=0))

VrVx(Cnv,(f, x)=0V Cnv,(f, x)=1)

Y (Vx3y(f(<x, y=>)=0) AVaVyV2(S(<x, y >) =0\ f{<x, 2>) =0—y=2)
—VYx(f(<x, Fon(f, x)>)=0))

V(7 (Va3y((<% 9 >) =0) AVaVyVa(f(<x, y=>) =0\ f(<x,2>) =0—y=2))
—Vx(Fon(f, x)=0))

VfVeVx(K(f, &, 0)=03y32(x =<y, 2> \ f(9)€£(2)))

Vi VeVa(K(f, g, 2)=0VK(f, g, x)=1)

VVx(L(f, x)=0=Fuquaw(x=<u, v, w> N\usf(v, w)))

VAVa(L(f, 0)=0VL(f, ©)=1)

To characterize the set theory by the help of the notion Vf instead of Vo,
we have introduced here B, Int, C, Inv, etc.,, which mean the characteristic
functions of E, +, 7, Cnv etc. in Godel’s [1]

I’y is the axiom system consisting of the axioms of I';, and 2.1—2.4.

In the rest of this section we shall prove the following proposition:

Provosition 2. If I'y is consistent, then I's is comsistent. Moreover, if I,
is consistent, then I’ 5 1S comsistent.

First we define *-operation which transforms a formula in FLC to a
formula in HLC, as in our former paper [3], §2. *-operation is defined
recursively as follows.

a’k

(¢ ety)* i

is {x}(x=0a).
YaVy(t ¥ () N\t * (-2 EY).

w

(Remark. Since ¢=b is considered as Vx(xea—xeb), (¢,=1t,)* is defined as
(Vx(xet mxet,))*r)

(abz(?,, t,))* is  VaVy(t *(0) A\ t*(v)—abz(x, ¥)).

(s ta))*(@) I8 Vo Vaa(tF oA+ NEF@)—F %10, %y @),
where f[*,-, *,.,] is considered as free variable of type [0,---,0].

{1, £ 1% is  VaVy(t ¥ N L*(0—a={x, y}).

(U@EY*(a) is Va(t*(x)—a=Uk)).
(P@W)Y*(a) is  Vx(t*(x)—a=P()).
(BE)*(a) is Va(t*(D—@Fy3(x=<y,z2>A\yez)—a=0)

A7 AyR(x=<y, 2>\ yE2)—a=1)).

(nt(f, g )*@) is  Va(@*(x)—(f[x, 01\ ZLx, 01—a=0)

A7 (fLx, 01\ &Lx, 0D—a=1)).

(G(fs )*(a) is Va@*()—@yz(x=<<y, 2> A 3, z2D—a=0)

N7 3yFR(x=<y,2>\ fLy, z2])—a=1)).
(C(f, ))*(a) is  Va(*(0)—(7F% 01—a=0) A(f[x, 0]—a=1)).
D, @) is  Va(t*(x0)—@Qyf[<x,y>, 0]—a=0)

