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COMPACT DOUBLE DIFFERENCES OF COMPOSITION OPERATORS
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Abstract.  Choe et al. have recently characterized compact double differences formed
by four composition operators acting on the standard weighted Bergman spaces over the disk of
the complex plane. In this paper, we extend such aresult to the ball setting. Our characterization
is obtained under a suitable restriction on inducing maps, which is automatically satisfied in the
case of the disk. We exhibit concrete examples, for the first time even for single composition
operators, which shows that such a restriction is essential in the case of the ball.

1. Introduction. The interplay between the operator theoretic and the function the-
oretic properties of composition operators, acting on classical holomorphic function spaces
such as the Hardy space and the standard weighted Bergman spaces over the disk or the ball,
has been extensively studied over the past several decades; we refer to standard monographs
by Cowen-MacCluer [5] and Shapiro [11] for an overview of various aspects on the theory
of composition operators. As is well known, the several-variable theory of composition oper-
ators is much more subtle than one-variable theory. For example, one-variable composition
operators are always bounded by Littlewood’s Subordination Principle on the aforementioned
function spaces, which is no longer guaranteed in the several-variable case; see [7]. As a con-
sequence, while quite an extensive study on one-variable theory of composition operators has
been established during the past four decades, the several-variable theory has been relatively
less known.

Recently, study on differences, or more generally linear combinations, of composition
operators has been a topic of growing interest; see [3] and references therein. In the setting
of the weighted Bergman spaces over the disk, Moorehouse [9] first characterized compact
differences by means of a natural angular derivative cancellation property; note that bound-
edness is out of question. Moorhouse’s characterization is then extended to several-variable
settings; see [1] and [2]. In a more recent paper [3] Choe et. al. extended Moorehouse’s
characterization to the case of double differences. Our goal in this paper is to extend such a
characterization for compact double differences to the ball.
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For a fixed positive integer n, let B = B,, be the unit ball of the complex n-space C". For
a > —1, let dv be the normalized volume measure on B and put

dva(2) = ca(l = |2I*)* do(2)

where the constant ¢, is chosen so that v,(B) = 1. For 0 < p < oo, the a-weighted Bergman
space AL (B) is the space of all holomorphic function f on B such that the “norm"

1/p
1l = { /B P dua}

is finite. As is well known, the space A% (B) equipped with the norm above is a Banach space
for 1 < p < co. On the other hand, it is a complete metric space for 0 < p < 1 with respect to
the translation-invariant metric (f,g) = ||/ = glls2 -

Let S = S(B) be the class of all holomorphic self-maps of B. Each function ¢ € S
induces a composition operator C,, defined by

Cof =fop
for functions f holomorphic on B. Clearly, C,, takes the space of all holomorphic functions
into itself. As is mentioned earlier, C,, is always bounded on each AP (B) when n = 1, but not
always whenn > 1.

We now introduce some notation to be used throughout the paper. We reserve four
inducing maps @1, ¢2, ¢3, ¢3 € S, not necessarily distinct, to form the double difference

T := (Cnpl - Cgoz) - (Cgos - C«p4) .

Setting

Tij := Cy; — Cy; , i,j=1,23,4,
note
(1.1 T=Tno-T=T3—-Txu.
Using the pseudohyperbolic distance p (see Section 2.2 for the definition) on B, we also put
(1.2) pij(2) = p(@i(2), ¢;(2)
and

1- 1-

(- My =\ 1= |so|i|z>| T I<R|;'Z(|Z)I Pi(2)

foreachi, j = 1,2,3,4. Finally, we put
M = M, + M34 and M = M13 + Moy
for short. The next theorem is our main result.

THEOREM 1.1. Leta > —1 and 0 < p < co. With the notation as above, consider the
following two assertions:

(a) T is compact on AL (B);
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(b) MM € Cy(B).
Then the implication (a) = (b) holds. The implication (b) = (a) also holds, provided
that each Cy, is bounded on AZ,(B)for some B € (—1,a)and 0 < g < oo,

We would like to emphasize that the inducing self-maps in Theorem 1.1 are completely
general. So, considering appropriate special cases, one may recover several known results.
For example, the special case ¢y = ¢3 = ¢4 = 0 reduces to the compactness characterization
for single composition operators as in Corollary 5.1. See Section 5 for more special cases
which might be of independent interest. In addition, we exhibit a concrete example showing
that the additional boundedness assumption for the implication (b) = (a) is essential; see
Example 5.8. As far as we know, such an example even for single composition operators has
not appeared yet in the literature.

In Section 2 we recall some basic facts to be used in later sections. In Section 3 we prove

the sufficiency part of Theorem 1.1. In Section 4 we prove the necessity part of Theorem 1.1.
In Section 5 we observe some consequences of Theorem 1.1 concerning some special cases.
We also exhibit concrete examples showing that the additional boundedness assumption for
sufficiency cannot be removed.
Constants. In the rest of the paper we use the same letter C to denote various positive constants
which may change at each occurrence. Variables (other than n) indicating the dependency
of constants C will be often specified in the parenthesis. We use the notation X < Y for
nonnegative quantities X and Y to mean X < CY for some inessential constant C > 0.
Similarly, we use the notation X ~ Y if both X < Y andY < X hold.

2. Preliminaries. In this section we recall some basic facts which will be used in later
sections.

2.1. Compact Operator. It seems better to clarify the notion of compact operators,
since when 0 < p < 1 the spaces under consideration are not Banach spaces. Let X and Y be
topological vector spaces whose topologies are induced by complete metrics. A continuous
linear operator L : X — Y is said to be compact if the image of every bounded sequence in X
has a convergent subsequence in Y.

We have the following convenient compactness criterion for a linear combination of
composition operators acting on the weighted Bergman spaces.

LEMMA 2.1. Leta > —1and0 < p < co. Let L be a linear combination of composition
operators and assume that L is bounded on AL (B). Then L is compact on AL (B) if and only
if Lfi — 0 in AL(B) for any bounded sequence { .} in AL (B) such that fi — 0 uniformly on
compact subsets of B.

A proof can be found in [5, Proposition 3.11] for a single composition operator over the
disk and it can be easily modified for a linear combination over the ball.

2.2. Pseudohyperbolic Distance. The pseudohyperbolic distance between z,w € B
is given by

p(z,w) = |oz(w)]
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where o7, is the involutive automorphism of B that exchange 0 and z. More explicitly, we have
_ -1z~ [wl?)

