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1. Introduction.

In a previous paper? we have discussed from a stochastic view-
point the distributions of genotypes in the next generation originated
from an original generation with a given distribution after a panmixia.
In succession, we shall now deal with an analogous problem concerning
mother-child combinations.

Consider again a population of size 2N consisting of N females
and N males, and observe a single inherited character which consists
of m multiple alleles at one diploid locus denoted by

A; (=1, ---, m).

Let the given distributions of the genotypes {A,4,} in females and in
males be designated by

%z{Fab} and SJ}={Mab} (a, b:]-’ ---,m;a__<:b),
respectively, so that

Z Fab: 2 Mab:N.
asb asb

The order of genes in a genotype being immaterial, both genotypes
A,A, and A, A, are identified each other even when the suffices ¢ and
b are distinct. Accordingly we put F,,=Fy, and M,,=M,,.

We now observe a mother-child combination, designated by (A,A4;;
A:A,), which consists of a fixed pair of mother’s type A,A; and
child’s type A:A, and introduce a stochastic variable X extending

1) Y. Komatu, Distributions of genotypes after a panmixia. Journ. Math. Soc. Japan
6 (1954), 266-282.
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over integers contained in an interval
0 X < F.
We then designate by
v(aB; &l X) = w(aB; &) X1%; M)

the probability that after a panmixia the mother-child combination

(ALAg; AcA,) amounts to X, each mating being supposed to produce
one child. The probability-generating function is then defined by

Fd
0(aB; b D=0(a8; 121 W)= 33 ¥(a; énlX)e%,

z designating an indeterminate variable.

The main purpose of the present paper is to establish explicit ex-
Dpressions for probability-genevating functions of all the possible mother-
child combinations.

The dependence of ¥ as well as @ on the original data has been
indicated explicitly by %; 9. However, it is a matter of course that
for a given pair (A,Ag; A:A,) these quantities are really independent
of the F’s except F,z and of the M’s possessing no suffices in common
with the given pair. Such a reasoning will be fully availed in the
following lines. |

In a series of previous papers?, we have dealt with analogous
problems far extensively but with few preciseness. We have considered
there a population of infinite size and studied merely the means of
distributions on various definite combinations, and shown especially
the following results: Suppose that the distributions of genes in female-
and male-populations are both in equilibrium states and let their
relative frequencies of genes be designated by

gF) and piM) (i= 1» Ty m)’

2) Y. Komatu, Probability-theoretic investigations on inheritance. I-XVI. Proc. Japan
Acad. 27-29 (1951-1953); especially IV. Mother-child combinations. 27 (1951), 587-620
and 29 (1953), 68-77. For another sort of generalizations cf. Y. Komatu and H. Nishimiya,
Probabilistic investigations on inheritance in consanguineous families. Bull. Tokyo Inst.
Tech. (1954), 1-222 of which preliminary announcements are found in Y. Komatu and
H. Nishimiya, Probabilities on inheritance in consanguineous families. Proc. Japan Acad.
30 (1954), 42-52, 148-155, 236-247, 636-654; cf. also Y. Komatu and H. Nishimiya, Lineal com-
binations on a Mendelian inherited character. Rep. Stat. Appl. Res., JUSE 3 (1953), 13-22,
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respectively. Then, the values of the probability of mother-child com-
bination (A,A4s; A:A,), designated by =(aB;&7), are given as follows:

(it i) =pFpD, w(it; ik)=pF2pRP,
w(if; i) =pPpP M, w(if; i) =P (oM + pMP),
w(if ;i) =pPpFp (i==7; k=i, 7);

it is evident that =(aB; &n) vanishes out unless A,A; and A:A, possess
at least a gene in common. The results of the present paper will give
a generalization of the previous results listed above.®

2. Probability-generating functions.

i. (A,A,; A,‘A,‘).