/\(73yf[<x: y>, 0]—~a=1)).
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VS, D)) is  Va(t*(0)—(Fy3R(r=<<y,2>A fl 5, 0D—a=0)
AN(73y32(x=<y, 2>\ [ 3, 0D)—a=1)).
(Inv(f, )*(@) is Vat*(R)—@ryI@x=<y, 2>\ F[<z,3>, 0])—a=0)
N7 AyF2(x=<y, 2>\ f[<z,5>,0D—a=1)).
Cnv,y(f, )*(@) is
Va(#*(x)—(QuIvaw(x=<u, v, w> \ F[<<v, w, #>, 0])—a=0)
A7 FuFwx=<<u, v, w> )\ fF[<<v,w, u>>, 0]D—a=1)).
Cavy(f, )*@) is
Va(t*(x)— FuIvw(x=<<u, v, w> A\ fF[<w,w,v>, 0])—a=0)
A7 FuTwx=<<u, v, w> A\ fF[<w,w,v>, 0]—a=1)).
(Fon(f, t)*(a) is
Va@*(a)—(Vy32(fFL<y,2>,0])
AVaVoYw(FL<<wu,v>, 01N\ FI<w, w>>, 0]—v=w)—F[<x, a>>, 0])
N7 (Vy3e(F 1<y, 2>,0])
AVuNoNw(f [ <w,v>, 0]\ f[<<w, w>, 0]—~v=w)—a=0))).
K(f, 8 t)¥a) is
Va(t*(0)—(3y32uqoa=<y, 2>\ FL 3, uI\ 5[z, vI\usv)—a=0)
N(73y32quq (=<3, 2>\ FL 3, ul \ 2Lz, vI\uE0)—a=1)).
(LS, 1)) is
Va(#*()—Qy3zT0To(<y, 2, u>=2x \ f[ 5, 2. 0] \ucv)—a=0)
A(73y323uTv(<y, 2, u>=x\ f[ 3, z, vI\uEv)—a=1)).

{x}e())* is  {x, yIE@)*().
{x, 93t 9% s {x, 3,723, 9)*(2).
t* is  {x}t*(x).
(VxA(x))* is  Va(Ax))*,

which is sometimes denoted by VxA*(x).
(AN\B)* is A*A\B*
(7 A)* is 7A*~

A D* is  V/(un(H)—(AUNH),
where un(f) is defined as
Va3y(7 L% yD AVaYWYV2(FLx, v FLx, 21—y=2)
if the type of f is (0), and as
VaVy3z(FLx, v, z1) AVaVyVauVo( FLx, v, ul\ FL%, 3, v]—u=0)
if the type of f is (0, 0) (cf. [I]), and (A(S))* is sometimes denoted by A*(f).
Now let A be a formula or a term in FLC. A is called regular, if and
only if A satisfies the following conditions: Every special function or
predicate contained in A is contained in I’,; If A has a free function f,
then £ is of the type (0) or (0,0). A functional {x}#(x) is called regular, if
and only if #(a) is regular. Then we have the following propositions.

ProrosiTion 3. Let t and T(a) be regular terms and all the free functions
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contained in them be fi, fo--. Then the following sequences are provable.
r, un(fl)) un(ﬂ),“': (@), t*¥(b) — a=b
Fzr un(fl)) 111’1(_]?2),"' - E!x(l‘*(x))
Iy, un(f), un(fy), — un(({x}T(x))%)
r,, un(f-l): un(fz),"' - un(({x, y}T(x, ).

Proor. We prove the proposition in the same way as in [3], §2. In
case of a newly introduced special function, we denote the result of #¥*(x)
in the *-operation by F(x,a). Then we see easily c=d— F(c, a)~F(d, a)
and F(c, @), F(c,b)— a=b. So we can treat this also as in [3].

The following propositions 4—6 are also proved in the same way as in
[3], §2.

Prorosition 4. Let A() and T(t) be a regular formula and a regular term
respectively, and all the free functions contained in them be f,fy. Then the
Jollowing sequences ave provable.

Iy, un(fy), un(fy), - — (A@Y —Va@*(x)— A*(x))
Iy, un(f), un(fy), - — (TEY*(@)—=YxE*(@)—(T(x)*(a)).

Prorosrrion 5. Let A{x}t(x), A({x, y3t(x, y)), T(x}t(x)) and T{x, y}t(x, )
be regulay formulas and terms, and all the free functions contained in them be
Fi, S Then the following sequences are provable:

P un(7), un(7) = (Al ()

Ta un(7), un(fy), - — (A(x 34, y)))*HA*(f>(({"’y}’$"’ y”*)

S
Iy, un(f), un(f), - = (TN (@—(T(f))*(a) ({x};(x))*)
Ty, un(7, un(f,- — (T(Ex, y3Cx D)H@—(TC)*@) (ﬂx»y}fjgx» y))*)

where B(Z) denotes the formula obtained from the formula B by sub-

stituting the variety V' whose type is same as that of «, for the free f-
variable « in all the places in B where a occurs. The precise definition is
given in [4], §5.

