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Abstract.  We give acomplete criterion for the existence of generalized Kihler Einstein
metrics on toric Fano manifolds from view points of a uniform stability in a sense of GIT and
the properness of a functional on the space of Kahler metrics.

1. Introduction. In his paper [9], Mabuchi extended the notion of Kéhler Einstein
metrics for Fano manifolds with non vanishing Futaki character. In this paper, we call them
generalized Kéhler Einstein metrics. Let X be an n-dimensional Fano manifold and w €
27¢1(X) be a Kihler metric. We denote the Ricci form for w by Ric(w) = —V-198 log det w”.
The Ricci potential f,, for w is the function satisfying

Ric(w) — w = V-18df,, and /ef“wnsz”.
X X

Then w = V—lgi‘;dz" A d7/ is called generalized Kiihler Einstein if the complex gradient
vector field of 1 — ¢/ is holomorphic, that is,

g(gij-au —ef) 9

0z 97

Generalized Kihler Einstein metrics do not necessarily exist. Mabuchi [9] introduced an
obstruction for the existence of this metric. Let

gl’fa—fi)zwnd/fw":o :
X

bw = f € CR (X) 0 (3ZJ 6Zi

and let pr : L?>(X,w) — b, be the L?-orthogonal projection where L?(X,w) is the Hilbert
space of real L’-functions on (X,w). Then we can define the holomorphic invariant ay as
follows:

= 1-el).
ax m)a(lxpr( )

Indeed ax is independent of the choice of w. Furthermore if X admits generalized Kéhler
Einstein metrics then ax < 1 must hold. See [9] for more details.

2010 Mathematics Subject Classification. Primary 53C25; Secondary 53C55, 58E11.

Key words and phrases. Generalized Kiahler metrics, toric Fano manifolds, uniform relative Ding stability,
modified Ding funcrional.

*Partly supported by Grant-in-Aid for JSPS Fellowships for Young Scientists, Number 17J02783.



526 S. NAKAMURA

For general Fano manifolds, necessary and sufficient conditions for the existence of
generalized Kéhler Einstein metics are not known. For toric Fano manifolds, Yao introduced
the notion of the relative Ding stability in the sense of geometric invariant theory. (After
the present paper was submitted on the arXiv, Yao renamed this stability the uniform relative
Ding stability in his replaced paper [11] independently. His definition of the uniform relative
Ding stability is equivalent to the author’s one in the present paper.) This stability condition is
equivalent to @x < 1, and implies the existence of generalized Kihler Einstein metrics (Yao
called them Mabuchi metrics). See [11] for more details.

In this paper, we introduce a notion of stability called the uniform relative Ding stability
for toric Fano manifolds, and establish the complete criterion for the existence of generalized
Kihler Einstein metrics from the viewpoint of the properness of a functional on the space of
Kihler metrics. These lines to attack the existence problem of generalized Kéhler Einstein
metrics are expected to extend for general Fano manifolds.

The uniform relative Ding stability can be regarded as a generalization of the uniform Ding
stability for Kdhler Einstein metrics defined by Berman [2]. For more recent developments
around the uniform stability and the Ding stability, see for instance Hisamoto [8] (for toric
constant scalar curvature Kahler metrics), Boucksom-Hisamoto-Jonsson [4] (for constant
scalar curvature Kihler metrics), Dervan [6] (for twisted constant scalar curvature Kihler
metrics) and Fujita [7] (for the volume of Kéhler Einstein Fano manifolds).

The following is our main theorem.

THEOREM 1.1. Let X be a toric Fano manifold. Then the following conditions are all
equivalent.

1. X admits a unique toric invariant generalized Kdhler Einstein metric.
2. ax < 1.

3. X is uniformly relative Ding stable (Definiton 3.1).

4. The modified Ding functional is proper (Definition 4.1).

The proof will be done by showing 2 = 3 = 4 = 1. Recall that 1 = 2 is the result
of Mabuchi [9] for general Fano manifolds. Recall also that 2 = 1 is the result of Yao [11].
Therefore the author’s main contribution is the discussion of the conditions 3 and 4.

Acknowledgments. 1 would like to thank Professor Shigetoshi Bando, Professor Shunsuke Saito
and Doctor Ryosuke Takahashi for their several helpful comments and constant encouragement. He also

would like to thank Professor Mattias Jonsson for his introducing me to related works around the uniform
stability.