For mother-child combination (A4;A4;; A;A;), the problem is reducible
to one concerning two different genes. In fact, since the distinction
among the genes except A; is here a matter of indifference, these
m—1 genes A, (b=Fi) may be gathered to an aggregate playing a role
of an imaginary gemne, A, say. We put

2 M5=Miwx 2 Maszwm,

bxi a,bxi
asb

and imagine that the male-population consists of M;;, M;, and M,
individuals of genotypes A;A;, A;A. and A,A., respectively.

We consider a partition of these N males into two classes accord-
ing to genotypes A;A; and not-A;A; of females to be married. Namely,
let each of M;;, M;,, M., individuals in male-population be divided into
two classes, empty classes being admitted, in such a manner

M;; =y +(M;i—yi:), M;,=yo+(M;,—yi.),
Mww=yww+(Mww_‘yww); Fiz': ii+yim+yww'

Let now the matings take place such that y;;, v;. and y,, males of
genotypes A;A;, A;A. and A,A., respectively, are combined, as a whole,
with F;; females of genotype A;A;.

3) Papers closely related to the present paper will be published in Rep. Stat. Appl
Res., JUSE 3 (1954) and Kodai Math. Sem. Rep. (1954).
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All the permutations of N males consisting of M;;, M;, and M,,
individuals of genotypes A;A;, A;A. and A,A., respectively, amount
to

N.’/M“!Mm! Mww!)

while the permutations of F; and N—F; males to be married with
females of genotypes A;A; and not-A;A;, these males consisting of y;;,

genotypes A;A;, A;A., A.A., respectively, then amount to
Fii!/yii!yiw!ymm!, (N_Fu) !/(Mu— ﬁ)! (Miw_yim)! (Mww—ywm)!-

On the other hand, it is supposed that any mating produces each
of four possible genotypes equally likely, that is, with probability 1/4.
When some of genes involved in a mating are coincident and hence
two or four of the genotypes to be produced are identical, the pro-
bability is then, of course, interpreted as the corresponding sum,
namely, as 1/2 or 1, respectively.

Now, a male of genotype A;A;, A;A. or A,A, produces, together
with a female of type A;A;, a child of A;A; with probability 1, 1/2 or
0, respectively. Consequently, the generating function for the present
combination is given by

Fi;
Qi; i) 2) = @lii; ii| 2| Fyi; M;, M;., Mw)=)§}0¥f(z‘i: it| X)zX

i MMM, R (N—Fy)!
=& N! 5 Vil Yio! You! (Mii—3i)! (Mio—Yiu)! (Muo—Y0o)!

ERPZY CORCO

the second summation extending over all the possible partitions repre-
sented by the sets Hy=(3;;, Vie, Vuo). Performing first, by means of
binomial identity, the summation with respect to X, we get
Sh e a7 — Mz! Mw!Mww!
Qi ii|2)= — TN
s Ful (N—F)!
b yii!yiw!ymw! (Mii— ii)!(Miw_yiw)!(Mwm—yww)!

X
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. gVii (_M‘z‘}l‘)yiw .

We now introduce, with parameters #; and £, an expression defined
by

as o . M,‘,‘!Mim‘!_Mmm!
@(ll, u l Z]ti’ tm)_ — N! tfuﬁthiw

Fii —Fiz
-(t;z+tm%l~ +1> (t;+t,+ 1)V Fii

Our generating function @(i7;é|z) is then given by the constant term,
i.e. the coefficient of the term t%? in the Laurent expansion around
the origin of this expression regarded as a rational function of two
variables ¢# and #,. It is convenient to introduce a further expression
defined by

il (N=Fi)! Myl My, M.t

Qi il z]s; tt.)= N2 sFii gMii fMic

A(sz+1)(t+ ‘i;) +(s+ 1)( ’Zw +1)}N.