Prorosition 6. Let I'— 4 be provable in FLC and every formula in I' and
4 be regular, and the free functions contained in I' and 4 be f, fy+-. Then the
Sfollowing sequence is provable in HLC:

Iy, un(fy), un(fy), -, I'* — 4*.

Prorosition 7. Let A be an arbitrary axiom of I's. Then I'y— A* is prov-
able. Moreover, let A be an arbitrary axiom of [y Then I['y— A* is provable.

Proor. First we give some lemmas. Let a formula B and terms ¢, ¢,
and ¢, contain no free function and consist of the predicates and the special
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functions contained in I'y, or I',, respectively. Then we see easily the fol-
lowing lemmas.
Lemma 1. Under the above condition, the following sequences are provable:

I'y— B¥—B

I'y — t*(@)—a=t,
or I'y— B*—B

Iy — t*@)—a=t,
respectively.

Lemma 2. Under the above condition, we have the following sequences:
F2) un(f—) - (f(t):‘a)*'_’f_[t)_a]
Iy, un(f) — (f(¢, t)=a)*—f[t, 1y al,

or 'y, un(f) = (f()=a)*~f [t al
r,, un(f) - (f(s ll2)=a)*"“]?[t1v ty, al,
respectively.

Lemma 3. Under the above condition, we have the following sequences:
'y, un(f) - (AM@-fTt, al
I:m un(f) - (f(tI’ tz))*(a)'_'f[tlx tz) a])

or 'y, un(f) = (FEM@) 12 a]
r, un(f) — (f(t, t2))*(a)Hf[t17 ty al,
respectively.

The part of the proposition 7 containing the axioms which occur also
in I'y or I, is evident by means of the lemmas. To prove the remaining
part, we use the following abbreviations:

F(B)a, b) for @xFy(a=<x,y>A\xE9)—b=0)

A7 3 3y(e=<x,y>A\xEy)—b=1),
F(nt)(f, g a,b) for (f(@)=0A\g(@)=0—b=0)A(7(f(@)=0Agla)=0)—b=1),
FG)(f,a,b)  for (Fx3yla=<xy>N\Sf(0)=y)—b=0)

N7 I Ay(a=<x, 3> Af(X)=y)—b=1),

F(CYXf, a, b) for (7f(a)=0—b=0)A(f(a)=0—b=1),

F(D)(f, a, b) for ((f(<a, x>)=0)—b=0)A(7Ix(f(<a,x>)=0)—b=1),

FAnv)(f,a,b) for Gxayla=<x,y>A(<y, x>)=0)—b=0)

N7 3xTy(a=<<x, 3>\ f(<p, x>)=0)—b=1),

F(Cnvy)(f,a,b) for (@xqyiaz(a=<x,y, 2>\ f(<y, 2, £>)=0)—b=0)

N7 I AyA2(a=<x,9, 2> \ f(<y, 2, x>)=0)—b=1),

F(Cnvy))(f,a,b) for (FxyFla=<x,y, 2>\ (<4, 2,y>)=0)—b=0)

N(73IxFyF2(a=<x, 3, 2> N\ f(<x, 2, y>)=0)—b=1),

FFon)(f,a,b) for

(Va3y(f(<x, y=>)=0) AVaVpV2(A(<x, y>) =0\ A<x, 2>)=0—y=2)
—A(<a, b>)=0)
/\(7(Vx3;v(f(<x,;v>)=0)/\VxVsz(f(<x,y>)=0/\OJ;(<x,z>)=0+—y=z))
—b=0),
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FX)f, & a,b) for (IxFyquav(ea=<<x,y>\f(x)=u\g(y)=v \ucv)—b=0)
N7 AxFyFuFe(a=<<x,y> N\ f(R)=u\g(y)=v N\u€v)—b=1),
and

FL)(f,a,b) for (FAx3yFzFu(a=<<x,9, 2> N\fx, »=u\z€u)—b=0)

A (7 3x3yA2Fu(a=<<x,9, 2> N\ (%, V) =u )\ z€u)—b=1).

