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This paper is a continuation of our former papers (Kawada [7],

Kawada-Tate [8]) concerning class formations and their application
in algebraic function fields in one variable. After some preliminaries
in \S 1 we shall consider in \S 2 the system of groups $\{W(K/k)\}$ in a
class formation, which was investigated by A. Weil [12] in case of
number fields. We shall arrange the formulas for $\{W(K/k)\}$ so that
we are able to consider their inverse limit groups in \S 3. The
sections \S 4, \S 5 are devoted to the application of the results in \S 2,

\S 3 to the case of algebraic function fields. There we shall find the
explicit structure of these groups $\{W(K/k)\}$ and their limit groups
using the formulations in [8].

The results of A. Weil [12] were treated cohomology-theoreti-
cally first by T. Nakayama and G. Hochschild [5], [10]. Though the
results in \S 2, \S 3 of this paper are not published hitherto in the
literature, they would be known by mathematicians working in this
field. The author does not claim any priority on these results. It
should be mentioned that there are unpublished investigations of
E. Artin and J. Tate concerning the structure of the inverse limit
groups of $\{W(K/k)\}$ in case of number fields. Also the explicit
structure of $\{W(k)\}$ in Theorem 6 (\S 5) was suggested by J. Tate.
The author wishes to express his hearty thanks to Professor John
Tate for his discussions during the preparation of this paper.

\S 1. Preliminaries

1. We repeat here some necessary preparations from Part I
(Kawada [7]) which we need later. Let $k_{0}$ be a fixed ground field
and $\Omega$ be a fixed infinite separable normal algebraic extension of $k_{0}$ .
Let $\mathfrak{K}$ be the set of all finite extensions of $k_{0}$ which are contained
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in $\Omega$ . In the following we denote the fields which belong to $\mathfrak{K}$ by
$k,$ $f,$ $K,$ $L$ etc.

We assume further that a certain abelian group $A(K)$ is as-
sociated with each $K\in \mathfrak{K}$ with the following properties: $F1$ . Let
$k\subset K$ then there exists an isomorphism $\varphi_{K,k}$ of $A(k)$ into $A(K)$ . F2.
Let $k\subset f\subset K$ then the transitivity relation $\varphi_{K,l}\circ\varphi_{l,k}=\varphi_{K,k}$ holds. $F3$ .
Let $K/k$ be a normal extension with the Galois group $G=G(K/k)^{1)}$

then $G$ acts on $A(K)$ as an operator group such that $\varphi_{K,k}A(k)=A(K)^{G}$

holds.2) F4. In
CASE I: $k\subset K\subset L,$ $K/k$ and $L/k$ are both normal with the Galois

groups $G=G(L/k),$ $H=G(L/K)$ and $F=G(K/k)$

the relation $\sigma\circ\varphi_{L,K}(a)=\varphi_{L,K}\circ(\psi_{\Gamma,c^{\sigma}})(a)^{3)}$ holds for every $\sigma\in G$

and $a\in A(K)$ . Furthermore, for every normal extension $K/k$ with
$G-G(K/k)$ we assume Cl: $H^{I}(G, A(K))=0$ and C2: $H^{2}(G, A(K))$

$\cong z/[G:1]\cdot Z$. We call then $\{\mathfrak{K}, A(K)\}$ a class formation.
Let $\{\mathfrak{K}, A(K)\}$ be a class formation. Then we can choose for

each normal extension $K/k$ a 2-cocycle $f_{K/k}$ of $G$ over $A(K)$ with the
following properties: (i) the cohomology class of $f_{K/k}$ is a generic
class of $H^{3}(G, A(K))$ , (ii) in case I we have $infl_{G.F}f_{K/k}\sim f_{L/h}n(m=[L:K])$ ,
(iii) in

CASE II: $k\subset f\subset K,$ $K/k$ is normal with $G=G(K/k)$ and $H=G(K/f)$
we have $res_{H,G}f_{K/k}\sim f_{K/t}$ .$) We call then that $\{f_{K/k}\}$ is a system of
fundamental (canonical) 2-cocycles in this class formation.

Let $\{g_{K/k}\}$ be another system of 2-cocycles. Then $\{g_{K/k}\}$ is also
a system of fundamental 2-cocycles if and only if (i) $g_{K/k}\sim f_{K/k}^{r_{K/k}},$

$r_{K/k}$

and $[K:k]$ are relatively prime; (ii) in case I $r_{L/h}\equiv r_{K/k}(mod [K:k])$ ;
(iii) in case II $r_{K/l}\equiv r_{K/k}(mod [K:f])$ .

Now let us consider the group pairing $(Z, A)\rightarrow A$ by $(n, a)\rightarrow a^{n}$ .
1) We use the notation $G(K/k)$ to denote the Galois group of a normal extension $K/k$ .
2) In a G-group $A$ we assume $a^{\sigma\tau}=(a^{\tau})^{\sigma}$ . By $A^{c}$ we mean the set of all elements

$ a\epsilon$ $A$ which are invariant by all $\sigma\in G$.
3) For a subgroup $H$ of $G$ we mean by $\iota_{G,H}$ the injection mapping $H\rightarrow G$ and for a

normal subgroup $H$ of $G$ and $F=G/H$ we mean by $\psi_{F,G}$ the canonical homomorphism
$G\rightarrow F$. As usual we mean by $Z,$ $R$ and $C$ the modules of all integers, all real numbers
and all complex numbers respectively.

4) By $resH,G$ we mean the restriction mapping: $H^{r}(G, A)\rightarrow H^{r}(H, A)$ for an abelian
G-group $A$ in case II, and by $infl_{G,F}$ we mean the inflation mapping (lift): $ H^{r}(F, AH)\rightarrow$

$H^{\gamma}(G, A)$ in case I.
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Then the cup-multiplication $g^{r}\rightarrow g^{r}\cup f_{K/k}$ gives the isomorphism:
$H^{r}G,$ $ZH^{r+2}(G, A(K))$ for all $r\in Z$ (Theorem of Tate [11]). In
particular, for $r=-2H^{-2}(G, Z)\cong G/G^{c}$ is isomorphic to $H^{0}(G, A(K))$

$\cong A(K)^{G}/N_{G}A(K)^{\prime}))$ by the mapping $\sigma$ $(mod G^{\sim})\rightarrow f_{K/k}(G, \sigma)$ (mod
$N_{G}A(K))^{6)}$ (Isomorphism theorem). We define the norm-residue symbol
$(a, K/k)=\sigma(nlodG^{c})$ for $\varphi_{K,k}(a)\equiv f_{K/k}(G, \sigma)(mod N_{G}A(K))$ .

Let $A_{k}$ be the maximal abelian extension of $k$ in $\Omega$ and we
denote by $\Gamma(k)$ the compact Galois group $G(A_{k}/k)$ . The generalized
norm-residue symbol $(a, k)(a\in A(k))$ which takes value in $\Gamma(k)$ is
defined as the limit of $(a, K_{\lambda}/k)$ for $k\subset K_{\lambda}\subset A_{k}$ . The definition $(a, k)$

depends on the choice of a system of fundamental 2-cocycles $\{f_{K/k}\}$ .
But if we define $(a, k)^{\prime}$ by menas of another system $\{g_{K/k}\}$ , then
there exists an isomorphism $\Phi$ of $\Gamma(k)$ onto itself such that $(a, k)^{\prime}=$

$\Phi\circ(a, k)$ holds for all $a\in A(k)$ .
The following two axioms are satisfied in case of class field

theory and in several other cases of class formations.
P. For any extension $K/k(k, K\in \mathfrak{K})$ there exists a cyclic extension

$Z/k$ such that $[Z:k]$ is a multiple of $[K:k]$ .
$P^{\prime}$ . There exists an increasing sequence of fields $K_{1},$ $K_{2},\cdots,$ $ K_{n},\cdots$

in $\mathfrak{K}$ such that $\Omega=\bigcup_{n=1}^{\infty}K_{n}$ holds.

LEMMA 1. Suppose that the axiom $P$ is satisfied in $\mathfrak{K}$. If the
generalized norm-residue symbols $(a, k)(a\in A(k))$ defined by two systems
$\{f_{K/k}\}$ and $\{g_{K/k}\}$ of fundamental 2-cocycles coincide, then $f_{K/h}\sim g_{K/k}$

holds for every normal $K/k$.
(PROOF) Let $g_{K/k}\sim f_{K/}^{r_{K_{k}/k}}$ then we have $(a, K/k)^{r_{K/k}}=(a, K/k)$ by

our assumption. Especially this implies $r_{z/k}\equiv 1(mod [Z:k])$ for cyclic
extension $Z/k$. Now for an arbitrary extension $K/k$ take a cyclic
extension $Z/k$ such that $[Z:k]$ is a multiple of $[K:k]$ . Then from
the relations $r_{KZ/k}\equiv r_{z/k}(mod [Z:k])$ and $r_{KZ/k}\equiv r_{K/k}(mod [K:k])$

follows that $r_{K/k}\equiv 1(mod [K:k])$ . This means $f_{K/k}\sim g_{K/k},$ $q$ . $e$ . $d$ .
2. We remark here some elementary properties of group ex-

tensions. Let $A,$ $E,$ $G$ be groups, $\iota,$
$\psi$ be homomorphisms such that

(1)
$1\rightarrow A\rightarrow^{\iota}E\rightarrow G\psi\rightarrow 1$

5) $c_{C}$ means the commutator group of G. $N_{G}$ means the norm with respect to $G$.
6) $f_{K/k}(G, \sigma)=\Pi_{\tau ecf_{K/k}(}\tau,$ $\sigma$ ).



456 Y. KAWADA

is an exact sequence. Then we say that $E$ is a group extension of
$A$ by $G$ and we denote $E(A, G\iota, \psi)$ . By a homomorphism $\mu(\lambda, \nu)$ of
$E(A, G, \iota, \psi)$ into $E^{\prime}(A^{\prime}, G^{\prime}, \iota^{\prime}, \psi^{\prime})$ we mean a set of homomorphisms
$\lambda;A\rightarrow A^{\prime},$ $\mu:E\rightarrow E^{\prime},$ $\nu;G\rightarrow G^{\prime}$ such that

$1\rightarrow A\rightarrow^{\iota}E\rightarrow^{\psi}G\rightarrow 1$

(2) $\downarrow\lambda\iota$ $\downarrow\mu\psi\prime J\nu$

$1\rightarrow A^{\prime}\rightarrow E^{\prime}\rightarrow G^{\prime}\rightarrow 1$

is a commutative diagram. In the rest of this section we assume
that the group $A$ is abelian. Then $G$ can be considered as an
operator group of $A$ by $a^{\sigma}=\iota^{-1}(u_{\sigma}\cdot\iota(a)\cdot u_{\sigma}^{-1})(\sigma\in G, a\in A)$ where $\{u_{\sigma}\}$

is a system of representatives of $\{\psi^{-1}(\sigma)\subset E;\sigma\in G\}$ .
(3) $f(\sigma, \tau)=\iota^{-1}(u_{\sigma}u_{\tau}u_{\sigma\tau}^{-1})$ $(\sigma, \tau\in G)$

is a 2-cocycle of $G$ over the G-group $A$ . We call such a pair
$2’=(\{u.\}, \{f(\sigma, \tau)\})$ a frame of $E(A, G, \iota, \psi)$ . Any two pairs $(\{u_{\sigma}\}$ ,
$\{f(\sigma, \tau)\})$ and $(\{v_{\sigma}\}, \{g(\sigma, \tau)\})$ are related by suitable $b_{\sigma}’ s(b_{\sigma}\in A)$

by $v_{\sigma}=\iota(b_{\sigma})u_{\sigma}$ , with $g(\sigma, \tau)=f(\sigma, \tau)b_{\sigma}b_{\tau}^{\sigma}b_{\sigma^{-}\tau^{1}}$ . For a fixed 2-cocycle
$\{f(\sigma, \tau)\}$ there are as many different pairs $(\{u_{\sigma}\}, \{f(\sigma, \tau)\})$ as sets
$\{b_{\sigma} ; \sigma\in G(b.\in A)\}$ which satisfies $b_{\sigma}b_{\tau}^{a}b_{\sigma^{-}\tau^{1}}=1$ . The cohomology class
of $\{f(\sigma, \tau)\}$ is uniquely determined by $E(A, G, \iota, \psi)$ and is inde-
pendent of the choice of the representatives $\{u_{\sigma}\}$ . So we call it the
2-cohomology class associated with $E$.

Suppose that two group extensions $E(A, G, \iota, \psi)$ and $E^{\prime}(A^{\prime},$ $G^{\prime},$
$\iota^{\prime}$ ,

$\psi^{\prime})$ , a homomorphism $\lambda;A\rightarrow A^{\prime}$ and an isomorphism $\nu;G\rightarrow G^{\prime}$ (into)
are given such that $\lambda(a^{\sigma})=\lambda(a)^{\nu(\sigma)}(a\in A, \sigma\in G)$ holds. Then there
exists a homomorphism $\mu(\lambda, \nu):E(A, G, \iota, \psi)\rightarrow E^{\prime}(A‘, G^{\prime}, \iota^{\prime}, \psi^{\prime})$ if and
only if the with $E$ and $E^{\prime}$ associated 2-cocycles $\{f(\sigma, \tau)\}$ and $\{f^{\prime}(\sigma^{\prime}$ ,
$\tau^{\prime})\}$ satisfy $\lambda(f(\sigma, \tau))\sim f^{\prime}(\nu(\sigma), \nu(\tau))(\sigma, \tau\in G)$ . If we fix the frames
$\Sigma=(\{u_{\sigma}\}, \{f(\sigma, \tau)\})$ and $\Sigma^{\prime}=(\{u_{\sigma}‘\}, \{f^{\prime}(\sigma‘, \tau^{\prime})\})$ of $E$ and $E^{\prime}$ respectively
such that $\lambda(f(\sigma, \tau))=f^{\prime}(\nu(\sigma), \gamma(\tau))$ holds, then a homomorphism $\mu$ is
uniquely determined by $\mu:u_{\sigma}\rightarrow u_{\acute{\nu}(\sigma)}$ . It should be remarked that
ustlally there are many such choices of $\mu’ s$ according to that of $\Sigma s$ .

Finally, for a given group $G$, an abelian G-group $A$ and a 2-cocycle
$\{f(\sigma, \tau)\}$ of $G$ over $A$ there exists a group extension $E(A, G, \iota, \psi)$

such that
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(4) $\left\{\begin{array}{l}E=\bigcup_{\sigma}A^{\star}\cdot u_{\sigma}(A^{\star}\cong A),u_{\sigma}\cdot u_{\tau}=f(\sigma,\tau)^{\star}u_{\sigma\tau},u_{\sigma}\cdot a^{\star}=(a^{\sigma})^{\star}\cdot u_{\sigma}\\\iota(a)=a^{\star},\psi(a^{\star}u_{\sigma})=\sigma.\end{array}\right.$

\S 2. System of Weil groups

I. Let $\{\mathfrak{K}, A(K)\}$ be a class formation. Let us assume that a
group $W(K/k)$ is attached to each normal extension $K/k(k, K\in \mathfrak{K})$

with the following properties:
$A_{1}$ There exist homomorphisms

(1) $\lambda_{K,k}$ ; $A(K)\rightarrow W(K/k)$

(2) $\pi_{K,k}$ ; $W(K/k)\rightarrow G(K/k)$

such that

(3) $1\rightarrow A(K)^{\lambda_{K}}\rightarrow^{k}W(K/k)\rightarrow G(K/k)-\rightarrow 1\pi_{K,k}$

$is_{-1}e$xact. Moreover, let us take an arbitrary representative $u_{\sigma}$ in each
$\pi_{K,k}(\sigma)$ then
(4) $u_{\sigma}\cdot(\lambda a)\cdot u_{\sigma}^{-1}=\lambda(a^{\sigma})$ $\sigma\in G,$ $a\in A(K)$

holds.
$A_{2}$ . Let

(5) $\tau_{K,k}$ ; $W(K/k)\rightarrow\lambda_{K,k}A(K)$

be the transfer mapping and let us put

(6) $\mu_{K,k}=\varphi_{K,k}^{-1}\circ\lambda_{K,k}^{-1}\circ\tau_{K,k}$ ; $W(K/k)\rightarrow A(k)$ .
Then

$\iota$ $\mu_{K,k}$

(7) $1\rightarrow W(K/k)^{c}\rightarrow W(K/k)\rightarrow A(k)\rightarrow 1$

is exact.
$B_{1}$ . In case II there exists an into-isomorphism

(8) $\nu_{K.l,k}$ ; $W(K/f)\rightarrow W(K/k)$

such that
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$\lambda_{K,l}$ $\pi_{K,1}$

$1\rightarrow A(K)\rightarrow W(K/f)\rightarrow G(K/f)\rightarrow 1$ (exact)

(9) $\downarrow 1\lambda_{K.k}$ $\downarrow\nu_{K.l,k\pi_{K,h}}$ $\downarrow\iota$

$1\rightarrow A(K)\rightarrow W(K/k)\rightarrow G(K/k)\rightarrow 1$ (exact)

is a commutative diagram. We remark that from (9) follows
(10) $\nu_{K,l,k}W(K/f)=\pi_{K.k}^{- 1}(G(K/f))$ .

