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Abstract.  In this paper, by using monotonicity formulas for vector bundle-valued
p-forms satisfying the conservation law, we first obtain general L2 global rigidity theorems
for locally conformally flat (LCF) manifolds with constant scalar curvature, under curvature
pinching conditions. Secondly, we prove vanishing results for L? and some non-L? harmonic p-
forms on LCF manifolds, by assuming that the underlying manifolds satisfy pointwise or integral
curvature conditions. Moreover, by a theorem of Li-Tam for harmonic functions, we show that
the underlying manifold must have only one end. Finally, we obtain Liouville theorems for
p-harmonic functions on LCF manifolds under pointwise Ricci curvature conditions.

1. Introduction. In the study of Riemannian geometry, locally conformally flat mani-
folds play an important role. Let us recall that an n-dimensional Riemannian manifold (M", g)
is said to be locally conformally flat (LCF) if it admits a coordinate covering {Uy, ¢, } such that
the map ¢, @ (Ug, go) — (S™, go) is a conformal map, where gy is the standard metric on S”. A
locally conformally flat manifold may be regarded as a higher dimensional generalization of a
Riemann surface. But not every higher dimensional manifold admits a locally conformally flat
structure, and it is an interesting problem to give a good classification of locally conformally
flat manifolds. By assuming various geometric situations, many partial classification results
have been given (see, for examples, [7, 10, 9, 25, 28, 29, 36, 38], etc.).

In the first part, we use the stress-energy tensor to study the rigidity of LCF manifolds. In
[13], the authors presented a unified method to establish monotonicity formulas and vanishing
theorems for vector-bundled valued p-forms satisfying a conservation law, by means of the
stress-energy tensors of various energy functionals in geometry and physics. Later, the authors
in [12] established similar monotonicity formulas by using various exhaustion functions.
As applications, they proved the Ricci flatness of a Kéhler manifold with constant scalar
curvature under growth conditions for the Ricci form, and obtained Bernstein type theorems
for submanifolds in Euclidean spaces with parallel mean curvature under growth conditions
on the second fundamental form. In this paper, we attempt to use monotonicity formulas to
study rigidity properties of LCF metric with constant scalar curvature. For these aims, we may
interpret the Riemannian (resp. Ricci) curvature tensor as a 2-form (resp. 1-form) with values
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in the bundle of symmetric endomorphisms of 7(M) endowed with its canonical structure of
Riemannian vector bundle. For LCF manifolds with constant scalar curvature, the 1-forms
corresponding to the Ricci curvature tensor and to the traceless Ricci curvature tensor also
satisfy conservation laws. Hence we can establish monotonicity formulas for those one forms,
from which L? curvature pinching theorems are deduced.

On the other hand, it is an interesting problem in geometry and topology to find sufficient
conditions on a LCF manifold M for the vanishing of harmonic forms. When M is compact,
the Hodge theory states that the space of harmonic p-forms on M is isomorphic to its p-th
de Rham cohomology group. In [4], Bourguignon proved that a compact, 2m-dimensional,
LCF manifold of positive scalar curvature has no non-zero harmonic m-forms, hence its m-th
Betti number 3, = 0. Later, Nayatani [24] generalized Bourguignon’s result and proved that
a compact LCF manifold M™ with nonnegative scalar curvature satisfies 5, = O ford + 1 <
p < n—p-—1, where d = d(M) is the Schoen-Yau invariant of M". In [16], Guan, Lin
and Wang obtained a cohomology vanishing theorem on compact LCF manifolds under a
positivity assumption on the Schouten tensor. For the non-compact case, the Hodge theory
is no longer true in general. However, it is known that L?> Hodge theory remains valid for
complete non-compact manifolds. Hence it is important to investigate > harmonic forms. In
[26], Pigola, Rigoli and Setti showed a vanishing result for bounded harmonic forms of middle
degree on complete non-compact LCF manifolds, by adding suitable conditions on scalar
curvature and volume growth. In [21], Lin proved some vanishing and finiteness theorems
for L? harmonic 1-forms on complete non-compact LCF manifolds under integral curvature
pinching conditions.

Since the Riemannian curvature of a LCF manifold can be expressed by its Ricci curvature
and scalar curvature, we can compute explicitly the Weitzenbock formula for harmonic p-
forms. Based on this formula, together with L2-Sobolev inequality or weighted Poincaré
inequality, we shall establish vanishing results for L?> harmonic p-forms under various L"/2-
integral curvature or pointwise curvature pinching conditions. In particular, we show that if
the Ricci tensor is sufficiently near zero in the integral sense, then H” (L?>(M)) = {0} for all
0 < p < n, where H? (L*(M)) denotes the space of all L> harmonic p-forms on M. Moreover,
according to the nonexistence of nontrivial L> harmonic 1-forms, we deduce that M has only
one end by Li-Tam’s harmonic functions theory.

Finally we also consider p-harmonic functions on LCF manifolds. When the scalar
curvature of a LCF manifold is negative, it is known that a weighted Poincaré inequality holds.
Hence we can use the results of Chang-Chen-Wei [8] to derive some Liouville theorems for
p-harmonic functions, by assuming pointwise Ricci curvature bounds.

2. Preliminaries. Let (M, g) be a complete manifold of dimension n > 3. Let R;jy;
and W;;; denote respectively the components of the Riemannian curvature tensor and the
Weyl curvature tensor of (M, g) in local orthonormal frame fields. A fundamental result in
Riemannian geometry is that (see [30])
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1
2.1) Wijki =Rijri — m(Rikéjl — Rit0jk + Rj16ix — Rjrdir)
+ R (60 0i10ik)
(n—l)(n—2) ikOjl ilOjk) >

where R;; and R denote the Ricci tensor and the scalar curvature respectively. The associated
Schouten tensor A with respect to g is defined by

A= —(Ri R
Ta2\N T2 oY)

Itis well known thatif n = 3, then W;j; = 0, and (M 3, g) is locally conformally flat if and only
if the Schouten tensor is Codazzi, i.e., Aj,; — A;jx = 0, where the A;;’s are the components
of the Schouten tensor A. If n > 4, then (M", g) is locally conformally flat if and only if the
Weyl tensor vanishes, i.e., W;;jx; = 0. The local conformal flatness and the equation (2.1) yield

1
(2.2) Rijki :m(Rik(Sjl = Ri6jr + Rj16ix — Rjx6i1)
___ R
(n—-1)(n-2)

Thus, a locally conformally flat manifold has constant sectional curvature if and only if it is
Einstein, that is, Ric = %g. As a consequence, by the Hopf classification theorem, space
forms are the only locally conformally flat Einstein manifolds.

If the scalar curvature R of a LCF manifold is constant, by (2.2) and the second Bianchi
identities, we immediately obtain that the Ricci tensor is Codazzi, that is, R;jx = Rix ;.
Therefore, the traceless Ricci tensor £ = Ric — %g is Codazzi too.

