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On the remainder term of Nevanlinna’s
second fundamental theorem.
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1. Let w(z) be meromorphic in [z2|<<R (<X ) and #n(r,a) be the
number of zero points of w(z)—a in |z| <~ and

— la—b|
@ o= AT lam 1o
We put
-1 (e 1
mir, @)= 2 jo log [w(rei®), a] .,

N(r, @)= Sr wr,a)—n0,a) 4 o 7(0, @) log »+C,

0 v -

where C is a constant, which is determined by lim (m(r, @)+ Nz, a)) =0.

Then 7T(r)=wm(r, a)+ N(», @) is independent of a, which is the
Nevanlinna’s first fundamental theorem.

Let (7, 0), n,(#, o) be the number of zero points and poles of
w'(z) in | z| <7 and n(r)=n(7, 0)—n(7, )+ 2n(r, ) =0,

Ny(r)= j(: __*nl(r);- n(0) dr+ny0) log 7,

Then ‘
NEVANLINNA’S SECOND FUNDAMENTAL THEOREM :

(@-2) TS SN a)—N(A+2()  (@=3),

where the remainder term L2(v) satisfies the following condition :
(i) If R=o,

2(»)=0(log r+log T(»)), @)
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outside intervals I,, such that EL P¥l dy < oo (k>0).
2(r) log T(»)
[ ar<of 8L ar) (k> 0). o
Gi) If R=1,
o) < (k+e)log -~ + O(log T(7)) , (II)
outside intervals I,, such that Zj ar < oo (k=>1),
vJI, (1 r)k

e being any positive number.
[[ena-rmrar<o ([log T A -rprar) (*>0). ary

(I) and (II) was proved by Ahlfors® very elegantly. In this note, we
will give a simple proof of (I’) and (II') by Ahlfors’ method.

Proof of (I') and (II').

Ahlfors proved in the paper cited,

.Q(r):% log --7;(;)— .+ O(log T(»)) , (1)

where

Ar)= gzm (-I,w’("?':o) I,,,,{,\)Z p(w(,,eie)) o,

1+ w(rei®) | /

log p(w)=2 Zlog [w ,1 ] —« log <Z log fw ,1 ‘]> —2C (a>1),

where C is a constant, which is determined by
[{p(@ do@=1,
K

dw(a) being the surface element of the Riemann sphere K at @. Then
Ahlfors proved,

1) R. Nevanlinna: Théorémes de Picard-Borel et la théorie des fonctions méro-
morphes. (1929).

2) L. Ahlfors: Uber eine Methode in der Theorie der meromorphen Funktionen.
Soc. Sci. Fenn. Comment. Phys.-Math. 8. Nr. 10 (1932).
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St@arMﬁnh<:ﬂﬂ+A, (r>1), - (2)
1 7 Jo

where A is a constant. ,
(i) First we will prove (I').
By (1), to prove (I’), it suffices to prove that
j log A7) dr <O<Jf’logT(r) dr> (k> 0). 3)
1 1

rk+]. ',ki-l

We will deduce (3) from (2). Let » >1,

(-L) vz,

AV =V yy—¥p-1= %’; (n=2,3, ).

Then since _;__gr,,< 7, we have from (2),

T +A> |7 42 )7

r

®nN@)rdr > érﬁﬂjr" AP)rdr
7

"n-1 Yn~1

n

AVpir | ¥ (7= o AVn (Tn ’ ~ '
> Al zL AP dr TTS ANy (n=2),

n-1 "n-1

W+ A) > 1 [ 5y,
(d7p)? AV -1

Since

4(T(7n+1) +A) 22”( T(”na—l) +A) < eoin (T(?’ +1) +A)
(47, 72 "’ ’

we have

e‘“‘( T(7,:1) + A) > ~—jr" AP)dr,

Vn“7p-1

so that
4n +log (T(r,m) + A) > log <Ai_j;” A7)dr /)

n n—-1
> ~J-Sr" log AM»)dr= 2—’15’" log AM»)dr,
4 r vy Jr

( n-1 n~-1
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[ tognnar< DL+ 2 log (T +4).

I

log (T(7)+ A)dr = dru,; log (T(r,.)+ A)

"n+1

= \2:7:_2- lOg (T(rn+1)+A) ’

hence from (4),

jr” log M(7)dr < 42"" +4j "**% Jog (T()+A)ar,

n-1 Tn+l

so that
| toganar< 4332 +4 | log (T)+A)dr

2 2

- 8r+4g log (T()+A)dr .

2

j'ﬂg"(”) ar< 1 jlogx(r)dr<_2f*i+

; yk+1 (/2)k+1 yk
2Fk+3 2 (7 log (T(n+ A)
+ rk+1S log (T()+A)dr < ©— +2¢ 3& e dr
2 2
We determine #n, such that »,= r < , then
AL 2” -1 .

%—<ro_§1, 2" < 27,

If we apply (5) to Jl, r_ , we have
20 2v—1
7 log A7) (3 log A(7) -

+ log (7-‘(7)+A) 2k+4 2n°k +3 log (T\?)’*‘A)
k 35 + k
2 . P d ( k ) 2 Sro £+l d’

(4)

. (5)
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gxzkg(,zl)k +2k+'¥j log (T(r)+A) dr

= (2 e pk

_ 2%k4 + log (T(#)+ A)
= oy + 2% 3~fo e dr . (6)

Hence we have (3).
(ii) Next we will prove (IT).

First suppose that 2 =1, then by (4), we have for 1 <r<l1,

Sr" log Mr) dr < %—"- t oo Iog (T +4),

n-1

j’” log A7) (1—#)e! drgu—r,,_l)k-lj’" log A(#) dr

n-1 "n-1

2,, + 4= r?fnl) log (T(ra)+A) . (7)

|72 tog (Tt +A) A=+ dr = 47l =7, log (T(ran) + A)

"n+1

= L (=7l og (T +4) = L2  log (T(r 0 +4) @)

ar
so that
Sr” log A7) (1—#)*"1 dy
"n-1
:%ZE 1 Vo1 Y (T2 el
< +8(1_r”+2) Srn+llog(T(r)+A)(1 Pt dr. (9)
Since

1—7,., _ 1—wr+#/277" <38,
1—7,42 1—r+y/27*2

[ toga() 1=rprar <2 48 [ log (T()+A) 1—rF dr.

Yn-1 "n+l

From this we have

[10g 2) 1=y ar < 0 ({108 (T +4) A—rp=rdr ). (10)
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Similarly we have the same relation, if 0 < k2 <{1.
Hence from (10), we have (II').

REMARK. In case R=, we have from (5),

ir ~.Q(r)d7’§0(grr log T(7) d?’) (k> 0).

rk+l

2 2
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