Then our generating function is given also by the constant term in
the Laurent expansion around the origin of the last expression regarded
as a rational function of three variables s, ¢; and £.,; here, as defined
above,

Mim:—‘b;%b, Mww—_“ bZﬂF Mab:N——Mii_Mim'
! G<b

It would be noted, in passing, that, while the expression @(i; iz| z|
s; t;,t,) introduced above is inhomogeneous with respect to #; and 2.,

it may be substituted by a suitable homogeneous one by appending a
new parameter. In fact, if we introduce an expression defined by

ee 2ol . _ Fii!(N_Fii)!Mii!Mw!Mmm!
Oit; 712 s; iy Loy bou)= 'Nig sFii tﬁl,,t"lu{{wftﬁmr—#

. {(sz+ 1)<t,~,-+ lg")+(s+ 1)(1517 +twm>}N,

then our generating function can be obtained also as the constant
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term in the Laurent expansion around the origin of this expression
regarded as a rational function of four variables s, ¢;;, ¢, and £... It
is evident that there holds a relation

D1 512185 Lis, Liny Loo) = D1; 111 2] 8} tiiltwws bLio/tow)

Quite similarly, the last expression may further be substituted by an-
other expression defined by

¢(ii; iil 4 I S,’, sm; tii, tiws tww):¢(ii; iilz [ sz'/sm; tii/tww) tim/tmw))

which is homogeneous with respect to five parameters s;, S., i, ;.
and /...

On the other hand, the generating function @(¢i;4i|z) itself is
expressible by means of a contour integral. In fact, there holds, for
instance, a relation

0iis 819 = ~gm—yy | @i i1zl 8, 1) B et

’

where the triple integration is taken along the unit circumferences
|S|:1) ltxlzly |t¢nl=1

in the positive sense on the respective complex planes.
Analogous remarks apply also to the combinations which will
appear subsequently, though they will not be repeated explicitly.

ii. (A;A;; A;Ap); k=i

For combination (A;A;; A;Ar) the problem is reducible to one
concerning three different genes. In fact, since the distinction among
the genes except A; and A, is here a matter of indifference, these
m—2 genes A, (b=Fi, k) may be gathered to an aggregate playing a
role of an imaginary gene. But the problem can be reduced really to
a more simplified one. In fact, the genotypes of males which can
produce, together with a female of type A;A; a child of A;A; are
those involving at least one gene A,;. Hence, it suffices now to classify
N males based on this gene A,. We thus introduce an imaginary gene
A, by gathering m—1 genes A, (b=Fk), and put accordingly

szb:Mkm' Z Mab:Mww-

bxk a,bxk
=
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We consider a partition of N males under consideration into two
classes according to genotypes A;A; and not-A;A; of females to be
married. Namely, let each of My, M, M,., individuals in male-
population be divided into two classes in such a manner

My, =ypr +(Mpz —Yir ), Mi.= Yo+ (M, —Yio)s
Mwm =ymw + (Mmm —ywm) ; Fii :ykk +ykw +yww-

Let now the matings take place such that vy, ¥, and y.. males of
genotypes ApA,, AzA. and A,A., respectively, are combined, as a
whole, with F;; females of genotype A;A;.

A male of genotype A.A:, AzA. or A.,A. produces, together with
a female of type A;A;, a child of A;A, with probability 1, 1/2 or 0,
respectively. A reason similar to in the preceding case leads now to
an expression

Fii
QUi ikl 2)=(ii; ik|z| F;;; My, M., Mww)ZXZE) v(i; k| X)zX

_ Fii Myp! Myp,! M,,,! - Ii“," - (N—F;)!
%50 N! 5 Ver! Yeol Yool (Mpp—Yer)! (Mpo—Y2)! (M uo—Y o0)!
. yii( Vio ><i>x_ykk (i)yk"’_xwkk
2\ X—yu/\ 2 2
— Mkk!Mkw!Mmm! al Fii! - o ,(N_Fu)!
N! 5 Ver! Yeo! Voo! (Mpp—Ype)! (Mpo—Y10)! (Moo= 00)!
¥ z+1 ke
- 3 kk( > > .