In order to get vanishing results for L? harmonic p-forms on LCF manifols, we need the
following L>-Sobolev inequality. It is known that a simply connected, LCF manifold M" (n >
3) has a conformal immersion into S", and according to Proposition 2.2 in [29], the Yamabe

(0ik6j1 — 6i16 k) -

2
constant of M" satisfies Q(M") = Q(S") = M, where w,, is the volume of the unit
sphere in R". Therefore the following inequality

2.3) Q(S")(f f%du)Tsf Py + 2 fszdv
M M dn-1) Im

holds for all f € C°(M). If we assume R < 0, then it follows that

(2.4) o(s™) (f f%dv)T sf IVfI2dv, Vf € CX(M).
M M

On the other hand, if f o IR 2 dv < oo, then we can choose a compact set Q C M large enough

such that
2
n 4 - 1DHo(s"
(f |R|7du) < 4e(n — DO
M\Q n-2
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for some ¢ satisfying 0 < &£ < 1. By the Hdlder inequality, the term involving the scalar
curvature can be absorbed into the left-hand side of (2.3) to yield

(1 - &)Q(S™) (f f%dv)T sf IVfPdv, Vf € CO(M\ Q).
M\Q M\Q

From the work of G. Carron [6] (one can also consult Theorem 3.2 of [27]), the following
L?-Sobolev inequality

n-2

2.5) C, (f f%du)T sf IVfPdv, Vf € CP(M)
M M

holds for some uniform constant C; > 0, which implies a uniform lower bound on the volume
of geodesic balls

(2.6) vol(Bx(p)) > Cp", Yx e M

for some constant C > 0 (see Proposition 2.1 of [1] for the compact case). Therefore, each
end of M has infinite volume.

3. Monotonicity formulas for curvature tensor and vanishing results. Let (M",g)
be a Riemannian manifold and ¢ : E — M be a smooth Riemannian vector bundle over
(M", g) with compatible connection VZ, i.e. a vector bundle such that each fiber is equipped
with a positive definite inner product (, )g. Set AP(¢) = I'(APT*M ® E) the space of
smooth p-forms on M with values in the vector bundle ¢ : E — M. The exterior covariant
differentiation dV : AP (¢) — AP*1(&) relative to VE is defined by

p+1
(@) (X1, Xpe) = D (=D (Vx@) (X, X, Xpa).
i=1

The codifferential operator 6V : AP (£) — AP~!(£) is characterized as the adjoint of dV if M
is compact or w has a compact support, and is defined by

O D) (X1, Xpo1) = = (Ve,w)(er X1y, Xpo1),
i=1

where {ey, ..., e,} is an orthonormal basis of T, M.
Given two forms w, 6 € AP (£), the induced inner product is defined as follows:

{w, 0) = Z (w(e,-l,...,e,-p),H(e,-l,...,e,-p))E.

ST % =1
Here we are omitting the normalizing factor # For w € AP(£), set |w|? = (w, w). The energy

functional of w € AP (¢) is defined by E(w) = % f ” Ia)lzdug. Its stress-energy tensor is

lw]?
3.1 Su(X,Y) = Tg(X,Y)—(wa)(X,Y),
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where w O w € I'(AP (&) ® AP (£)) is a symmetric tensor defined by
(3.2) (WO w)(X,Y) =(ixw,iyw).

Here ixw € AP~!(£) denotes the interior multiplication by X € I'(TM). The divergence of
Sw is given by (cf. [35, 2])

(3.3) (divS,)(X) = (6 w, ixw) + (ixd" w, w).
Recall that a 2-tensor field T € I'(T*M ® T*M) is a Codazzi tensor if T satisfies
(VZzI)(X,Y) = (WyT) (X, Z)

for any vector field X, Y and Z. One may regard 7 € I'(T*M ® T*M) as a 1-form T# with
values in T*M as follows

3.4) THX) =T, X),
that is, 7% € A'(T*M). Note that the covariant derivative of T# is given by

(3.5) (VxTH (V) (e) =(VX (TH(Y)) - T”(Vm)(e)
=(x(T* ) Je) - (e, V)

=Vx (T*(Y)(e)) - TH(¥)(Vxe) — T(e,VxY)
=Vx(T(e,Y)) — T(Vxe,Y) — T(e,VxY)

=(VxT)(e,Y)
forany X,Y € I'(TM) and e € Ty M. Therefore T is a Codazzi tensor if and only if
(3.6) (VxTH(Y) = (WTH(X).

LEMMA 3.1. The 2-tensor field T is a Codazzi tensor if and only ideT7i =0.
PROOF. By the definition of dV, we have
@ TH(X,Y) = (VxTH () = (VyTH(X), VXY € (TM).
Thus, for any X, Y € I'(TM), (VxT*)(Y) = (VyT#)(X) is equivalent to dVT# = 0. O

REMARK 3.1. There are many well-known examples of Codazzi tensors. These include
any constant scalar multiple of the metric, and more generally any parallel self-adjoint (1, 1)
tensor, such as the second fundamental form of submanifolds with parallel mean curvature
in a space of constant sectional curvature. Furthermore, the Ricci tensor of a Riemannian
manifold M is Codazzi if and only if the curvature tensor of M is harmonic. This is the case,
for example, if M is an Einstein manifold.

Now we compute the codifferentiation of T#. Choose an orthonormal frame field {e; e
around a point x € M such that (Ve;), = 0. By (3.5), one gets

(3.7) §VTH = = (Ve TH(en) = =) (Vo T)( e
i=1 i=1
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LEMMA 3.2. Let T be a symmetric Codazzi 2-tensor field. If trT is constant, then
sT# = 0.

PROOF. Note that 5VT# € I'(T*M). For any vector X € I'(TM), we get from (3.7) that

n
O THX) == > (Ve I)(X, ).
i=1
Since T is symmetric and Codazzi, it follows that

O T (X) = = (VxT)(eie) = =X() T(eier) =0,
i=1 i=1

Therefore, by (3.4), Lemma 3.1 and Lemma 3.2, we have the following proposition:

PROPOSITION 3.1. Suppose T is a symmetric Codazzi 2-tensor with constant trace.
Then T* satisfies a conservation law, that is, divSry = 0 as defined in (3.3).

For any given vector field X, there corresponds to a dual one form X” such that
X"(Y) = g(X.,Y), YY € (TM).
The covariant derivative of X" gives a 2-tensor field VX":
(VX")(Y,Z) = (V2X")(Y) = g(VzX,Y), YY,Z e [ (TM).

If X = Vy is the gradient of some smooth function ¥ on M, then X b = dy and VX b =
Hess(y). A direct computation yields (cf. [35] or Lemma 2.4 of [13])
(3.8) div(ixSew) = (Sw, VX®) + (divS,)(X), VX € I'(TM).

