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On conformal Riemann spaces.

By Minoru KURITA

(Received March 30, 1954)

In this paper we investigate the local conformal homeomorphism
of two Riemann spaces, which we call conformal correspondence. In
section 1 we define characteristic roots of the conformal correspondence
and consider the case in which the characteristic roots are all equal.
This case has already been investigated by A. Fialkow and K.
Yano [4] and section 1 will give redemonstrations of their results to-
gether with some new results. In section 2 we treat the conformally
flat Riemann space of imbedding class 1 which has been already in-
vestigated by J. A. Schouten [1], M. Matsumoto [2], and L. L. Verbickii
[3] This Riemann space is characterized by the property that the
characteristic roots of the conformal correspondence of the space with
a euclidean space are equal except one. Moreover we give new proofs

of the results of [2]1 from our point of view.
Throughout the whole paper let the indices run as follows:

i)j’ k’ h:1, N K, :8, ) €=2, e, N,

and we shall follow the convention that the repeated indices imply
summation unless otherwise mentioned.
I thank Prof. K. Yano and M. Matsumoto for their kind advices.

1. Conformally related Riemann spaces.

1.1 Let the line-elements of n-dimensional Riemann spaces S, S;
be given by

ds’=g;;dx;dx; , dsi=a’g;;dx;dx ;

respectively, where @ and g;; are functions of class C, of x, -+, X
We put g;;dx;dx;= 3] »? with Pfaffian forms w; of class C,, and so

(1) ds= S o?, dsi=a@3 ol
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We can determine ;; such that

(2) do;=[w o], W;; = —j;
uniquely. We put

(3) da/a=b;0; ,

(4) Ti=Aw;,  mi;= i+ bie;—bjw;.
Then we have by (1), (2), (3), and (4)

(5) dsi= 337,

and also

dmw;=d(aw;)=[da, w;]+adw;=[da, v;]+ a e, » ;]
=[ab o ;, w;]—i—[awj, wj,']———[aa)j,‘wj,- +bj0i—b0;].

Hence we get

(6) . d'n',-:['rrjw'ﬁ] ’ Tij— — M5

and so m;, m;; are the parameters of Riemannian connection attached
to S;. Let the curvature forms of S and S; be

O;;=dew;;—[wirwr;l, 11;j=dm;;—[myme;].

Then we get from (4)

(7) IT;;=92;; + [ Dirwr, @ 71— [ D jreor, 0]+ bw;w;],
where we have put

(8) b= 3187,

(9) db; + bjw_;;—-b,-da/a =pirwp .

By taking an exterior differential of (3)
[de +b,‘(l),'j, (0_7]:0 .

So if we put dbj-l—b,-(o,'j: jROE, WE get ljk=lk_;. Since b,‘da/'d=b,'bkwk
we obtain p;,=pp;, too. Now, db;+ brwr;, bi, ©; are the components of
three vectors in the tangent spaces with respect to a rectangular frame
and by a suitable rotation of a frame we can transform the symmetric
matrix (p;;) into a diagonal form. We take such frames at each point
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of the space S and use the same notation as above, thus getting

db,-+bkwk;—b,~da/a=p,-w,- (not summed for Z) ’
II;;=92;;+(+p;+pj)lw;w;] (not summed for 3,7).
We call p; (i=1, ---, n) characteristic roots of the conformal correspond-

ence of S; with S. It should be noted that these depend not only
on S; and S but also on the correspondence between them. We seek
for the characteristic roots of the conformal correspondence of S with
S;, where the correspondence is the same as above. Putting

(12) c;i=bi/a, q;=pila
we get from
dci+ cjw ji=q;w; (not summed for 7).

We take 1/a, =; instead of a, »; and we have
d(1/a)/(1/a)= —da= —ab;w;= —ac;r; .
Hence we get —ac; instead of ¢;. Putting m;=—ac; and &= >)c; we
get
dm,- + Mpmp; — — d(ac,-) — ack(wki -+ bkwi _ b,'wk)
= —aqdc;— c;da— acrwy; —ac’m; + b;dala
= — a(dC,‘ + Ckwki) —alr;=—aq;w;— aszr,'

=—(g;+ac)m;  (not summed for 7).

