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On a System of Differential Equations

Masao SUGAWARA

1. Establishment of Problem.

Notation: A great roman letter means a matrix of the type (w2, 7).
Problem: Let D be 2 domain with the boundary [' in the space R of
variable point (xy, #,, -=*). We want to find a real continuous function-
matrix U satisfying the following conditions ;

AU+ KU=0 - in D

dU+ UH=0 on I'

where 4=3" éa~ _ and gi normal derivation, each applying to every element
£ X 72 * -

of U, K™ is a constant symmetiric matrix and A ™ is a constant positive
definite symmetric matrix.®

Such a fanction-matrix is called a harmonic functlon matrix in 2.

By two matrices U, I” holds Green’s formula,

av’

4
dw=j UAV’dv+j"2 oU 3V 4,
D D7 Jx; 0X;

@) j vaV _du V’)a’wzs (TAV'— AU - V) o,
r dn dn D

where / means transposition of a matrix.
When U is harmonic, from (1) follows

14 14
s v v afw:f UA(/'dv+j 1 80U 3U"
r an Jo D ox; Ox,

’

14
(f UU’a’v) .[(=S UHU’a’w+5 50U 80 4,
D r

DT Qx; 0x;

Now put for arbitrary two matrices U, V,

*) As the content of the present problem is of rather formal interest, we may make, suit-
able assumptions about domains, existence of derivatives and continuity as it needs.
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(v, V]=LUV’dv, (U, U]=[U].

'
U, V) M“’Vdv, (U, UY={U}.
o0x,
When U is harmonic,
K=[U]'"{U

Minimal problem :
Under the contition [U]=FE we make Sp{U} minimum.®
As [U]%=0, Ux0, it follows that Sp{U }>0. For if {U/}=0, each integral

of {U} must be zero. Let %, #u, -, u, be rows of U, then Spj UHRU'dw -
r

=Zf w, Hit) diw=0, so that I uy Hu, 'dw=0, wu,Hu,’=0, u,=0, that is,

8y au’ . —Ej 5 B
k

U=0 on I On ther other hand from Spj PN

T 9x; OX 0x;
’ y
X a’lk d’y=0, fol]o‘vs J' 2 auk 81¢[¢ d'Z):O, aulg 8%1;: =O’ altk =O.
0x; Dt Jx; 0Ox; 0x; 0x; 0x;

Hence #, is a constant row, that is, I is a constant matrix. As U is
continuous, U=0 in D.

We will reduce the existence of minimum to the ordinary case of one
function in the next article. So we assume here existence and will find
its minimum and the extreme function-matrix U by calculous of variation.

We make Sp({U }—L[U]) minimum, where Z™ means an unknown

m(m+1)
2

constant matrix. The condition [U]=ZF implies conditions.

Let [U]l=(ux?), L=(4?%), then SpL[U =3 4P u,*, and as wP=ut, we
,
must take /,?=/%, that is L symmetric. i
Now

3Sp UV =5Sp ( L(&UHU'+ UHSU') dew+

j 90U BU' aU 83(]')‘{)
D3 ox; 8,1‘; ox; 0,

=2 Sp( ijH&U’dzv+ }_'_,‘ U ady’ dv) .

ox, 4 ox <

*) £ means unit matrix and Sp7" means the trace of a matrix 7.
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By Green’s formula (1)

. j AU s go= j AU&U'a'Hj 518U 300" 4,
r dn D 0t Pxy 0

8Sp (U} =2 Sp(L (“Z +UH) 8U’dw—jl‘AUb‘U’dv) .

8SpPLIU = SpLI[U]= Sp (_z; ( L(aUU"+ Usu’y dv) )
=255 ( LLUBU’a’w) :
20Sp({U}—L[U) =25 ( L(%+UH) U dew

—s (AU + LU) 8U" av)=0.
D
Hence we get

AU+ LU =0 in D,

d—U+UH=O on I
an

In this extreme case, by (ireen’s formula

{U}"——j U("'U' +HU’) dw-—j UAU’dv=—§ UdUu’'dv
r an D )
= j UU'Ldv=[U] L=L.
D

Hence Z is the extreme value of {U}.

We denote it by K; and call the 1st pioper value and the extreme
function-matrix by U, called a proper function-matrix to X;.

We proceed to get the next proper value.

Under the conditions

[, U)=0, [U]=E,

we make Sp{U} minimum.
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Let 2™, M be constant unknown matrices, moreover L is symmetric
* From

MSPUU L [U)—2M[U, T o

=25 j (19+UH)aU'dw_j (AU + LU + MU, BU’dv)=0,
r\ dn. D . .
follows

AU+ IU+MU,=0  in D,

dU
dan

Y UH=0 on I'.