Finally, if we introduce the expressions defined by

ee o . Mkk! Mkm! Mum!
Q(ii; ikl z|ty, t.)= TN Mk M

F::
. (tkz+ t, ~-zJ2“1»~ +1) "ttt N Fu
and

Fyl (N=—Fu)! My! Mp,' M,,!

Qi ik|z|s; ty, t.)= N1z gFii tgfkk Mk
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-{(sz+1)<tk+ ’2 )+(s+1)( tz +1)}N,

then our generating function @(ii;ik|z) is given by the constant term
in the Laurent expansion around the origin of either of these ex-
pressions regarded as a rational function of variables #, and ¢, or s,
¢, and 1, respectively; here, as defined above,

Mszbngkh Mmm: Z Mab:N—'Mkk—Mkw-

abxk
a=b

iii. (A;A;; A;A); i=].

For combination (A4;A4;; A;A;), the problem can be reduced in a
fairly similar manner as in the preceding case. The genotypes of
males which can produce, together with a female of type A;A4; a
child of A;A; are those involving at least one gene A;. Hence, it
suffices now to classify males based on the gene 4,. We thus introduce
an imaginary gene A, by gathering m—1 genes A, (b7=¢), and put

S M;,=M,,, >SS My=M.,,,.

bxi a,bxi
asbd

We consider a partition of N males into two classes according to
genotypes A;A; and not-A;A; of females to be married. Put

M, =y; +(M; —y; ), M;,=y,+(M;,—¥.,),
Mwwzyww'*'(Mwm_yww); F‘ij:yii"-yim'*_ymw,

and let the matings take place such that y,;, y;, and y.. males of geno-
types A;A;, A;A., and A.A., respectively, are combined, as a whole,
with F;; females of genotype A;A4;.

A male of genotype A;A;, A;A., or A,A, produces, together with
a female of type A;A,, a child of A;A; with probability 1/2, 1/4 or 0,
respectively. A similar reason as above leads now to an expression

Fyj
0 i1 2)= @i i | 2| Fyys M, M, Mo)= 33 703 ] X)2%

Fij Mu! Mimf' Mw(o}” §ELV“ ] (N—E_i}! B o
& Nt S il Vil e (Mi—yi)l (Miu =) (Maa =901
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TN CONC IR CONC A
M;'M;,,'M,,! F;;! (N—F;;)!
= N Dyl (Mo =3l (Mia—5:)l (Maa =300}

(e

Finally, if we introduce the expressions defined by

M;'M,;,' M,,!
N1 1M (i

Q(ij; ii l 2 l ti’ t(-)):

Fi; _
- (# zgl 1) Y+ )Y

and
N2 sFid ¢Mii (Miw

(s z—2+1 1)1+ %>+(s+l)<% +1)}7,

then our generating function @(i7;¢|z) is given by the constant term
in the Laurent expansion around the origin of either of these expres-
sions regarded as a rational function of variables ¢ and ¢, or s, # and
t., respectively; here, as defined above, ‘

@Gj; ilzls; t;,t.,

Mim: EMibl Mwm: Z Mab:‘N—Mii_Mw-
b¥i %2};1

iv. (A;A;; AA)j); i
For combination (A;A;; A;A;) the problem is reducible to one
concerning three different genes. In fact, since the distinctionn among
the genes except A; and A; is here a matter of indifference, these
m—2 genes A,(b==i,7) may be gathered to an aggregate playing a
role of an imaginary gene, A, say. We put accordingly
EMI):Miw) z Mjb:Mjw: Z Maszww:

b¥i,j b¥1,7 a,gf;;.j

and imagine that the male-population consists of M;;, M;;, M;; M.,
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M;, and M, individuals of genotypes A;A;, A;A; Aj;A; A;A,, A;A,
and A,A., respectively. But it is supposed that a male of genotype
A;A;, A;A; A;A; AA, AjA, or A,A., produces, together with a
female of type A;Aj, a child of A;A; with probability 1/2, 1/2, 1/2, 1/4,
1/4 or 0, respectively.