Let D be any bounded domain of M with C! boundary. By (3.8) and using the divergence
theorem, we immediately have

(3.9) f Sew(X, v)ds, = f ((Sw» VXP) + (divS,,) (X)) duy,
oD D

where v is the unit outward normal vector field along dD. In particular, if w satisfies the
conservation law, i.e. divS,, = 0, then

(3.10) f Sw(X,v)dsy = f (Sw, VX")du,, .
oD D

Let r(x) be the geodesic distance function of x relative to some fixed point xo and By, (r)
be the geodesic ball centered at x¢ with radius . Denote by 1;(x) < A2(x) < -+ < A,(x)
the eigenvalues of Hess(r2). Let

1
(3.11) T(p) = 5 Il {4 () + -+ Anp (%) = Anpir (X) =+ = An (X))

inf
xeM

be a function depending only on the integer p, 1 < p < n.



CURVATURE PINCHING AND VANISHING THEOREMS 587

PROPOSITION 3.2. Let (M,g) be an n-dimensional complete Riemannian manifold
with a pole and let ¢ : E — M be a Riemannian vector bundle on M. If T(p) > 0 and w €

AP (&) satisfies the conservation law, that is, divS,, = 0, then
1 1
(3.12) — lwl*dv < — |lw|*dv
P JByyon) Py IBy(p2)

Jorany0 < p; < ppand 0 < o < 1(p).

PROOF. The proof is similar to that of [13]. We will provide the argument here for
completeness of the paper. Take a smooth vector field X = rVr on M. Obviously, % is
an outward unit normal vector field along d By, (r). Take an orthonormal basis {e; };’:1 which
diagonalizes Hess(r2), then

1 n
(3.13) (S VX") =3 )" Su(er ep)Hess(r) (e e))
ij=1

1 v 1 v
=1 Z lw|*Hess (1) (e;, €)8:j — 3 Z (w O w)(e;, ej)Hess(r?) (e;, )

i,j=1 i,j=1

|0.)|2 n 1
:T;/li - E;(w O w)(e;,e)Ad;.

For the second term, by (3.2), we have

Z(w O w)(e;,e)d; =Z<iesw, fe W) Ag
i=1 s=1

p
=Z Z (e, ... eiy), w(ep, ..., e, )i

J=lit,.ip

n
< Z (wleiys ..., ei,) wle, ..., ei,)) Z A;

[,enslp j=n—-p+1
n
=l > A,
Jj=n—-p+1

where the indices 1 < iy, iy, ...,i, < nare distinct with each other in the following discussion.
Substituting into (3.13), it follows that

2
(G.14) S0 X 2 0G0 4t Ay = At = A
By the definition of S, we have

0 lwl|? 0
(3.15) Sw(X’E) =" g(X, —)—(wGw)(X )
1 0
=>rlwlg(o=, =) —rlia 2 wl®

2 or or
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|wl?
on 0By, (r).

r
<

Since divS,, = 0, we get from (3.10), (3.14) and (3.15) that
inf (A1 + -+ dpep = dpepr1 =+ — Ay) lw|*dv < rf lw|*ds
By, (r) 8By, (r)

Using co-area formula, we have
d
(p) lwPdv < r— lwlPdv,
By () dr Jp., o)

thus
d 2
ar fBXO(r) lwl*dv

2
fBXO o l0Pdv

for any o < 7(p). Integrating the above formula on [p1, p2] yields

1 1
— lw?dv < — lwl*dv .
P1 JIBy (o1 By (p2)

O

=

19

In the following, we shall use Proposition 3.2 to deduce monotonicity formulas and
vanishing results for the curvature tensor of LCF manifolds. For this purpose, we collect the

following Lemmas.
LEMMA 3.3 ([15,13,17]). Let (M, g) be a complete Riemannian manifold with a pole
xo and let r be the distance function relative to xo. Denote by K, the radial curvature of M.
withe >0,A>0,0 < B < 2¢g, then

B
(l) U (1+r2)1+s S Kr S (l+r2)1+8
A

1-2
[g dr ® dr] < Hess(r) < —[g dr®dr].

s with a > 0, b € [0,1/4], then

(ll)lf 1+2—Kr§w =
1+V1-4b 1 +vV1+2a
+7[9—dr®dr]sHess(r)§%[g_d,,@dr].

r r

(i) If —a* < K, < —p*> witha > 0, B > 0, then
Bcoth(Br)[g — dr ® dr] < Hess(r) < a coth(ar)[g — dr ® dr]

Using Lemma 3.3, by a direct calculation we have the following result

LEMMA 3.4. Let M" be a complete manifold of dimension n with a pole xo. Assume
that the radial curvature of M satisfies one of the following conditions:
(i) —ﬁ <K, < ﬁwzma >0,A>0,0<B<2eand(n-p-1)(1-£)-
(p- l)eA/z‘s —max{zB Al2e _ 1} > 0;
<K, < mwztha >0,be|0 1/4]and1+%(1+\/1—4b)—%(1+

V1 +4a) > 0;
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(i) —a? < K, < =B*witha >0, B> 0and (n—p —1)B — pa > 0. Then

7(p) 2 o(p),
where
(n-p-1)(1- ) -(p—- l)ezr - max{2 ,ezév -1} if K, satisfies (i),
71 (1 VT 4B - 511 + VT da)
op) = max{ﬂ, @} if K, satisfies (ii),
n—p-— p% if K, satisfies (iii).

PROOF. It is known that Hess(r?) is given by
Hess(r?) = 2dr @ dr + 2rHess(r) .

Hence A; =2 forsome 1 <i < n.
When K, satisfies (i), we divide the discussion into two cases. If A; = 2 for some 1 <
i <n-p,byLemma 3.3 we get

1
(3.16) 5 (M) + 4+ 20 p (0 = A (1) =+ = ()
B
S1+(n—p —1)(1—2—) pet

B A
=(n—p—1)(1—£)—(p—1)e%—(eﬂ—l).

If A; = 2 for some i > n — p, we have
1
(3.17) 5 (M) + 0+ 20 () = A (1) =+ = ()

z(n—p)(l—zé)—l—(p—l)e%

B A B
==p=D(1- 53]~ - nef - 7
Combining (3.16) and (3.17) gives

B A B a

T(p)>2(m—-p-— 1)(1 - —) —(p—1e? —max{—,eh - l}.
2e 2e

When K, satisfies (ii), the proof is similar to the case (i).