11— (z,w)]?
where (z, w) denotes the Hermitian inner product of z,w € C". This yields an inequality

1-|z?
2.2) ——— — <\l -p(z,w)? for |w|<|z],
1 - {(z,w)|

which is useful for our purpose. As is well known, each holomorphic self-map F of B is a
p-contraction, i.e.,

2.3) p(F(2), F(w)) < p(z,w), zw € B;

see [10, Theorem 8.1.4].
For 0 < r < 1 and z € B, we denote by

E.(z):={w eB: p(z,w) <r}

2.1) 1-p*(zw)

the pseudo-hyperbolic ball with center z and radius r. Clearly, E,(0) = rB. Using the well-
known automorphism invariance of p, we also note E,(z) = 0(rB). Given 0 < r < 1 and
a > —1, we will use the well-known estimates

2.4) 1-|zl = 1-|w| = |1l - {z,w)], w € E.(2)
and
2.5) valEr(2)] ~ (1= 2)" 1

the constants suppressed in these estimates depend only on » and a.
In most of the cases we will work with r = 1/2. So, we put

E(z) := E1)2(2)

for brevity.
2.3. Test Function. Given @ > —1, we have the submean value type inequality
C
(2.6) If(@” < anﬂﬁg , a€B,

valid for all f € AL(B) and 0 < p < co. Here the constant C depends only on a. So each
point evaluation in B is a bounded linear functional on the Hilbert space A2(B). Thus, to each
a € B corresponds a unique reproducing kernel whose explicit formula is actually given by
7z — (1 =(a,z))""*1*®)_ Suitable powers of those kernel functions will be our test functions
in connection with Lemma 2.1. To this end we introduce functions 7, on B defined by

1
1-<(z,a)
for a € B. When sp > n + | + @, we have the optimal norm estimates (see, for example, [12,
Theorem 1.12])

2.7) T4(2) :=

1
S|P~
(2.8) ”Ta”Ag ~ (1- |a|2)sp—(n+l+a/) ’ acB
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and thus

2.9) ST“ — 0 uniformly on compact subsets of B
kA

as |a] — 1.

2.4. Carleson Measure. Let @ > —1 and u be a positive finite Borel measure on B.
For0 <r < 1and0 < p < oo, it is well known (see [12, Section 2.4]) that

E
the embedding A% (B) c LP(dy) is bounded < sup HEAD] <

zeB Va [E,(2)]

We say that u is an a-Carleson measure if either side of the above holds. Note that the notion
of a-Carleson measures is independent of the size of p or r. So, setting

UEQ)
lille = sup TE T

we see that u is an @-Carleson measure if and only of ||u||, < co. Moreover, we have

P
2.10) sup £ * 1la
A VRS
for @-Carleson measures u on B; the constants suppressed above depend only on a.
The connection between composition operators and Carleson measures comes from the
standard identity (see [6, p. 163

D
.11 (hoso)dﬂ=/hd(ﬂ°¢")

B B
valid for holomorphic self-maps ¢ of B and Borel functions 2 > 0 on B. Here, y o ¢!
denotes the pullback measure defined by (u o ¢~ ')(E) = u[¢~!(E)] for Borel sets E ¢ B. In
particular, one can easily see from (2.11) that C,, : AL (B) — LP(p) is bounded if and only if
o @ lo < co.

2.5. Invariant Laplacian. For a function f on B, we define
Af(z) = A(f o o:)(0),  z€B,

where A is the ordinary Laplacian. This operator A'is called the invariant Laplacian because
it is automorphism invariant in the sense that

Afoa)=(df)or
for all automorphisms o of B. Givena@ > —1and 0 < p < oo, we will use the norm equivalence
@12) [@iseyr du ~ [ 17 - FOF oot
B B

for function f holomorphic on B; the constants suppressed here depend only on n and @. We
refer to [12, Section 2.3] for more details.
The next lemma is taken from [2, Lemma 4.4].
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LEMMA 2.2. Leta > -1,0<p <ooand0 < ry <ry < 1. Then there is a constant
C = C(a, p,r1,12) > 0 such that

@ - fo)r < c—LEb”

— (A1 f1})P? dog
(1 _ |a|2)n+l+a/ er(a)
forall f € HB)and a,b € Bwith a € E, (D).

2.6. Angular Derivative. The well-known notion of the angular derivatives on the
disk has a natural extension to the ball. To state it we first recall some terminology.

Let £ € dB. A continuous function y : [0,1) — B with lim,_,; y(¢) = ¢ is said to be a
restricted {-curve if

i Y0~ @, OS> _ 1€ = (v(0), £){]
im 5— =0 and sup ————= <00

=1 1= [(y(@), 0l o<r<1 1= y(0), )]

Note that a {-curve contained in the unit disk of the complex line through ¢ is restricted if and
only if it approaches to  nontangentially. We say that f : B — C has restricted limit at {,
denoted by f(¢), if

lim £(y(1)) = ()
for every restricted {-curve y. In this case, we write
Rlim f(z) = f({).
=4
For a holomorphic self-map ¢ of B, we say that ¢ has finite angular derivative at {,

denoted by D¢((), if there exists € B such that

1 —{p(2). )
I- <Z’ é’ >
Note that the above forces ¢ to have restricted limit 77 at { with ¢({) = 7.
By the well-known Julia-Carathéodory Theorem we have

D¢(¢) = R lim
2=

1-—
¢ has finite angular derivative at { <= d,({) := lim i?f liﬁ)l < o
z— -z
where the liminf is taken as z — ¢ unrestrictedly in B. Moreover, if this is the case, then

(2.13) De({) = dy(2);
see [5, Theorem 2.81] or [10, Theorem 8.5.6] for details and further results. Thus, the angular
derivative set
Ap) == {{ € 9B : dy({) < oo}
consists of all boundary points at which ¢ has finite angular derivatives. Moreover, it is known

that

1 —[p)P
2.14 £ lim ——————— = d,({), A
(2.14) im = e 00, LAl
where / lim denotes the nontangential limit; see [2, Lemma 3.1]. Finally, we remark d,({) >

% > 0 by the Schwarz-Pick Lemma (see [10, Theorem 8.1.4]).
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3. Necessity for Compactness. In this section we prove the first part of Theorem 1.1.
Our proof will be completed by applying the compactness of the operator under consideration
to a suitably-chosen collection of test functions. For that purpose we need several auxiliary
lemmas.