A glance at the circumstance stated just above suggests a pos-
sibility of further reduction of the problem. Namely, so far as there
concerns mother-child combination (A4;A;; A;A;) three genotypes A;A;,
A;A; and A;A; as well as two imaginary genotypes A;A, and Aj;A,
of males behave themselves, respectively, in quite the same manner.
In fact, anyone in the former group or in the latter group produces,
together with a female of type A;A,, a child of A;A; with the same
probability 1/2 or 1/4, respectively. Consequently, two genes A; and
A; in the male population may also be identified and hence gathered
to an aggregate A,. We put accordingly

M;,'+M,'j+ij=Mom, M;,+M;,=M,,.

We can then proceed quite similarly as in the preceding case of
combination (A4;A;; A;A;) by substituting M,,, M,, and M, instead
of M;;, M;, and M,, in the preceding case, respectively. We thus get
for the generating function an expression

Fyj
¢(lj; lle)EQ(ij; ijllelJ; Mwm Maun Mww):XZﬁ:) q/(l:i; 2le)ZX

Maw! Mww! Mmm th! (N—Ej)!

= N! 5 Yaal Yool Yool  (Mag—Yaa)! (Moo= Yau)! (Moo= )

( z+1 )y¢a< z+3 )yaw
2 4 ’
where the last summation extends over all the sets of non-negative

integers Y)=(Yuu, Yaw, Yus) Satisfying the relations

ya'/ngday yangdwy ywwéMww;

yww+ydw+yww= iJ

The generating function is finally given by the constant term in::
the Laurent expansion around the origin of either of the expressions
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ﬁMwwLMw«;! 7me!7

N gl

Q@i lzlts, t.)=

Fij
- (ta ~—»Z—J2f—1~ +2, —z—zi +1) 7 (tate o+ 1)V

and
F,J! (N_'F,j)! me! Ma'/m! Mmm!

¢(ij; i] I V4 ] S; tw, t(,,)z N!“)' sFij tinmw thw(o

: {(s -—zf?ji~ + 1><tw+ —t2"L> +(s+ 1)<~;& + 1)}N

regarded as a rational function of wvariables ¢, and ¢, or s, £, and ¢,
respectively; here, as defined above,

M,o=M;;+M;;+M;;, Mwm:bgj(Mib'l”Mjb)’

me: 2 Masz—Mww—Mww-

a,bi,j
asb

By the way, if we had introduced an imaginary gene A, alone,
we would obtain an expression

D7 i71zls;tintijytij, tios tin)

Fijt (N=Fi ) Mt M3t M 1 Mt Mt M

P F; M.- MT_M. . M.ll) M'
NPT 50507 15577 b 854 ”

A(s s L )t tig b+ —fii;tjff’—>+(s+ 1( t""’;t"’i +1)}N

which implies the generating function

¢(ij; ile)E¢(ij; ijllelj; Mb Mij: ij, Mz‘w, Mjm: Mwm)

_ MM M M M M Byl ]

o N! 7 Vil Vil il Yiel Yjol Yool
(N—=F;;)!

‘< z+1 >yii+yij+yjj< z+3 )y,-m*fyjm
2 4
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with a range of summation given by
Vi M, i, <M, v Mj; Vie=Miu, Vi< Mju, ViuM,.;
Vit Vit yiitYViot Vot You=F;;

as the constant term in its Laurent expansion around the origin, the
relevant variables being s, ¢, ¢;;, t;;, t., and t;,.

v. (A;Aj; AA); BT k=1,
For combination (A;A;; A;A:), we introduce an imaginary gene
A, by gathering m—1 genes A, (b=Fk), and put accordingly
E Mkb:Mkl'U bZJ‘kMab:Mmm'
abx

b¥k
az=b

A male of genotype A,A4,, A,A., or A,A., then produces, together
with a female of type A4;A;, a child of A;A, with probability 1/2, 1/4
or 0, respectively. Consequently, the circumstance is quite similar as
in case of combination (A4;A;; A;A;) or (A;A;; A;A;). We thus obtain
for the generating function an expression