Here M=0, because from Green’'s formula (2)

[ (0.2 2V ) o= a0~ 2007) do
r an an o o ‘

j (U,HU'—UIHU’)dwéj (KU —U (U L+ UL M) o
r D

O0=—[U]M.
As [U,]=E, M=0.
Hence the conditions become
AU +ILU=0  in D,
auv

n

+UH=0 on I.

L is the value of {U} in this extreme case and is denoted by K, called
the second proper value to which corresponds the proper function U,. etc.
In this way we have the sequence of proper values K, K, -
sequence of the corresponding proper function-matrices Uy, Uy, -+-.
Remark: In the minimul problem we can take A as a diagonal matrix,
because by a suitable orthgonal transfoimation 0 we make A diagonal

- and the

3 0

O mo=A=| " |, where O<H<H< <t
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, "Put UO=U%*, then [U]=E—[U*]=E, [V, U]=0 — [V*, U*]=0,
where V*=10. = o x . :

14 !
(U | j U040 Udw+ | 33890 0T 4y Ui,
Di  Px; ox;
Hereafter we asumme
B kl O - . ' < .
H=| T |, 0<hEh< S
0 i | ’

2. Construction, Existence of Minimum and Expansion-Theorem.

Construction of proper values and proper functlon matrices.

Let = (a4 <, u") be a row. '

We make {#} minimum under the condition [#]=1. The solution #,
satisfies the equations ~

du,+ k=0  in D
. s = tugd

du]

an

+u,H=0 on I’

%y is the 1st proper value and #, the 1st proper function-row. Next we
make {#} minimum under the conditions [u]_..l [, 2]= O The solutlon
Uy satlsﬁes the equatlons ~

duy+ kgrt,=0 in D
, ky=1{u,t .  etc.

ity +u, H=0 on I’

”

Thus we have successive proper values 4y, £, --- and the corresponding
ploper function-rows #, #,, -+ . '

‘We proceed to determine these quantities and functnons

Now ‘

[i]]=3: [)
j=1

§u§f=£}§u"§, where wj}:/ljL‘(Zéj)‘l»dw—}'jDE-(

=

du? )211’71 .
o0x;”/ h
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Hence the problem to make {#} minimum under the condition [#]=1
is reduced that to make §{#{ minimum under the conditions

[u’]:r,, 217’,-——"] ’ )”2_0, i=]’2’ oo, 7.
g

Let £/ be the minimum of {2/} under the condition [#’]=1 and % the
proper function, then the minimum of {#’} under the condition [2']=y, is
A7y, with the proper function #v7;. Hence the problem is reduced to
that to make 47,44+ --+4"r» minimum under the conditions 3] r,=1,

=1
1320 7=1,2, ., 2.

As O <y S/ X - X /s we have £ < A7 <+ < £" Hence the
minimum is 4 and the proper function-row is #,= (20,0, ---,0).

Let £/ 47, -+ be the successive proper values and #/, »?, --- be the
corresponding proper functions of the minimum-problem of {#?{ under the
condition [#’]=1.

n
Now the 2nd minimum-problem is that to make 3! {#{ minimum
n j=1
under the conditions [#/', »']=0, 2;[:#]:1.
=

That is to make A&'r;+ 4’7+ -+ 4£"r» minimum under the conditions

The minimum is therefore the least value of £, &7 -+, £ and the proper
function-row %, has O components except the /-th, where 7 is the upper
index of the minimum value. The /th component is the corresponding
proper function, etc.

The above process can be stated in the following form. Let

B, Ayl o) 7

bty By e . . A
(ry =" r be the successive proper values corresponding to {°,

bl B e /o

u}, uzl’ )

u?, Uy,

"t be the corresponding proper functions.

The 1st proper value. is the least value in the table (1), that is 4, and
the 1st proper function-row is #,= (#,',0,0, --.-,0). The 2nd proper value
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is the least value &7 in (1) except 4, and the 2nd proper function-row ,
has O components except jth component which is the corresponding
proper function 2z’ to 7.

We omit £ and this 4 in (1) and continue the same process. We
get -the next proper value and its proper function-row. etc.

' 2[1 ) ;Zlm+1 C
Put U,= fli’ and K,={U,}; U,= Zf"‘*“' and K,={U,}. etc.

”m - . Z£2m

Then K= {U}=({u,#n;}{), where

l4
{2t uj;=j ukHzgj’dzo+j s1.0% Buf
r D ax‘ 0x,

dan

=j ( duy +u,¢H') uj’dw-—s duny dv
r D

=kb [uk, ud] .