Before proceeding, we introduce some auxiliary functions. For a;,as,a3,a4 € B and a
positive integer m, put
3.1) 5n(2) = In(z; ay, a2, a3)

r= (1= 2" |7 2) - i (2) - T (2)|
and

(3.2) In(2) = Iz a1, a2, a3, a4)

r= (1= 2" |7 (2) — T (2) — T (2) + T0(2))

for z € B; recall that 7, denotes the function specified in (2.7). We will need certain lower
estimates for these functions. We begin with the following inequality.

LEMMA 3.1. The inequality

‘ l—|a|2 m l—|a|2 m
(1 - (al,a)) - (1 - (az,a))

holds for a, a1, a € B and positive integers m.

I—|a| 1-]d
+
1—-lai] 1-|azl

< m2™*2p(ay, az)

PROOF. Fix a,ai,a; € B and a positive integer m. Put

1—1al 1—|al
A= ——— d = 7
T—(anay 0 " T (aa)
for short. Since || < 1 and |5| < 1, we have
1= 2 m 1= 2 m
0 \" (=1l \"| gy
1 —(ai,a) 1 —(az,a)
m . .
=2 A=l Y Ay
j=1
<m2™A-n|.

Thus, in order to complete the proof, it is sufficient to show

1 1
1-{aj,a) 1—<{ay,a)

(3.3)

1 1
<4p(ay,a + .
Plan 2)(1—|a1| 1—|a2|)

To prove this inequality, put a =: r{ where r = |a| and { € 0B. Also, put 4; = (a;,{)
for j = 1,2. Using the explicit formula (see [10, Section 2.2] or [12, Section 1.2]) for the
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involutive automorphisms of B, we note

A=A
p(/llf,/lzf)Z'—_ .
11—,
We also note |1 — £| < 2|1 — ré&| for complex numbers & with |£| < 1. Accordingly, we have
1 1 _ r|/ll—/12|
l—r/ll 1—7‘/12 B |1—r/11||1—}’/12|
4[4 — A
T =4l - A
|1 — A1
= 4p(N¢, 8 ) - —— 2
e T T
|1 - 4
<4 bl e r———
R T

the last inequality holds by (2.3). Now, using the elementary inequality |1 — A; 45| < |1 -]+
|1 — 42|, we conclude (3.3), as desired. The proof is complete. O

We now prove the following lower estimate for the functions /,,.

LEMMA 3.2. Given 0 < g < 1, there is a collection of positive integers { Ny }2:1 such

that
(3.4) I (@)
- 1Tes, I @) > 5
1<j<3
whenever ay, az,az € B, satisfy
1 -la 1 .
3.5) B L P
1-laj| ~ &

In addition, the integers Ni’s can be chosen arbitrarily large.

PROOF. Fix 0 < € < 1 and suppose that ay,as, a3 € B satisfy (3.5). For simplicity we
put

rij = plai,a;), i,j=123
and
d = min{rlz,r13} .

Now we fix any positive integer m. We consider the following three cases separately:

(i) m2md < &
(i) m2™**d > g and |a;| > max{|az], |a3|};
(iii) m2™**d > ¢ and |a;| < max{|az],|as|}.
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Case (i) : First, assume d = rj». By Lemma 3.1, we have
( 1 — |as|? )m ( 1 —Jas|? )m
1 —{a1,a3) 1 - {az,a3)

1- 1-
> 1= 22 ( |as] |a3|)
I—fai| 1-]az]

Im(a3) >1-

g 2
>1-2.2
- 4 &
1
=5
Similarly, we obtain I,,(a;) > 1/2 if d = r13. So, choosing N| = m, we obtain
1
(3.6) 2r2}a;<3 In,(aj) = 3

Case (ii) : Since m2™**d > & and |a;| > max{|az|, |a3|}, we have by (2.2)

Cd=Ja]* /
<Vl-d?<
11— (aj,an)| ~ 24"“'4

for j = 2,3. So, we have

3 1_|a1|2 v 82 v/2
Lanz1-S[——97 ) s of1- -5
Han = ;(|1—<a}-,a1>|) =121 )

for any v. Thus, choosing N, = N,(&,m) > m so that

&2 N2 1
3.7 - —— < —
31 (1) =76
we obtain
1
(38) INz(al) > 5 .

£

Case (iii) : Without loss of generality, we assume |ay| > |asz|. Since rjp > d > T

and |az| > |a;|, we have by (2.2)

Cd=lal*
1- r12 <
11— {ar,a2)] (al,az)l m24m+4

For N, chosen in (3.7) and integers v > N,, we obtain
+( 1 — |ay|? )V ( 1 —|ay|? )V
1 = (a3, a2) 1 —<{a1,a2)|

1 2 \V 2 v/2
L (el Vs
1 - (a3, a2) m24m+4

L(az) > |1

=
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3 1-la)® \”
> 2 yRe[—%0 )
4 e(l—(a&az)

In conjunction with the estimate above, we note that for any complex number A at least one of
A, 2% and 23 has the nonnegative real part. Consequently, we have
(3.9) max Iy () 2 3.
where N3 = 2N, and N4 = 3N,.

Now, combining inequalities (3.6), (3.8) and (3.9), we conclude (3.4). In addition,
recalling that m is an arbitrary positive integer and Ny > m for each k, we see that the integers
Np’s can be chosen arbitrary large. The proof is complete. O

For the functions J,,,, we prove the following lower estimate.

LEMMA 3.3. Given 0 < & < 1, there is a collection of positive integers { Ny }2:1 such

that
1
(3.10) lxlllflicstk (aj) = 3
1<j<4
whenever ay, az, as,as € B, satisfy
1
(3.11) min_|a;| > 5, & < min{p(ai,a2), p(ai,a3)}
1<j<3 2’
and
1 —a; 1
(3.12) JAolal L0,
1—|a;| ~ &

In addition, the integers Ni’s can be chosen arbitrarily large.

PROOF. Fix 0 < & < 1 and choose a positive integer m = m(g) such that
1-¢ )_m 1
<

<5
Note that m can be chosen arbitrary large. For aj,a», a3, a4 € B satisfying (3.11) and (3.12),
put

1
_ 2ym - -
(3.13) (1-&)" < — and (1+ -

r,-j = p(ai,aj), l,j = 1,2,3,4

for simplicity.
In case |a;| > max{|az|, |as|}, we obtain by (2.2)

1—|Cl1|2 _ 2
T (apany] SV "y sVi-e
i( 1— a2 )
T Capoan)]

( 1= |ai|? )V’
1- (a4,a1) =)

1—]ai* \
1+(7|“‘| )‘—2(1—&)”2

for j = 2,3. It follows that

Jo(ay) =1+

=

1 —(as,a1)
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1 1= laf \"
>_ +Re|—F0—
=2 e(l—<a4,a1>

for all integers v > m. Thus, by the same argument as in the proof of Case (iii) of Lemma 3.2,
we obtain

(3.14) 11;1]?;(3 In (ar) =
where N1 = m, N, = 2m and N3 = 3m.