When K, satisfies (iii), using Sr coth(gr) > 1 and zﬁtﬁ&”; <1for0 < B < a, we get

1
7(p) = mf {/ll(x) +oot App () = Appr1 (x) =+ = Au (X))}
21 + (n — p — 1) Br coth(Br) — par coth(ar)

ar coth(ar)

=1+ Brcoth(Br) |(n—p - 1)—Pm

a
>1 —p—1)-p—
>l+(n-p )pﬂ
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=n-p —Pz
ﬁ,
provided that (n —p — 1)8 — pa > 0. O

Let (M", g) be a Riemannian manifold of dimension n, and let V. — M be the vector
bundle of skew-symmetric endomorphisms of TM endowed with its canonical Riemannian
structure. Then the curvature tensor Rm can be seen as a V-valued 2-form and thus the second
Bianchi identity can be equivalently expressed as d¥Rm = 0. Actually, using moving frame
method, we may compute

(d¥ RijYim =Rijimk — Rijimi + Rijkim
=Rijimk + Rijmi,1 + Rijkim = 0.
LEMMA 3.5. Let (M",g), n > 3, be a LCF Riemannian manifold with constant scalar

curvature. Then the curvature tensor Rm is a harmonic V -valued 2-form and thus Rm satisfies
a conservation law, that is, divSg, = 0 as defined in (3.3).

PROOF. We only need to prove that ¥ Rm = 0 and 6" Rm = 0. We have already pointed
out that the first property is just the second Bianchi identity. In terms of the condition that M
is a LCF manifold with constant scalar curvature, we find that

(6YRm)jk1 = Rijiri =ViRijki
== ViRijii — ViRyjik
=VkRj1 - Vlek =0.

REMARK 3.2. Itis well known that (see [11])

n—-3

R
V R' -
2 ( 1 2(n—l)g)

for any Riemannian manifold (M, g), n > 3. By the relation (2.1), the Weyl curvature tensor
W of an Einstein manifold is also a harmonic V-valued 2-form. Thus, W also satisfies a
conservation law.

SYW =

For the Ricci tensor Ric, we can consider Ric to be a 1-form Ric? with values in the
tangent vector bundle at every point x € M, that is, for every X € Tx M, Ricﬁ(X ) satisfies

(Ric*(X),Y) = Ric(X,Y), VY € T, M .

EY satisfies (Eﬁ(X), Y) = E(X,Y), VY € TxM, where E is the traceless Ricci tensor given
by E = Ric — %g. Thus if M is a conformally flat Riemannian manifold with constant scalar
curvature, then by Proposition 3.1, Ric¥ and E* satisfy conservation laws, that is, diVSRic” =
0 and divSg¢ = 0 as defined in (3.3). Let | Ric | be the norm of Ricci tensor Ric and |E| be
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n
the norm of the traceless Ricci tensor E given by | Ric| = ( Z R2 )2 and |E| = ( 2 (R —
i,j=1 i,j=1

1
%6 i j)z) * respectively. Summarizing the previous discussions, we have the following results.
THEOREM 3.1. Let (M", g) be a complete, locally conformally flat Riemannian mani-

fold with a pole. Assume that M has constant scalar curvature and the radial curvature of M
satisfies the conditions of Lemma 3.4. Then for any 0 < p; < pa,

1 1
aa)f |Rm|>dv < Wf |Rm|*>dv,
P Bx, (p1) Py Bx (p2)

and

/\

1 1
Wf |Ricl*dv < U(l)f |Ricl*dv,
pl Bx[)(pl) P2 BX()(pZ)

and

1 1
Wf |E|*dv < g(l)f |E|2dv,
'01 on(pl) p2 on(p2)

where o (p), p = 1,2, satisfies

(n—-p-1)(1- %) -(p- l)eﬁ —max{2 ,eZz — 1} if K, satisfies (i),

) 1-4b 1+4a
o(p) =
max{ 1==42 ‘;_M’, AR Lt 1+g“_1 } if K, satisfies (ii),
n—p-pg if K, satisfies (iii).

Letting p = 1 in Theorem 3.1, we have the following corollaries.

COROLLARY 3.1. Let M", n > 3, be a complete, locally conformally flat Riemannian
manifold with a pole xo and zero scalar curvature. Assume the Ricci curvature of M satisfies
one of the following conditions:

A n-2

() ~3* ez < Ric < 3%ty

2)(1 - ﬁ) max{ B A28 _ 1} > 0;

withe >0,A>0,0< B<2ecando(l)=(n—-

2 b
(ii) - <82l witha 2 0,b € [0,1/4]and (1) = %52 (1 + V1 - 4b) -
max{‘-—V;‘”’, MiHazly > 0.
Assume further that

f IRiclzdvg =0(p” V) as p - +o0.
By (o)

Then M is flat.

PROOF. By the relation (2.2), the radial curvature of M satisfies (i), (ii) of Lemma 3.4.
Hence Theorem 3.1 and the growth condition of |Ric|> implies that (M, g) is Ricci-flat.
Therefore, it follows immediately from (2.2) that Rm = 0. ]
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COROLLARY 3.2. Let M", n > 3, be a complete, locally conformally flat Riemannian
manifold with constant scalar curvature R. Assume M has a pole xy and its radial curvature
satisfies —a* < K < —=B>witha >0, B>0and (n-2)B—a > 0. If

f |E|*dv, = 00" "F) as p > +oo,
By (0)

. R
then M is of constant curvature ;=

4. Vanishing theorems for L> harmonic p-forms on LCF manifolds. Let (M",g)
be a complete, locally conformally flat Riemannian manifold, and let A be the Hodge Laplace-
Beltrami operator of M" acting on the space of differential p-forms. The Weitzenbock formula
([34]) gives

“.1 A=V*V-R,,

where V*V is the Bochner Laplacian and R, is an endomorphism depending upon the curvature
tensor of M". Using an orthonormal basis {9',...,0"} dualto {ey, ..., ey}, the curvature term
Ry can be expressed as

(R, (6),0) = ( Z 6% Nio, R(ex, €;)6, 6)
Jk=1

for any p-form 6. Let w be any harmonic p-form, which may be expressed in a local coordinate
system as

W=y, dx" A Adx'P

By (4.1), we deduce that

1 n )
4.2) Solof =Vl +( D765 Ao Riex, e))w, w)
jk=1
(4.3) =|Vow|* + pF(w),
where
L -1 o
F(w) = Rja"™ "ray ;- pTRlZikla””“"” @ -

Here, repeated indices are contracted and summed. Substituting (2.2) into the above equality,
we obtain

1 2 2 n—2p iy iy (p_l) 2
“4.4) 5A|(1)| =|Vo| +P[HRUCY F a,gz"'ip + m]ﬂwl ]
iy iy n-p 2
6ij)auz Ip o) + 71)R|w| ] .

i ip n(n —

R

n

192 n=2p.,
(4.5) =|Vol| +p[m(RU—

Using the method of Lagrange multipliers, one has the following lemma.
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n
LEMMA 4.1 ([31]). Let (aij)nxn be a real symmetric matrix with }, a;; = 0, then
i=1
n n l n 1
[n— 51
Z ajjXxix; = — - (Z aj; 2
i,j=1 i,j=1 =

By Lemma 4.1, it follows from (4.5) that

2
(4.6) wlalw] > Vol - [Viw|? - ”'” p'\/ L ”;R|w|2,

where |E| is the norm of the traceless Ricci tensor £E. When the underlymg manifold M is
compact or the harmonic form w is squared integrable, then w is closed and coclosed (cf. [37]).
According to [5], we have the refined Kato’s inequality

4.7 IVol* - [V|w|* > K,|V|wl?,

where x; € R.

where

1 .
k- |77 if 1 <p<n/2,
ifnj2<p<n-1.