Hence the characteristic roots of S with respect to S; are given by
—(pi+a’c® (=1, -, n).

1.2 As an application we investigate the case in which the char-
acteristic roots of the conformal correspondence of S; with S are all
equal. In this case the characteristic roots of S relative to S; are all
equal by the above remark. The condition that all the characteristic
roots are equal is invariant under the rotation of the rectangular frame
and we can take frames at each point of S such that the components
of the vector (¢, ---,cs) reduce to (c, 0, ---,0) and yvet py=p,= --- =pp,.
By virtue of all ¢;’s are equal which we put ¢ and assume that
g=0. Then reduces to the following :

14
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(14) dc:qwl ’ Cw1y—(qw, (a‘—:zs Tt n) -
We have da/a’=c;w;=cw, and so o;=da/(ca’). Hence

(15) dc=gq da/(ca®), d(c¥/2)=q da/a® .

g ought to be a function of & and cz———ZSq da/a®. Hence »; contains
only one variable a. Let « and 8 run from 2 to n. Then we have

(16) do,=[w;0;,]=[ww,]+[0wg,]
=[dc/q, qou/cl+ [wpwp.]=[dc/c, 4]+ [0pwgal 5
d(w,/€)=[wp/C, wpa],  wap=—wga,
and so by E. Cartan’s lemma we can take coordinates x;, ---, x5, such

that .
S 0/C=gup (X2, -+, Xn) dXodxs .

As o; contains only one variable @ we can take x; in such a way
that

17) w,=dx,
holds. Hence we get

(18) ds’= 3] w? =dxi+ c(%1)°Gup (%2, -+, %) dX,dxg .

2

On account of the relation w,=dx,=dc/q=da/(ca’®) we have
(19) —1/a=(cdx,,
(20) dsi=a?ds?*=a(x))X(dx2+ c(%1)°Gup (X2, -+, Xn) AXaudXp) .

In the case ¢=0, ¢ is constant by We assume ¢=+0. Then we
get w;,,=0 and dw;=0, do,=[wgws,], and in this case we also have
(18). In the case ¢c=0 we obtain da/a=cw;=0 and a is constant and
our correspondence reduces to a similar mapping. We mean by a
similar mapping the one which induces the multiplication of the Rieman-
nian metric by a constant.

Conversely for a Riemann space with ds? represented by we
can take w;,p,, w. in such a way that
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wy=dx , S PE=Gus (X2, -y Xn) AXadxy
o
dPa,:[PBwa:[ ’ Wyg= —~Wgg -

We put' W= CPuy W1a=C/Cw0s=—wgy, q=c, where ¢ =dc/dx,, Then we
get

d("l =[wwwwl] ’
dw,= d(cPw) =[de, pw] + ¢ dpa
=[q dx1, wa/C]+ ([ Pswpu] =[01010]+ [@p0ga]

and w;, w;;=—wy; are the parameters of the Riemannian connection of
S. (3) and hold for @ determined by and (¢, -+, ¢,)=(c, 0, ---, 0).
In summary we get

THEOREM 1. Let S; and S be Riemann spaces which are conformal
to each other but not similar. In order that the characteristic roots of the
conformal corrvespondence of S; with S ave all equal it is necessary
and sufficient that by a suitable choice of coordinates the line-elements
of S| and S ave represented respectively by

dsi=a(x)ds?,  alx)=—1/({cdx),
ds’=dx2+ (%, up (X2, -+, Xy) dXodxs .

This is the result of A. Fialkow and the geometric characteriza-
tion of the space was given by K. Yano It is the space that admits
a concircular transformation. We characterize this space from another
point of view in the following.

In the spaces whose line elements are given by and the
curves determined by x,=const.(a=2, ---, #n) are geodesics corresponding
to each other by our conformal correspondence. Conversely we consider
two Riemann spaces S; and S whose line-elements are given by

dsi=3>1n?, dif=3Xe}, m=aw;.

A geodesic on S; is given by solving

d < i > T Ty

dsl dSl dS]_ d31 =0.

By our conformal correspondence from S; to S this geodesic gives rise
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to the curve on S which satisfies the equations
O N AL RN _“’L>_.0
ds, (a dsl> T ds, ( ds; +05 g5, ~0i g5 )=V

d ®; w; ®j 2 da ow; Slw?
ds, < dsl) T ods, ds, T a ds ds —bi ds? =0.