We now consider the case when max{|az|, |a3|} > |aj| for the rest of the proof. By
symmetry we may further assume |ay| > |a3| so that |az| > max{|a;|, |a3|}. Note from (2.2)

and (3.11)

2
(3.15) -lel” e T

N —

11— (a1, a2)| (al,az)|
Fixing an integer Ny = N4(g,m) > m such that
4 Na
£ 1
3.16 1- — < —,
616 (1) <16
we claim
1
> _
G-I (B, I ai) = 5
l<]<4

where N5 := 2N, and Ng := 3Ny4. This estimate, together with (3.14), completes the proof.
In order to prove (3.17), we consider the following three cases separately:
Lo 1-la] 1 1-a
M 5 -
—lasl & 1—la4
(ii) min{r24, rg} > 82(m2m+5)_1'
— |az]
1 - ay]
Case (i): First, assume 1

1
(iii) &< < - and min{rag, s} < &2(m2™3)7L

—las|
las]
I1—{aj,a)| _ 1-lajllas] 1 —las||ayl
l—lasl = 1-las| — 1-a4l
for j = 1,2,3. Meanwhile, since |az| > % by (3.11), we have 1 — |as| < &(1 — |az|) < % and

thus |a4| > % So, we obtain
1- 1- 1-
lazllaa| _ 1+ |as] |az]| q1)s g loe
1 —Jag)? 1+ Jas| \ 1 - |aa] 3¢

> é Since |az| > max{|a|,|as|}, we have

(3.18)

and thus
JIn, (as) = Im(as)

2
51— 1 — |as]

3
- A (|1—(aj’a4>|)
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\'%
N —

the last inequality holds by (3.13).
Now, we consider the case i IZiI
(3.18), we have

< &. In this case, exchanging the roles of a; and a4 in

1 — |as||as] l-¢
> 1+
1- a2 3e

This, together with (3.13) and (3.15), yields

1-|a? \" 1-la?> ) 1-|a> )"
() > 1+( |az| ) _( |az| ) _( |az| )

1 = (a3, a2) [1=(ai,a2)] [1 - (a4, a2)]
1—la)* ) 2/2 1-&\"

S [ —20 ) -y 1+

- (l—(a3,a2) (1-#9 3e

7 1=la)? )
> Ly Re[— 120
"1 e(l—(a3,az>

for all integers v > m. We thus conclude

1
>
1211?;(3 Ini(a2) 2 2

as in the proof of (3.14). This completes the proof of (3.17) for Case (i).
Case (ii): We first consider the case of |as| > |a4|. Since m2"™*3ryy > &%, we have by

(2.2)
Cl-mf [ L
M= (ananl 2 < m24m+5

Thus we have by (3.15) and (3.16)
1+( 1= |asf? )V_( 1= lasf? )V_( 1= lasf? )V
1 = (a3, az) NEXCINGY] [1 = (as,az)|
_ 2 \V 4 v/2
21+(%) —(1—52)V/2—(1— © )

Jv(aZ) 2

1 — (a3, a2) m24m+3
1 1-|a |
> - +Re [— 2
=37 (l—(a3,a2>

for all v > N4. We thus conclude

max Jy, (a2) >
4<k<6 N (42)

N =

as in the proof of (3.14).
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We now consider the case |az| < |a4|. This time we have by (2.2)

L —ag*

1= (ajan)] ~

V S V m24m+5

for j = 2,3. Thus, repeating a similar argument, we have

1
Jy(aq) = 3 + Re (

and thus conclude

max Jn, (as) >

4<k<6

This completes the proof of (3.17) for Case

. . . 1-
Case (iii): First, we consider the case r4 < r3s. Since

1 — Jay)?

1- (al,a4)

NI'—‘

(ii).

) , V=>2Ny

laz] 1 2

TJas] <z and m2m+2r24 < %,
we have by Lemma 3.1 and (3.12)
_ 2 \m _ 2 \m _ _
'(1 ] ) _(1 a1 ) szmum(l jar] | 1 |a1|)
1 —(az,ar) 1 (a4, ar) 1 —laz| 1 — a4l
<8_(1—|a1| 1—|611|.1—|a2|)
~ 8 \l-fa| 1-laz| 1-]ay
<e2l 1
8 \le &2
1
<-.
4

Note that the same estimate holds with a3 in place of a;. Also, recall |ay| > max{|ai|,|a3s|}.
Accordingly, we may assume |a;| > |a3| so that

l=la*
1= (as,a)| ~
by (2.2) and (3.11). It follows that

(3.19)

In(ar) = Im(ay)

<AJ1=r2 <Vl =g

)t
- [1 - {az,ar)| 1 —(az,ar) 1 - (as,ar)
3
> Z - (1 —82)m/2
1
D
2

the last inequality holds by (3.13).
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Next, we consider the case 734 < r24. In this case a similar argument using Lemma 3.1

yields
( 1 - asf? )m B ( 1 |as|? )m
1 = (a3, az) 1 —{as,az)

Thus, using (3.15) in place of (3.19), we obtain

1
< -.
4

| —

Ini (@2) = Im(az) 2
This completes the proof of (3.17) for Case (iii). The proof is complete. O

Having Lemmas 3.2 and 3.3, we now proceed to the proof of the first part of in Theorem
1.1, which can be restated as follows.

PROPOSITION 3.4. With the notation as in Theorem 1.1, assume that T is compact on
AP (B). Then MM € Cy(B).