We shall show now that (F(B)(a, Bl@))*, (FAnt)(f, g, a, Int(f, g, a))¥,
(F(GX S, &, G(f, ), (FEOXS, a, CUf, @))%, (FDYS, a, DU, a))*, (FNV(, a, V(,
@), (FAnv)(f, a, Inv(f, a)))*, (F(Cnv.)(f, a, Cav,(f; e)))*, (F(Cavy)(f, a, Cnvy(f,
a))*, (F(Fon)(f, a, Fon(f, @)))*, (FK)(/, & a, K(f » & a)))*, and (F(L)(f, a, L(f,@)*
are provable under I',, provided that un(f) and un(g) hold. Then the
proposition 7 will follow immediately. Since every case can be treated
similarly, we show here only the case of (F(K)(f, g, a, K(f, g, @)*. We have
the following formula under I',, provided that un(f) and un(g) hold:

(FEXS, & a, K(f, & a)))*
H((3x3yFuTp(a=<x, 3>\ D) =u\g(¥)=v Aucv)-K(f, g, a)=0)
N7 Ax3yquqp(a=<x,y> N\ fx)=u \g(»)=v Nucv)—K(f, g, @)=1))*
~Vz((K(f, & a))*(2)— (@FxFyFuTpla=<<x,y> N\ f(x)=u \g(»)=v Nucv—2=0)
A (7 3x3yFuTw(e=<x,y> N\ fD)=u \g(»)=v Nucv—z=1))*)
(by [Proposition 4.
We have only to show
Iy, un(f), un(@), (K(f, &, a))*(b)
— (@FyFuFv(e=<<xy> N\ f(x)=u\g(y)=v N\ucv)—~b=0)
N (733yFuFp(a=<<x,y> A\ f(R)=u\g(»)=v Nucv)—b=1))*.
By using the lemmas, we see the right side of the sequence is equivalent to
(@¥AyFu(a=<xy> A FLx, ul NGy, vI\ucv)—b=0)
N7 3x3y3uzvla=<x,9> A\ L2, ul\ELy, vI\Nucv)—b=1),
which is (K(f, g, @))*(). g.e.d.
follows now easily from Propositions 6 and 7.

Chapter II. The consistency of the theory of ordinal
numbers derived from that of I';.

§1, Metatheorems on I'..

A formula or a term in FLC will be called strictly regular, if and only
if every special function and predicate contained in it are contained in I',
and every free and bound function contained in it is of type (0).

ProrosiTion 8. Let A(f1,:* fus @1y @) be a strictly rvegular formula and
have no free functions and variables other than fi,--, fn, Q1+, @m explicitly indi-
cated in A(f1y > fo @1y an). Then there exists a regular formula B(fi, -, fn,
@y, @) containing neither special function, nov predicate othey than &, nor free
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Sfunctions and variables other than fi, -, fu, @1y, @ explicitly indicated in B(f, -,
s @1y es Q) Stch that the following sequence is provable:
I's— A(fiy frr @15 @) A B(f1y 5 frs @105 @)