/

Now we assume that a geodesic on S; corresponds to the one on S by
our correspondence. The equations of the geodesic on S is given by

d ; w; o
(22) o (as )+ s a =0
For a parameter s; these reduce to
d_( o oy ey e d's [ds
(23) ds, (ds1 ) ds, ds, ~ ds; dsi/ ds —

Now we assume ;530 for some 7. Then in order that [21) and [23)
coincide it is necessary that

(24) w;=b;/b ds

hold along the solution, where we have referred to >Slw?=ds?, > b}="P.
So if a geodesic on S; corresponds to that of S by our conformal cor-
respondence, it ought to be a solution of As the relation [24)
are invariant under the rotation of the frame we have the same equa-
tions for any frame. We take the frames such that hold. By (3)
and we have

(25) daja=biw;= 3 B2ds/b=b ds,
and by virtue of [22) and (24)

db; ® j; b; db
20 a5 thrds = b s
and also by [(10)
db; i b; d ; .
“ds T _(Z'Js T T a4 7? =p; Zs (not summed for 7).

Putting [(24), [(25), (26) into these equations we get
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bip,-zb,-({’lg —b2> (not sumined for ).

In the case 5;==0 (=1, ---, n) we get

= db g
bi= ds b
and all p; (=1, ---,n) are equal. Thus we get the following result.
THEOREM 2. Let S; and S be conformal Riemann spaces. If the
characteristic roots of the conformal correspondence of S, with S are
all equal, S, and S are each generated by (n—1)-parvametric geodesics
which ave mapped by our correspondence. Conversely if S; and S are
each generated by (n—1)-parametric geodesics and mnone of by, -+, bn
corresponding to certain frames satisfying (10) vanishes, then the
characteristic roots of the conformal covvespondence of S, with S are
all equal. ,
1.3 Now we consider the case in which S; and S are Einstein
spaces. Returning to 1.1 and putting

I1;;= 'é Rijulmemn], 92;;= ‘é* Rl orws],

where Riju=—Rijnm Rijm=—Rijm we get by
Rijn@=Rijmn+ B2+ Di+ D 7)(8:k8 ju— 81 jr)
(not summed for i,7).
Contracting with respect to 7, %2 we have
(28) Ry@*=Ru+ ((n—1)0+ (n—2)p; + 31t 7)8i
(not summed for 7).

Here R;;, and R;; are Ricci’s tensors of two spaces S; and S. If the
two spaces S; and S are Einstein spaces we have

(29) Riy=R/nd;,, Ry=R/néu,

and we get by

(30) R/n @=R/n+(n—1)0+(n—2)p;+ p; (=1,--,n).
J
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Hence all ps are equal if z_>2. Then we take coordinates such that
the line elements of the two spaces are given by and and by
a calculation of the curvature tensor we get the following result of
H. W. Brinkmann

THEOREM 3. If S, and S are n-dimensional conformal Einstein
spaces (n=>3), then the characteristic roots of the conformal correspon-
dence of S, with S are all equal, and in suitably chosen coordinates
X1, -+, Xn the line-elements of S are given by

(31) ds?=dx}+ c(x,)’ds?,

where ds? is a line-element of an (n—1)-dimensional Einstein space
and c(x;) is given by the followings :

const , exp Axy,
cosh Ax,, (A: const.)
X, sinh Ax,, sin Ax, .

1.4 Next we treat the simplest case of theorem 3 in which S; is a
space of constant curvature and S is a euclidean space. Let the cur-
vature of S;be K. Then we have I7;;= — K[m;7;], £,;=0 and by

(33) P+p;+p,=—a’K  (i37).

Hence we have p,=p,= --- =p,, which we put equal to p. Then for
any rectangular frame characteristic roots of the conformal correspond-
ence of S; with S are equal. We take a frame and coordinates x,
-+, %, such that w;=dx;. Then we have o;;=0 and by db;—b;da/a
=pdx;, and so

(34) dbi/a)=p/a dx; .

Hence p/a contains only one variable x;, but as ¢ is arbitrary p/a is
constant and we put p/a=C. In the case C30 we get from the
relation b;/a=Cx; by a suitable choice of coordinates x;, :--, x, and so

(35) bla*= 3 (bi/a)=C* 3] x2.