'3|.—=

Therefore, the relation (4.6) reduces to

2
(4.8) wlalw] > K, |Viwl? - ”'” ”'\/ Lo ";R|w|2.

Now, using the inequality (4.6) to compact locally conformally flat Riemannian manifold,
we have the following theorem, generalizing Corollary 8.8 of [4], for the case R(x) > O for

everyx e Mandp=m = 7.

THEOREM 4.1. Let (M", g), n > 3, be a compact locally conformally flat Riemannian
manifold satisfying

n—1nn-1)n-2p|
4.9) R 2 = S STl ()

forevery x € M, 1 < p < n. Assume that (4.9) is strict at some point. Then the Betti number
Bp (M) = 0. In particular, if M is a 2m-dimensional compact LCF Riemannian manifold with
nonnegative scalar curvature R > 0, and R > 0 holds at some point, then B,,(M) = 0

PROOF. For any given harmonic p-form w, we have via (4.6) and the hypothesis (4.9)
on the scalar curvature R,

1 -2 /
(4.10) sAlwl® 2 Vol + [p( P p_p p' IEI Jlol* = 0.
2 CE

By the compactness of M and the maximum pr1nc1ple, le = const. Substituting this into
(4.10) and using the hypothesis on R again, we have w = 0. Therefore, by Hodge’s Theorem,

By(M) = 0. O
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REMARK 4.1. Itis well known that a compact orientable conformally flat Riemannian
manifold with positive Ricci curvature must satisfy 5, (M) = Oforall 1 < p < n—1(see [14]).

THEOREM 4.2. Let (M",g), n >

locally conformally flat Riemannian manifold. For any 0 < p < n, there exists a positive
constant Cp, such that if

2
4.11) (f |Ric|%dv) <Cp,
M

then every closed and coclosed p-form w on M with lim infrl2 f B (1) |w|2dv = 0 vanishes
r—o0 X0
identically. In particular, HP (L*>(M)) = {0}.

3, be a complete non-compact, simply connected,

PROOF. Let w be a closed and coclosed p-form on M with lim inf lz fB - lw|?dv =
r—oco T xo I
0. When 1 < p < n—1, by (4.4) and using the fact that R? < n|Ric|?, we have

1 2 2 P| | p(p—Dn 2
—A > |V Ric ————JRic
3 lw|” 2 |Vw|” - p— ——|Ric||w|* - -1 2)I [lwl”.
Combining this with (4.7), we deduce that
4.12) wlalw] + n’_’2(|n opl+ 2 )‘/_)|Ric||w|2 > K, Vol

Fix a point xg € M and let p(x) be the geodesw distance on M from xo to x. Let us choose
n € C5° (M) satisfying

) 1 ifpx)<r,
x) =
7 0 if 2r < p(x)

and
2.

4.13) [Vnl(x) < - if r<p(x)<2r
for r > 0. Multiplying (4.12) by ? and integrating by parts over M, we obtain
(4.14) 0< f (’lwlalw] - Kpn?|Viw|*)do

M

-1
+ L(m _2pl + M)f IRicln?lw|2do
n-2 n—1 M
=—2f nlwlVn, Viwl)dv - (1 +Kp)f n?|V|w|*dv
M M

-1
+ L (ln—2p| + p=Dyn )\/ﬁ)f IRic|n?|w|*dv .
n-2 n—1 M

By the hypothesis (4.11), we have

f|R|%dusn"/4f [Ric| 2 dv < oo,
M M
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which implies that the L2-Sobolev inequality (2.5) holds for some constant C; > 0. Hence it
follows from (2.5) and the Holder inequality that

n-2

2
(4.15) f |Ric|n2|a)|2dv S(f |RiC|%dU> (f (nlwl)%dv) '
M suppay) M

sROﬂ\f\IVOﬂwDVdv
M
=mmLmWwﬁmﬁwﬂw

+2R(77)f nwl(Vn, Viwl)dv,
M

o

where R(y) = 2 ( |Ric|%du) . Substituting (4.15) into (4.14) yields

f supp(y)

0 §(2A—2)f nlwl(Vn, Viwl)dv - (1 + K, —A)f n%|Viw||*dv +Af lwl?|Vn|2dv
M M M

A-1
s(—l—K,,+A+|A—1|g)f n2|V|a)||2dv+(A+| ')f lw|?|Vy2dv
M & M
for all € > 0, where

A=_L (|n—2p|+

T n-=-2

Now let us choose the integral bound C,, in (4.11) satisfying
(p—Dvn )‘1
n—1

(p—Dn
ﬁ;Tﬁmn

-2
c, =" (ln—2p|+ (1+K,)Cs .
p
Then we can take sufficiently small & > 0 such that 1 + K, — A —|A — 1]|e > 0. Therefore,

(1+K,-A-|A-1le) IViwl[*dv <(1+K, - A—|A - 1|g)f n?|Vlw|*dv
By, (r) M
A-1
s(A+| ')f lw|?|Vn|>dv
€ M

A-1]\ 4
(a2 S wekan,
€ = JBy,(2r)

Letting r — oo, we have V|w| = 0 on M, i.e., |w| is constant. Since lim infl2 f |w)?dv =
rooo I'? JBxy(r)

vol(B,
(rizo(r)) > Cr"% — co as r — oo, we conclude that

0 and the volume growth (2.6) implies
w=0.
When p = 0, let f be a harmonic function with lim inf r% f B, (r) |w>dv = 0. According
r—0o0 X0

vol(By .
to [33], f is constant. Since # > Cr"2, we have f = 0. When p = n, we consider

*w, where * is the Hodge Star. Then #w is a harmonic function with |w| = | * w|. By the
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previous result, *w = 0 and so is w = 0. It follows that H? (L>(M)) = {0} forall 0 < p < n.
This completes the proof. O

REMARK 4.2. Since the constant Cs in the Sobolev inequality (2.5) can not be explicitly
computed, we can’t also give the explicit value of C), in (4.11).