$C_{1}$ . In case I there exists an onto-homomorphism

(11) $\rho_{L,K,k}$ : $W(L/k)\rightarrow W(K/k)$

such that
$\iota$ $\mu_{L,k}$

$1\rightarrow W(L/k)^{c}$ $\rightarrow W(L/k)$ $\rightarrow A(k)\rightarrow 1$ (exact)

(12) $\downarrow\rho_{L.K,h}$

$\iota$

$\downarrow\rho_{L,K,k}\mu_{K,k}$ $\downarrow 1$

$1\rightarrow W(K/k)^{c}\rightarrow W(K/k)$ $\rightarrow A(k)\rightarrow 1$ (exact)

and
$\nu_{L,K,k}$ $\psi_{F,G}\circ\pi_{L,k}$

$1\rightarrow W(L/K)\rightarrow W(L/k)$ $\rightarrow$ $G(K/k)\rightarrow 1$ (exact)

(13) $\downarrow\mu_{L,K}\lambda_{K,h}$ $\downarrow\rho_{L,K,k_{\pi_{K,k}}}$ $\downarrow 1$

$1\rightarrow A(K)$ $\rightarrow W(K/k)$ $\rightarrow$ $G(K/k)\rightarrow 1$ (exact)

are commutative diagrams. We remark here that from (7) and (13)

follows
(14) Kernel $\rho_{L,K,k}=Kernel\mu_{L,K}=W(L/K)^{C}$ .

$A_{1}$ ‘. Let the homomorphism

(15) $\eta_{K}$ ; $A(K)\rightarrow\Gamma(K)$

be defined by the generalized norm-residue symbol $\eta_{K}(a)=(a, K)(a\in A(K))$ .
Let $I^{7}(K/k)=G(A_{K/^{\prime}}k)$ for normal extension $K/k$ . Then there exists a
homomorphism

(15) $\xi_{K,k}$ : $W(K/k)\rightarrow\Gamma(K/k)$

$such_{\wedge}^{v}$that
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$\lambda_{K,k}$ $\pi_{K,k}$

$1\rightarrow A(K)\rightarrow W(K/k)\rightarrow G(K/k)\rightarrow 1$ (exact)

(16) $\downarrow\eta_{K}\iota$ $\downarrow\xi_{K,k}\psi$ $\downarrow 1$

$1\rightarrow\Gamma(K)\rightarrow\Gamma(K/k)\rightarrow G(K/k)\rightarrow 1$ (exact)

is a commutative diagram.
$A_{2}^{\prime}$ . Let $\Gamma(K/k)^{c}$ be the topological commutator group of $I^{7}(K/k)$

then
$\iota$ $\mu_{K,k}$

$1\rightarrow W(K/k)^{c}\rightarrow W(K/k)\rightarrow A(k)\rightarrow 1$ (exact)

(17) $\downarrow\xi_{K,k_{\iota}}$ $\downarrow\xi_{K.k}\psi$ $\downarrow\eta_{k}$

$1\rightarrow\Gamma(K/k)^{c}\rightarrow\Gamma(K/k)\rightarrow\Gamma(k)\rightarrow 1$ (exact)

is a commutative diagram.
$B$ ‘. In case II we can choose $\xi_{K.l}$ and $\xi_{K,k}$ such that

$W(K/f)^{\nu_{K}}\rightarrow^{f.k}W(K/k)$

(18) $\downarrow\xi_{K,l}\iota$ $\downarrow\xi_{K,k}$

$\Gamma(K/f)\rightarrow\Gamma(K/k)$

is a commutative diagram.
$C^{\prime}$ . In case I we can choose $\xi_{L,k}$ and $\xi_{K,k}$ such that

$W(L/k)\rightarrow W(K/k)\rho_{L,K,k}$

(19) $\downarrow\xi_{L,k}\psi$ $\downarrow\xi_{K,k}$

$\Gamma(L/k)\rightarrow\Gamma(K/k)$

is a commutative diagram.
If all these properties are satisfied we call the system $\{W(K/k)\}$

a system of Weil groups associated with the class formation (cf. Weil
[12])

2. Now we can prove the following existence theorem:
THEOREM 1. For any given class formation $\{\mathfrak{K}, A(K)\}$ there exists

always a system of Weil groups $\{W(K/k)\}$ associated with it.
(PROOF) (i) Let $\{f_{K/k}\}$ be a system of fundamental 2-cocycles

and $(a, k)$ be the generalized norm-residue symbol defined by them.
Since $f_{K/k}(\sigma, \tau)$ is a 2-cocycle of $G(K/k)$ over $A(K)$ we can define a
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group extension $W(K/k)$ of $A(K)$ by $G(K/k)$ defined by $f_{K/k}(\sigma, \tau)$ :

(20) $\left\{\begin{array}{l}W(K/k)=\bigcup_{\sigma eG}A(K)^{\star}\cdot u_{\sigma}\\u_{\sigma}\cdot u_{\tau}=f_{K/k}(\sigma,\tau)^{\star}\cdot u_{\sigma\tau},u_{\sigma}\cdot a^{\star}=(a^{\sigma})^{\star}\cdot u_{\sigma}\\\lambda_{K,k}a=a^{\star}, \pi_{K,k}(a^{\star}\cdot u_{\sigma})=\sigma\end{array}\right.$

where $A(K)^{\star}$ is an isomorphic replica of $A(K)$ as abelian G-group.
Thus we can construct $W(K/k)$ satisfying (3). In the following we
fix a frame $\Sigma_{K/k}=(\{u_{\sigma}\}, \{f_{K/k}(\sigma, \tau)\})$ . Clearly $\lambda_{K,k}$ and $\pi_{K,k}$ are inde-
pendent of the choice of a frame.

(ii) The transfer mapping $\tau_{K,k}$
; $W(K/k)\rightarrow A(K)^{\star}=\lambda_{K,k}A(K)$ is de-

fined by

(21) $\tau_{K.k}(a^{\star})=(N_{G}a)^{\star},$
$\tau_{K,k}(u_{\sigma})=\prod_{\tau\epsilon G}u_{\tau}u_{\sigma}u_{\tau\sigma}^{-1}=f_{K/k}(G, \sigma)^{\star}$ .

By the isomorphism theorem we have $A()^{G}=\prod_{\sigma eG}fG,)\cdot(N_{G}A(K))$

which implies $\tau_{K,k}W(K/k)=\lambda_{K,k}A(K)^{G}$. Next consider the kernel of
$\tau_{K,k}$. So let $\tau_{K,k}(a^{\star}\cdot u_{\sigma})=\tau(a^{\star})\cdot\tau(u_{\sigma})=1$ . It follows from the same
theorem that $\sigma\in G^{c}$. Let $\sigma=\prod_{j}\tau_{j}(\sigma_{j}\rho_{j}\sigma_{j}^{-1}\rho_{j}^{-1})^{e_{j}}\tau_{j^{-1}}$ , then we have $u_{\sigma}$

$=a_{1}^{*}\cdot c,$
$c=\prod_{j}u_{\tau_{j}}(u_{\sigma_{j}}u_{\rho_{j}}u_{\sigma_{j}}^{-1}u_{\rho_{j}}^{-1})^{e_{j}}u_{\tau_{j^{1}}}^{-}$ and $a_{1}\in A$ . Hence it follows

that $a^{\star}\cdot u_{\sigma}=a_{2}^{*}\cdot c$ where $c\in W(K/k)^{c}$ and $a_{2}\in A(K)$ with $\tau_{K.h}a_{2}^{k}=1$ .
To prove Kernel $\tau=W(K/k)^{c}$ it is enough to see that $(N_{G}a)^{\star}=1$ implies
$a^{\star}\in W(K/k)^{c}$. Since $H^{-1}(G, A(K))\cong A(K)^{N_{G^{\rightarrow 1}}}/I(A(K))(I(A)=\prod_{\sigma eG}A^{\sigma-1})$ is

isomorphic to $H^{-3}(G, Z)=H_{2}(G, Z)$ by the Theorem of Tate, we have

$A(K)^{N_{G^{\rightarrow 1}}}=\{g^{-3}\cup f_{K/k}\}\cdot I(A(K))$ .
Here $g^{-3}$ is a 2-cocycle of $G$ over $Z,$ $i$ . $e$ . $g^{-3}=\sum_{\sigma,\tau}a_{\sigma,\tau}(\sigma, \tau)(a_{\sigma.\tau}\in Z)$

with $\delta g^{-3}=\sum_{\sigma,\tau}a_{\sigma.\tau}\{(\tau)-(\sigma\tau)+(\sigma)\}=0$ . By the explicit formula of
cup-product (see $e$ . $g$ . Artin-Tate [3]) we have

$(\sum a_{\sigma.\tau}(\sigma. \tau))\cup f=\prod_{\sigma,\tau}\{f(\sigma, \tau)^{\sigma\tau}\}^{-a_{\sigma.\tau}}=\prod_{\sigma.\tau}(u_{\sigma\tau}^{-1}u_{\tau}u_{\sigma})^{-a_{\sigma.\tau}}-1-1$

This term belongs to $W(K/k)^{c}$ since it becomes the unity element by
taking $mod W(K/k)^{c}$ by means of $\delta g^{-3}=0$ . Also $(a^{\star})^{\sigma-1}=u_{\sigma}a^{\star}u_{\sigma}^{-1}a^{-1}\in$
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$W(K/k)^{c}$ implies $I(A(K))\subset W(K/k)^{\prime}$ . Hence we have proved Kernel $\tau$

$=W(K/k)^{c}$. Since Kernel $\mu_{K,k}=Kernel\tau_{K,k}=W(K/k)^{c}$ we get the
exactness of (7) (cf. Kawada [6], p. 92). Evidently the homomorphism
$\mu_{K,k}$ is independent of the choice of a frame $\Sigma_{K/k}$ of $W(K/k)$ .

(iii) $B_{1}$ . Firstly, let us normalize $f_{K/l}=res_{H,G}f_{K/k}$ and let us
choose $\Sigma_{K/k}=(\{u_{\sigma}\}, \{f_{K/k}(\sigma, \tau)\})$ and $\Sigma_{K/l}=(\{v_{\rho}\}, \{f_{K/l}(\sigma, \tau)\})$ of $W(K/k)$

and $W(K/f)$ respestively:

(22) $W(K/k)=\bigcup_{\sigma eG}A(K)^{*}\cdot u_{\sigma},$ $W(K/f)=\bigcup_{\rho^{e}H}A(K)^{1}u_{\rho}^{1}$ .
Then we can define an into-isomorphism $\nu_{K,l,h}(1, \iota)$ of $W(K/f)(A(K), H)$

into $W(K/k)(A(K), G)$ by

(23) $\nu(a^{1})=a^{\star}(a\in A(K))$ , $\nu(u_{\rho}^{1})=u_{\rho}(\rho\in H)$ .
It is then easy to verify (9). It should be remarked that $\nu_{K,l,k}$

depends on the choice of the frames $\Sigma_{K/k}$ and $2_{i}’ K/l$

(iv) $C_{1}$ . Let us normalize $f_{L/K}=res_{H,G}f_{L/h}$ and let us choose
$2_{L/k}^{\prime}=(\{u_{\sigma}\}, \{f_{L/h}\})$ and $\Sigma_{L/K}=(\{u_{\rho}^{1}\}, \{f_{L/K}\})$ of $W(L/k)$ and $W(L/K)$

respectively:

(24) $W(L/k)=\bigcup_{\sigma eG}A(L)^{\star}\cdot u_{\sigma},$ $W(L/K)=\bigcup_{\rho eH}A(L)^{1}\cdot u_{\rho}^{1}$ .

Let us fix for a moment a system of representatives $\{\overline{\sigma}\}$ of cosets:
$G=\cup H_{\overline{\sigma}}$ and put

(25) $\left\{\begin{array}{l}g(\sigma,\tau)=f_{L/k}(\sigma,\tau)^{m}\cdot(\delta h)(\sigma,\tau) (m=[L\cdot.K])\\h(\sigma)=f_{L/k}(H,\overline{\sigma})\cdot f_{L/k}(\sigma,H)^{-1}\end{array}\right.$

Then it follows that $g(\sigma, \tau)=g(\overline{\sigma}, \overline{\tau})$ and so $g(\sigma, \tau)=infl_{G,F}\hat{g}(\tilde{\sigma},\tau\sim)$ where
$\tilde{\sigma}$ denotes the class of $\sigma mod H$ Hence we can normalize

(26) $f_{K/k}(\tilde{\sigma}, \sim\tau)=g(\overline{\sigma},\overline{\tau})$ .
By a known formula (see $e$ . $g$ . Hochschild-Nakayama [5], Lemma 7)

we have

(27) $infl_{G,F}\circ\varphi_{L,K}(f_{K/k}(\tilde{\sigma}, \sim\tau))=\lambda_{L,K}^{-1}\circ\tau_{L,K}\circ\nu_{L,K,k}^{-1}(u_{\overline{\sigma}}u_{?}u\frac{-I}{\sigma\tau})$ .
We choose a frame $\Sigma_{K/k}=(\{v_{\sigma}’\}, \{f_{K/k}\})$ of $W(K/k)$ :

$W(K/k)=\bigcup_{\sigma^{e}F}A(K)^{\star}\cdot v_{\sigma}’’$ .
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By $B_{1}$ we can decompose $W(L/k)=\bigcup_{\overline{\sigma}}\nu_{L,K,k}(W(L/K))\cdot u_{\overline{\sigma}}$ . As in the

considerations in \S 1, 2 we can define a homomorphism of $W(L/k)$ into
$W(K/k)$ as an extension of

(28) $\rho^{\star}=\mu_{L.K}\circ\nu_{L^{- 1}K,k}$ ; $\nu_{L,K.k}(W(L/K))\rightarrow A(K)$

by means of
(29) $\rho(u_{\overline{\sigma}})=v_{\mu}$, $(\sigma\in G)$ ,

because using (27) we can verify the corresponding conditions:

$\rho^{\star}(u_{\overline{\sigma}}\cdot u_{\overline{\tau}}\cdot u_{\overline{\sigma\tau}}^{-1})=f_{K/k}(\tilde{\sigma},\tau\sim)^{\star},$ $\rho^{\star}(u_{\overline{\sigma}}\cdot(a^{\star}\cdot u_{\rho})\cdot u_{\overline{\sigma}}^{1})=v_{\overline{\sigma}}\cdot\rho^{\star}(a^{\star}\cdot u_{\rho})\cdot v_{\tilde{\sigma}}^{-1}$

for $\sigma,$
$\tau\in G$. Then from the definition of $\rho=\rho_{L,K,k}$ follows the com-

mutativity of (13).
Next we shall verify (2). By a known formula of Akizuki-Witt

[1] $g(\sigma, \tau)$ in (25) can be expressed in another form:
$g(\sigma, \tau)=f_{L/k}(H, \overline{\sigma})\cdot f_{L/k}(H,\overline{\sigma\tau})^{-1}\cdot f_{L/k}(H\overline{\sigma},\overline{\tau})$ .