As b2+ 2p=—a’K by we get C23)x%+2C/a=—K, namely a=
—2C/(K+C?>) 4%) and finally
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2
(36) dsi= éfvxz)z Svax,  dst= S de.

In the case K >0 we take a similar mapping from ds? to do?=K ds®
and from ds® to de’=C%K ds* and put y;=C/y/Kx;. Then we get

(37) df= 4 svap,  de’=3dy?

(14 3398

and in the case K<0 we put do}=—K ds?, do*=—C/K ds?, yi=C/v/ — K xi
and we get

(38) doi=

4
Siady;,  dot= S dyi.
(1— 37
and are related to a stereographic projection in the (x%+1)-
dimensional space. In the case K=0 we get from

(39) dsi= 5 g Sl as=ds
Hence a conformal correspondence in the z-dimensional euclidean space
is realized by an inversion and a similar transformation. Thus we get
a new proof of Liouville’s theorem.

Next we take up the case C=0. Then we have p=0 and by
b;/a is constant, which we put equal to B;, and so

da/a= b;dx,- = aB,-dx,- .

By a suitable choice of rectangular coordinates 3, ---,¥» we get 1/a
=Cy, with constant C and by a similar mapping from ds} to do}=C?%ds?
we obtain

(40) dol= > dyl/y?,  ds*= > dy:.

The former is a space of constant negative curvature and corresponds
to the Poincaré’s conformal representation of the non-euclidean hyper-
bolic space.

It is to be noted that in these cases the characteristic roots are
all equal and the restriction on the dimension 72>>3 is necessary to
derive the fact that all the characteristic roots are equal, and if they
are all equal the above discussion holds good in the case n#=2, too.
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2. Conformally flat Riemann space of imbedding class 1.

2.1 We prove first the following theorem including the results of
J. A. Schouten [1]

THEOREM 1. Let S be an n-dimensional (n=4) conformally Aat
Riemann space of imbedding class 1. Then the characteristic roots of
the conformal correspondence of S with an n-dimensional euclidean
space are all equal except one, and when it is imbedded into an (n+1)-
dimensional euclidean space as a hypersurface the principal curvatures
are all equal except one.

ProoF. Let ¥ be a hypersurface in the (z+ 1)-dimensional eucli-
dean space whose induced metric is given by that of S. We take a
rectangular frame with origin A on ¥ and one of the fundamental
vectors ey, -+, €,,; on the normal of ¥, which we assume to be e,,;,
and e, ---,e, on the principal direction of X. Then the relative dis-
placement of the frame A, ey, ---, e,,; 1S given by

(1) dA=me;, de;=m;e;+kmrie,,, (not summed for i)

since 7,1 =0 and ;1= —7u+1i=k;m; (not summed for i), where k;’s
are principal curvatures of 3. The induced metric of 3, which is that
of S, is given by ds?= > =7} and we have

L

d’n',':[’n'jﬂ'ji], Tij~=— —Tji-
The curvature forms of S are given by

(2) Hz’jzd'n'z'j_['n'ikﬂ'kj]:['"'in+177'n+1 j]: _kikj[w'i’ﬂ'j]
(not summed for ¢,7).

As ds? is a conformally flat Riemannian metric we can put =;=aw; where
S1w? is a metric of a euclidean space. By the relation (7) in 1.1 we
get

(3) II;;=[pirwr, @ j1—[ pjrwr, wil+b{w;w;].

By the comparison of (2) with (3) for #4,,7 which are all different we
get p;;,=0(j=h). Hence a matrix (p;;) is diagonal and we can put
p;;i=p; (not summed for j), and we have, by virtue of (3),

(4) I, ;=04 p;+pjlwiw;] (not summed for i),
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and the frame A, e, -+, e, corresponds to the one selected on S in

such a way that in 1.1 holds. As we have =;=aw; we get, by
the comparison of (2) and (4),

VP+pitpi=—akk; (7)),
and subtracting &+ p;+p,=—a’k;k;, (i=F k) from this we get
(5) Dj—bu=—a*ki(k;—ky) .
Putting j=1, 2=2 we obtain
D1— o= —aki(k,— k) (1=3,4,---,m),

and so if k ==k, then we have ky=Fk,= --- =k, and if k,==k; we have

ky=ky= -+ =k,. Thus n—1 of &, -+, k, are equal and by (5), py, -, Pn
are all equal except one.