Proor. Since #,=¢, may be substituted by Vi(xet +—xet,), we may
assume that A(f, " fu @1+, @m) has no predicate other than €. Clearly we
have only to prove the proposition for the form ¢ ,&¢, in A(Sfy, " fn @1y 5 m)-
(Here we treat the bound functions and variables contained in ¢, and #, as
free ones.) Then the proposition is proved by the usual method by the
successive application of the following substitutions :

ti=t,\t,=1, for t,e{t, 13},

FI(Vy(yexmy=t,Vy=t;) \xEt)) for {tyt}€t,,

Ju(x=t, \t, € f(x)) for t,ef(ty)
where ¢, contains special functions,

Jr(x=t N\ f(D)EL,) for f{tpet,
where ¢, contains special functions,

Wt ex\x<t,) for ¢,€Uy),

J(Vy(yea—TFz(yez\zet)) \xEL,) for U@)et,,

£, Cty for ¢, Py,

I(Vy(yEx—yCEt) N\xEL,) for P@)et,,

(73t =<<x,y>N\xEy) \t,=0 for #, B¢,

A3yt =<x,y>N\xe N—0t) N(7 Iyt =<z, y > N\xE y)—1t,)
for B@)et,,
L=0A\7(T\@®=0\Ty2)=0) for ¢ elnt({x}7\(x), {x}T5(x), £),
(T@O=0A\T,@&)=0N0t)\V (7(Ty(O=0AT.=0)A1lt,)
for Int({x}7\(x), {x}T,(x), )t,,
733yl =<<x,3>Ny=T@)N\t,=0 for t,eGU{x}T(x), 1),
@Ayt =<x,3>Ny=TENN0t )V (7 I3yt =<x,3y>Ny=T@)N\1&t)
for GUxYT (), Het,

HL=0AT(#)=0 for #,eCHx}7TX), 1),
FTBO=0ON0etDV(T®O=0A1t) for C({x}T(), HEt,,
7T (<t x=>)=0)A\t,=0 for ¢,€DExYT(x), 1),

@Ax(T(<<t, x=>)=0OA0€t )V (7 Ix(T(<t, x>)=0 A1)
for DUx}T(x), et
733y =<<x,y>NT(x)=0)N\¢,=0 for +,eV{x}T(x), t),
Gyt =<xy>ANT@=0ON0€t)V (7 =<2, y>N\T@®)=0A1l€?)
for V{x}T'(x), ety
73yt =<x,y>NT(<y, 2>)=0A\t,;=0 for ¢, €lnv{x}T(x),8),
@Iyt =<<x,3>NT(<y, x>)=0)\0&t)V
(73t =<x,y>NT(<y, x>)=0) A1t for Inv({(x}T (), ey,
733yt =<<x, 3, 2 >NT(<y, 2, 2>)=0) \¢t,=0
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for ¢,eCnv,({x}T ), ),
Ayt =<<x,9, 2> N\NT(<y, 2, x>)=0)A\0st)V
(7 3yt =<<x,9, 2> NT(< y, 2z, x>)=0) A\N1€t)

for Cnv,({x}7T'(x), )¢y,
73yt =<<x,9, 2> N\T(<x, 2, y>)=0)\t,=0

for ¢, eCnv,({x}T(x), 1),
(FxFy2(E=<x,9, 2> N\T(<x, 2, y>)=0) N0tV
(73x9y2( =<<x,9, 2> N\NT(<x, 2, y>)=0) A\1t))

for Cnv,({x}7T'(x), H)et,

Vaay(T (< x,y>)=0) AVaVV2(T (< x5,y >) =0\ T (<< x, 2>)=0—y=2) \

(T (<t x>)=0A\t,€x) for t,eFon{x}T (%), t),

(7 (V39T (< %, y=>)=0) AVaVyVz(T' (< x, y =) =0\ T (< %, 2>) =0—y=2)) \

0t)V (V23 y(T (< x, y=>)=0) AVaVyVz(T' (< x, y>) =0\ T (<x, 2>)=0

—y=2) N (T (<t x>)=0\xE¢,)) for Fon({x}T(x),t)Et,,

73 yt=<xy>ANT\(®ReT,(MAL=0  for t,eK{x}Ti(x), {x}Ty(x), 1),

Fx3y(t=<<x,y>ANTiHeE T,(MNOEL)IV

(TIAyl=<xy>NTieT,(MNlet) for KUx}T\(), {x}Ty(x), HEL,

73xAy3z(t=<<x,y, 2> NzeT(x, y)Nt,=0 for t,eL{x,y}T(x,3),t), and

FrFyFel=<<x,9,2>Nz2eTx, ) \NOEL)V

(7 Ax3yF2(t=<<x,y, 2> Nze T, ) A\let) for L{x, 3T (x, ), H)EL,.