As [U,]=E means [u,, u;]=0;, we have

%y 0
K= (/;,04) = 'é2',
0 Fom
Likewise we have
" lmer O
K,= 'é":f“’ . etc.
0 om.

U: has such a structure that each row has 0 components except one
and if the proper value to the gth row is #’ the corresponding proper
function #? occupies the position (g,7).

Now let F=(fy;), U=(uy), then (%,7) component of the matrix
[£U]U is Z[ﬁcpv Uy ) 7

When ?'] is any one of U, then its /-th row has only one non-
zero component. Let #,,%0, then p=;. Hence (4,7) component is

S fag» 23] 21, .  Therefore the (4,7) component of the matrix 3} [#, U,] U;
[ =1
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is i [f,,,,r u]u?. This is the expansion of f,? by the functions #/?, #/, -
=1 ' ’ . .
When we know that a function f; satisfying the equation %f+f/z,=0
n

on I, can be expanded in the form f=3[f, #/]«?, so far we have the
i=1

Expansion-theorem: A function-matrix #, which satisfies the con-

dition %£+FH=O on I', can be expanded in the form

n

1) F=3[RU]U..

Remark: The formula is also holds when F is a row.

Now we return to the original problem and prove that X, XK, --- and
the corresponding matrices U,, U,, -+ constructed by us are really a system
of successive proper values and the corresponding proper matrices of the
original problem.

For this purpose we prove the

Theorem: The minimum of Sp{V'} under the condition [V ]=EF is
ki+k+--+k,. K, is one of the lst proper values and U, is the 1st pro-
per function-matrix ‘

(%!

Proof : Let V= 7:}"’ , then [V]={vi, vi])s {Vi={vnvel)

'z)m

m

and Spi V=23 {vs} .

i=1

A matrix V which make Sp{!’} minimum must satisfy the condition

%V—+ VH=0 on I', so we can expand v, by z;
7

j=1
Then the condition [["]=ZF becomes ] x;/x,/=4;, and
3=1

, SHVI=3 33 &, (2)".

i=1j=1

Put 4
F=3 é,(il (£0))+ 3 b (R #024),  where lu=lu.
i= i= ; =
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. Then

(1) e j= ,inj_*_ z lmxlcj:() .
. F &
Multiplyin_g z¢ and sur‘nm’ing with 7, we have

lat 33 4y (28)*=0.
=

Hence we have

m

Sp{ V}zz {'Z/i}——:--—-i l,;,;h.

=1 i=1

As the coefficient-matrix of expahsion

x]l x12 e

............

has orthonormalized rows, the rauk of the matrix X is 7. Hence there
are at least 2 linearly independent columns; the number of these columns
is 7is/es ***+fm - They are non-zero columns. For such ; the coefficient-
determinant of the- system of equations (1) is zero *

'éj—'—l]].’ l]?! ) l]m
@ | b Eitha ol | g

------------------------

lmjt [m2’ ) é,j""'[mm

G — R, form the system of proper values of the matrix
L= (/). Hence we have v

—é‘il’ _é

by thy tothy =—SpL
As Sp{V}=—SpL is minimum and %, < %, < ..., we must have
SH YV Y=ty by ee o

Remark: (2) can not hold for £; > £, ; hence the jth column is zero,
namely

1 2 P
x x cee x
X=] 2 72 2 0, where Z,=#%,, Ay >k,
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Theorem 2. The minimum of Sp{V'} under the conditions [/, V]
=0, [V]=E£ is £putlpet - +4&,. K, isone of the 2nd proper values
and U, is the corresponding proper function-matrix.

Proof : The condition [U;, V]=0 means [#,, v;,]=0, that is, ‘=0
for 7, #=1,2, ---,m. Hence the coefficient-matrix of expaunsion of V is

00 ... 0 x]"“'l x]"""“z cee
O O e O x2m+l x2m+2 e

..............................

00 - 0 g™+ gm+2 ...

In this case we make

F=31 k(3 ("‘7:’)2) + 2005 (3 2 27)
jemtl’ =l Tk g=m+l

j=m+1

minimum under the condition 3} #/%,’=d; . In the same way as in the
proof of the theorem 1, we have ‘

Sp{ V}=i gv‘§=£)m+1+'ém+2+ b +lé2"‘ .

i=1

Remark: The coefficient-matrix of expansion becomes

xlmH x]m-l-2 Ve x]q

x m+1x m+2 2.9
X=072 e O, where Ay=4y,, £y > k. et
x,,’,"“ x.mm+- x"z
Thus K, K,, -+ ; Uy U, -+- is one system of successive proper values

and the corresponding proper function-matrices.