Thus we have proved theorem 1. Following the discussion above
we derive some formulas which we use afterwards. By the equation
Amini=[mijmjn+1] and m;u=Fk;m; (not summed for ¢) we have

[dk,-ﬂ',-]+ k;dﬂ';:['n‘ij, kj'n'j] (not summed for i2),

and for ;=1 we get, by virtue of dm;=[m;m;;] and k= --- =k,=k,
(6) [dky, m]=— (ks —k)dm,

and for a=F1 we get

(7) [k ma]=(ki—E)[mami] .

As 7’s are linearly independent we get

(8) (ki— B)ray=—hmo+mymy ,

and dk=hm+ n,m, (not summed for «).

n, ought to be zero because of the linearly independence of =, and
the assumption 2=>3 and so

9) dk="hm,.

We can characterize the hypersurface in the euclidean space whose
principal curvatures are equal except one as follows.
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THEOREM 2. If the principal curvatures of a hypersurface in the
(n+ 1)-dimensional euclidean space (n=3) are equal except one and not
equal to zero, it is an envelope of a one-parametric family of hyper-
spheres. Conversely the principal curvature of an envelope of a one-
parametric family of hyperspheres in the (n+ 1)-dimensional euclidean

space are all equal except one.
Proor. We use the same notation as in the proof of theorem 1

and assume that k,= --- =k,==0, which we put equal to .. Hence we
have 7 n1=Fim1, men1=Fkm, (a=F1) and it follows from (1) that

(10) d(A+ 1/k e,,+1)=7r;e,-+ 1/k Tu+li e,+d(1/k)e,,+1
=(1—ky/k)me +d(1/k)ey.,.

Now by virtue of the relation (6) the equation =;=0 is completely in-
tegrable and along the solution of the equation, which we denote by
v we have k=const. by (9), and (10) vanishes. Hence A+ 1/ke,.; is
a fixed point and the (z#—1)-dimensional subspace v of X lies on the
hypersphere and 3 is an envelope of these spheres.

Conversely let a hypersurface 3 be an envelope of one-parametric
family of hyperspheres in an (z+ 1)-dimensional euclidean space. We
take a frame A,e, ---,e,,; such that A lies on 3, e,,; lies on the
normal of 3 at A and moreover e, ---, e, touch the (z—1)-dimensional
subspace y of 3 which lies on the hypersphere of radius 1/k. Along
v we have ;=0 and so

d(A+1/k ey )=mie;+ 1k myii€;+ d(1/k)ey.
=(mg+ 1k mai14)€0+ 1k myi1€)
should vanish. It follows in general that
Tin1= Ry, Tani1=Rm,+h,m (a31).
As m,.1=0 we get
0=dmup=[meman1]t[mmine1]= A wam]

and as my, '+, ms are linearly independent, we havs %4,=0 and we get
Tons1=Rms. Thus ey, ---,e, touch the principal direction on ¥ and
n—1 of principal curvatures are equal. '
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2.2 Next we shall prove a converse of the theorem 1.

THEOREM 3. If the principal curvatures of a hypersurfaces 3 in
an (n+1)-dimensional euclidean space (n=>3) are equal excepl one, the
induced Riemannian metvic of the hypersuface 3 is conformally flat.

Proor. Let A, e, -, €,,€,,; be a frame attached to > in such a
way that ey, ---, e, are in the principal direction of 3. Then we have
dA=m;e;, de;=mr;;e;+k;me,,; (not summed for 7). ,

We put, by the assumption of our theorem, k,= --- =k,=k. For
the curvature forms we have

]]ij=d7rij—"[7r;k7rkj]=—kikj['n',-'n'j] (not summed for Z,]) ,
(11) HNB: —kz['n'w'”'ﬁ] (a; B=2; Tty n) .

The purpose of our proof is to show the possibility of choosing @, w;,
w;; such that

T —aw; , dwi=[ijji]: W= ""Wji, dwij=[wikwkj]-

For that purpose we consider in the first the equation in /;,

pi=dl;+ lymy; — bilymr,— mim; =0 (not summed for 7),
where m, m; are such that

(13) my= - =my=m=(k2—1%)/2, 12=§_}li2,

(14) —my+m=~k*—Ekk,.