PROOF. We assume MM ¢ Cy(B) and complete the proof by deriving a contradiction
to the compactness of 7.
Since MM ¢ Cy(B), there is a sequence {zx} € B with |zx| — 1 and

(3.20) inf M(z)M(zi) > 0

as k — oo. For simplicity we introduce some temporary notation associated with this sequence.
Put

1 — |zl
ajk = ‘,DJ(ZI() and ij = m
J

for each j and k. By the Schwarz-Pick Lemma, we have

1+ 1¢;(0)]
3.21 gy < —
G20 POk = T7100)]

for each j. Thus, after passing to a subsequence of {zx} if necessary, we may assume that the
sequence {Q,x }x converges for each j. So, we note

V:={j:k121;ij>O}¢(D
by (3.20). Thus, for each j € V, we have 1 — |zx| = 1 — |aji| for all k and thus |a;x| — 1 as
k — oo. Finally, put
rijk = pij(zx) = paik, ajk)
for each 7, j and k. With these notations, we have
M;j(zi) = (Qik + Qji)rijk

for each i, j and k. Here, p;; and M;; are the functions specified in (1.2) and (1.3).
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Now, we introduce our test function. Let A be the set of all positive integers greater than
"”%. Given j € Vand m € A, let

n+l+a

2)Wl— P

(1 = lajl

(= Gan) ceB

@) =

for positive integers k. For fixed j and m, note from (2.8) and (2.9) that { fkj "M is bounded

in AP(B) and that k’ "™ — 0 uniformly on compact subsets of B as k — 0. So, we have

1 j’m f—
Jim 17/ llag, = 0

by Lemma 2.1. This, together with (2.6), yields

-’ -’ ) n+l+a
T ar 2 ITF" (20l(1 = |z]*) P
n+l+a

ST £ @l = a7

= m(ajk)

where J,, = Jin (5 a1k, Aok, @3k, asy ) is the function introduced in (3.2). Accordingly, we have
klim Jn(ajx) =0.

Note that this holds for each j € V and m € A. As a consequence we obtain

Z Z Jm(ajk)

meAfr jeV

(3.22) lim

k—o0

=0

for any finite set Ar C A. On the other hand, we will prove below that this is not possible by
(3.20), which is a contradiction.

Note from (3.21) that both M and M are bounded above on B. We also note from (3.20)
that M and M both bounded below along the sequence {zx } by some positive number, say 2c.
So, we have

max{M2(zx), M34(zx)} > ¢ and  max{Mi3(zx), M2a(zk)} > ¢

for each k. Thus, for each k, at least one of the following four cases holds:

(@) min{M>(zx), M13(zx)} 2 c;
(b) min{Mi2(zx), M24(zx)} = c;
(c) min{M3z4(zx), M13(zx)} = c;
(d) min{M34(zx), Mas(zx)} = c.
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First, consider Case (a). Restating Case (a) more explicitly, we have
(3.23) (Qik + Qa)rizk =2 ¢ and  (Quk + O3p)rizk = ¢
for each k. This, together with (3.21), yields 6 > 0 such that
(3.24) min{riok, 13k} = 6

for each k. Note that the sequence {Qx } is bounded below by some positive number for each
J € V. Thus we may further assume

minQix >0
JjEV /

for each k. This, together with (3.21), yields

1_ .
PR e I 4 )]
1 —ajkl t<i<d 1 —|gi(0)]
so that
1 - |a; 1 1
(3.25) €< ﬂ < - where e:=-<1
1—lajx| ~ e s

fori,j € V and for each k. We also have by (3.24)
(3.26) £ < min{riok, r13x}
for each k.

We now split the proof according to the number §V of the elements of the set V:

Subcase (al): Assume §V = 4 so that V = {1,2,3,4}. For j € V, note |ajx| > % for
k sufficiently large, because |a;x| — 1 as k — co. Having (3.25) and (3.26), we may apply
Lemma 3.3 to find a finite set A; C A, independent of a;;’s, such that

N =

max J,(ajr) >
meds m( jk) =
jev

for k sufficiently large.
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Subcase (a2): Assume §V = 3. We provide details for V = {1,2,3}; other cases can be

treated in a similar way. Note
1 — |aj|? 1 — |zl

[1 = {asr, aj)l ~

2
S —_
|1 —{asx,a)) ~ 6
as k — oo. This yields

—Q4k—>0 jev

2 m 1
%‘k) > In(ag) -~

1 JEV, meA

for k sufficiently large. Accordingly, having (3.25), we may apply Lemma 3.2 to find a finite
set A C A, independent of a;;’s, such that

Imajr) = Im(aji) - (

N =

Lu.(air) >

max (aji)
JjEV

where I, = I,,,( - ; a1k, @k, asg) is the function introduced in (3.2). This in turn yields

Im(ajx) = -

s Tmlaji) 2 3
JjeV

for k sufficiently large.

Subcase (a3): Assume #V = 2. In this case we claim that there is some m; € A such that

1
(3.27) max Jy(ajx) > — where As := {my,2m,3m}
meA3 4
Jjev
for k sufficiently large. We provide below details for the cases V = {1,2} and V = {1,4};
other cases can be treated in a similar way. In conjunction with this we note from (3.23) that
V#{2,4} and V # {3,4}.
First, consider the case V = {1,2}. In this case we may assume (after passing to a
subsequence if necessary) |ajx| > |azx| by symmetry so that

1- |611k|2 [ -
< VI -62
11— (@, aze) (dlk,a2k>| ik

by (2.2) and (3.24). Now, since Q3 + Qax — 0 as k — oo, we have as in the proof of Subcase
(a2)

1 - |an|? )m 1
— = ] -- me A
1 = {aik, azx)l

3
>__1_62m/2
Z (1=

for k sufficiently large. Accordingly, choosing m; € A sufficiently large so that (1 — %)™ < 1

%
we conclude (3.27).
We now consider the case V = {1,4}. Since Qar + Q3 — 0 as k — oo, we obtain as in
the proof of Subcase (a2)
1—lan)? \" 1
SYRETHLNA

J, >
m{@e) 1 = (ask,aix) 4



626 B. CHOE, H. KOO AND J. YANG

3 1- 2 \"
z-+m(ﬂ), me A
4 1 — (ask,aix)

for k sufficiently large. We thus conclude (3.27) as in the proof of (3.14).

Subcase (a4): Assume §V = 1. We provide details for V = {1}; other cases can be treated
in a similar way. Since QO + O3k + Q4 — 0 as k — oo, we have as in the proof of Subcase
(a2)

1
Jm(ai) 2 7, meA
for k sufficiently large. Thus, fixing any m3 € A, we conclude

216% Im(ajx) 2 7 where A4 := {m3}
JjEV
for k sufficiently large.

Now, putting

4
Ay = U/\g
=1

where A/’s are the finite sets obtained in Subcases (al)—(a4), we conclude for Case (a)
1
2) > —
Iax Im(aji) = 1
JjeV
for k sufficiently large.
So far we have constructed a finite set A, C A that corresponds to Case (a). One may

repeat similar arguments to find finite sets A, A and A4 that correspond to Case (b), Case
(c) and Case (d), respectively. Finally, setting

Apy = Ag UAp U AU A,

we obtain
1
Im(aji) = —
meir, (k) = 7
jev
for k sufficiently large, which is a contradiction to (3.22). The proof is complete. O

4. Sufficiency for Compactness. In this section we prove the second part of Theorem
1.1. We first recall a sufficient condition for boundedness of a composition operator on AL (B).
The next lemma is taken from [4, Theorem 3.3].