Hence we have

(30) $f_{L/k}G,F,$ ) $=f_{K/k}(F,\tilde{\sigma})$

by the normalization (26). Now compare the two mappings $\mu_{L.k}$

and $\mu_{K,k}\circ\rho_{L,K,k}$. On the subgroup $\nu_{L,K,k}(W(L/K))$ we have by (28)
$\mu_{K,k}\circ\rho_{L.K,h}=\mu_{K,k}\circ\mu_{L,K}\circ\nu_{L.K,j}^{-1}=\mu_{L,k}$ using the transitivity of the trans-
fer mappings. On the set $\{u_{\overline{\sigma}}\}$ we have by (21) and (29) $\mu_{K,k}\circ\rho_{L,K,k}$

$(u_{\overline{\sigma}})=\mu_{K,k}(v_{\tilde{\sigma}})=f_{K/k}(F,\tilde{\sigma})$ and $\mu_{L,h}(u_{\overline{\sigma}})=f_{L/k}(G, \overline{\sigma})$ which are the same by
(30). Thus we have proved (12).

We should remark here that the definition of $\rho_{L,K,k}$ depends
on the choice of the frames $\simeq L/k’\Sigma L/K$ and $\Sigma_{K/k}$ but does not depend
on the choice of representatives $\{\overline{\sigma}\}$ of cosets $Gmod H$

(v) To show the existence of $\xi_{K,k}$ we need a generalized theorem
of Savarevic (see, e. g. Hochschild-Nakayama [5], Theorem 3.2 or
Artin-Tate [3]). Namely let $f_{K,h}(\tilde{\sigma},\tau\sim)(\tilde{\sigma},\tau\sim\in G)$ be a fundamental 2-
cocycle of $G$ over $A(K)$ , then

(31) $\mathfrak{f}_{K/k}(\tilde{\sigma},\tau\sim)=(f_{K/k}(\tilde{\sigma},\tau\sim),$ $K$ ) $\in\Gamma(K)$

is a 2-cocycle of $G$ over $I^{7}(K)$ associated with the group extension
$\Gamma(K/k)(\Gamma(K), G, \iota, \psi)$ . Since we need the proof itself we repeat the
known proof. By a known formula of Akizuki-Witt [1] $g(\sigma, \tau)$ in
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(25) can be expressed in another form

(32) $g(\sigma, \tau)=f_{L,k}(H, \gamma)\cdot(f_{L,h}(\overline{\sigma},\overline{\tau})/f_{L/k}(\gamma,\overline{\sigma\tau}))^{H}$

where $\gamma=\overline{\sigma}\cdot\overline{\tau}\cdot\overline{\sigma\tau}^{-1}\in H$ Now take $k\subset K\subset L\subset A_{K}$ and denote here
$G=G(K/k)$ . $The\iota 1$ from (32) follows $(g(\tilde{\sigma},\tau\sim),$ $L/K$ ) $=\overline{\sigma}\cdot\overline{\tau}\cdot\overline{\sigma\tau}^{-1}\in H$

Since $f_{K/k}(\tilde{\sigma}, \sim\tau)=g(\tilde{\sigma},\tau\sim)\cdot c_{\overline{\sigma}}\cdot c_{\overline{\tau}}\cdot c_{\sigma^{\frac{1}{\tau}}}^{-}(c_{\sigma}\in A(K))$ we have

(33) $(f_{K/k}(\tilde{\sigma}, \sim\tau),$ $L/K\rho_{\sigma}\cdot\overline{\sigma}$) $\cdot(\rho_{\tau}\sim\cdot\overline{\mathcal{T}})\cdot(\rho_{0\tau}\wedge\sim\cdot\overline{\sigma\tau})^{-1}\in H$

where we put $\rho_{\sigma},=(c_{\sigma}, L/K)\in H$ Take the limit with respect to all
$\{L;K\subset L\subset A_{K}\}$ we have

(34) $(f_{K/k}(\tilde{\sigma},\tau\sim),$ $K$ ) $=\sigma^{\star}\cdot\tau^{\star}\cdot(\sigma\tau)^{\star-1}\in\Gamma(K)$

where $\sigma^{*}\in\Gamma(K/k)$ means some element with $\psi(\sigma^{\star})=\tilde{\sigma}\in G(K/k)$ . This
proves our proposition.

Let us put in (34) $U_{\sigma}\sim=\sigma^{\star}(\tilde{\sigma}\in G)$ , then

(35) $\Gamma(K/k)=\bigcup_{\sigma e}\Gamma(K)\cdot U_{\sigma}\prime cU_{\sigma},.U_{\overline{\tau}}=\mathfrak{f}_{K/k}(\tilde{\sigma},\tau\sim)\cdot U,’\sigma\tau$ .
By the general method shown in \S 1, 2 we can define the homomor-
phism $\xi_{K,k}$ : $W(K/k)\rightarrow\Gamma(K/k)$ as an extension of $\eta_{K}$ by $\xi_{K,k}(u_{o}\sim)\rightarrow U_{\sigma}\sim$

$(\tilde{\sigma}\in G)$ . Then the commutativity of (16) holds.
We should remark here that $\xi_{K,k}$ depends on the choice of frames

$2_{K/k}=(\{u_{\sigma},\}, \{f_{K/k}\})$ of $W(K/k)and.\Sigma=\sim_{K/k}(\{U_{o^{-}},\}, \{\mathfrak{f}_{K/h}\})$ of $\Gamma(K/k)$ where
$\mathfrak{f}_{K/k}$ is defined by (31). If we fix $\Sigma_{K/k}$ there are as many possibilities
of $\xi_{K,k}$ as different frames $(\{B_{\sigma}U_{\sigma}\sim\}, \{\mathfrak{f}_{K/k}\})$ of $\Gamma(K/k)$ where $B_{\sigma},\in\Gamma(K)$

and
(36) $B_{\sigma},B_{\frac{\sigma}{\tau}}^{\prime}B_{\sigma f}^{-1}=1$ $(\tilde{\sigma}, \sim\tau\in G)$ .

(vi) LEMMA 2. If a homomorphism $\xi_{K,k}$ : $W(K/k)\rightarrow\Gamma(K/k)$ satisfies
$A_{1}^{\prime}$ then the property $A_{2^{\prime}}$ is satisfied automatically for this $\xi_{K,h}$ .

(PROOF) To prove the commutativity of (17) it is enough to see
(37) $\psi(a, K)=(N_{G}a, k)$ $(a\in A(K))$

(38) $\psi U_{\sigma},=(f_{K/k}(G(K/k),\tilde{\sigma}),$ $k$ ) $(\tilde{\sigma}\in G(K/k))$

where $\psi=\psi(I^{7}(k), \Gamma(K/k))^{7)}$ . Here (37) is a known property of the
norm-residue symbol. $r[0$ prove (38) let $k\subset K\subset L\subset A_{K},$ $L/k$ be normal
and put $L^{\prime}=A_{k}\cap L$. Then (38) is equivalent to

7) $\psi(F, G)$ means $\psi_{F.G},$
$i$ . $e$ . the cannonical holhomorphism of $G$ on $F$.
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(39) $\psi^{\prime}U_{\omega}\wedge=(f_{K/k}(G(K/k),\tilde{\sigma}),$ $L^{\prime}/k$)

for all such $L$ where $\psi^{\prime}=\psi(G(L^{\prime}/k), I^{\gamma}(K/k))$ . From the choice of
$U_{u}\sim=\sigma^{\star}$ in (v) follows $\psi^{\prime}U_{\wedge}\mu=\psi^{\prime\prime}(\rho_{\mu}’\cdot\overline{\sigma})$ in (33). Put $F=G(K/k)$ . Then
from $f_{K^{\prime}k}=g\cdot\delta c$ it follows that $f_{K/k(F},F,$ ) $\cdot N_{F}c_{\overline{o}}$ . On the other
hand we have $\psi^{l/}(\rho_{\overline{u}})=\psi^{\prime/}(c_{\omega}\sim’ L/K)=(N_{F_{u}^{C\prime}}, L^{\prime}/k)$ and $\psi^{\prime\prime}(\overline{\sigma})=(f_{L/k}(G, \overline{\sigma})$ ,
$L^{\prime}/k)$ by definition. Hence using these relations and (30) we have

$\psi^{\prime\prime}(\rho_{\overline{\mu}}\cdot\overline{\sigma})=(g(F,\tilde{\sigma})N_{F}c_{\overline{\omega}},$ $L^{\prime}/k$) $=(f_{K/k}(F,\tilde{\sigma}),$ $L^{\prime}/k$), q. e. d.

(vii) $B^{t}$ . Let us fix frames $\Sigma_{K/k}$ and $\Sigma_{K/t}$ as in (iii) for the
normalization $f_{K/t}=res_{H.C}f_{K/k}$ , and choose the frames $\tilde{\Sigma}_{K/k}$ of $\Gamma(K/k)$

and $\hat{\Sigma}_{K/t}$ of $(K/f)$ as in (v). If we define $\xi_{K,k},$ $\xi_{Kt}$ and $\nu_{Kt,k}$ by

(40) $\nu_{Kt,k}(u_{\rho}^{1})=u_{\rho},$ $\xi_{Kt}(u_{\rho}^{1})=U_{\rho^{1}},$ $\xi_{K.k}(u_{\sigma})=U_{\sigma}$

then we have $\iota(U_{\rho^{1}})=U_{\sigma}$ and $B^{\prime}$ holds.
$C^{\prime}$ . Let us fix the frames $2_{L/k}i2_{L/K}$ and $2_{K/k}$ as in (iv) for $f_{L/K}$

$=res_{H,G}f_{L/k}$ and for $f_{K/k}$ as in (26). Let us choose the frames $-\Sigma\sim_{L/k}$

$=(\{U_{\sigma}\}, \{\mathfrak{f}_{L/k}\})$ and $\hat{\Sigma}_{K/k}=(\{V_{\sigma}\sim\}, \{\mathfrak{f}_{K/k}\})$ of $\Gamma(L/k)$ and $I^{7}(K/k)$ respec-
tively such that

(41) $\psi(U_{\overline{\sigma}})=V_{\tilde{\sigma}}$ $(\sigma\in G, \psi=\psi(\Gamma(K/k), \Gamma(L/k))$

holds. Then we can verify the commutativity of (19) immediately.

That we can choose $\tilde{\Sigma}_{K/k}^{7}$ and $\tilde{\Sigma}_{L/k}$ satisfying (41) can be shown as
follows. Let us take $\hat{\Sigma}_{L/k}$ as in (v) from $\Sigma_{L/k}$ of $W(L/k)$ and define
$\xi_{L,k}$ as there. Next put $V_{\overline{\sigma}}=\psi(U_{\overline{\sigma}})$ . Then from

$\psi(UUU\sim\overline{\sigma}\tau\frac{-1}{\sigma\tau})=(\mu_{L,K}(u_{\overline{\sigma}}u_{\overline{\tau}}u_{\frac{-1}{\sigma\tau}}), K)=(f_{K/k}(\tilde{\sigma},\tau),$ $K$)

follows that
$V_{\sigma}\sim\cdot V_{f}=\psi(U_{\overline{\sigma}}\cdot U_{f})=\psi(U_{\overline{\sigma}}\cdot U_{\overline{\tau}}\cdot U\frac{-1}{\sigma\tau}\cdot U_{\overline{\sigma\tau}})=(f_{K/k}(\tilde{\sigma},\tau\sim),$ $K$ ) $\cdot V_{\overline{\sigma}\tilde{\tau}}$ .

This shows that $(\{V_{\theta}\}, \{\mathfrak{f}_{K/k}\})$ gives a desired frame of $\Gamma(K/k)$ . q.e.d.
Let $\{W(K/k)\}$ be a system of Weil groups. If we can choose the

homomorphisms $\nu,$ $\rho$ once and for all such that the conditions
$B_{2}$ . Let $k\subset f\subset j\subset K$ and $K/k$ be normal. Then

(42) $\nu_{K.l,k}\circ\nu_{K,j,T}=\nu_{K,j.k}$

holds.
$C_{2}$ . Let $k\subset K\subset L\subset M$ and $M/k,$ $L/k,$ $K/k$ are all normal. Then
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(43) $\rho_{L,K,k}\circ\rho_{M,L,k}=\rho_{M,K,k}$ .
$C_{3}$ . Let $k\subset l\subset K\subset L$ and $L/k,$ $K/k$ be normal. Then

(44) $\rho_{L,K,k}\circ\nu_{L,t,k}=\nu_{K,l,k}\circ\rho_{L,K.l}$

holds. (In case $K=lC_{3}$ is contained in $C_{1}$ ).
are satisfied then we call $\{W(K/k)\}$ a strong system of Weil groups.

REMARK. In a strong system of Weil groups we can choose the
homomorphisms $\xi_{K,k}$ once and for all such that $B$ ‘ and $C^{\prime}$ hold.

For, what we have proved is that if we fix the frames $\Sigma_{K/k}$ of
$W(K/k)$ for all $K/k$ then we can choose (i) $\tilde{\Sigma}_{K/k}$ and $\tilde{\Sigma}_{K/t}$ of $\Gamma(K/k)$

and $\Gamma(L/f)$ respectively so as to satisfy $B^{\prime}$ and (ii) $\hat{\Sigma}_{L/k}$ and $\tilde{2}_{K/k}$ of
$\Gamma(L/k)$ and $\Gamma(K/k)$ so as to satify $C^{\prime}$ . What we want to prove is
that for each individual $\{k, f, K\}$ or $\{k, K, L\}$ we can choose the
frame $\tilde{\Sigma}_{K/k}$ for each $K/k$ once for all such that $B^{\prime}$ and $C^{\prime}$ holds for
these frames.

For that purpose let us consider the set $\Xi_{K,k}$ of all homomor-
phisms $\xi_{K,k}$ satisfying $A^{\prime}$ . If we fix a frame $2_{i}’ K/k$ of $W(K/k),$ $\xi_{K,k}$

depends on the choice among different frames $\Sigma^{\sim_{K/k}}$ in $\Gamma(K/k)$ with a
fixed 2-cocycle $\mathfrak{f}_{K/k}$ as in (31) and this depends on l-cocycle $\{B_{\sigma}\sim\}$ of $G$

in $\Gamma(K)$ . Since $\Gamma(K)$ is compact we can introduce a natural topology
in $\Xi_{K,k}$ such that $\Xi_{K,k}$ is compact. Let $\mathfrak{L}=\{K_{\lambda}\}$ be the set of all
finite normal extesnions $K_{\lambda}/k_{0}$ in $\mathfrak{K}$ and put $\Xi_{\lambda}=\Xi_{K_{\lambda},k_{0}}$ . If $K_{\lambda}\subset K_{\mu}$

$(\in \mathfrak{L})$ then we can define the continuous mapping $\psi_{\lambda,\mu}$ of $\Xi_{\mu}$ into $\Xi_{\lambda}$

by (41). It is easy to see that $\{\Xi_{\lambda}, \psi_{\lambda,\mu}\}$ makes an inverse mapping
system. Since each $\Xi_{\lambda}$ is compact the limit space is not empty.
Take an element in its limit space. Then we have a set { $\xi_{K_{\lambda}.k_{0}}$ ;
$K_{\lambda}\in \mathfrak{L}\}$ such that (41) holds for each pair $\{\xi_{K_{\mu},k_{0}}, \xi_{K_{\lambda},k_{0}} ; K_{\lambda}\subset K_{\mu}\}$ .
Thus we have chosen $\xi_{K_{\lambda},k_{0}}$ . For a general normal extension $K/k$

we can take $k_{0}\subset k\subset K\subset L(L\in \mathfrak{L})$ and put

(45) $\tilde{\Sigma}_{K.k}=\psi_{L,K}\circ res\tilde{\Sigma}_{L,ko}$

where $\psi_{L,K}$ means the mapping $\Xi_{L,k}\rightarrow\Xi_{K,k}$ defined by (41) and $res$

means the restriction from $\Gamma(L/k_{0})$ on $\Gamma(L/k)$ . We can then prove
in the usual way that the definition (45) does not depend on the
choice of $L\in \mathfrak{L}$ and thus defined family $\{\xi_{K,k}\}$ satisfies $B^{\prime},$ $C^{\prime},$

$q$ . $e$ . $d$ .
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3. Let $\{\mathfrak{K}, A(K)\}$ be a class formation and $\eta_{K}(a)=(a, K)$ be a
generalized norm-residue symbol defined there. Suppose that two
systems of Weil groups $\{W(K/k)\}$ and $\{W(K/k)\}$ associated with this
class formation be given. Let us denote the groups and homomor-
phisms in $A,$ $B,$ $C,$ $A^{\prime},$ $B^{\prime}$ , C’ with respect to $W(K/k)$ with prime.