A formula is called primitive, if and only if it is strictly regular, and
it has neither Vf nor 3f.

Prorosition 9. Let A(f1,+y [ @1ye+s @n) be primitive and all the free func-
tions and variables in it be indicated in A(fiy s fn @1y es @m). Then there exists
Junctional {x}T(x, f1,+ fn) containing no @y, an Such that the following
sequence is provable.

5= A(fo s fon @i @) —<ayy+, @S T, Fors o)
where as{x}t(x) means t(a)=0.

Proor. By Proposition 8 we may assume that A(fi, -, fn @1, @n) has
neither special function nor predicate other than €. Since fi,(---(f; (@))
€ fi((f3,(0)+-) is equivalent to <a,b=>{KU»If0,((fi (9, {3 f. (-
(f3,(3)):+), x) under I';, this proposition is easily proved in the same way
as in M1 of Godel [1].

Prorosition 10. Let A(fi, s fur @1y "y @my @, b) be primitive and all the free
functions and varviables in it be indicated in A(f1, s fuy @1y *s Am, &, 0), and the
Jollowing sequences be provable :

Ly, I' > Y339A 1 fas @15y @y X, 9)
L'y, I', A(f1y e o @15 @y @, B),
AU s S s Qir*y Qs @5 €) — D=¢.
Then there exists a functional {xYT(X, fiy s fur Qiys Q) CORtAINING neither a nor

ol



116 G. TaAkeUTI

b such that the following sequence is provable:
r,, I'— A(f1 s Jur Gy Oy G, T(a, fi, fur Gty @Gn))-
Proor. By Proposition 9 there exists a functional {x}7,(%, f1, s ns @15 s
a,) containing neither ¢ nor » such that the following sequence is provable :
F3 - A(fl?"'ffm Ayt Ay @, b)H<a, b>E{x}T0(x’f1)"'afm Ayycy Am)-
If we define T'(a, f1, s fn @155 Gr) AS
Fon({x}To(x,fl,m,fn, ayycy an), a),
then we have easily the proposition.
In case of Proposition 10 we define a term T(a,f1, "> n @1y "> Gm) DY
XA 1y s frs @iyt y Ay @y X). '

§ 2., Construction of a model of the theory of ordinal numbers under I',.