LEMMA 4.1. Letf>—-1and0 < g < oco. Let ¢ € S. If C, is bounded on AZ(B), then
C, is bounded on AL(B) forany @ > B and 0 < p < o.

Given @ > —1 and a bounded nonnegative Borel function W on B, put

dW, = Wdu, .
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Associated with this measure is the weighted pullback measure d(W,, o ¢~!) defined by

(Wa 0 ™ )E) := Walp™(E)]
for Borel subsets E of B.

In the setting of the disk the next lemma is implicit in the proof of [9, Lemma 1]. The
proof below is included for completeness.

LEMMA 4.2. Leta > >—-1and0 < p,g < co. Puty := min{a — B,1}. Let p € S
and assume that C,, is bounded on AZ,(B). Lete > 0and W : B — [0,1] be a Borel function.
If

1 -z
4.1) sup [W(z) —————| < e,
z€B 1 —¢(2)]
then there is a constant C = C(a, 8) > 0 such that

[1roerw du, < o,
B (o3

for functions f € AL(B).

PROOF. Assume (4.1). Since 81 := @ —y > 3, we note ||vg, © ! llg, < oo by Lemma
4.1 and (2.10). Also, note W' < 1, because y < 1. We thus have for z € B

Woo @ NEGI= [ W) dea(w)

¢ [E(2)]

~ / W) [Ww)(1 - [wP)]” dog, (w)
¢ [E(z)]

<o / (1 = lp(w)) dug,(w)
¢~ [E(z)]

~ &' (1= |2l v, [¢™ (E(2))];
the last estimate holds by (2.4). This, together with (2.5), yields
Wa o '[EQ@)] _ (g0 ¢ DIEQ@)]
Se
val E(2)] vg, [E(2)]
the constant suppressed here depends only on n, @ and . It follows that

Wa © ¢ lla < C&”llug, 0 ¢ g,

for some constant C = C(«,8) > 0. We therefore conclude the lemma by (2.10) and (2.11).
The proof is complete. O

The following lemma is a key step in the proof of sufficiency part.

LEMMA 43. Leta>f>-1and0 < p,q < oo. Let ¢, € S and assume that C,,Cy,
are bounded on AZ,(B). Let K C B be a Borel set. If
( 1 -z 1 -z
+
=1l 1=yl

4.2) sup
zeK

)p(cp(Z),Lb(Z))] <e,
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then there exists a constant h(e) = h(e,p, @, B, ¢, ) > 0 such that
lim h(e) =0
e—0

and

[ oo roulr du < nolsI,
K [e3
for functions f € AL(B).

PROOF. Assume (4.2) and let f € AL (B). For a number 6 = §(g) € (0, %) to be fixed
later, we decompose the integral under consideration into two parts as

“3) [iree-rouran=[ +[
K Ks A

where
Ks :={z € K : p(e(z),¥(z)) <6} and Kj:=K\Ks.

First, we estimate the first term in the right-hand side of (4.3). Applying Lemma 2.2 (with
r = % and ry = %) and then Fubini’s Theorem, we obtain

5" TN d ] J
/1;5 s /1; (1 = |g(z)[?)ret+a L((,ﬁ(z)) IFF @) dea(w)| dua(2

=" [ (AlfP ”/2[ 4va(2) ]da ;
/B( P w) [p“lE(w)J (1= |e(z)]?)r+lra balt)

recall E(-) = E)»(-). Meanwhile, noting that p(¢(z),w) < § for z € ¢~![E(w)], we obtain by
(2.4) and (2.5)

/ dva(2) L (ao ¢ DIEw)]
o [Ew) (1= le(z)[2)n++e val E(w)]

forall w € B. In addition, since C,, is bounded on AL (B) by Lemma 4.1, we note ||vq 0 0 e <
oo by (2.10) and (2.11). Combining these observations and then using (2.12), we obtain

(44 [osor [1rw) = £ duatw) < o011,

< lva © ¢ lla

Next, we estimate the second term in the right-hand side of (4.3). Note § XK} < p(p, ), where
XK, denotes the characteristic function of K. By (4.2), we have

1-|z| . 1-|z| )<f
1=l 1=~ o

for all z € B. It follows from Lemma 4.2 that

[e] (e} ’ E 7 p
4.5) I E Jasoar+1f oy, dos < (5) 1515,

Xk, (2) (

where y := min{a — 8, 1}.
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Now, we deduce from (4.5) and (4.4)
e\
[iroe-sourdn <|(5) +o|In,.  1eam.

One may keep track of the constant suppressed above to see that it is independent of f, & and
V&

Trave’ completes the proof. O

0. Consequently, a suitable choice of 9, say ¢ =

Now, we are ready to prove the second part of Theorem 1.1.

PROPOSITION 4.4. With the notation as in Theorem 1.1, assume MM € Co(B). Then
T is compact on AL (B), provided that each Cy, is bounded on AZ(B) for some 8 € (—1,a) and
0<g < oo

PROOF.  Assume that each C,, is bounded on AZ(B) for some B € (-1,a@)and 0 < ¢ <
co. Consider an arbitrary sequence { f; } in AL (B) such that || fi || ar < land fi — 0 uniformly
on compact subsets of B. We claim
(4.6) Tfi -0 in AL(B).
Note that, with this claim granted, the asserted compactness of T follows from Lemma 2.1.

We now proceed to the proof of (4.6). Let £ > 0. Since MM € Cy(B) by assumption,
there is some r € (0, 1) such that

M(M(2) < &
for z with |z| > r. Thus, setting
Ug:={zeB:M(z)<e} and U,:={z€B:M(z)<e},

we note

B\rBcU,UU,.