We call K, K,, --- normal proper values and Uy, U,, ---+ normal proper
function-matrices.

The above analysis shows that when we know the existence of mini-
mum in the ordinary case of one function, so far we have the

Existence-theorem ; The minimums of the problem in the geueral case
really exist.

The expansion-theorem in the general case essentially only holds for
the normal proper function-matrices.

3. Orthogonal Relation and its Completeness.

Definition. Two matrices 7, G are said to be orthogonal if [#, G]=0.
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When [F, G]=0, [F, G} =[G, F]=0. Therefore the orthogonal relation
is mutual.
Definition. A system of matrices W;, W,, .-+, W, is said to form a normal-
ized orthogonal system when [W,;, W, =0y E.

Ci=[F, W] is called W;-component of FZ.

4
Put F,=F—i21 C:W;, then [£,, W, ]=[F, VV,J——Z} C:i[W:;,, W,]. Hence
= =

we have
[E) I/Vlc]=0 for 4=1,2,..., /L

Now

l 2
gEgng“E W, F-— kEICk Wi i

=1

z :
=+ G, WG/ =2 G W, F{—X {F, W} C.'.

k=1

Now for a proper function-matrix U,

4 4
j FAU gy 521 8F 83U, a’z/+j FAU,' dv,
r dn Di Qx; Ox; D

#j FHU, dw={ 1 8F 83U, dv—-j FU,K,dv.
I D

D i aJ«'i 3454
Hence we get
anUH:CJch; {Uz. Uk}=3mK/¢-

If we take U, for W, we have
l : ?
oy =1{F| + 2] C}K}C/—?‘_Jl CEG =3 GRS
and get the relation

(Fy=1{F|—3 CE.C/.

i=1

Completeness.

Put [F]=MTM/, where T=(Er0).
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If »=0, then [#~]=0, so that /;=0. We assume that-»>0. ' Let , be
the first row of M, and put ¢=m,F;, then we have : -

161 = il ) /= 1,

[go, U.l=m, [E, U,]=0 for /é—l 2,0, L.
Hence we have for the proper value £,,,, in the case of type (1, #)
(1) {9 = Amiia
tel=tmd{ =2 m T GKCmy.
As K; >0, we have

@) fot < {m
As [F,]_Z_O, by an orthogonal transformation O, we can make O'\F]O

diagonal.

, 0
# ?
O [F] 0[ 'IO:I’ where P=| 2 » 2>0.
. LT O ) -.pr . .
We can also range p,, p, -+, p» in any order by sultable choice of O.
We choose O such' that Max pt—pl '

1=1,2,.

Put

M:O[PIE ], so that

wr =", o

Let the first row of O’ be v,, then we -have
=7,
and (2) becomes _
FnAF o> {9}
When /— oo, %4,,,1 —> . Therefore {¢}— co by (1), so that

21— 0, that is, N[#]=2"—0.
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Hence we have the

[Theorem|: [F] —0, when /— oo, .

4. Maximum-Minimum ProPeriy of the Proper Values.

Let Fy, F,, ---,F,. be a sequence of function-matrices and A,™, 4,' ),
.o, A™ be constant matrices.

Put F=z'{‘ A,F,, then
f=

[Fl=3 4, [F, F] 4] and
. LN

_ | , , 8F, oFy )4y,
-5 4, (jPF,CHF,dw)Aj+I§A,C(jD§_," e O ) 4f,

§F}=kzj‘ Ay $F Fy A

Let U, U, -+, U, be proper function-matrices each corresponding to
the successive proper valves K, K,, -+, K, respectively, and put F;=U; (=
1,2, .-, 7).

Then we have

[F ] =,§ Aj A/ ’

{F§=§1A,K,A/.
Let V,, I -+, V,_, be arbitary given function-matrices and determine
the coefficient-matrices A;, Ay "+, A, from the conditions

[Vi F]=0 i=1,2,...,r—1
a
[F]=E.
m(m+1) m(m—1)
)
others determine A,, 4,, ---, 4. completely. We add the condition,
(2) A, is symmetric.
As

As the number of conditions in (1) is (r—1)n*+
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AGg-ymer O .
K= 'é“"f).’”” , it follows that
0 £ jom

” r—1
SpiF} =Sp(j§ A,KAN< Sp(j}: A, A Brymir+ A K, A,)

gSp«g A, A7) K)=Sp([FK.),

SPIF | < SpE. .

The minimum of Sp{F} with the condition (2) is not smaller than
that without the condition (2), so we have the

Theorem: The minimum value of Sp{# | under the condition (1) is
not greater than SpKkK,.
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