We call $\{W(K/k)\}$ and $\{W(K/k)\}$ are isomorphic systems if there
exists an isomorphism

(46) $\Phi_{K,k}$ : $W(K/k)\rightarrow W(K/k)$ (onto)

for each $K/k$ such that the following conditions $A^{\star},$ $B^{\star},$ $C^{\star}$ , A $/\star$ hold:

$A^{\star}$ : $\Phi_{K.k}\circ\lambda_{K.k}=\lambda_{K.k}^{\prime},$ $\pi_{K,k}=\pi_{\acute{K},k}\circ\Phi_{K,k},$ $\mu_{K.k}=\mu_{\acute{K}.k}\circ\Phi_{K.k}$

$B^{\star}$ : $\Phi_{K,k}\circ\nu_{Kt,k}=\nu_{\acute{K}t,k}\circ\Phi_{Kt}$

C’ : $\Phi_{K.k}\circ\rho_{L,K,k}=\rho_{\acute{L},K,k}\circ\Phi_{L,K}$

$A^{\prime\star}$ : $\xi_{K,k}=\xi_{K,k}^{\prime}\circ\Phi_{K,k}$ $(\eta_{K}=\eta_{K}^{\prime})$

THEOREM 2. Let us assume that the axioms $P$ and $P^{\prime}$ are satisfied
in $\mathfrak{K}$ . Then any two strong systems of Weil groups $\{W(K/k)\}$ and
$\{W(K/k)\}$ are isomorphic.

(PROOF) (i) We may assume that the system $\{W(K/k)\}$ is the
one defined in the proof of Theorem 1. Let us choose an arbitrary
frame $2_{i}^{r}K.k=(\{u_{\sigma}^{\prime}\}, \{g_{K/k}(\sigma, \tau)\})$ in each $W(K/k)$ :

(47) $W(K/k)=\bigcup_{\sigma eG}A(K)^{\prime}\cdot u_{\acute{\sigma}}$ , $u_{\acute{\sigma}}\cdot u_{\acute{\tau}}=g_{K/k}(\sigma, \tau)^{\prime}\cdot u_{\acute{\sigma}\tau}$ .

From the conditions $B_{1},$ $C_{1}$ follows that $\nu_{\acute{K},t,k}$ induces $g_{K/t}\sim res_{H,G}g_{K/k}$

and $\rho_{\acute{L},K,k}$ induces $infl_{G,F}g_{L/k}\sim g_{K/k}^{m}(m=[L:K])$ . Moreover, $g_{K/k}$ is a
generic 2-cocycle in $H^{\underline{)}}(G, A(K))$ . For, if it were not so $g_{K/t}\sim 1$

would hold on some cyclic subgroup $H=G(K/f)$ (by the above rela-
tion). On the other hand we have $A(K)^{H}=\bigcup_{\rho eH}g_{K/l}(H, \rho)\cdot N_{H}A(K)$ by

$A_{2}$ . Since $g_{K/t}\sim 1$ we would have $g_{K/t}(H, \rho)\in N_{H}A(K)$ which would
imply $A(K)^{H}=N_{H}A(K)$ . But this contradicts with the isomorphism
theorem $A(K)^{H}/N_{H}A(K)\cong H$

We shall prove next that $g_{K/k}\sim f_{K/k}$ holds for every $K/k$. Let
us first assume that $G=G(K/k)$ is cyclic and so put $G=\{1,$ $\sigma,$

$\sigma^{2},\cdots$ ,
$\sigma^{n-1}\}$ . Then we can normalize
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$f_{K/k}(\sigma^{i}, \sigma^{j})=1(i+j<n)$ $;=\lambda_{K,k}(a)(i+j\geqq n)(a\in A(k))$

$g_{K/k}(\sigma^{i}, \sigma^{j})=1(i+j<n)$ $;=\lambda_{K,k}(b)(i+j\geqq n)(b\in A(k))$ .
By $A_{2}^{\prime}$ we have

$\psi\circ\xi_{K,k}(u_{\sigma})=(f_{K/k}(G, \sigma),$ $k$) $=(a, k)$

$\psi\circ\xi_{K,k}^{\prime}(u_{\sigma}^{\prime})=(g_{K/k}(G, \sigma),$ $k$) $=(b, k)$

where $\psi=\psi(I^{7}(k), \Gamma(K/k)$ . From the commutativity of (16) follows

$\psi\circ\xi_{K,k}(u_{\sigma})\equiv\pi_{K,k}(u_{\sigma})\equiv\sigma$ $(mod G(A_{k}/K))$ .
Hence we have

$(a, k)\equiv(b, k)$ $(mod G(A_{k}/K))$ .
This is equivalent to $a\equiv b(mod N_{G}A(K))$ , and this implies $f_{K/k}-g_{K/k}$ .
Then as in Lemma 1 we have $f_{K/k}\sim g_{K/k}$ for every normal extension
$K/k$.

(ii) We shall prove next the existence of homomorphisms $\Phi_{K,k}$

satisfying $A^{\star},$ $B^{*},$ $C^{\star}$ . By (i) we may take a frame $\Sigma_{K/k}^{\prime}=(\{u_{\sigma}^{\prime}\},$ $\{f_{K/k}$

$(\sigma, \tau)\})$ in each $W(K/k)$ . Moreover, it is easy to see that for given
$\{K, f, k\}$ (in case II) we can choose frames $\Sigma_{K/k}^{\prime}$ and $\Sigma_{K/t}^{r}$ such that
the homomorphisms $\nu_{\acute{K},t,k}$ is defined as in the proof (iii) of Theorem
1; and similarly for $\rho^{\prime}$ in each $\{L, K, k\}$ in case I. But what we
want to prove is that we can choose a frame $\Delta_{K/k}^{\prime}$ of $W(K/k)$ once
for all such that $\nu^{\prime}$ and $\rho^{\prime}$ are expressed by these frames as in the
proof of Theorem 1. For this purpose let $k_{0}\subset K_{1}\subset\cdots\subset K_{n}\subset\cdots(K_{n}/k_{0}$ :
normal) and $\Omega=\cup K_{n}$ and let us choose the frames $2_{K_{1}/k_{0}}^{\prime},$ $\Sigma_{K_{2}/k_{0}}/,\cdots$

successively such that the frames $\Sigma_{K_{n}/k_{0}}^{\prime}$ and $\Sigma_{K_{n-1}/k_{0}}^{r}$ are in the
required relation with respect to $\rho^{\prime}$ for $\{K_{n}, K_{n-1}, k_{0}\}$ . Then we take
the frame $2_{K,k}^{r}$ for $k_{0}\subset k\subset K\subset K_{n}$ using the relations $\nu$ and $\rho$ for
$\{K_{n}, k, k_{0}\}$ and $\{K_{n}, K, k\}$ respectively. That this choice of the frame
$\Sigma_{K/k}^{\prime}$ is independent of $K_{n}$ and that $\rho^{\prime}$ and $\nu^{\prime}$ are expressed just as in
the proof of Theorem 1 by means of these frames can be proved
without difflculties. So we omit the details here. After choosing
these frames $2_{K(k}^{r}$ in $W(K/k)$ it is easy to define the isomorphism
$\Phi_{K,k}$ : $W(K/k)\rightarrow W(K/k)$ , namely let

$W(K/k)=\bigcup_{\sigma eG}A(K)^{*}\cdot u_{\sigma},$
$u_{\sigma}\cdot u_{\tau}=f_{K/k}(\sigma, \tau)^{\star}\cdot u_{\sigma\tau}$
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$W(K/k)=\bigcup_{\sigma eG}A(K)^{\prime}\cdot u_{\acute{\sigma}},$
$u_{\acute{\sigma}}\cdot u_{\acute{\tau}}=f_{Kk}(\sigma, \tau)^{\prime}\cdot u_{\acute{\sigma}\tau}$

we define then

$\Phi_{K.k}(a^{*})=a^{\prime}(a\in A(K)),$ $\Phi_{K.k}(u_{\sigma})=u_{\acute{\sigma}}$ .
It is evident that $A^{\star},$ $B^{\star},$ $C^{\star}$ hold for these $\Phi_{K.k}$ .

(iii) That these $\Phi_{K,k}$ satisfy $A^{r\star}$ follows from the following
Lemma:

LEMMA 3. If a system of groups $\{W(K/k)\}$ satisfies the conditions
$A,$ $B,$ $C,$ $A^{\prime},$ $B^{\prime},$

$C^{\prime}$ then the homomorphisms $\xi_{K,h}$ are determined uniquely
by other homomorphisms $\eta,$ $\lambda,$ $\mu,$ $\nu,$ $\rho,$ $\pi$ .

(PROOF) Let $\xi_{K,k}$ and $\xi_{K,k}^{\prime}$ be two homomorphisms satisfying the
conditions $A^{\prime},$ $B^{\prime},$ $C^{\prime}$ , while the other homomorphisms $\lambda,$ $\pi_{*}\mu,$ $\nu,$ $\rho,$ $\eta$

are the same for $\xi$ and $\xi^{\prime}$ . If we use the same notations as in the
proof of Theorem 1 we have

$\left\{\begin{array}{l}\xi_{K.k}^{\prime}(u_{\sigma})=\xi_{K,k}(u_{\sigma})\cdot B_{K}(\sigma) B_{K}(\sigma)\in\Gamma(K)\\B_{K}(\sigma)\cdot B_{K}(\tau)^{\sigma}\cdot B_{K}(\sigma\tau)^{-1}=1.\end{array}\right.$

By the considerations and notations in (vii) of the proof of Theorem
1 it follows from the condition $C^{\prime}$ for $k\subset K\subset L$ that

(48) $\psi B_{L}(\overline{\sigma})=B_{K}(\tilde{\sigma})$

where $\psi=\psi(I’(K), \Gamma(L/K))$ . In particular, if we take $k\subset K\subset L\subset A_{K}$

then $\Gamma(L/K)=\Gamma(K)$ and $\psi$ is the identity. Hence (48) implies that
$B_{K}(\tilde{\sigma})(\tilde{\sigma}\in G(K/k))$ belong to $G(A_{K}/L)$ . Since $L$ is an arbitrary inter-
mediate field in $A_{K}/K$ we have $B_{K}(\tilde{\sigma})=1(\tilde{\sigma}\in G(K/k))$ , namely $\xi_{K.k}^{\prime}=$

$\xi_{K,k}$ , q. e. d.
THEOREM 3. Let $B(K)$ be the kernel of $\eta_{K}$ ; $A(K)\rightarrow\Gamma(K)$ and let

us assume that

(49) $H^{1}(G, B(K))=0$ .
Then the isomorphism $\Phi_{K,k}$ in Theorem 2 is determined up to the inner
automorphism by an element of $\lambda_{K,k}B(K)$ .

(PROOF) Let us assume that $\lambda=\lambda$ ‘, $\pi=\pi^{\prime}$ , etc. in $A^{\star},$ $B^{\star},$ $C^{\star},$ $A^{r\star}$ .
Let us fix a frame $\Sigma_{K,k}=(\{u_{\sigma}\}, \{f_{Kk}\})$ of $W(K/k)$ :

$W(K/k)=\bigcup_{\sigma eG}A(K)^{\star}\cdot u_{\sigma}$ , $u_{\sigma}\cdot u_{\tau}=f_{K/k}(\sigma, \tau)^{\star}\cdot u_{\sigma\tau}$ .
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Then $\Phi_{K,k}$ is determined by $\Phi_{K,k}(a^{\star})=a^{\star}$ and $\Phi_{K,k}(u_{\sigma})=u_{\acute{\sigma}}$ . By condi-
tions $A,$ $A^{\prime}$ we have

$u_{\acute{\sigma}}\cdot u_{\acute{\tau}}=f_{K/k}(\sigma, \tau)^{\star}u_{\sigma\tau}^{\prime},$ $\xi_{K,k}(u_{\sigma})=\xi_{K,k}(u_{\sigma}^{\prime})$ .
Hence we have

$u_{\acute{\sigma}}=b_{\sigma}^{*}\cdot u_{\sigma},$ $(b_{\sigma}\in A(K)),$ $b_{\sigma}\cdot b_{\tau}^{\sigma}\cdot b_{\sigma\tau}^{-1}=1$ , and $\eta_{K}(b_{\sigma})=1$ .
Therefore, we have $b_{\sigma}\in B(K)$ . Since $H^{1}(G, B(K))=0$ we can find an
element $c\in B(K)$ such thet $b_{\sigma}=c^{1-\sigma}(\sigma\in G)$ hold. Then we have $u_{\acute{\sigma}}=$

$c^{1-\sigma}u_{\sigma}$ and hence

(50) $\Phi_{K,h}(a^{\star}u_{\sigma})=a^{\star}(c^{1-\sigma})^{\star}\cdot u_{\sigma}=c^{\star}(a^{\star}\cdot u_{\sigma})c^{\star-1}$

Conversely the mapping (50) satisfies all the conditions $A^{\star},$ $B^{\star},$ $C^{\star}$ ,
$A^{;\star}$ , q. e. d.

REMARK. We omit the discussion on the uniqueness property of
a (not necessarily strong) system of Weil groups.