According to this observation, we obtain

“4.7) /|Tfk|p dv, S/ +/ +/ =1 +12k+72k
B rB . Ue

for each k.
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Note f; — 0 uniformly on the set szlgo ;(rB) which is relatively compact in B. So, for
the integral over B in (4.7), we conclude

(48) Ilk — 0
as k — oo. Meanwhile, note
M(z) = M12(2) + M34(z) < &

for z € Ug. So, for the integral over U, in (4.7), we see by Lemma 4.3 that there is a constant
h(e) > 0 satisfying h(g) — 0 as € — 0 and

bes | Tofl? dos+ / T fiI? dve < h(z)
US &£

for all k. It follows that
4.9) limsup Irx < h(e).

k—o0

Recalling T = T13 — T»4 from (1.1), one may repeat the same argument to conclude

(4.10) limsup Ly < h(g)

k—o0
for some constant E(s) > 0 such that ﬁ(e) — 0 as & — 0. One may check that the constants
suppressed in (4.9) and (4.10) are independent of k and &. Thus, combining the observations
in (4.8), (4.9) and (4.10), we obtain

lim sup /B IT filP < C[h(s) + h(e)]

k—o0

for some constant C > 0 independent of €. Finally, taking the limit € — 0, we conclude (4.6),
as required. The proof is complete. O

5. Remarks. Note that Theorem 1.1 can be applied even when some of the operators
Cy;’s coincide or already compact. So, in this section we consider three special cases to
recover or derive some consequences which might be of independent interest.

When ¢; = ¢3 = ¢4 = 0, note

7 g2
MM = M, .

In conjunction with this, we also note pi> = p(¢1(z),0) = |¢1(2)| so that

5.1) M) = | o+ (1= 12Dl 2
bl g
R L !

We thus recover the following characterization due to Zhu [13, Theorem 11].

COROLLARY 5.1. Leta > —1and 0 < p < co. Let ¢ € S and assume that C, is
bounded on Ag(B)for some 3 € (—1,@)and 0 < q < co. Then C,, is compact on AL(B) if and
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only if
im Aol 2l _
lzl=1 1 = le(2)]
Meanwhile, when ¢; = ¢4 and @2 = ¢3, note
MM = 4M}, .
Thus we recover the following result (see [2, Theorem 4.7]), which is a ball version of
Moorhouse’s characterization for compact differences over the disk.
COROLLARY 5.2. Leta > —-1and0 < p < co. Let o,y € S and assume that C, and
Cy are both bounded on AZ(B)for some 8 € (=1,@)and 0 < q < co. Then C,—Cy, is compact
on AL(B) if and only if
. 11z 11z
lim + ple(2)¥(2)) =0.
=1\ =le()] 1 -y ()] ( )
Also, consider the case ¢; = ¢4. In this case we have
MM = (M12 + M13)2 .

Thus, as a consequence of Corollary 5.2, we obtain following result.

COROLLARY 53. Leta > —1land0 < p < oo. For j =1,2,3 let ¢; € S and assume
that Cy, is bounded on AZ(B) for some B € (—1,a) and 0 < g < oo. Then the following two
assertions are equivalent:

(@) 2Cy, — Cy, — Cy,y is compact on Ab(B);

(b) C,, — Cy, and Cy, — Cy, are both compact on Ab(B).

Finally, we consider the case when one of the operators is already compact. Recall that
A(yp) denotes the angular derivative set of ¢ € S.

COROLLARY 54. Leta > —-1and0 < p < oo. For j =1,2,3 let ¢; € S and assume
that Cy, is bounded on Ag(B)for some 3 € (—1,a) and 0 < g < co. Then the following three
assertions are equivalent:

(@) Cyp, — Cy, — Cy, is compact on AL(B);

) 1-z| 1-z|
1 _— —_— =
® lim | M)+ 7005, [M”(Z) T 0
(c) A1) = A(p2) U A(g3) and A(p2) N A(p3) = 0. Moreover,
(5.2) Zlgr} Mii(z) =0, £ € A(pj)

forj =2,3.
PROOF. Asin (5.1), we have

1-]z|
1= g2l
for j = 2,3. Thus the condition MM € Co(B) reduces to Assertion (b). So, (a) and (b) are

equivalent by Theorem 1.1. While the equivalence of (a) and (c) is contained in [2, Theorem
5.4], we include below another proof by establishing the equivalence of (b) and (c).

M;js(z) = — (1= 1zhA = g (2))
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Assume that (c) holds. Since A(¢;) is the disjoint union of A(y;) and A(¢3), we have

, 1 -z 1 -z
either ———— -0 or ——— =0 as z—-¢
1 —]ea2(2) 1 —1e3(2)

for each ¢ € A(y;). Thus we have by (5.2)

. 1—z| 1—z|
(5.3) lim (M2(z2) + ——— [M13(Z)+— =
Py 1 = |¢3(2)] 1 = [¢2(2)]
for any ¢ € A(p). Note
1-]z| 1 —|z|
— 0 and _— 0 as Z— §
1= [p2(2)] 1 = |g3(2)]

for £ € 0B\ A(¢p;). Thus, (5.3) remains valid for £ € B \ A(¢;) by (5.2). So, (b) holds, as
asserted.
Conversely, assume that (b) holds. Since (b) implies

1 -z 1 -z
i - =0, l € 0B,
=¢ 1 =le(2)] 1 -le3(2)

we note A(¢2) N A(p3) = 0 by the Julia-Carathéodory Theorem. Next, assume ¢ € A(p,) but
¢ ¢ A(p1). We then have by (2.1)

1-pHA0) 1-le0)] _ 1-le20)] _1-14¢]
4 T T-le@ol T Tl 1=l

for A € B;. So we have by (2.13) and (2.14)
£ lim pp(A0) =1
/11 1;01 (40)

and thus

/ lim | Mp2(22) - ol B DS NN
a2 L—1e2(A01] — d2,(0)

bl

which contradicts to (b). We thus conclude A(¢;) \ A(p1) = 0, i.e., A(g2) C A(ep;). Similarly,
we have A(¢3) C A(¢1). On the other hand, if £ € A(¢1)but ¢ ¢ A(p2) U A(g3), then a similar
argument yields

Z/lll_)ml Mi(A)M3(AL) = 0,

; >
dz, ()

which again contradicts to (b). Accordingly, we conclude A(p;) = A(¢2) U A(p3).
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We now show (5.2). By symmetry it is enough to consider the case j = 2 only. In order
to derive a contradiction, suppose that (5.2) fails for some ¢ € A(g;). We then have

5.4) irI:fMlz(zk) >0
for some sequence {zx} C B converging to . This implies
(5.5) iI];lfplz(Zk) >0.
Since
tim Mia(a) (Mia(a0) + ) <0

by (b), we also have by (5.4)

(5.6) klim Mi3(zx) =0
and
(5.7) L= Izl

k—oo 1= ga(zi)]
It follows from (5.4), (5.5) and (5.7) that

1 — |z
kK 1=loi(z)l =
which, together with (5.6), in turn yields

(5.8)

klglgo p13(zx) = 0.
In particular, by (2.4), we have 1 — |¢1(zx)| ~ 1 — |@3(zx)| for all k and thus obtain by (5.8)

lim sup 1z
k— o0 1- |¢3(Zk)|

Consequently, we conclude ¢ € A(g3), which contradicts to the fact that A(¢;) and A(y3) are
disjoint. The proof is complete. O

We now turn to the construction of explicit examples showing that the additional bound-
edness assumption in Theorem 1.1(b) cannot be removed. For simplicity we take n = 2 for the
rest of the paper. We introduce some notation. For the rest of the paper we use the notation

2

W) =21+ 2
Z .—Z1+E

for z = (z1,22) € B. Given 0 < € < 1, we put

Ue(z) = (1 - (1 _h(z))s,o) .