Now we construct a model of the theory of ordinal numbers under I',.
In this section, we use the abbreviated notation I'— 4 for I';,I"'— 4.
ord(e) is defined as
VaVy(xsa \ysa—xey\/ x=y\Vyex) \Valxsa—xCa).
We have easily
— OI‘d(O)
ord(a), ord(d) — acb—a b
where ¢ &b means aCb/\ 7a=b as usual,
ord(a), ord(h) — a<b, a=b, bsa
ord(a) — 0=a, a=0
ord(a), bea — ord(b)
ord(e) — ord(aU{a})
— ord(w)
ord(a), ord(b), aU{a}y=bU{b} — a=b
ord(a), bea— bU{b}Ca
Ja(ord(x) Ax€ f) — Jx(ord(x) AxE f AVy(ord(») AyE fi-x2C ).
We define Max(a) by
tz(Fx3y(ord(x) Nord() Ae=<x,y>NEC y—z=y) AN(yE21—2=x)))
and max(a,b) by Max(<a,b>). Then we have
ord(a), ord(b) — ord(max(a, b))
ord(a), bea — a=max(a, b)
ord(d), e=b — b=max(a, b)
ord(e) — a=max(a, a)
In the same way, we can define N, Iq, Eq, and ¢ satisfying the following
conditions (cf. [2], Chapter II, §1 for their definition):
ord(a), 0a — N(a)=0
— N(0)=1
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ord(b), a=b— Iq(a, b)=0
ord(a), ord(b) — ord(Iq(a, b))
ord(a), ord(d), Iq(a, b)=0— acb
ord(a) — Eq(a, a)=0
ord(a), ord(d) — ord(Eq(a, b))
ord(a), ord(b), Eq(a, b)=0— a=b
ord(e) — d(a’)=a
where ¢’ means e¢U{a}.
ord(a) — ord(é(a))
ord(a), ord(b), acb — d(a)Co(b)
a€w— (0(@)) =a, a=0.
cl(f) is defined as Vx(ord(x)—ord(f(x))) if the type of f is (0), and
VaVy(ord(x) Aord(y)—ord(f(x, »))) if the type of f is (0,0).
We define sup(f,a) by
ez(ord() A(cl(f) Nord(@)—(Vx(xsa—f(x)E2)
AVx(ord(x) AVy(yE a— f(y) Ex)—2Cx)))).
We see easily the following sequences:
— ord(sup(f; @)
cl(f), ord(a), bea — f(b)=sup(f, @)
cl(f), ord(a), ord(d), Vx(xca— f(x)€b) — sup(f, a)Cb.
In the same way we can define Min(Minimum), Con(Contraction), S(Sum)
and mg(minimum gap) so as to satisfy the following conditions:
cl(f) — ord(Min(f))
cl(f), ord(a), e f— f(Min(f))=0 \Min(f)Ca
cl(f), ord(a), ord(b) — ord(Con(/f, a, b))
cl(f), ord(a), bea — Con(f, a, b)=1(b)
cl(f), ord(a), ord(s), a_b — Con(f, a, b)=0
cl(f), cl(g), cl(r), ord(a) — ord(S(f, &, 2, a))
cl(f), cl(g), cl(h), ord(a), f(@)=0— S(f, & h, a)=g(a)
cl(f), cl(g), cl(h), ord(a), 0 fla) — S(f, g, k, a)=h(a)
cl(f), ord(a) — ord(mg(f, @)
cl(f), ord(a), bea, f(b)=mg(f,a) —
cl(f), ord(a), ord(d), Vx(xea— 7f(x)=>b) — mg(f, a)Cb.
cl(f) is defined as VfVx(cl(f) Aord(x)—ord(f(f, x))) if the type of £ is ((0), 0).
We use A(f,a,b) for the abbreviation of
ord(a) AJx(VuVoVw(<<u, v >cx \<<u, w>c x—v=w \ord(®))
AVy(yCa N\ord(y)—Iz(<y, z>Ex))
AVVz(yCa Nord(MH A<y, 2 >Ex—
z=Ff{u}Con({v}Fon({w}B(<w, x=>),v), ¥, 1), ¥))
A<a, b>€Ex).
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We define T\(f, x,v) as f{u}Con({v}Fon{w}B(<w, x>),v),y,u),y). Then
clearly we can define the functionals A,, A,, A; and A, satisfying the fol-
lowing formula:

A(f, a, b)y—<<a,b>€ A,

AF(<a, b, x> A, N\NVWz(<a, b, x,y, 2> As—2=T\(F, x,¥))
N<a, b, x> A)).
Now, we can define {x}7T\(f, x) which satisfies the following formula under
r,.
z=T\(F, x, y)=Vu(uc z—uc T\(f, x, )
—Yu(uez—<<x,y, u > {v}L{w,, w3 T,(f, w,, w,), v))
—<x, 3, 2> {u} T\(f, u).
From this it follows that we can define {x}7%(f,x) such that the following
formula holds under I';:

A, a, b)y—<<a, b>={x}T,(f, x).