Fij
@17 ; ik 2)=@(iJ; ik | 2| F;;; My, My, Mm,.,)=XZ_0¥f(ij; ik| X )z*

_ MMM, Fit (N—F;))!
N! b ykk! ykm! ymm! (Mkk —ykk)! (Mkw _ykw)! (Mww _yw(o)!

( z-:lz-l )ykk( z1~3 >3’km,

N

the summation extending over all the sets of non-negative integers
Y= V&g, Yios Yoo) Which satisfy the relations

Yer S Mkk’ Vio :<j Mkm’ Yoo :<_:Mmm s
3’kk+ykw+yww= ije

The generating function is finally given by the constant term in
the Laurent expansion around the origin of either of the expressions

My M) M.\

@(ij; ik| 2]t t.)= N1 £Mks M
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(t —z*zfl— +2, ZZS +1> Myt + 1)NFid

and
0(is; ikl 2|53 by to) = i N Ml ML M

NEs Fij tM/ek thw

{(s 2+l +1><t + )+( +1)( 5 +1>}

regarded as a rational function of variables #;, and ¢, or s, f, and f£,,
respectively; here, as defined above,

Mkw: EMkb’ Mww Z Mab—'N*Mkk Mkm'
bxk aa.fbk

3. Means of stochastic variables.

We have established in the preceding section analytical expressions
for the generating functions in all the possible mother-child combina-
tions. By making use of them, the means of respective stochastic
variables X’s can be readily calculated. In fact, for a combination
(ALAg; ALA,), the mean of X=X(aB;¢&n) is defined by

~ Fwﬁ d@
X(aB; &)= > X¥(aB; én| X)= 4 (aB; én|l).
x=1
Actual calculation will be performed in the following lines.
i. (AA;; AA).
Differentiation of @(ii;¢|z|s; ¢;,t.) with respect to z leads to

d¢ se, v s — Fll' (N 77-E”‘)'7 Mn’ Mzw’ Mww'
i (58] z]s; 8, t.)= NI sFii Mii gMi

{(sz+1)<t >+(s+1)< 2“ +1>} (t,-+ —;"’-)

whence follows, after putting z=1,

dQ s, oo sy . Fii! (N_Fu)! Mii! Miw! Mww!
dz (u’ ZZI 1 l S, tn tw)"" N2 sF,‘itz{Wiﬁlyim
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« N(s+ 1Nt +¢t,+ l)N‘ls< L+ —3”—)

Consequently, by separating the constant term in the Laurent expansion
around the origin of the last quantity regarded as a function of variables
s, t; and #,, we obtain

do_(;i- ii|1)
2

X(ii; i) = 5

R M) LR (e g M)

bxi
ii. (A,A,;A,Ak), k:}:i.
Similarly as above, it follows

fi¢ (iz'; ikl 1 I S; tk, tw)': l‘_ii! (N- Fu)! Mkk! M,k'i’!,M"""!,
r4

N2 sFii (M Mo

- N(s+ 1)Vt +t.,+ 1)N'ls< Lt %)

Consequently, we obtain

Xii: ik)= Zf (it; ik | 1)

= % Fii<Mkk+ »Agk"*>= _11\7Fﬁ(~Mkk+ E—]Wk—").

iii. (A;A;; AA)); i
We get in turn

ap ;... :: . _ F; ;! (N'—Fi ! M Mim! M.,
dz (Zj, 11 I ] Isr ti; tw)_' —J—]—vﬁséﬁy"’t({d,;—.——“

. N-1(¢, N1 S (44 o
Nis+ DV At b b 17 S (g o),

Xijs i) = ‘g @i7; §i] 1)

= N (M S5 )=y e (M 315,
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iv. (A;A;; A;A); i=7.
We get
sz! (N—sz)! Maw! Moam! Mww!