\S 3. Strong system of generalized Weil groups

1. Let $\{\mathfrak{K}, A(K)\}$ be a class formation and let $\{W(K/k)\}$ be a
strong system of Weil groups associated with it. We shall prove
the following existence theorem of generalized Weil groups:

THEOREM 4. Let us assume the axiom $P^{\prime}$ :

(1) $\Omega=\bigcup_{n}K_{n}$
$(k_{0}\subset K_{1}\subset K_{2}\subset\cdots\subset K_{n}\subset\cdots\subset\Omega)$

in $\mathfrak{K}$. Then there exists a system of groups $\{W(k);k\in \mathfrak{K}\}$ with the
following properties:

(A) Let $G(k)$ be the compact Galois group of $\sqrt{}/k(i$ . $e$ . $G(k)=$

$G(\Omega/k))$ . There exists an into-homomorphism

(2) $\pi_{k}$
; $W(k)\rightarrow G(k)$

whose image $\pi_{k}W(k)$ is dense in $G(k)$ , and an onto-homomorphism

(3) $\mu_{k}$ : $W(k)\rightarrow A(k)$ .
We denote its kernel by $W(k)^{cc}$ such that

(4) $1\rightarrow W(k)^{cc}\rightarrow^{\iota}W(k)^{\mu_{k}}\rightarrow A(k)\rightarrow 1$
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is an exact sequence.
(A). The diagram

$\pi_{k}$

$W(k)\rightarrow G(k)$

(5) $\downarrow\mu_{k}$

$\eta_{k}$

$\downarrow\psi$

$A(k)\rightarrow\Gamma(k)$

is commutative.
(B) For $k\subset f(k, f\in \mathfrak{K})$ there exists an into-isomorphism

(6) $\nu_{t.k}$ ; $W(f)\rightarrow W(k)$

such that
$\pi_{l}$

$W(f)\rightarrow G(f)$

(7) $\downarrow\nu_{l,k}\pi_{k}$ $\downarrow\iota$

$W(k)\rightarrow G(k)$

is a commutative diagram. We have also

(8) $\nu_{t.k}W(l)=\pi_{k}^{-1}G(f)$ .
(B) For $k\subset f\subset j$ the transitivity relation

(9) $\nu_{t,k}\circ\nu_{j,t}=\nu_{j.k}$

holds.
(C) For a normal extension $K/k(k, K\in \mathfrak{K})$ there exists an onto-

homomorphism

(10) $\rho_{K.k}$ : $W(k)\rightarrow W(K/k)$

such that
$\pi_{k}$

$W(k)$ $\rightarrow G(k)$

(11) $\downarrow\rho_{K,k}\xi_{K,k}\downarrow\psi$

$W(K/k)\rightarrow\Gamma(K/k)$

$\psi\circ\pi_{k}$

$1\rightarrow W(K)\rightarrow W(k)\nu_{K,k}$
$\rightarrow G(K/k)\rightarrow 1$ (exact)

(12) $\downarrow\mu_{K}\lambda_{K,k}$ $\downarrow\rho_{K,k_{\pi_{K,k}}}$ $\downarrow 1$

$1\rightarrow A(K)\rightarrow W(K/k)\rightarrow G(K/k)\rightarrow 1$ (exact)
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are commutative diagrams. Here $\psi=\psi(G(K/k), G(k))$ . We remark
here that from (12) follows
(13) Kernel $\rho_{K,k}=Kernel\mu_{K}=W(K)^{CC}$ .

(C) In the same case

$1\rightarrow W(k)^{cc}$
$\rightarrow^{\iota}W(k)$ $\rightarrow A(k)\mu_{k}\rightarrow 1$

(exact)

(14) $\downarrow\rho_{K,k}$

$\iota$

$l^{\rho_{K,k}}\mu_{K,k}\downarrow 1$

$1\rightarrow W(K/k)^{c}\rightarrow W(K/k)\rightarrow A(k)\rightarrow 1$ (exact)

is a commutative diagram. We remark here that from (11), (14) and
\S 2, (17) follows (5).

(C) Let $k\subset K\subset L$ and $K/k,$ $L/k$ be both normal. Then the transi-
tivity relation
(15) $\rho_{L,K,k}\circ\rho_{L,k}=\rho_{K,k}$

holds.
(C) Let $k\subset l\subset K$ and $K/k$ be normal. Then

(16) $\rho_{K,k}\circ\nu_{l,k}=\nu_{K.l,k}\circ\rho_{K,l}$ .
We call this system $\{W(k);k\in \mathfrak{K}\}$ a strong system of generalized

Weil groups associated with $\{\mathfrak{K}, A(K), W(K/k)\}$ .
(PROOF) (i) Let $k\in \mathfrak{K}$. By (1) $k\subset K_{r}$ for a certain $r$ . In the fol-

lowing we assume that the fields $\{K_{n}\}$ in (1) are all normal over $k_{0}$ .
Then we consider a sequence of groups $\{W(K_{n}/k);n=r, r+1,\cdots\}$ and
a set of onto-homomorphisms

$\Pi_{n}=\rho(K_{n}, K_{n-1}, k):W(K_{n}/k)\rightarrow W(K_{n- 1}/k)$ $(n=r+1, r+2,\cdots)$ .
These determine the inverse limit group $W(k)$ :

(17) $W(k)=\lim_{n\rightarrow\infty}\{W(K_{n}/k), \Pi_{n}\}$ .
Since all $\Pi_{n}$ are onto-homomorphisms we can define naturally the
onto-homomorphism

(18) $\rho(K_{n}, k):W(k)\rightarrow W(K_{n}/k)$ $(k\subset K_{n})^{8)}$

such that $\rho(K_{n-1}, K_{n}, k)\circ\rho(K_{n-1}, k)=\rho(K_{n}, k)$ holds. On the other hand

8) We also use the notations $\rho(K, k)$ instead of $\rho K,k$ etc.
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the Galois group $G(k)=G(\Omega/k)$ can be considered also as the inverse
limit group of the system $\{G(K_{n}/k), \psi(G(K_{l}/k), G(K_{n+}/k))\}$ . Since the
following diagram is commutative:

$W(K_{n}/k)\leftarrow^{\rho}W(K_{n+l}/k)$ $\leftarrow^{\rho}$ ...... $\leftarrow W(k)$

$\downarrow\pi_{K_{n}/k\psi}$ $\downarrow\pi_{K_{n\vdash 1}/k}\psi$

$G(K_{n}/k)\leftarrow G(K_{n^{\perp}1}/k)$ $\leftarrow\cdots\cdots$ $\leftarrow G(k)$

we can define the homomorphism $\pi_{k}$
; $W(k)\rightarrow G(k)$ by

(19) $\pi_{k}(u)=\lim(\pi(K_{n}, k)\circ\rho(K_{n}, k)(u))$ $u\in W(k)$ .
Since each $\pi(K_{n}/k)$ is an onto-homomorphism the image $\pi_{k}W(k)$ is
dense in $G(k)$ .

(ii) Consider the following commutative diagram:

(20)

$ W(K_{n}^{1}/k)^{c}W(K^{n}/k)\downarrow\downarrow\iota\downarrow\mu\leftarrow W(K^{n}/k)^{c}\prec W(K_{n}/k)\underline{\rho}\rho 1\downarrow 1\downarrow\iota_{\dashv^{\vdash\iota}}\downarrow\mu^{1}\leftarrow\leftarrow\rho\rho.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot$

$\leftarrow W(k)\leftarrow W(k)^{cc}$

$\leftarrow^{1}$ ...... $\leftarrow A(k)$

$A(k)\downarrow 1$ $\leftarrow A(k)\downarrow 1$

where each column is exact. Then we can define the homomorphism
$\mu_{k}$ : $W(k)\rightarrow A(k)$ by

(21) $\mu_{k}(u)=\lim(\mu(K_{n}, k)\circ\rho(K_{n}, k)(u))\in A(k)$ $u\in W(k)$ .
Since $\rho(K_{n}, k)$ is an onto-homomorphism $\mu_{k}$ is also an onto-homomor-
phism. Here the kernel of $\mu_{k}$ is the limit group of $\{W(K_{n}/k)^{c}\}$ and
contains the commutator group of $W(k)$ .

(iii) Let $k\subset f$ and

$W(f)=\lim\{W(K_{n}/f), \rho(K_{n+1}, K_{n}, f)\},$ $W(k)=\lim\{W(K_{n}/k), \rho(K_{n+1}, K_{n}, k)\}$ .
Then from the following commutative diagram
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$\rho$ $\rho$

$W(K_{n}/f)\downarrow\nu\leftarrow W(K_{n+}/f)\rho\downarrow\nu^{1}\leftarrow^{\rho}$

...... $\leftarrow W(f)$

$ W(K_{n}/k)\leftarrow W(K_{n+1}/k)\leftarrow\cdots\cdots$ $\leftarrow W(k)$

it follows that we can define the homomorphism $\nu_{t,k}$ : $W(f)\rightarrow W(k)$ by

(22) $\nu_{t;k}(u)=\lim(\nu(K_{n}, f, k)\circ\rho(K_{n}, 1)(u))$ $u\in W(f)$ .
That $\nu_{t}k$ is an into-isomorphism follows from the fact that each
$\nu(K_{n}, f, k)$ is an into-isomorphism. The commutativity of (7) follows
from the following commutative diagram and the definition of $\pi_{k}$

and $\nu_{t;k}$ :

$\leftarrow W(l)$

$\leftarrow W(k)$

$\leftarrow G(k)$

(B) can be proved similarly.
(iv) Let $k\subset K\subset K_{n}(n=r, r+1, \cdots)$ . Then using the commutative

diagram:

$\rho$ $\rho$

$W(K_{n}/k)\downarrow\rho\leftarrow W(K_{n+}/k)1\downarrow\rho^{1}\leftarrow^{1}$

...... $\leftarrow W(k)$

$W(K/k)\leftarrow W(K/k)$ $\leftarrow\cdots\cdots$ $\leftarrow W(K/k)$

we define the homomorphism $\rho_{K;k}$ : $W(k)\rightarrow W(K/k)$ by

(23) $\rho_{K.k}(u)=\rho(K_{n}, K, k)\circ\rho(K_{n}, k)(u)$ $u\in W(k)$ .
Since $\rho(K_{n}, K, k)$ and $p(K., k)$ are onto-homomorphisms $\rho_{K,k}$ is an onto-
homomorphism. Now we can verify $(C_{1}),$ $(C_{2}),$ $(C_{3})(C_{4})$ as above
using corresponding diagrams. It is evident that the definition of
$W(k),$ $\rho,$ $\pi,$ $\nu$ , does not depend on the choice of the sequence $\{K_{n}\}$ , q.e.d.

2. Let $B(K)$ be the kernel of $\eta_{K}$ ; $A(K)\rightarrow\Gamma(K)$ . Let $\{K_{n}\}$ be
the sequence in (1) and let us put
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(24) $\Pi_{n+1}^{\prime}=\varphi(K_{n}, K_{n+1})^{-1}\cdot N_{G(K_{n+1}/K_{n})}$ : $B(K_{n+1})\rightarrow B(K_{n})(n=1,2, \cdots)$ .
Then we can define the inverse limit group $B$ by

(25) $B=\lim\{B(K_{n}), \Pi_{n}^{\prime}\}$ .
Let us denote the canonical homomorphism by $\psi_{n}$ : $B\rightarrow B(K_{n})$ so that

(25) $\psi_{n}=\Pi_{n+1^{\circ}}^{\prime}\psi_{n+1}$ .
THEOREM 5. Let us assume, furthermore, that (i) for each $k\in \mathfrak{K}$

(26) $\eta_{K}(A(k))=\Gamma(k)$

holds, and (ii) for each normal $K/k$ with $G=G(K/k)$

(27) $\varphi_{K,k}B(k)=N_{G}B(K)$

holds. Then we have stronger results than in Theorem 4:
$(A_{1})$ There exists

(28) an into-isomorphism $\lambda_{k}$ ; $B\rightarrow W(k)$

such that
$\lambda_{k}$ $\pi_{k}$

(29) $1\rightarrow B\rightarrow W(k)\rightarrow G(k)\rightarrow 1$

is exact.
(A) Let $C(k)$ be the kernel of $\psi_{k}$ : $B\rightarrow B(k)$ . Instead of (5) we have

the following commutative diagram where each column and each row
are exact sequences:

1 1 1

$1\rightarrow C(k)\downarrow\rightarrow^{\lambda}W(k)^{cc}\downarrow\rightarrow G(k)^{c}\pi_{k}\downarrow\rightarrow 1$

$\downarrow\iota\lambda$ $\downarrow\iota$

$\pi_{k}$

$\downarrow\iota$

(30) $1\rightarrow B\rightarrow W(k)\rightarrow G(k)\rightarrow 1$

$\downarrow\psi_{k}\iota$ $\downarrow\mu_{k}\eta_{k}$ $\downarrow\psi$

$1\rightarrow B(k)\downarrow 1\rightarrow A(k)\downarrow 1\rightarrow\tau_{1}\downarrow^{(k)}\rightarrow 1$

where $\psi_{k}$ is defined naturally by the definition of $B$ in (25).
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(C) Instead of (11) we have the following commutative diagram,
where each column and each row are exact sequences:

$1\rightarrow c_{(K)}^{1}\downarrow\rightarrow^{k}W(K)^{cc}\lambda\downarrow 1\rightarrow G(K)^{c}\pi_{k}\downarrow 1\rightarrow 1$

$\downarrow\iota\lambda_{k}$ $\downarrow\nu_{K,k}\pi_{k}$ $\downarrow\iota$

(31) $1\rightarrow B$ $\rightarrow W(k)$ $\rightarrow G(k)$ $\rightarrow 1$

$\downarrow\eta_{k}\lambda_{K,k}$ $\downarrow\rho_{K,k}\xi_{K.k}$ $\downarrow\psi$

$1\rightarrow B(k)\downarrow 1\rightarrow W(K/k)\downarrow 1\rightarrow\Gamma(K/k)\downarrow 1\rightarrow 1$

(PROOF) By our assumption (27) $\Pi_{n}^{\prime}(n=1,2, \cdots)$ are onto-homo-
morphisms and hence $\psi_{n}$ : $B\rightarrow B(K_{n})$ are also onto-homomorphisms.
Since the following is a commutative diagram:

$\Pi^{\prime}$ $\Pi^{\prime}$

$\leftarrow B(K_{\lambda^{n}})\downarrow\leftarrow^{\rho}B(K_{\lambda^{+1}})\downarrow^{n}$ $\leftarrow^{\rho}$

...... $-B$

$\leftarrow W(K_{n}/k)\leftarrow W(K_{n+1}/k)\leftarrow\cdots\cdots$ $\leftarrow W(k)$

we can define $\lambda_{k}$ : $B\rightarrow W(k)$ by

(32) $\lambda_{k}(b)=\lim(\lambda(K_{n}, k)\circ\psi_{n}(b))$ $b\in B$ .
Since $\lambda(K_{n}, k):B(K_{n})\rightarrow W(K_{n}/k)$ are all into-isomorphisms, $\lambda_{k}$ is also
an into-isomorphism. Next consider the following commutative
diagram:

$\Pi^{\prime}$ $\Pi^{\prime}$

$\leftarrow B(K_{\lambda^{n}})\downarrow\leftarrow^{\rho}B(K_{\lambda})\downarrow^{n+1}\leftarrow^{\rho}$

...... $\leftarrow B$

(33)
$\leftarrow W(K_{\xi^{n}}/k)\downarrow\leftarrow W(K_{n+1}/k)\psi\downarrow\xi\leftarrow^{\psi}$

...... $\leftarrow W(k)$

$\leftarrow\Gamma(K_{n}/k)\downarrow\psi\leftarrow\Gamma(K_{\psi^{1}}/k)\psi\downarrow^{n+}\leftarrow\cdots\cdots$

$\leftarrow G(k)$

$\leftarrow G(K_{n}/k)\leftarrow G(K_{n+1}/k)\leftarrow^{\psi}$ ...... $\leftarrow G(k)$
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Here we have $G(k)=\lim(\Gamma(K_{n}/k), \psi)=\lim(G(K_{n}/k), \psi)$ . For $\sigma\in G(k)$

let us denote $\sigma_{n}=\psi(G(K_{n}/k), G(k))(\sigma)\in G(K_{n}/k)$ and $p.=\psi(\Gamma(K./k)$ ,
$G(k))(\sigma)$ so that $\sigma=\lim\sigma_{n}=\lim\rho_{n}$ . Now take arbitrarily $\alpha_{n}\in W(K_{n}/k)$

such that $\xi(K_{n}, k)(\alpha_{n})=\rho_{n}$ holds. Then by means of $\Pi_{n+1}^{\prime}B(K_{n+1})=$

$B(K_{n})$ and Kernel $\xi(K_{n}/k)=\lambda B(K_{n})$ we can find an element $\alpha_{n+1}\in$

$W(K_{n+1}/k)$ such that

(34) $\alpha_{n}=p(K_{n+1}, K_{n})\alpha_{n+1}$ , $\rho_{n+1}=\xi(K_{n+1}, k)\alpha_{n+1}$

holds. (Precisely, take $\beta_{n+1}\in W(K_{n+1}/k)$ such that $\xi(K_{n+1}, k)\beta_{n+1}=\rho_{n+1}$

holds. Then its image $\beta_{n}=\rho(K_{n+1}, K_{n}, k)\beta_{n+1}$ satsifies $\xi(K_{n}/k)\alpha_{\triangleleft,l\iota}\cdot\beta_{n}^{-1}=1$

by the commutativity of (33). Hence $\alpha_{n}\cdot\beta_{n}^{-1}\in\lambda(K_{n}, k)B(K_{n})$ . So take
$\gamma_{n+1}\in B(K_{n+1})$ such that $\alpha_{n}\cdot\beta_{n}^{-1}=\lambda(K_{\ell}, k)\circ\Pi_{n}^{\prime}(\gamma_{n+1})$ holds. Let us put
$\alpha_{n+1}=\lambda(K_{n+1}, k)(\gamma_{n+1})\cdot\beta_{n+1}$ . Then this element $\alpha_{n+1}$ satisfies (34)).
Continuing this process we can find a sequence $\{\alpha_{n}\in W(K_{n}/k)\}$ such
that $\alpha=\lim\alpha_{n}\in W(k)$ satisfies $\pi_{k}(\alpha)=\sigma$ . Hence we have $\pi_{k}W(k)=$

$G(k)$ . Finally the whole exactness of the sequence (29) follows also
from the commutativity of the diagram (33).