2

Since h(B;) c B, we have . € S(B,).
Put

e:=(1,0).
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Since |Arg(1 — (W(z),€))| < £&, we also note that (¥/-(z),e) is contained in a nontangential
region with vertex at 1. So, there is a constant ¢ = ¢(¢) > 1 such that

(5.9) 11— (We(2).€)] < c(1 = [(Ye(2). €)])
for all z € B,. Finally, we put

Ss(0) :=={ze€Ba: [1 =(z,{)| < 6}

for0 < 6 < 1and ¢ € 9B,.
We need some preliminary lemmas. First, we observe that each function . does not
have any finite angular derivatives.

LEMMA 5.5. Let0 <& < 1. Then
1 -z
im ————— =0.
=1 1 = |y (2)]
PROOF. By the Julia-Carathéodory Theorem it suffice to prove that . does not have
any finite angular derivatives. Noting ' (dB,) = {e}, we consider a restricted e-curve y in
B, given by

1-
y(t)z(t,Tt), 0<r<l1.

Note that ¥ (e) = e and

- We(y(@)e) 1 [1—h(7(t))

1—(y(t),ey  1—t 2

1 (1-=£\°(3+1\°
1—-t\ 2 4

— 0

&£

as t — 1. This shows that ¢ does not have angular derivative at e. So, we see that . does
not have any finite angular derivatives, as asserted. The proof is complete. O

Next, we investigate the relation of weight parameters @ and 8 for which an operator of
the form

N
(5.10) L:= ZajC(pj where ¢; 1= Ay,

j=1
is bounded from AL (B,) into AZ(Bz)- Here, N is a positive integer, A1,..., Ay are distinct
unimodular complex numbers and aj, .. .,ay are nonzero complex numbers. To this end we

recall the following optimal estimate which is implicit in the proof of [8, Proposition 4.4].
LEMMA 5.6. Leta > —1. Then there is a constant C = C(a) > 0 such that

(va 0 B[ Ss(1)]

-1
< §3+a-1/4

for0 < 6 < 1where Ss(1) = {1 €B; : |1 -2| <6}
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LEMMA 5.7. Leta,B>—-1and0 < p < oo. Let 0 < & < 1 and L be an operator as in
(5.10). Then L : AL(B,) — AZ(BQ) is bounded if and only if B+ 3 > e(a + 3) + }‘.
PROOF. We first establish the optimal estimate

(vg o ‘/’;1)[56(4)] (3+B-1/4)/e—3-a
P T PO LS
ceoms LalSs(0)]

for 0 < ¢ < 1. In conjunction with this estimate, we recall the well-known estimate

(5.12) valSs(O] ~ 6%,  0<6<1

(5.11)

uniformly in £ € dBy; see, for example, [5, Exercise 2.2.8].
Let £ € 0B,. To avoid triviality assume y'[S5(¢)] # 0 and let z € y![Ss(£)]. Since

e (2). O < [We(2)] = [{Ye(2). €)1,

we note from (5.9)

11— We(2).e)] < c|l = (WYel2). ) < 6.
In other words, we have
v [Ss(O] < vz [Ses ()]

which allows us to focus on the case { = e. Note

Ss(e)={zeBy: |l -z <4}
and thus

;' [Ss(e)] = {z € By 1 |1 = h(2)| < 26'%} = h™! [Sy510(1)] -

We thus have by Lemma 5.6

(v o )[Ss(e)] ~ -1/
for 0 < ¢ < 1. By this and (5.12) we conclude (5.11), as required.

We now proceed to the proof of the lemma. Note by (5.11) and the well-known Carleson
Measure Criteria (see, for example, [7, Proposition 3.1]) that

1
(5.13) Cy, : AL(By) — AZ(BQ) isbounded = B+3 > sl +3)+ 1

foreach j. So, the lemma holds for N = 1. Also, this implies the sufficiency part of the lemma.
We now prove the necessity part of the lemma for the case N > 2. So, suppose that
L: APB,) — Ag(Bz) is bounded. We may assume A; = 1 so that ¢; = .. We employ test
functions fs given by
sip
R Ty
for 0 < 6 < 1. Note || fs||4» ~ 1 for all 5 by (2.8). It follows that

L2 LA,

z2=(z1,22) € By
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N
2 |a1|p/ /5 0 ¢1|” dug — Z |aj|p/ /5 0 ¢;|” dvg
B, = B,
=1-1I.
To estimate the first integral of the above, we note
[T —(1-=96)z1] <26, z € Ss(e)

and thus |f5|? 2 67+ on Ss(e). Accordingly, we obtain

1=|a1|"/B Fol? d(og o ws))

> P Py o~}
> i) /Sé<e)|f5| (05 0 02"
(g 0u)ISs@)

~ 5a+3
~ 6(3+,B—1/4)/e—3—ar .

the last estimate holds by (5.11). Meanwhile, since
(f5 0 @)(e) = f5(1;€) = O(6'/P)
for each j # 1, we have
11 = 0(5)
for 0 < ¢ < 1. Combining these observations, we obtain

5(3+B—1/4)/5—3—a/ — O(l),
which yields 8+ 3 > e(a + 3) + %, as required. This completes the proof. m]

We now close the paper with the following example in connection with Theorem 1.1 and
its corollaries in this section.

EXAMPLE 5.8. Leta > —-1land1 - m < & < 1. Let L be an operator as in (5.10).

Then

1 - |z]
5.14 lim ———— =0
¢ ) lzl=1 1 = |@;(2)]

for each j, but L is not bounded on AL(B) for any 0 < p < co.

PROOF. Clearly, (5.14) holds by Lemma 5.5. Meanwhile, since @ + 3 < e(a@ + 3) + L
we see from Lemma 5.7 that L is not bounded on A% (B) for any 0 < p < co. O
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