We define Rec(f, @) (read as “the value for the argument ¢ of the function
recursively generated by f) as Fon({x}7\(f, x),a). Then we have the follow-
ing sequences:

cl(f), ord(a) — ord(Rec(f, a))

cl(f), ord(e) — Rec(f, @) =f{u}Con({v}Rec(f, v), a, u), a).

R(a, b,c,d) is defined as

ord(e) Aord(b) Aord(c) Aord(d)

N (max(a, by<<max(c, d)\/ (max(a, b)=max(c, d) \ (b<d\/ (b=d N\a<c))))
where ¢<<b means a<b if ord(e) and ord(s). We have easily the following
sequences :

ord(a), ord(d), ord(c), ord(d)

— R(a, b,c,d), Rl,d, a,b), a=c\b=d :
R(a,b,c,d), Rlc,d,a,b)—;
Jx3y(ord(x) Aord(NA\<<x,y>€ f)
— FxJy(ord(x) Aord(N A<z, y>& f
AVuVv(ord(u) Nordw) A<<u,v>€ fi—(x=u/\y=v)\ R(x, y, #, v))).

We define J(a) by

tr(3x3yJz(ord(x) Aord(M) Aa=<x,y >

NYuVo(R(u, v, x, v)\/ x=u \ y=0v)—Is(ord(s) A<<u, v, s >&2z)

AVs(ser—Juaplord(u) Nord@) A<<u, v, s>€z)

AVuNoVsVu Yo Vi(<u, v, s>z \<ugy, v, t >z

—(R(u, v, uy, vo)—sEL))

AN<<0,0,0 >z \<x,y, r>ez)/\ord(r))
and define j(a,b) by J(<a,b>) which corresponds to J,’<<ab> in Godel’s
[1]. We have easily the following sequences:

ord(a), ord(b) — ord(j(a, b)):
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R(a,b,c,d) — j(a, b)i(c,d);
ila, b), j(c,d), ord(a), ord(d), ord(c), ord(d) — R(a, b, c,d);
ord(e) — Fx3y(a=i(x, y)).
We define g,(e) by wu3yla=j(x, y) \ord(x)) and gy(a) by axFyla=ji(y, x)\
ord(x)). Then we have easily the following sequences:
ord(a) — ord(g(a));
ord(a) — ord(g:(@);
ord(a) — j(g,(@), gx(aN)=a;
ord(a), ord(d) — g(j(a, b))=a;
ord(a), ord(b) — g.(j(a, b))=D.
By the usual method we have the following sequence:
ord(a) — Jx(ord(x) \Vy(Vu(ord(u)—Fo(ord@) A<<u, v >&y))
AVuVoVw(<<u,v >y \<<u,w>cy—v=w)
—z@ex\Vu7(<u, 2>y \ucsa)))).
Let us denote this sequence shortly by
ord(a) — 3xB(x, a).
Further we define y(a) by B, a) A\Vx(B(x, a)—bx). We see clearly
VfVa(ord(x) Acl(f)—mg(f, x)<<x(x))
and
VaVy(ord(x) Aord(y) AVACI()—mg(f, <y x(x)Cy).
By the restriction theory, [4], §7, we have then the following proposi-
tion.

Prorosition 11. If 'y is consistent, then I'y and the following axioms are
consistent.
VfVaVy(y<<s—sf(y)<<sup(f, x)),
VfVaVy(Va(z<<ax—f(2)<y)—sup(f, x)<y),
VVaVy(mg(f, x)=f(p)—y=x),
VrVaVy(Va(y=f(2)—22x)—mg(f, x)=y),
VfVa(mg(f, x)<x(x))
VaVy(VAmg(f, x)<<y)—x(%)=y).
I'y and these axioms are simply denoted by Iy, I',, and the axioms
2.1, 2.2, 2.3 and 2.4 are denoted by Iy, Then we see easily the following
proposition by [5]

Prorosition 12. If I'y or Iy is cousistent, then both I'y, and I’y are con-
sistent.
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