We show that are completely integrable. Under the assumption
pi=0 we have

(15) dllim;)=[dlym;1+ Ldm;
=[—hempi + lilpmp+ mimy, mi]+ Lilme, mr]=0),
dl?)2=lLdl;=—l;lympi + Vlpmry + Limimr;
=%+ m)lyrrp+ (my— m)byry,
dm=dFkr?*/2—dl*/2=kdk— 12+ m)lym,—(my—m)r; .

By virtue of the relation (7) and (9), which hold good in our case,
and we get



26 M. KuriTAa

(16) [dm, mi]= --(Z+m)lymp, m],
Ldm, w,]= — (L2 + m)[ Lym g, 7wo]— (my—m)h 7y ]+ (10— m) 7 gy ]
So we get under the assumption p;=0, which implies [15),
dp; = bydmyi +[dl, mril—[dli, Lyl —[dmy, wi]l—midm;
=lpdme;+ [ — lyman+ Ddyme+ mpmy, il
—[—lemri + Ll + mym, Ly ) —[dmy, il —mydr;
= L1 1+ mp[ 7y i ] — mL i, U] —[dm;, mi]l—mydar;
(not summed for ¢ in each row).

In the case ¢=1 this reduces to

dpy=1nI1 py + ml 7y o] — my[ 7y, Ly ]—[dmy, mi]—mydory
= — kR[] —mi[my, L] —[dmy, ] — (my—m)dimry
=(my— kky)[lymry, m]—(my—m)dm,—[dmy, =] .
We get from (9), and (6),
Ldmy, m]=[—2kdk + k,dk+ kdk,, =]+ [dm, ]
=[kdk,, m]+[dm, 1= —(my—m)dnmy— (12 +m)[ Ly, m].

As —(my—kk)=102+m by [13) and [(14), we have dp,=0. For a=F1 we
have, by (17) and [(13),

dpa=III pu+ m[mpmrpe ]+ (M —m) w1701, ]— Ml 774, Ly ]

—[dm, w,]—mdm,

= —klymp, wol— (RBik— B lyry, o]+ (my—m) ary7r4,]

- m['"'m lh'"'h] - [dm’ 7Tu]
=(m— 2\ lym g, mol— (my—m) [y ]+ (my — m)[ 7 yyr ] —[dmear ]
=0.

Thus are completely integrable. As is seen from lim; is
a total differential and we take a such that —da/a=1/;#;, namely

o(3)/ (3 )t
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Putting w;; =+ bimj— Ly wi=m;/a,
we get by the discussion of 1.1
dwi=[wjw;], W;j= "W
and as corresponds to in 1.1 we have by in 1.1,
dw;j—[wizwr;]=IT;;+ (8P + mi+m ) mim ;]
=(—k;kj+ 2+ m;+m ;) ;] (not summed for i,7),
which vanishes by the relation
— R+ 1242m=0,  —kk+2+m+m=0

owing to and (14). Hence Se? is flat.

In the case #=>4 our theorem can also be proved by the vanishing
of conformal curvature tensor.

2.3 Lastly we prove another converse of theorem 1.

THEOREM 4. We assume that a Riemann space S is conformally
Aat and its characteristic roots relative to a euclidean space are equal
to p except one and moreover that p<—b*/2, where b is defined by (8)
in 1.1. Then S has an imbedding class 1.

PROOF. We use the notations as in 1.1. Let the metric of S be
given by

(18) : dsi=> i, T =Aw; ,

where ds*=>w? is flat. Then we have

(19) 'dw,-=[ijj,'] ’ W;;= —Wj;, dw,-_,-“-:[w,'k(okj] .

Putting p,= --- =p,=p, pila=q;, ¢:= - =q»=q, bi/a=c; we get
by (13) in 1.1
dc; + crwp; = q;w; (not summed for 7).

By taking an exterior differential we obtain
[derwri ]+ cpdwri =[dgiwi]+ q;dw; (not summed for 7).
Eliminating dc, by we obtain

— il opprwp; 1+ Gl wpwril+ Crdwri=[dg;w; 1+ gidw;
(not summed for ).
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By virtue of the relation we get

gl oo l=[dqiw;]+ g;dw; (not summed for 7).