N2 gFij Maa Maw

4D (3. 411]s; £, te)=
dz

) N-1 N-1_S_ o
N(s+1)" 1tk o+ DV (tw+ 2),

Xj; if) = idf— s i711)

e )
— J]\T—gi-i(Mﬁ_*_lgi Z_‘g"i +M;;+ Igﬁ]‘%{',{).

v. (A;A;; A;Ay); is=f; k31,5
We get

ag ;. ; : — Fil(N=F;))! My! M\ M.,,.}
dz (iF;ik|1]s; b, t)= = N sFid tﬁfk’é'iﬁfkw .

. N-1 N-1_S o
N(s+ DNty +t.+1) 2<tk+ 2),

Rijs ik)= ~-‘f§z’ (i »ik|1)

LB (g Moo ) LB (a5 M),

These results are quite plausible. In fact, the relative frequencies
of the genes A; (i=1, ---, m) in male-population are given by

o= 1 (pr. M, =1 ..
o= (M 33 M) (=1, -, m),

respectively. By making use of the quantities thus defined, the results
derived above can be expressed in the form

X(ii; ii)=Fup™, X(ii; ib)=Fp0,
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X(ij; it)=F;, —;- M, X7 if)=F -;— (P04 pID),
Xiij; ik)=Fiy -1 p (i%7; ki, g).

If the male-population is, in particular, in an equilibrium state,
the quantities p’s now defined coincide, of course, with those used in
§1. Further, if the female-population is also in an equilibrium state,
the relative frequencies of genotypes are expressed by

Fu/N=py?,  Fou/N=2pp)”  (a,b=1, -, m;abd).
Accordingly, the means X’s are then expressible in the form

)Z'(ii; ii)= Nng)Zng)’ )?(ii; ik)= Nng)Zp(kM)’
X(if; ii)=NpPpPp™M,  X(if; if) = NpTpF(pM + pM),
X(i7;ik)= NpPpPp, (=FJj; k=Fi,7),

and consequently coincide identically with the #’s multiplied by N:

X—(a/@; 57))_—'N7T(C(,8;§7]) (aa A, &)”zl, ) m)-

4. Variances.

In order to express the quantities concerning the moments of higher
orders in clearer forms, we again avail an abbreviated notation defined

by

. Al _ 1) (A — —
[A™]= (A—m)! A(A—1)--(A—n+1) (n=0,1,---, A),

or more generally
[2(Ay, -, A= 5 @nena LTLALT
for a polynomial of any number of arguments
Ay, -, A= D an.n ﬁ A,

Now, it is readily shown that the differentiation of @(i; iz|z|s; ¢;, ¢,)
n times with respect to z leads to
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Fl (N—F)! Mt MM

ar@
” N SFiit:Viiti‘,fim

——=(dt; di|z|s; t;, 1,)=
dz ( 12| :

. n! . _teL __ti }N—” n( f. _t"_t 7
[N"] {(sz+1)<t,+ : )+(s+1)( L +1)}" s (t+ : ),
whence follows, after putting z=1,
¥,4n¢ 17 17 . f, — Fu',(N—;Et)'Mn' Miue!‘,]_\w,@'sa!,
dfzf"w(u’ ill]s; b t)= =" - N st tMii gMio -
LNAT (s DVt A DY 778+ —;a)".
Consequently, by separating the constant term in the Laurent expan-
sion, we get :

ArQ s . 1 U

—= (it 1| 1) = ——— [(NX(z; a2))* ],

T i3 i1) = o [NKGs i),

where the relevant variables in the bracket-notation [ ] for the second
factor are F;; and M;,(b=1, ---, m); as shown above, we have

NX(i; it)=F; <Miz’+ IE “]\gii)