The commutativity of the diagrams (30), (31) can be proved in
similar manner, $q$ . $e$ . $d$ .

REMARK 1. As to the uniqueness theorem for generalized Weil
groups satisfying all the formaulas $(A_{1}),$ $(A_{2}),$ $(B_{1}),$ $(B_{2}),$ $(C_{1}),$ $(C_{2}),$ $(C_{3})$ ,
$(C_{I}),$ $(A_{1})^{\prime},$ $(A_{2})^{\prime},$ $(C_{1})$ we can prove the analogous theorem as Theorem
2 under the assumption $P,$ $P^{\prime}$ and (i), (ii) in Theorem 5.

REMARK 2. It is an open question whether every system of
Weil groups $\{W(K/k)\}$ is a strong system or not.

REMARK 3. We don’t discuss here the problem to construct a
system of generalized Weil groups from a (not necessarily strong)
system of Weil groups $\{W(K/k)\}$ .

\S 4. System of Weil groups in algebraic function fields

1. Let $k_{0}$ be an algebraic function field in one variable over
the complex number field $C$ and $\Omega$ be the maximal unramified ex-
tension over $k_{0}$ . As we have proved (Kawada-Tate [8]) we can define
a class formation $\{\mathfrak{K}, A(K)\}$ as follows. Let $K\in \mathfrak{K},$ $D(K)$ be the group
of all divisors of $K,$ $E(K)$ be the group of all divisor classes of $K$.
Let us introduce a locally compact topology in $E(K)$ such that the
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subgroup $E_{0}(K)$ of all divisor classes of degree $0$ is compact and
$E(K)/E_{0}(K)$ is discrete. Consider the character group $E(K)^{\Lambda}$ (in the
sense of Pontrjagin). Put $A(K)=E(K)^{\wedge}$ . For $k\subset K(k, K\in \mathfrak{K})$ we
define $\varphi_{K,h}$ : $E(k)^{\Lambda}\rightarrow E(K)^{\wedge}$ by conorm. Then we can prove that $\{\mathfrak{K}$,
$A(K)\}$ is a class formation.

Let $R(K)$ be the Riemann surface of $K,$ $F(K)$ be the fundamental
group of $R(K),$ $H(K)$ be the one-dimensional homology group of $R(K)$

with integral coefficients. We can identify $H(K)=F(K)/F(K)^{c}$. We
denote by $\Gamma$ a closed curve on $R(K)$ (with initial point $\mathfrak{P}_{0}$ ), by $\overline{\Gamma}$ its
homotopy class (so an element of $F(K)$ ), by $f$ its homology class.
We use the additive notation for chains and the multiplicative nota-
tion in $F(K)$ . Let $\mathfrak{A}=\prod_{i}\mathfrak{P}_{i^{i}}^{\nu}$ be a divisor of degree $0$ on $R(K)$ and
$d\log \mathfrak{A}$ be the differential of the 3rd kind on $R(K)$ such that (i) at
each point $\mathfrak{P}_{i}d\log \mathfrak{A}$ has a simple pole with residue $\nu_{i}$ , (ii) all periods
of $d\log \mathfrak{A}$ are pure imaginary. If $B$ is a l-chain on $R(K)$ we define

(1) $[B, \mathfrak{A}]=\int_{B}d\log \mathfrak{A}$ , $(B, \mathfrak{A})=\exp[B, \mathfrak{A}]$ .

Let us fix a prime divisor $\mathfrak{P}$. $\chi\in E(K)^{\wedge}$ induces a character on $D(K)$

for which we use the same notation: $\chi(\mathfrak{A})=\chi(\hat{\mathfrak{A}})$ . Here by $\tilde{\mathfrak{A}}$ we
mean the divisor class containing a divisor $\mathfrak{A}$ . Then $\chi$ can be ex-
pressed in the form

(2) $x(\mathfrak{A}\mathfrak{P}^{b})=(\Gamma, \mathfrak{A})\cdot\lambda^{s}$ $\mathfrak{A}\in E_{0}(K)$

by a l-cycle $\Gamma$ and a complex number $\lambda$ with absolute value 1.
Here $\Gamma$ is uniquely determined up to boundaries. We denote then
$\chi=\chi(F, \lambda)$ .

Let $K/k$ be a finite unramified extension. We denote be $\pi=\pi_{K/k}$

the projection of $R(K)$ onto $R(k)$ and by $V=V_{K/k}$ the transfer map-
ping: $H(k)\rightarrow H(K)$ . Then we have

(3) $\varphi_{K;k}\chi_{k}(\tilde{\gamma}, \lambda)=\chi_{K}(V\tilde{\gamma}, \lambda)$ $\hat{\gamma}\in H(k)$ .
Let $K/k$ be normal with the Galois group $G=G(K/k)$ . We can

verify

(4) $x(r_{\lambda)^{\sigma}=\chi(\sigma}r_{\lambda\cdot(\Gamma,\mathfrak{P}^{\sigma-1}))}-1$

In the following we use the notation
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(5) $Q[\sigma, B]=\mathfrak{J}[B, \mathfrak{P}^{\sigma^{-1}-1}],$ $Q(\sigma, B)=\exp Q[\sigma, B]$

for $\sigma\in G$ and for l-chain $B$, where $\mathfrak{J}$ denote the imaginary part of
a complex number. Let $F(k)=\bigcup_{\sigma eG}\pi F(K)\cdot\beta_{\sigma}$ and $\beta_{\sigma}\cdot\pi\overline{\Gamma}\cdot\beta_{\sigma}^{-1}=\pi(\sigma\overline{\Gamma})$ .
Choose a curve $B_{\sigma}$ on $R(K)$ such that $B_{\sigma}$ connects $\mathfrak{P}_{0}$ with $\sigma \mathfrak{P}_{0}$ and
$\pi B_{\sigma}$ belongs to $\beta_{\sigma}$ . Let then $I^{7}(\sigma, \tau)=B_{\sigma}+(\sigma B_{\tau})-B_{\sigma\tau}$ and

(6) $\lambda(\sigma, \tau)=Q(\sigma, B_{\tau})$ .
Then

(7) $f_{K/k}(\sigma, \tau)=\chi(\tilde{\Gamma}(\sigma, \tau),$ $\lambda(\sigma, \tau))$

satisfies all the properties of a fundamental 2-cocycle. We use later
the following relations

(8) $\left\{\begin{array}{l}Q[\tau\sigma,\Gamma]=Q[\sigma,\Gamma]+Q[\tau,\sigma\Gamma]\\Q[\rho,\Gamma(\sigma,\tau)]=Q[\rho,B_{\sigma}]-Q[\sigma,B_{\tau}]+Q[\rho\sigma,B_{\tau}]-Q[\rho,B_{\sigma\tau}]\end{array}\right.$

which can be verified easily.
2. We shall consider next a system of Weil groups in algebraic

function fields. For normal $K/k(k, K\in \mathfrak{K})$ we can express $W(K/k)$ by

(9) $\left\{\begin{array}{l}W(K/k)=\bigcup_{\sigma eG}A(K)^{\star}\cdot u_{\sigma} (A(K)=E(K)^{\Lambda})\\u_{\sigma}\cdot\chi(p_{\lambda)=x(\sigma}\Gamma,\lambda\cdot Q_{K/k}(\sigma,\Gamma))^{\star}\cdot u_{\sigma}\\u_{\sigma}\cdot u_{\tau}=\chi(f(\sigma,\tau),\lambda(\sigma,\tau))^{\star}\cdot u_{\sigma\tau}\end{array}\right.$

From (9) follows that

(10) $T^{\star}=\{\chi(0, \lambda)^{\star}\}$

belongs to the centre of $W(K/k)$ . We identify $\chi(0, \lambda)$ with $\lambda$ and
we denote $T=\{\lambda;\lambda\in C, |\lambda|=1\}$ . Let
(11) $J(K/k)=F(k)/\pi F(K)^{c}$

Then we have

(12) $\left\{\begin{array}{l}J(K/k)=\bigcup_{\sigma eG}H(K)\cdot\beta_{\sigma}\\\tilde{\beta}_{\sigma}\cdot\tilde{\mathcal{B}}_{\tau}=\tilde{\Gamma}(\sigma,\tau)\tilde{\beta}_{\sigma\tau}\end{array}\right.$

Hence if we put



Class formation $s$ III. 479

(13) $\pi_{\acute{K}/k}(u_{\sigma})=\beta_{\sigma},$ $\pi_{\acute{K}/k}(\chi(F, \lambda))=\pi_{K/h}i^{*}$ ,

we have an exact sequence
$\pi^{\prime}$

(14) $1\rightarrow T\rightarrow^{\star}W(K/k)\rightarrow J(K/k)\rightarrow 1$ .
For $\alpha\in F(k)$ let us denote by $\alpha^{\star}$ the class of $\alpha mod \pi F(K)^{c}$ (i. e.
$\alpha^{\star}\in J(K/k))$ , and let us choose a fixed representative path $[\alpha^{\star}]$ on
$R(K)$ starting from $\mathfrak{P}_{0}$ such that $\pi[\alpha^{\star}]$ belongs to $\alpha$ . In particular,
we choose

(15) $[(\pi\overline{\Gamma}\cdot\overline{\beta}_{\sigma})]=\Gamma\cdot B_{\sigma},$ $[(\pi\overline{\Gamma}(\sigma, \tau))^{\star}]=B_{\sigma}\cdot\sigma B_{\tau}\cdot B_{\sigma\tau}^{-1}$ .
Then for new representatives

$U_{a}*=\chi(F, 1)\cdot u_{\sigma}$ for $\alpha^{\star}=\pi\overline{\Gamma}\cdot\overline{\beta}_{\sigma}\in J(K/k)$

we have

(16)

where we put for $\alpha^{\star}=\pi\overline{\Gamma}\cdot\overline{\beta}_{\sigma}$ and $\beta^{\star}=\pi\overline{\Delta}\cdot\overline{\beta}_{\tau}$

(17) $a_{K/k}(\alpha^{\star}, \beta^{\star})=\lambda_{K/k}(\sigma, \tau)Q_{K/h}(\sigma, \Delta)=Q_{K/k}(\sigma, [\beta^{\star}])$ .
Next we shall choose another system of representatives $mod T^{\star}$ ,
namely we put

(18) $V_{a}*=\exp(-Q_{K/k}[G, [\alpha^{\star}]]/n)\cdot U_{a^{*}}$ .
Then we have

(19)

Using (8) $b(\alpha^{\star}, \beta^{\star})\in T$ can be determined as follows:
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$b(\alpha^{\star}, \beta^{\star})=a(\alpha^{\star}, \beta^{\star})\cdot\exp(-\{Q[G, [\alpha^{\star}]]+Q[G, [\beta^{\star}]]-Q[G, [\alpha^{\star}\beta^{\star}]]\}/n)$

$=\exp(Q[\sigma, \Delta]+Q[\sigma, B_{\tau}]-\{Q[G, \Gamma]+Q[G, B_{\sigma}]\}/n$

$-\{Q[G, \Delta]+Q[G, B_{\tau}]\}/n+\{Q[G, \Gamma+\sigma\Delta+\Gamma(\sigma, \tau)]+Q[G, B_{\sigma\tau}]\}/n)$

$=\exp(-\{Q[\Gamma]+Q[, \sigma\Delta]+Q[G, \Gamma(\sigma, \tau)]-Q[G, \Gamma+\sigma\Delta+\Gamma(\sigma\tau)]\}/n)$

$=\exp([-A, N_{G}\mathfrak{P}/\mathfrak{P}^{n}]/n)$

where $A=\Gamma+B_{\sigma}+\sigma\Delta+\sigma B_{\tau}-B_{\sigma\tau}-(\Gamma+\sigma\Delta+\Gamma(\sigma, \tau))=[\alpha^{\star}]+\sigma[\beta^{\star}]$

$-[\alpha^{\star}\beta’]$ . On $R(K)\overline{A}$ belongs to $F(K)^{c}$. Hence l-chain $A$ is homolo-
gous $0$ on $R(K)$ . Let us assume, for simplicity, a triangulation of
$R(k)$ and $R(K)$ such that (i) $\mathfrak{P}_{0}$ is a vertex and $\mathfrak{P}$ is an inner point
of a 2-simplex, (ii) $\Gamma$ and $B_{\sigma}$ are all simplicial l-chains, (iii) $\pi_{K1k}$ and
$\sigma\in G$ are all simplicial mappings. Since $A$ is homologous $0$ we can
take a simplicial 2-chain $c^{\sim}$ such that $\partial c^{2}=[\alpha^{\star}]+\sigma[\beta^{\star}]-[\alpha^{\star}\beta^{\star}]$ . Let
us denote by $KI(c^{2}, \mathfrak{O})$ the Kronecker index of $c^{2}$ with respect to $\mathfrak{O}$

( $i$ . $e$ . the algebraic sum of the number of coverings of $\mathfrak{O}$ by each
simplex in $c^{2}$ ) and by $LK(\Gamma^{1}, \mathfrak{O})=KI(c^{2}, \mathfrak{O})(\partial c^{2}=\Gamma^{1})$ the linking
coefficient. By the residue formula we have

$[\partial c^{2}, \mathfrak{P}/\mathfrak{Q}]=2\pi i(KI(c^{2}, \mathfrak{P})-KI(c^{2}\mathfrak{Q}))$ . Hence we have

$b(\alpha^{\star}, \beta^{\star})=\exp(-\frac{2_{\pi}i}{n}\{(n-1)KI(c^{2}, \mathfrak{P})-\sum_{\tau\neq 1}KI(C^{2}, \tau^{-1}\mathfrak{P})\})$

$=\dot{e}xp$ ( $\frac{2\pi i}{n}\sum_{\tau eG}KI(C^{2}\tau \mathfrak{P})$ ).
So finally

(20) $b_{K1k}(\alpha^{\star}, \beta^{\star})=\exp(\frac{2\pi i}{n}\sum_{\tau^{e}G}LK([\alpha^{\star}]+(\psi\alpha^{\star})[\beta^{\star}]-[\alpha^{\star}\beta^{\star}], \tau \mathfrak{P}))$

where $\psi=\psi(G, J(K/k))$ . By (20) we see that

$b_{K1k}(\alpha^{\star}, \beta^{\star})^{n}=1$ $(n=[K:k])$ .
We call the expression of $W(K/k)$ by (19) and (20) the standard ex-
pression of $W(K/k)$ .