THEOREM 4.3. Let (M",g), n >

3, be a complete non-compact, simply connected,
locally conformally flat Riemannian manifold with R > 0. Assume that

(4.16) (f IEI%du)% < C(p),

M
where C(p) = ln(";;)l://_"_min {1 +Kp, 45((: 2’;) }Q(S")for everyl <p<n-1butp # 5.
Then every closed and coclosed p- form w on M with hrnl> g)lf f Bay () lw?dv = 0 vanishes
identically. In particular, H? (L>(M)) = {0} for | <p <n-—1 butp 5

PROOF. Let w be a closed and coclosed p-form on M with lim inf iz f lw|?dv =
r—oo I on (r)

0. Let n € C°(M) be a smooth function on M with compact support. Multiplying (4.8) by
n? and integrating over M, we obtain

) 1
4.17) fnzlwIAIa)ldv zK,,f nlelelzdu—IMJ”—f |Eln?|w|*dv
M M n-— n M

p(n—p)
nn-1)

Integrating by parts and using the Cauchy-Schwarz inequality gives

fn2|w|A|w|du=—2f n|w|<Vn,V|w|>dv—f n?|Vlw|*dv
M M M

anlwlzdv.
M

1
s(b—l)f n2|V|w||2du+—f lw|*|Vn|*dv
M b M

for all b > 0. Substituting the above inequality into (4.17) yields

(4.18)
1+K, —b)f n IVIwII dv <— f le |V7]| dv+ 2p|‘, f |E|77 |<u| dv
_pn-p) 20 12
R .
wn=1) J,, R lelde

On the other hand, using (2.3) together with the Holder and Cauchy-Schwarz inequalities, we
have

-2

2 n-2
fIElnzlwlzdvs(f |E|%du) (f (n|w|)%dv)
M SuUpp() M

1 n " n-2
= E|2d \v4 2 R 2 2 d
N (fsuppm)' | U) J, It + =5 rrtiof]as
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-2
Rn?|w]?|dv

=T 2V|wl)? + w1V + "
<n>fM[n| 0l + P19 + 2

+2T(n) fM nlwl(Va, Viw|)dv

1 n-—
sT(mf [+ PP IVIwI + (1+ )|l |Val + Rp?|w|*]dv
M Y 4(n-1)

for all y > 0, where supp(7) is the supportof 7 on M, and T'(7) = E|Z dv)n .

(S") (fSllpp(I]) |
Substituting the above inequality into (4.18), we conclude that

(4.19) Bf 7% Vlw||*dv scf |w|2|Vn|2dv+Df Rn?|w|*dv,
M M M

B=1+K,-b- p'" 2”',/ "+ ),
C=1+M\/Lm>(1+—),

where

_pln=2p| 2p| Ty - p(n p)
4(n— -1
It follows from the hypothesis (4.16) thatfor1 <p <n-1lbutp# 7,
1 Z n—-2 n 4p(n —p)
T() = f |E|2dv [ mm 1+Kp, ——,
= 5n | uppen ) < ) U K =2y )

which implies that D < Oand 1 + K}, — ’% %T(n) > (. Hence we can choose y and b
small enough such that

B=1+K,—-b- p'" 2”',/ "+ > 0.

Let 1 be the cut-off function defined by (4.13). Substltutmg n into (4.19) and noting the
hypothesis R > 0, we have

Bf |V|w|>dv st 7% Viw||*dv
By, (r) M
4C
<— |w|2d0+Df Rlw|*dv.
= J By, @2r) B, (r)

Letting r — oo, and noting lim inf % f |w|*dv = 0, we conclude that
r—oo I on(r)
Viw| =0 and R|w| =

on M . Hence, |w| = const. If |w] is not identically zero, then R = 0, which implies that the

L2-Sobolev inequality (2.4) holds, and w > Cr'"™? — oo as r — oco. This would
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contradict liminfrl2 fB " |w|?dv = 0. Therefore, w = 0. It follows that H? (L*(M)) = {0}
r—00 X0
for 1 < p < n-1butp # 5. This completes the proof. O

For the middle degree case, we deduce the following vanishing theorem without assump-
tions on E.

THEOREM 4.4. Let (M",g), n = 2m > 3, be a complete non-compact, simply con-
nected, locally conformally flat Riemannian manifold with R > 0. Then every closed and
coclosed m-form w on M with lim inf r% fB ) |w|?dv = 0 vanishes identically. In particu-

r—00 X0

lar, H™(L*(M)) = {0}.
PROOF. Taking p = m = 7 in (4.8), we have
1 m
4.20 Alw| > =|V]w|[* + =—=——R|w|*.
(4.20) lwlalw] > ml lwl] am-D) lw]
Let 57 be the cut-off function defined by (4.13). Multiplying (4.20) by 5% and integrating by
parts over M, we obtain

+1 m
Viw||*n%d +7fR 2n2d
: fM| P+ 55t | RioPrao
1
S—fA|w|2n2dv
2 I

- f (] V. 7V]wl)do
M

1
Smf |w|2|Vn|2dv+—f VlwlPndo,
M mJm

m

which implies that

f Vlw|Pdo + ————— Rlw|?dv Smf w2V 2dv
By () 2@m=1) Jp, M

4
< lwl?dv .
7% JBy,@r)
Having established this fact, the rest of the proof is completely analogous to that of Theorem 4.3.

O

REMARK 4.3. Pigola, Rigoli and Setti [26] proved a vanishing theorem for bounded
harmonic m-forms on a 2m-dimensional complete LCF manifold by putting some assumptions
on the scalar curvature and volume growth.

Combining Theorems 4.3 and 4.4, we immediately have

COROLLARY 4.1. Let (M",g), n > 3, be a complete non-compact, simply connected,
locally conformally flat Riemannian manifold with R > 0. Then there exists a positive constant

C such that if
f |E|5dv < C,
M
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then every closed and coclosed p-form w on M with liminf rll f B (1) |w|?dv = 0 vanishes
r—o0 X0
identically for every 1 < p < n — 1. In particular, H” (L*>(M)) = {0}.

THEOREM 4.5. Let (M",g) be a complete non-compact, simply connected, locally
conformally flat Riemannian manifold of dimension n = 2m > 3. Then there exists C > 0 such

that if
f |IRI"™dv < C,
M

then every closed and coclosed m-form w on M with lim inf rLZ f B, (r) lw?dv = 0 vanishes
r—0o0 X0
identically. In particular, H™(L*(M)) = {0}.

PROOF. It follows from (4.20) that

m 1
Alw| + =———|R||w]* = —|V|w||*.
lw|Alw]| 2(2m_1)| w2 —|Viwl|
By an analogue argument of Theorem 4.3, we prove that |w| = const. Using also (2.5) we
immediately complete the proof. O

Let us recall that a Riemannian manifold M is said to have nonnegative isotropic curvature
if
Ri313 + Ri414 + Ro323 + Roang — 2R1234 2 0
for every orthonormal 4-frame {e, e, €3, e4}. From [22], we know that if M is conformally

flat and has nonnegative isotropic curvature, then F(w) > 0 for any 2 < p < [5]. Thus, it
follows from the relations (4.3) and (4.7) that

1
n—p
Therefore, using the previous argument and the duality generated by the star operator *, we
have the following result.