In quite a similar manner, we can conclude that there holds a
general formula

arg . _ 1 =3 . all -
fngnﬁ (aB; En|1) TN‘,;T“ [(NX(aB; &n) ] ;
the relevant variables in the bracket-notation for the second factor are
F,; and the M, appearing essentially in the expression for NX(agB; &7).
By means of the last formula, any moment of an arbitrary order
can be readily computed. As an illustration, we_shall here deal with
the variances.
Now, the variance of X(aB; &n) is given by

Fd ~
var X(ag; bn)= 33 (X—X(aB; en)Pr(s; £91X)

F, ~
— Xgﬁi([)@]@ X)o(aB; &n|X)—X(aB; En)?
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= __~_(a3 £n|1) + X(aB; &9)— X(aB; £n)

Since the value of X(aB;&n) has been already determined, it is only
necessary to substitute the value of the derivative of the second order
which follows readily from a general formula established above. For
the sake of completeness, we shall set out below the values of variance,
after classified according to several distinguished combinations, in more
concrete forms.

In general, if the relevant variables in the bracket-notation are
Yola,b=1,---,m;a<b; Y,=Y,,), then we get

|(var m o) [=(vir 2 Yo )= (var 3-5),

(e 3 5 e 3 5]

ijA~ _ _Z"j_ - -
=(Yut m o Yot 55 ) ().
Hence, introducing, as before, notations defined by
ow_ 1 (ar My 1 ..
pi - N <Mu + ;L;II 2 ) (Z 1, ’ m)’

we obtain the following results:

var X(ii; &) = F(F;—1) (szngz _Np; ;"Mu )+Fn (D F2 w2

N(N—-1)
Ao T L )5
s 0 = P (. MM ) g
— ]]va” {pavn(l p(M))< 5‘\[ )+ _; (p(kM)_ Aj{;k)Ei%_l_}

(k=F1),
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Fi(F;;—1) M2 NpM™ + M
var X(Z], i) = — *N*(N:.lj - (Nz 4' """ — "’*'8*" - )
P oz
+r, Pty —ry
. _NF’J 1 M (M Fij
= N-1{a e (- )
]- u Fii_l . .
+ 5 (30— N ) T G
. ( ) p(M)Z Np(M)_,_M p(M)Z
. z] i i r;
var X(ij; ) = N(N =) < — g + N?
Np‘,-M>+M i P‘M’P‘M’ M;;
— R e )
D+ v (D0+ PP
+F,; TP L Ine
1 2 17 4
NF;; (1 F;;
::N—l { i (p(M)_*_p(M)) ng)__ ]\f] )
1 Mii+Mij+ij Fij'—]- 1
" §<3(pM)+p(M)) N j ) N }
(E=F7),
o Fy(Fy—1) o pM? NRO+ M,
var X(ij; tk)= — N( N—1) <N 2 B e S "‘>
5@M) p(M)Z
+Fij ,A4_2 _______ Ez] ,,,_4 S
NF;; (1 . F;;
~ VL o (1= )
1 M, i— 1 L. ..
+ g (30— Afk) oo (i=F 7; k=i, 4).

If, in particular, the original distributions § and I show the
same equilibrium state, i. e. when there hold

beszbz‘Np%, Faszab::szapb (a, bzl, Tty m;a<b),
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the expressions can then be reduced to fairly simple forms:

var X(ii; i) = _N— P1— P;)( 1— l§ _ ﬁ)
var X(ii; it) = " - ptpu(1—p(1- B — L) (ki)
var X(ij; i) = V- pip; (1= B —pipy AP - 320) (i),
var X(; i) = - pip i+ 01— DEPL —pip; A=LIZBS

- =hiots ) (i),

Geiby— N2 _Pe _pp. 1=Dr _ 3=Dr
varX(z], Zk)— N—1 plpjpk<1 2 ptpj 2 N )

(t==7; k=1, 7).

Department of Mathematics,
Tokyo Institute of Technology.
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