2. Here we shall find the explicit form of the homomorphisms
$\lambda,$ $\mu,$ $\nu,$ $p,$ $\pi$ in Theorem 1 by means of the standard expression.

A. By the formaulas in proof (i) of Theorem 1 we have
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(21) $\left\{\begin{array}{lllll} & & & & \lambda_{K_{\prime}k}\chi(\Gamma,\lambda)=\lambda^{\star}\cdot exp(Q[G,\Gamma]/n)^{\star}\cdot V_{\Gamma}^{\sim}\\ & & & & \pi_{K,k}(\lambda^{\star}\cdot V_{a}*)=\psi\alpha^{\star}\in G (n=[K.\cdot k],\psi=\psi(G,J(K/k)).\end{array}\right.$

Next we have
$\tau_{K,k}(u_{\sigma})=f_{Kk}|(G, \sigma)^{\star}=\chi(F(G, \sigma),$ $\lambda(G, \sigma))^{\star}$

$T_{K,k(\chi(r_{\lambda))=N_{c}\chi(p_{\lambda)=\chi(N_{G}I^{\backslash },\lambda^{n}\cdot Q(G,\Gamma))^{\star}}}}$

Then using (4) and

$V\tilde{\beta}_{\sigma}=\hat{\Gamma}(G, \sigma)$ , $V(\pi\tilde{\Gamma})=N_{G}\tilde{\Gamma}$ $(V=V_{K1h})$

we have

$\mu u_{\sigma}=\chi_{k}(\tilde{\beta}_{\sigma}, \lambda(G, \sigma)),$ $\mu\chi_{K}(\tilde{\Gamma}, \lambda)=\chi_{k}(\pi\tilde{\Gamma}, \lambda^{n}\cdot Q(G, \Gamma))$

for $\mu=\mu_{K,k}=\varphi_{K.k}^{-1}\circ\lambda_{K,k}^{-1}\circ\tau_{K,h}$ . Let $\psi=\psi(H(k), J(K/k))$ then for $\alpha^{\star}=$

$(\pi\overline{\Gamma}\cdot\overline{\beta_{\sigma}})\in J(K/k)$ we have

$\mu(\lambda^{\star}\cdot U_{a}*)=\chi_{k}(\psi\alpha^{\star}, \lambda^{n}\cdot Q(G, [\alpha^{\star}]))$ .
Finally from (18) follows that

(22) $\mu_{K,k}(\lambda^{\star}\cdot V_{a^{*}})=\chi_{k}(\psi\alpha^{\star}, \lambda^{n})$ .
Thus the homomorphisms $\lambda_{K.k},$ $\pi_{K.k}$ and $\mu_{K.k}$ are expressed by (21) $ald$

(22).
B. Let $G=\cup\overline{\sigma}H$, and for $p\in H$ let us take the same path on

$R(K)$ for the extension $K/k$ and for $K/f$ . Now put

$W(K/kAKT^{\star}\cdot V_{\alpha^{*}}$

$W(K/f)=\bigcup_{\rho eH}A(K)^{1}u_{\rho}^{1}--\bigcup_{\beta^{*}ef(K/t)}T^{1}V_{\beta^{*}}^{1}$
.

Then $\nu=\nu_{Kt.k}$ is determined in the proof of Theorem 1. In the
standard expression we have

(23) $\left\{\begin{array}{lllll} & & & & \nu_{K,t,k}(\lambda^{|})=\lambda^{\star} (\lambda\in T)\\ & & & & \nu_{K,t,k}(V_{\beta^{\backslash }}\backslash A)=b_{K,t,k}(\beta^{\star})V_{\beta^{*}}\end{array}\right.$

$(\beta^{\star}\in J(K/f))$ .
Then for $m=[K:f]$ and $n=[f:k]$ we get

$b(\beta^{\star})=\exp(-Q_{K/t}[H, [\beta^{\star}]]/m+Q_{K/k}[G, [\beta^{\star}]]/mn)$ .
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Using the formula

(24) $[\pi_{K_{/}t}\Gamma, (\pi_{K/l}\mathfrak{P})^{\overline{\sigma}^{-1_{-1}}}]_{l}=[I^{7}, N_{H}\mathfrak{P}^{\overline{\sigma}^{-1}-1}]_{K}$

we have
$b(\beta^{\star})=\exp([[\beta^{\star}], (N_{G}\mathfrak{P})(N_{Pi}\mathfrak{P}^{-n})]_{K}/mn)$

namely,

(25) $b_{K.t.k}(\beta^{\star})=\exp(1_{\sum_{mn\overline{\sigma}eG/H}Q_{t/k}[\overline{\sigma},\pi_{K/i}[\beta^{\star}]])}$ .

Thus the homomorphism $\nu_{K,t,k}$ is determened by (23) and (25) explicitly.
C. Let $m=[L:K]$ and $n=[K:k]$ . Let $G=\cup H_{\overline{\sigma}}$. Using the results
in A we can compute the term (25) in \S 2

$f_{L/k}(\sigma. \tau)^{m}(\delta h)(\sigma, \tau)=\lambda_{L,K}^{-1}\circ\tau_{L,K}\circ\nu_{L,K.k}^{-1}(u_{\overline{\sigma}}u_{\overline{\tau}}u\frac{-1}{\sigma\tau})$

$=\chi(N_{H}l_{L/k}^{\sim}(\overline{\sigma},\overline{\tau}),$ $\lambda_{L/k}(\overline{\sigma},\overline{\tau})^{m}\cdot Q_{L/k}(H, \Gamma_{L/k}^{\prime}(\overline{\sigma},\overline{\tau}))$

where we put $\Gamma_{L/h}^{\prime}(\overline{\sigma},\overline{\tau})=B_{\overline{o}}\cdot\overline{\sigma}B_{\overline{\tau}}\cdot B\frac{-1}{\sigma\tau}$ . On the other hand, let $B_{\sigma}$

$(\sigma\in G)$ be a fixed path from $\mathfrak{P}_{0}$ to $\sigma \mathfrak{P}_{0}$ on $R(L)$ and we take $\pi B_{\overline{\sigma}}=B_{\overline{\sigma}}$

on $R(K)(\pi=\pi_{L/K})$ . Then $I_{K/k}^{7}(\tilde{\sigma},\tau\sim)$ on $R(K)$ is given by $\pi(B_{0}\overline{.}(\overline{\sigma}B_{\overline{\tau}})B_{\frac{-1}{\sigma\tau}})$ .
Let us denote by $V$ the transfer mapping of $H(K)$ into $H(L)$ then
we can see that

$VF_{K/k}(\tilde{\sigma},\tau\sim)=N_{H}j_{L^{\prime}/k}^{*}(\overline{\sigma},\overline{\tau})$

holds. As in $B,$ (24) we have
$\lambda_{K/k}(\tilde{\sigma},\tau\sim)=Q_{K/k}[\pi B_{\overline{\tau}}, (\pi \mathfrak{P}^{\tilde{\sigma}}]=Q_{L/k}[B_{\overline{\tau}}, N_{H}\mathfrak{P}^{\overline{6}^{-1_{-1}}}]-1_{-1}$

$=\lambda_{L/k}(\overline{\sigma}H,\overline{\tau})\lambda_{L/k}(H,\overline{\tau})^{-1}$

Furthermore, we have by (8)

$\lambda_{K/k}(\tilde{\sigma},\tau\sim)\cdot\lambda_{L/h}(\overline{\sigma},\overline{\tau})^{-m}\cdot Q_{L/k}(H, \Gamma_{L/k}^{\prime}(\overline{\sigma},\overline{\tau}))^{-1}$

$=\{\lambda(\overline{\sigma}H_{\overline{T}})\cdot\lambda(H_{\overline{\mathcal{T}}})^{-1}\}\cdot\lambda(\overline{\sigma},\overline{\tau})^{-m}\cdot\{\lambda(\overline{\sigma},\overline{\tau})^{tn}\cdot\lambda(H\overline{\sigma},\overline{\tau})^{-1}\cdot\lambda(H,\overline{\sigma\tau})\cdot\lambda(H, \overline{\sigma})^{-1}\}$

$=(\delta g^{1})(\tilde{\sigma},\tau\sim)^{-1}$ $(\lambda=\lambda_{L/k})$

where we put
(26) $g_{K/k}^{1}(\tilde{\sigma})=\lambda_{L/k}(H, \overline{\sigma})$ .
Then comparing these equalities we get

(27) $infl_{G,F}\circ\varphi_{L,K}f_{K/k}(\sigma\sim,\tau\sim)(\delta g_{K/k}^{1})(\tilde{\sigma}, \sim\tau)=f_{L/k}(\sigma, \tau)^{m}\cdot(\delta h)(\sigma, \tau)$
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for the above normalization of $\Gamma_{K/k}(\tilde{\sigma}$, ? $)$ . Now let

$W(L/k)=\bigcup_{\overline{\sigma}}\{\bigcup_{\rho eH}A(L)^{\star}u_{\rho}\}u_{\overline{\sigma}}$

$ W(K/k)=\bigcup_{\overline{\sigma}eF}A(K)^{\star}v_{0}\sim$ ’
$ v_{\tilde{\sigma}}=g_{K/k}^{1}(\tilde{\sigma})\cdot u_{o}\sim$

so that

$v_{\overline{\sigma}}v_{\overline{\tau}}=f_{K^{\prime}/k}(\tilde{\sigma},\tau\sim)\cdot v_{0\tau}\sim,$ $f_{K^{\prime}/k}(\tilde{\sigma},\tau\sim)=f_{K/k}(\tilde{\sigma},\tau\sim)\cdot(\delta g_{K/k}^{1})(\tilde{\sigma},\tau\sim)$ .
Then we can apply the results in (iv) in the proof of Theorem 1
for these expressions. Namely, $\rho=\rho_{L,K,k}$ is given by

$\{$ $\rho(u)=^{k}v_{\sigma}^{\circ,\mu_{L,K}\circ\nu_{L,K,k}^{-1}}\rho=_{\overline{\sigma}}\lambda_{K}$

. on $\nu_{L,K,k}W(L/K)$

Then we shall use the standard expressions of $W(L/k)$ and $W(K/k)$ :
(28)

$W(L/k)=\bigcup_{a^{*}ef(L/k)}T^{\star}\cdot V_{a^{*}},$ $W(K/k)=..\bigcup_{a^{1}ef(K/k)}T^{1}\cdot V_{a^{1}\cdot 1}$
. .

We can see first that $\lambda^{\star}\in T^{\star}$ is mapped by $\rho$ to $(\lambda^{\prime\prime l})^{1}$ . For $\beta^{\star}=\beta_{\overline{\sigma}}^{*}$

$V_{\beta^{t}}=\exp(-Q_{L/k}[G, B_{\overline{\sigma}}]/mn)^{\star}\cdot u_{\sigma}$ is mapped by $\rho$ to $\exp(-Q_{L/k}[G$,
$B_{\overline{\sigma}}]/n)^{1}\cdot v_{\sigma},=\exp(\{Q_{K/k}[F, \pi B_{\overline{\sigma}}]-Q_{L/k}[G,B_{\overline{\sigma}}]\}/n)^{1}\cdot\lambda_{L/k}(H_{\overline{\sigma}})^{1}\cdot V_{\overline{\sigma}}$ . Here the
component in $T^{1}$ is 1 which can be proved similarly as in $B$. Hence
we have $\rho(V_{\beta}*)=V_{\psi\beta}*$ for $\beta^{\star}=\beta_{\overline{\sigma}}^{*}$ (where $\psi=\psi(J(K/k), J(L/k))$ . By
similar computations we also get that $p(V_{\alpha}*)=V_{\psi^{1}’ a}*holds$ for $\alpha^{\star}=$

$\pi\overline{\Gamma}^{\star}\cdot\beta^{\star}$ . Therefore the homomorphism $P_{L,K.k}$ is given for the standard
expression by

(27) $\left\{\begin{array}{lll} & & p_{L,K,k}(\lambda^{\star})=(\lambda^{m})^{|}\\ & & p_{L,K,k}(V_{a}*)=V_{\psi^{|}\alpha}*\end{array}\right.$ $(\lambda\in_{\star}T)(\alpha\in J(K/k))$

with the above normalization of $\Gamma_{K/k}(\tilde{\sigma},\tau\sim)$ .
REMARK. If we normalize $[\alpha^{\star}]$ on $R(L)$ and $[\psi\alpha^{\star}]$ on $R(K)$ to

be $[\psi\alpha^{\star}]=\pi_{L/K}[\alpha^{\star}]$ then the 2-cocycle of the group extensions are

$b_{L/k}(\alpha^{\star}, \beta^{\star})=\exp(\frac{2\pi i}{mn}\sum_{\tau eG}LK([\alpha^{\star}]+(\psi^{t}\alpha^{\star})[\beta^{\star}]-[\alpha^{\star}\beta^{\star}], \tau \mathfrak{P}))$

$b_{K/k}(\psi\alpha^{\star},\psi\beta^{\star})=\exp(-\sum_{fneF}LK(\pi[\alpha^{\star}]+(\psi^{\prime}\psi\alpha^{\star})\pi[\beta^{\star}]2\pi i$
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$-\pi[\alpha^{\star}\beta^{\star}],\tau\pi\sim \mathfrak{P}))$ .

By (27) these must satisfy the relation

(28) $b_{L/k}(\alpha^{\star}, \beta^{\star})^{m}=b_{K/k}(\psi\alpha^{\star}, \psi\beta^{\star})$ .
But we can also verify (28) dirsctly from the above expressions of
$b_{L/k}(\alpha^{\star}, \beta^{k})$ and $b_{K/k}(\psi\alpha^{\star}, \psi\beta^{\star})$ using the formula $LK(\pi_{L/K}I^{7}, \pi_{L/K}\mathfrak{P})_{K}$

$=\sum_{\rho eH}LK(I^{7}, \rho \mathfrak{P})_{L}$ .
$A^{\prime}$ . Now we have to check the formulas in $A^{\prime}$ . As we have

seen already (Kawada-Tate [8], or Kawada [7]) the generalized norm-
residue symbol $(\chi, k)$ for $\chi=\chi(\sim\gamma, \lambda)\in A(k)$ can be identified with $\sigma(\tilde{\gamma})$ .
Here $\sigma(\tilde{\gamma})$ means the automorphism of $A_{k}/k$ which is attached canoni-
cally to $\gamma$ . Also we can identify each $\gamma\in F(k)$ with the automorphism
of $\Omega/k$ which is induced canonically by $\gamma$ in the classical theory.
Then we can verify that the homomorphism $\xi_{K.k}$ is given by

(29) $\xi_{K,k}(\lambda^{\star}\cdot V_{a}*)=\alpha^{\star}$ $(\in J(K/k))$

for which all the formulas in $A^{\prime}$ are satisfied.

\S 5. System of generalized Weil groups in
algebraic function fields

I. We shall consider in this section the system of generalized
Weil groups in algebraic function field. If we could apply the
general method in \S 3 we should have rather too big groups
$\{W(k)\}(k\in \mathfrak{K})$ . Hence we shall choose a suitable subgroup of each
$W(k)$ which satisfy the properties in Theorems 4, 5 in \S 3 with
suitable modifications.