2
lwlalw| = [Viwl|”.

THEOREM 4.6. Let (M",g), n > 4, be a complete locally conformally flat manifold
VoilByy 1)
r2 ’

then every closed and coclosed p-form w on M with liminf - f |w|*dv = 0 vanishes
r—co 12 JBxy(r)

identically; (ii) if M has infinite volume then HP (L>*(M)) = {0} .

with nonnegative isotropic curvature. Then for 2 < p < n —2, (i) if liminf
r—00

For a LCF Riemannian manifold, a direct computation from (2.2) gives
4.21) Rijx1 =0

if i, j, k, [ are different indexes, and

1 . . R
Rijij = m RlCii +R1ij - m
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for all distinct Z, j. Thus if

Ric > R
~ 2(n-1),

then R;j;; > 0, which combining with (4.21) implies that M has nonnegative isotropic curva-
ture. Applying Theorem 4.6, we have the following corollary.

COROLLARY 4.2. Let (M", g), n > 4, be a complete non-compact locally conformally
flat Riemannian manifold. Assume that

) 1
Ric(x) > m R(x)

forall x € M. Then HP (L>(M)) = {0} forall2 < p < n - 2.

PROOF. According to the previous discussion, M is of nonnegative Ricci curvature.
Since M is complete non-compact, we conclude from [37] that M has infinite volume. Hence
the conclusion follows immediately from Theorem 4.6 (ii). O

For an oriented four-manifold M* the bundle of two-forms splits A> = A2 & A2 into the
+1-eigenspace of the Hodge *-operator (self-dual two-forms) and —1-eigenspace (anti-self-
dual two-forms). This allows us to conclude that the Weyl tensor W is an endomorphism
of A2 = A2 ® A% such that W = W* & W~. An oriented four-manifold M* is said to be
half-conformally flat if either W* = 0 or W~ = 0 (see [3, Chapter 13, Section C] for a nice
overview on half conformally flat manifolds). Without loss of generality, we assume that W+ =
0.

By the property of W™, for any &, [ = 1,2, 3,4, we have

Wik = ~Waae Wi = ~Wanr Wiar = Wz -
Combining with the first Bianchi identity, we compute

Wisis + Wigia + Wosps + Woypy —2Wioy,

= ~Wii3 = Wazia = Wiags = Wapoy = 2Wipsy
“2Wisgy = 2Wigp3 = 2Wipsy

0.

Hence, the assumption W* = 0 and the relation (2.1) imply that

1
(4.22) R1313 + Ris14 + Rp303 + Rogpa — 2R1234 = §R-

THEOREM 4.7. Let (M*, g) be a complete, half-conformally flat Riemannian manifold
with R > 0 and with infinite volume. Then H*(L*(M)) = {0}.
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PROOF. By (4.22), the condition R > 0 implies that M has nonnegative isotropic
curvature. From the proof of Theorem 2.1 in [23], we have (R, (), 6) > O for any p-form 6.
Thus, for any harmonic p-form w, the relations (4.2) and (4.7) give

1
n—p
Therefore, an analogous argument as Theorem 4.6 completes the proof. O

2
lwlalw| = [Viwl|”.

We say that M supports a weighted Poincaré inequality (Pp), if there exists a positive
function p(x) a.e. on M such that

(P) f p(x) f2(x)dv gf IVf ()1 do, Vfe W2 (M) .
M M

If M™ is a simply connected locally conformal flat manifold with R < 0, then (2.3) implies
that M supports a weighted Poincaré inequality

2 n—2 2 )
(4.23) fM (IVel - 70=T IRI¢*)dv 2 0, V¢ € C°(M),

which is equivalent to the nonnegative eigenvalue of the Schrodinger operator A — ﬁ |R|.

Thus under a lower bound condition of Ricci curvature, we can deduce the following vanishing
theorem.

THEOREM 4.8. Let (M",g), n > 4, be a complete, simply connected, locally con-
formally flat manifold with R < 0. Suppose the Ricci curvature of M satisfies the lower
bound

(n—2)2-4p(p-1)
4p(n—1)(n—-2p)
for 1 < p < [3] at every x € M. Then every closed and coclosed p-form w on M with

hrnlglf }2 foo ) |w|*>dv = 0 vanishes identically. In particular, H? (L*(M)) = {0}.

(4.24) Ric(x) >

R(x)

PROOF. Let w be a closed and coclosed p-form on M with lim inf riz fB ) lw|>dv =
r—00 X0
0. Substituting (4.24) into (4.4), and using (4.7), we have
1 pn=2p) (n=2>=4p(p-1) .
4.25 A > \v4 2 + R
(4.25) |l le_n_pl |wl| n=2  dpin—1)n-2p) |l

-1
oo Do el

=

| )
IV|wl]? + ——~_Rjw|?.
p

n-— d(n—-1)
Let 17 be the cut-off function defined by (4.13). Choosing ¢ = n|w| in (4.23), using (4.25) and
integrating by parts, we compute

n-—2
0< [ (Valoh? - = IRt do
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n-2
= [ (= ntolatrioh - o= R 1o ) do

n—2
== f nlwl(lwlan + nalw| +2{Vn, Vlw|))dv - f |RIn*|w|*dv
M 4n-1) Ju

n—2
=—f [ lwlalwl + |R||w|2]dv—2f nwlVn, Viwl)dv
M 4(n-1) M

- f lw|*nandv
M

1
<o [ PelPdo s [ ol
n—=pJm M
1

4
<- f IV|w||>dv + — lw|*dv .
=P JBy ) = J By (2r)

Letting » — oo and using lirnlg}f riz foo(r) |w|>dv = 0, we infer
Viw| =0.

Hence |w| is constant. Since 5 > Cr"2? — oo as r — oo by the assumption R < 0,
we conclude that w = 0. O

vol(B,, (1)
r

5. Topology of LCF Riemannian manifolds. According to the vanishing theorem in
Section 4, we can study the topology at infinity of LCF manifolds.

THEOREM 5.1. Let (M", g), n > 3, be a complete, simply connected, locally confor-
mally flat Riemannian manifold. Then there exists a constant C > 0 such that if

(5.1 f [Ric|Zdv < C,
M

then M has only one end.