For =1 we have

(21) [dqy, 0]=(q1—q)dw; ,
and for a=F1 we have
(22) [dq’ ww]:(Q1_4)[wlwlw] ’

and so we get
(@1— Q)01,=Swu+ 7,0, dg=sw+tl,0, (not summed for «).

As >3 and w,(a¢=2, ---, n) are linearly independent we get

(24) dg=sw;.
Now take k&, &k, such that
(25) i+ 2g/la=—k?, c+(qg+q)/a=—Fkk,,

where 2=31¢?. This is possible because by our assumption we have
A+ 2g/a=(B+2p)/a><0. Then we have

(26) —(@1—q)/a=k(k,— k).
From we get |
dcy2=d(3c})/2=cidci=ci( — Ckwp; + giwi) = ¢ Giw;
=4qciwi+(1—q)w1=q da/@+ (1 —q)cw: .
By taking a differential of we obtain

dci¢—2q da/a®+ 2 dg/a= —2k dk .
Hence we have

27) (1— 9w+ dg/a=—Fk dk .
Now we put ky,=ky= --- =k,=Ek, 7,.1=0 and
(28) 7r,-,-=m,~,-+ac,-wj—ac,~w,- ,

7r,,+1,,+1=0, 7T;,,+1=—7rn+1,-=k,-7r,- (nOt summed for i).
Then we have
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d”ri=[77'j7"ji]+[77'n+177'n+1 i] ’ d77'n+1‘=[7ri77'in+l] ’

and by in 1.1 and
dm;j—[ e ;1= (0% + pi + P ;) w;o 5]
=(C+(q; +q;) ) mim j1= — kik j[mym ;]1=[Tin17n41 4]
(not summed for 7,7 in each row),
d7Tn+1n+1=O:[7Tn+liy 7T,'n+1] ’
and so if we verify

dmini1=[m;;mjn+1l

all the structure equations in the (#+1)-dimensional euclidean space are
satisfied and moreover =,.;—=0, and S can be imbedded into an (nz+1)-
dimensional euclidean space. By virture of the relations (22), (24), (27)
we get

(29) [da, m ]1=[dq, aw;]=0,
(30) [dk, w1 1= —1/k[(q1—g)cr01 + da/a, ain]=0,
[dk, )= —1/k(a,— q)owor + da/a, aw,]
= —(g1—q)/k(aclwiw.]+[ww1]) -
Hence we get by virtue of and
(31) [dk, m,]=(ky—E)[mmal.
Differentiating we obtain
(@1—q)da/a®>—dq,/a+ dg/a=kdk,+ kidk—2kdk .
Multiplying this by =; and considering (21), (29), (30) we get
(@1—a)/alda, m1+ (g1 —q)den=K[dky, m],
and by virtue of ’
[dky, 1= —(k,— k)([da, o]+ adw,) = — (ky— k)d(aw) -
Hence we have '

(32) [dky, m]=—(ky— E)dm, .
By virtue of we get
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d7"ln+l_[7"'lj7"j nil]=A(Rymy) —[ 714, kw,]

=[dk;, m]+ (ky—k)dm =0,
and by (30) we get

dmynir—[maiminn]=d(km ) — k[ imi]—(ky— k) gm]
=[dk’ 'n'm]__ (kl_ k)[wwlﬂ'l]: 0.

Thus we have proved theorem 4.
If the Riemannian metric of S is given by

ds=a 3 dx2,

we can take frames such that «;=dx; and hence w;;=0. Then putting
a=log a we get, by virtue of (3) and (9) in 1.1,

. oa _ 0« da  oa
bi=-"—, pir= — .
ox; 0X:0Xs, ox; 0x

Hence we obtain the following theorem.
THEOREM 5. In order that a Riemann space with a melric ds*=
@) dx? be of imbedding class 1 it is necessary and sufficient that the
a0 »vaa‘_ﬂ)
0X;0Xk 0x; o0xg
(e=log a) are equal except one and the common value of these roots
is smaller then —1/237 (-2 ).

characteristic roots of a symmetrvic matrix (
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Nagoya University.
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