THEOREM 6. In the class formation $\{\mathfrak{K}, A(K)\}$ defined in \S 4,1 in
algebraic function fields there exists a system of generalized Weil groups
$\{W(k)\}(k\in \mathfrak{K})$ which satisfy the following properties:

(A) There exist
an onto-homomorphism $\pi_{k}$ \ddagger $W(k)\rightarrow F(k)$

an into-isomorphism $\lambda_{k}$ ; $R\rightarrow W(k)$

an onto-homomorphism $\mu_{k}$ ; $W(k)\rightarrow E(k)^{\Lambda}$

such that
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(1)
$0\rightarrow R\rightarrow^{\lambda_{k}}W(k)\rightarrow^{\pi_{k}}F(k)\rightarrow 0$

(2) $1\rightarrow W(k)^{c}\rightarrow^{\iota}W(k)\rightarrow E(k)^{\Lambda}\mu_{k}\rightarrow 0$

are exact sequences. Here $\lambda_{A}R$ is contained in the centre of $W(k)$ . Let
$\epsilon;a\rightarrow\exp(2\pi ia)(a\in R)$ . The following diagram is also commutative,
where each column and each row are exact sequences:

$0$ 1 1

$0\rightarrow ZJ\rightarrow^{k}W(k)^{c}\lambda J\rightarrow^{k}F(k)^{c}\pi J\rightarrow^{\backslash }1$

$\downarrow\iota\lambda_{k}$ $\downarrow\iota$ $\pi_{h}J\iota$

(3) $0\rightarrow R\rightarrow W(k)\rightarrow F(k)\rightarrow 1$

$Je\star$ $\downarrow\mu_{k}\eta_{k}$ $l^{\psi}$

$0\rightarrow T_{1}\downarrow\rightarrow E(k_{1^{)}}\downarrow^{\Lambda}\rightarrow H_{0}(k)\downarrow\rightarrow 0$

(B) Let $k\subset f(k, f\in \mathfrak{K})$ and $m=[f:k]$ . Then there exists

an into-isomorphism $\nu_{t,k}W(f)\rightarrow W(k)$

such that

$\lambda_{l}$
$\pi_{l}$

$0\rightarrow R\rightarrow W(f)\rightarrow F(f)\rightarrow 1$ (exact)
(4)

$l^{m_{\lambda_{k}}}$ $l^{\nu_{l,k_{\pi_{k}}}}$ $\downarrow\iota$

$0\rightarrow R\rightarrow W(k)\rightarrow F(k)\rightarrow 1$ (exact)

is a commutative diagram, where $m$ denotes the homomorphism $a\rightarrow ma$

$(a\in R)$ .
(C) For normal $K/k$ there exists

(5) an onto-homomorphism $\rho_{K,k}$ : $W(k)\rightarrow W(K/k)$

such that
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$\nu_{K,k}$
$\psi\circ\pi_{k}$

$1\rightarrow W(K)\rightarrow W(k)$ $\rightarrow G(K/k)\rightarrow 1$ (exact)
(6)

$\downarrow\mu_{k}\lambda_{K,k}$ $\downarrow\rho_{K,k}\pi_{K,k}$ $\downarrow 1$

$1\rightarrow E(K)^{\Lambda}\rightarrow W(K/k)\rightarrow G(K/k)\rightarrow 1$ (exact)

$1\rightarrow W(k)^{c}$
$\rightarrow^{\iota}W(k)$ $\rightarrow^{\mu_{k}}E(k)^{\Lambda}\rightarrow 1$ (exact)

(7)
$\downarrow p_{K.h}$

$\iota$

$\downarrow\rho_{K,k}\mu_{K,k}$ $\downarrow 1$

$1\rightarrow W(K/k)^{c}\rightarrow W(K/k)\rightarrow E(k)^{\wedge}\rightarrow 1$ (exact)

are commutative diagrams. Moreover, the following diagram is also
commutative, where each column and each row are exact:

$0\rightarrow\downarrow 0Z\rightarrow^{\lambda_{k}}W^{1}(K)^{c}\downarrow\rightarrow^{\pi_{k}}F^{1}(K)^{c}\downarrow\rightarrow 1$

$\downarrow n\lambda_{k}$ $\downarrow\nu_{K,k}$ $\pi_{k}\downarrow\iota$

(S) $0\rightarrow R\rightarrow W(k)$ $\rightarrow F(k)$ $\rightarrow 1$

$Je/n_{\star}$ $\downarrow P_{K.k}\pi_{\acute{K},k}\downarrow\psi$

$1\rightarrow T_{1}J\rightarrow W_{1}\downarrow^{(K/k)}\rightarrow J(K/k)J1\rightarrow 1$

where $n=[K:k]$ .
(PROOF) (i) We shall define $W(k)$ directly as a group extension

of $R$ by $F(k)$ . Let $\{\alpha_{1}, \cdots, \alpha_{g}, \beta_{1}, \cdots, \beta_{g}\}$ be a system of generators of
$F(k)$ and $\prod_{j}\alpha_{j}\cdot\beta_{j}\cdot\alpha_{j^{- 1}}\cdot\beta_{j^{-1}}$ be the fundamental relation among them,
where $g$ denotes the genus of $R(k)$ . Let $\mathfrak{F}_{k}$ be the free group
generated by the free generators $\{A_{1},\cdots, A_{g}, B_{1},\cdots, B_{g}\}$ . Put $C=$

$\prod_{j}A_{j}B_{j}A_{j}^{-1}B_{j^{-1}}$ and let $\mathfrak{N}(C)$ be the normal subgroup of $\mathfrak{F}_{k}$ generated
by $C$. Then by the mapping $A_{j}\rightarrow\alpha_{j},$ $B_{j}\rightarrow\beta_{j}$ we have $\mathfrak{F}_{k}/\mathfrak{N}(C)\cong F(k)$ .
Let us fix a representative $W(\alpha)\in \mathfrak{F}_{k}$ for each $\alpha\in F(k)$ in the cor-
responding class. In particular, we choose $W(\alpha_{i})=A_{j},$ $W(\beta_{i})=B_{i}$

$(i=1,2,\cdots, g)$ . For each pair $(\alpha, \beta)$ we have

(9) $W(\alpha)\cdot W(\beta)\cdot W(\alpha\beta)^{-1}=\prod_{i}T_{t}\cdot C^{\epsilon};\cdot T_{i^{-1}}\in \mathfrak{N}(C)$ $(e_{j}=\pm 1)$

Then we define
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(10) $a_{h}(\alpha, \beta)=\sum_{i}e_{i}$ $\in Z$ $(\subset R)$

Clearly $a_{\kappa}(\alpha, \beta)$ is a 2-cocycle of $F(k)$ over $Z$ (or over $R$). Hence we
can define the group $W(k)$ by

(11) $\left\{\begin{array}{llll} & & & W(k)=\bigcup_{\alpha eFk)}R^{\star}\cdot V_{a}.\\ & & & V_{a}\cdot V_{\beta}=a_{k}(\alpha,\beta)^{\star}\cdot V_{a}\end{array}\right.$ $(R^{\star}=\{\lambda^{\star} ; \lambda\in R\})$

where $R^{\star}$ belongs to the centre of $W(k)$ . Let us define then

(12) $\left\{\begin{array}{llll} & & & \lambda_{k}(\lambda)=\lambda^{\star} (\lambda\in R)\\ & & & \pi_{k}(\lambda^{\star}\cdot V_{\alpha})=\alpha (\alpha\in F(k))\end{array}\right.$

(13) $\mu_{k}(\lambda^{\star}\cdot V_{\alpha})=\chi(\tilde{\alpha}, \exp(2\pi i\lambda))\in E(k)^{\Lambda}$

where $\tilde{\alpha}$ means the class of $\alpha\in F(k)mod F(k)^{c}$. Then

(14) Kernel
$\mu_{k}=\bigcup_{\gamma\epsilon F(h)^{C}}Z^{\star}\cdot V_{\gamma}$

It is evident that $W(k)^{c}$ is included in Kernel $\mu_{h}$ . To see the converse
it is enough to prove $Z^{\star}\subset W(k)^{c}$. This follows from $1^{\star}=\Gamma IV_{(},\cdot V_{\beta}i$

$V_{\alpha_{i}}^{-1}\cdot V_{\beta_{i}}^{-1}\in W(k)^{c}$, which is a consequence of $\prod_{j}W(\alpha_{j})\cdot W(\beta,)\cdot W(\alpha_{j})^{-1}l$

$W(\beta_{j})^{-1}=C$ in $\mathfrak{F}_{k}$. The commutativity of the diagram (3) follows
from the above results.

(ii) B. Let us identify $F(f)$ with the subgroup $\pi F(f)\subset F(k)$ . Take
the same element $W(\beta)$ for $\beta\in F(f)$ both in $\mathfrak{F}_{i}$ and in $\mathfrak{F}_{h}$ , and $[\beta]$ be
the path corresponding to $W(\beta)$ . Let $F(k)=\cup\overline{\sigma}\cdot F(f)$ and for $\beta\in F(f)$

let us put

(15) $b_{t/k}(\beta)=[[\beta], \prod_{\overline{\sigma}}\mathfrak{P}^{\overline{\sigma}^{-1}}\cdot \mathfrak{P}^{-m}]_{l}/(2_{\pi}i)$ .
Then for

(16) $W(k)=\bigcup_{ae,Fk)}R^{\star}\cdot V_{\alpha}$ , $W(f)=\bigcup_{\beta\in F_{(}\#)}R^{1}\cdot V_{\beta^{1}}$

let us define

(17) $\left\{\begin{array}{llll} & & & \nu_{tk}(\lambda^{|})=(m\lambda)^{\star} (\lambda\in R)\\ & & & \nu_{tk}(V_{\beta^{|}})=b_{t/k}(\beta)\cdot V_{\beta}.\end{array}\right.$

From the relations $b(\beta\cdot\beta^{\prime})=b(\beta)\cdot b(\beta^{\prime})$ and $a_{k}(\beta, \gamma)=ma_{t}(\beta, \gamma)(\beta,$ $\beta^{\prime}$ ,
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$\gamma\in F(f))$ follows that $\nu$ is a homomorphism and the diagram (4) is
commutative. We can also verify (5) easily.

(iii) For normal $K/k$ let

$W(k)=\bigcup_{aeF(k)}R^{\star}\cdot V_{\alpha}$ ,
$W(K/k)=\bigcup_{\alpha^{*}ef(K/k)}T^{\star}\cdot V_{\alpha}^{*}*$

To each $\alpha^{\star}\in J(K/k)$ let us fix a representative $\alpha\in F(k)$ (i. e. $\alpha^{\star}=\alpha$

$mod F(K)^{c})$ and let $[\alpha^{\star}]$ be a closed path on $R(k)$ which corresponds
to $W(\alpha)\in \mathfrak{F}_{k}$ . Then we define the homomorphism $\rho$ by

(18)

Then from the definition of $b_{K/k}$ in \S 4 follows that

(19) $b_{K/k}(\alpha^{\star}, \beta^{\star})=\exp(2\pi ia_{k}(\alpha, \beta)/n)$

We can verify the commutativity of diagrams (6), (7), (8) easily, q.e. $d$ .
2. Here we shall view the group $W(k)$ from another point of

view. For that purpose let us define the groups $W^{\star}(k)$ and $W^{\star}(K/k)$

by

(20) $(\lambda\in Z)$

(21)

Let us denote

(22)
$M^{\star}(K/k)=\bigcup_{a^{\star_{e}}H(K)}(Z/nZ)^{\star}\cdot V_{\alpha}^{k}*$

$(\subset W^{\star}(K/k))$ .

Since $c_{K/k}(\alpha^{\star}, \beta^{\star})\equiv 0(mod n)$ for $\alpha^{\star},$ $\beta^{\star}\in H(K)M^{\star}(K/k)$ is a split ex-
tension of $(Z/nZ)$ by $H(K)$ .

Now let us fix a point $\mathfrak{p}$ on the Riemann surface $R(k)$ and let
$R^{\star}(k)=R(k)-\{\mathfrak{p}\}$ . Let $C$ be a small circle around $\mathfrak{p}$ in the negative
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sense. Then the fundamental group $\mathfrak{G}$ of $R^{\star}(K)$ is a free group
with 2 $g$ free generators $\{A_{1},\cdots, A_{g}. B_{1},\cdots, B_{g}\}$ such that $C=\prod_{j}A_{j}B_{j}$

$A_{j^{-1}}B_{j^{-1}}$ . Consider $\mathfrak{N}(C)^{c}\subset \mathfrak{N}(C)\subset \mathfrak{G}$ then from the definition of the
2-cocycl $ea_{k}(\alpha, \beta)$ and from (20) follows that

(23) $W^{\star}(k)\cong \mathfrak{G}/\mathfrak{N}(C)^{c}$ .
For, $a_{k}(\alpha, \beta)$ is none other than the 2-cocycle of the group extension
of $\mathfrak{N}(C)/\mathfrak{N}(C)^{c}\cong Z$ by $F(k)$ .

Let $K/k$ be a finite unramified extension with $G=G(K/k)$ and 1et
$R^{\star}(K/k)=R(K)-\{\tau \mathfrak{P};\tau\in G\}$ where $\pi \mathfrak{P}=\mathfrak{p}$ . Since $R^{\star}(K/k)$ is an un-
ramified regular covering of $R^{\star}(k)$ there exists a normal subgroup
$\mathfrak{N}_{K/k}$ of $\mathfrak{G}$ such that

(24) $\mathfrak{G}/\mathfrak{N}_{K/A}\cong G(K/k)$ .
Let us identify $F(K)$ with $\pi F(K)\subset F(k)$ and for $\alpha\in F(K)$ let us take
the same element $W(\alpha)$ both in $\mathfrak{F}_{K}$ and in $\mathfrak{F}_{k}$ . In the isomorphism
(23) we have

(25)
$\mathfrak{N}_{K/k}/\mathfrak{N}(C)^{c}\cong\bigcup_{r^{eF(K)}}Z\cdot V_{\gamma}$

and we may identify this group with $W^{\star}(K)$ . Now for $\alpha^{\star}\in J(K/k)$

let us fix a representative $\alpha\in F(k)$ in its class and take $[\alpha^{\star}]=W(\alpha)$

on $R^{\star}(K/k)$ . Then let us define the homomorphism $p_{K.k}^{*}$ : $ W^{\star}(k)\rightarrow$

$W^{\star}(K/k)$ by

(26) $\left\{\begin{array}{lllll} & & & & p_{K,k}^{*}(\lambda^{\star})=(\lambda modnZ) (\lambda\in Z)\\ & & & & \rho_{K,k}^{*}(V_{\alpha})=V_{\alpha^{*}}^{*} (\alpha\in F(k)).\end{array}\right.$

$p_{K,k}^{*}$ is an onto-homomorphism and

(27) Kernel
$p_{K/k}^{\star}=\cup(nZ)^{\star}\cdot V_{\tau}=W^{\star}(K)^{c}\gamma\epsilon F(K)^{c}$

Thus we have proved:
THEOREM 7. (i) Let $\mathfrak{G}$ be a free group with 2 $g$ free generators.

There exists a normal subgroup $\mathfrak{N}_{k}(=\mathfrak{N}(C))$ such that
$\mathfrak{G}/\mathfrak{N}_{k}\cong F(k),\dot{\mathfrak{G}}/\mathfrak{N}_{k}^{c}\cong W^{\star}(k),$

$\mathfrak{N}_{k}/\mathfrak{N}_{k}^{c}\cong Z$ .
(ii) For normal $K/k$ there exists a normal subgroup $\mathfrak{N}_{K/k}$ of $\mathfrak{G}$ such
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that
$\mathfrak{G}/\mathfrak{N}_{K/k}\cong G(K/k),$ $\mathfrak{G}/\mathfrak{N}_{K/k}^{c}\cong W^{\star}(K/k),$ $\mathfrak{N}_{K/k}/\mathfrak{N}_{K/k}^{c}\cong M^{\star}(K/k)$

(iii)If we consider $\mathfrak{G}$ as the fundamental group of $R^{\star}(k)$ then $\mathfrak{N}_{k}$ and
$\mathfrak{N}_{K/k}$ are the to unramified extensions $\Omega$ and $K$ corresponding subgroups
respectively. The homomorphism $p_{K.k}^{*}$ is defined by the canonical
homomorphism between these groups.

University of Tokyo
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