PROOF. By the hypothesis, it follows from Theorem 4.2 that H'(L>(M)) = {0}. The
assumption (5.1) implies that the following Sobolev inequality

Gy f f172dv) T < f IVf2dv, Vf € C(M)
M M

holds for some Cs > 0. Hence M has infinite volume. According to Corollary 4 of [19], each
end of M is non-parabolic. By the important result in [18], the number of non-parabolic ends
of M is at most the dimension of the space of harmonic functions with finite Dirichlet integral.
Observe that if f is a harmonic function with finite Dirichlet integral then its exterior df is an
L? harmonic 1-form. Therefore, M has only one end. O

Considering the case of p = 1 in Theorem 4.3, using an analogous method as above, we
have
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THEOREM 5.2. Let (M",g), n > 3, be a complete non-compact, simply connected,
locally conformally flat Riemannian manifold with R > 0. Assume that

(5.2) (LlEl%dv)% <C(n),

n_ A4mn-1)

where C(n) = % min {m, D) }Q(S”), then M has only one non-parabolic end.

REMARK 5.1. In [21], H.Z. Lin proved a one-end theorem for LCF manifolds by
assuming that R < 0 and (fM IEI"dv)% < C(n) for some explicit constant C(n) > 0.

From Theorem 4.8 and the Sobolev inequality (2.4), we have the following one end
theorem under pointwise condition.

THEOREM 5.3. Let (M", g), n > 4, be a complete, simply connected, locally confor-
mally flat Riemannian manifold with R < 0. Suppose that
n-2
53 Ri >—R
(5.3) ic(x) 2 -1 (x)
forall x € M. Then M has only one end.

PROOF. Suppose contrary, there were at least two ends, then by the method in [27,
p-681-683], there would exist a nonconstant bounded harmonic function f with finite energy
on M. Hence df would be a nonconstant L> harmonic 1-form on M. That is, H'(L>*(M)) #
{0}, contradicting Theorem 4.8 in which p = 1. O

REMARK 5.2. In [20], Li-Wang proved that for a complete, simply connected, LCF
manifold M" (n > 4) with R < 0, if the Ricci curvature Ric > %R and the scalar curvature
satisfies some decay condition, then either M has only one end, or M = R x N with a warped
product metric for some compact manifold N.

6. Liouville theorems of p-harmonic functions on LCF manifolds with negative
scalar curvature. We recall a real-valued C> function # on a Riemannian M is said to be
strongly p-harmonic if u is a (strong) solution of the p-Laplace equation

(6.1) Apu = div (|VulP~2Vu) = 0

for p > 1. A functionu € Wlll;’; (M) is said to be weakly p-harmonic if

f |VulP=2 (Vu, Ve dv = 0, V¢ € C° (M) .
M

It is well known that the p-Laplace equation (6.1) arises as the Euler-Lagrange equation of the
p-energy functional £, (u) = f » |Vul? dv . To study the topology of the Riemannian manifold
with respect to the p-harmonic theory, let us recall the following definition (see also [8, 27]):

DEFINITION 6.1. An end E of the Riemannian manifold M is said to be p-hyperbolic
if for every compact set K C E,

cap, (K, E) := infL IV£IP >0,
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where the infimum is taken with respect to all f € C(‘)"’(E ) such that f > 1 on K.

In [8], Chang, Chen and Wei introduce and study an approximate solution of the p-
Laplace equation, and a linearlization L. of a perturbed p-Laplace operator. They prove a
Liouville type theorem for weakly p-harmonic functions with finite p-energy on a complete
noncompact manifold M which supports a weighted Poincaré inequality (P,) and satisfies a
curvature assumption. This nonexistence result, when combined with an existence theorem,
implies that such an M has at most one p-hyperbolic end. More precisely, the following is
proved:

THEOREM A ([8]). Let M be a complete non-compact Riemannian n-manifold, n >
2, supporting a weighted Poincaré inequality (P,) with Ricci curvature
(6.2) Ric(x) > —tp(x)
for all x € M, where T is a constant such that
(6.3) T < A,

in whichp > 1, and

1 [ (p-1)’ .
(6.4) .= max{ZnT, mln{T, 1}} if p>2,
(p-1) it l<p<2.

Then every weakly p-harmonic function u with finite p-energy E,, (u) is constant. Moreover,
M has at most one p-hyperbolic end.

Moreover, a Liouville type theorem for strongly p-harmonic functions with finite g-energy
on Riemannian manifolds is obtained:

THEOREM B ([8]). Let M be a complete non-compact Riemannian n-manifold, n >
2, satisfying (Pp) , with Ricci curvature

(6.5) Ric(x) > —tp(x)

for all x € M, where T is a constant such that

(6.6) 7 < Heed)
in which
2
6.7 « = min{ = 1) and b = min{0, (p — 2)(q — p)), where p > 1.

Let u € C3 (M) be a strongly p-harmonic function with finite qg-energy E, (u).
(1) Then u is constant under each one of the following conditions:
()p=2andq > %,
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(2)p =4,q >max{l,1 -« - b},
3)p > 2, p #4, and either

. -4)’n
max{l,p— 1 —ﬁ} <gq Smm{Z,p_ (4’2])_)2) }

or

max {2,1 — k- b} < gq.

(II) u does not exist for | < p <2andq > 2.

We recall from Section 4, if M is a locally conformal flat manifold with scalar curvature
R < 0, a.e., then M supports a weighted Poincaré inequality (4.23) or (P,) in which p =

- 4_(’;‘_21) R . Applying Theorems A and B, we have

THEOREM 6.1. Let (M",g), n > 3, be a complete non-compact, simply connected,

locally conformal flat Riemannian manifold with scalar curvature R < 0, a.e. and Ricci
curvature satisfying

(6.8) Ric(x) > aR(x)

for all x € M, where a is a constant such that

(n-2)(p—1+k)
(69) a < W,

in which p > 1, and « is as in (6.4) . Then every weakly p-harmonic function u with finite
p-energy E,(u) is constant. Moreover, M has at most one p-hyperbolic end.

PROOF. Since M supports a weighted Poincaré inequality (4.23) or (Pp) in which p =

—%R, the inequalities (6.8) and (6.9) are equivalent to the inequalities (6.2) and (6.3)

respectively. Indeed, Ric > —7p = 4&__21)TR = aR, (6.2) < (6.8), in which a = 4(’;__21)1,
and

4(p—-1+«) n-2 4(p-1+«)
6.3 _— 6.9 . .
(6.3) < o — (69 ac< -1 2
Now the assertion follows immediately from Theorem A. m]

THEOREM 6.2. Let (M",g), n > 3, be a complete non-compact, simply connected,
locally conformal flat Riemannian manifold with scalar curvature R < 0, a.e. and Ricci
curvature satisfying

(6.10) Ric(x) > aR(x)

for all x € M, where a is a constant such that

-2  q-l+k+b
(6.11) a <22 aolgd

inwhichp > 1, and k is as in (6.7) .
Let u € C3 (M) be a strongly p-harmonic function with finite g-energy E, (u).
Then the conclusions (1) and (I1) as in Theorem B hold.
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PROOF. Arguing as before, the inequalities (6.10) and (6.11) are equivalent to the
inequalities (6.5) and (6.6) respectively, and the assertion follows immediately from Theorem
B. m]
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