2. Generalized Kihler Einstein metrics on toric Fano manifolds. Let A be an open
set in R” such that the closure A is a reflexive integral Delzant polytope, and X, be the
corresponding toric Fano manifold with the open dense (C*)"-action. Note that 0 € R" is
the only integral point in A. In the following, we will just write X as X, for simplicity. Let
(C*)* = (§')" x R" be the standard decomposition, and let & := log |z;|* be the coordinate of
R™ where {z;} is the standard coordinate of (C*)". The following lemma is well-known.
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LEMMA 2.1. Let w be an (S")*-invariant Kéihler metric on X. Then w is determined
by a smooth convex function (called Kdihler potential) ¢ = ¢(&1,...,&,) on R", that is,
w = V=109¢ on (C*)*. Moreover its gradient V¢ gives a diffeomorphism from R" to A.

Let w € 27ci(X) be an (S!)"-invariant reference Kihler metric and ¢ is the Kihler
potential of w. Let up be the Legendre dual of ¢y, that is,

up(x) =& -x —¢o(§) and x = Veo(¢).
Then u is a smooth convex function (called symplectic potential) on A. Let
C:={ueC’2a)|uisconvexon o and u-ugeC(a)}.

Abreu [1] showed that there is the bijection between C and the space of (S!)"-invariant Kiihler
metrics in [w] through the Legendre duality.
Let us consider the modified Ding functional [11]

D(u) = —log/ e~ @) g — 1 (0) + / u-ldx foruecC,
R" A
where ¢ is the Legendre dual of u and [ is the unique affine linear function on A such that
—u(0) + / u-ldx =0 for any affine linear u .
A

The critical point of the modified Ding functional is the generalized Kéhler Einstein metric.
Indeed the derivative of D at ¢ is (Note that 6¢ = —6u(V¢) and u(0) = —inf ¢.)

2.1 6D = 5¢(7 —1(V¢) det(V2¢))d§,
S
and we can see that a smooth solution ¢ of

2.2) = 1(V¢) det(V*¢)

e_¢
Jene?
such that its gradient V¢ gives a diffeomorphism from R” to A defines the generalized Kéhler
Einstein metric (cf. [11, Theorem 14]).

3. Uniform relative Ding stability. Notation of this section is the same as in the
previous sections. Let us consider the relative Ding-Futaki invariant [11]

I(u):z—u(0)+/u-ldx foruecC.
A

This is nothing but the linear term of the modified Ding functional. We introduce the uniform
relative Ding stability by the following uniform lower bound estimate of 7.

DEFINITION 3.1. A toric Fano manifold X is uniformly relative Ding stable if there is
a constant 4 > 0 such that

(3.1 I(u) > /l/ udx
A
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holds for every normalized convex functionu € C := {u € C | u > u(0) = 0}.

Although we can also define another stability by the lower bound estimate by A faA udo
as the analog of the uniform K-stability defined by Donaldson [6], this condition is stronger
than that of Definition 3.1. Indeed there is the uniform estimate as follows [6]: there is a
constant C > 0 such that /A udx < C /M udo holds for all u € C. Our uniform stability

follows from the condition ax < 1 immediately.

LEMMA 3.2. Let X be a toric Fano manifold. If the condition ax < 1 holds then X is
uniformly relative Ding stable.

PROOF. As Yao pointed out in [11], the invariant ax is given explicitly by

ax = max{l —|a|l},
A

where || is the volume of A. Therefore for any u € C, we have
1—
J@=/¢sz ‘W/mw
A lal - Ja

4. Properness of the modified Ding functional. First we recall a functional on the
space of Kéhler metrics. Let (X, w) be an n-dimensional compact Kéhler manifold. Let G be
any maximal compact subgroup of Aut(X). If w is G-invariant then we define

Mg(w) = {p € C*(X) | wp := w + V=184 > 0 and ¢ is G -invariant.} .

d

For any ¢ € Mg(w), we let

1
. 1
J(¢)=/ /¢t(w"—wgt)—'/\dt,
0 JX n.

where {¢; }+¢[0,1] is a path in Mg (w) connecting 0 to w.

In general, the properness of a functional on Mg (w) is defined as a uniform lower bound
estimate by the functional J [10, Definition 6.8]. In the case of previous sections where X is
toric Fano manifold and w € 27¢(X) is (S')"-invariant reference Kihler metirc, there exists
a uniform constant C > 0 such that

4.1 M@—/WMSC

holds for all u € C [12, Lemma 2.2], where ¢ is the (S')"-invariant function associated from
the Kéhler metric defined by u . Thus we can define the properness of the modified Ding
functional for toric Fano manifolds as follows:

DEFINITION 4.1 (cf. [10, Definition 6.8]). In the same notation as in Section 2, the
modified Ding functional D is proper if there exists an increasing function u(r) on R with the

property

lim u(r) = oo,
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such that
4.2) D(u) > ,u(/ udx)

holds for all u € C.
Then we have the following:

PROPOSITION 4.2. Let X be a toric Fano manifold. Suppose X is uniform relative
Ding stable, that is, there exists a constant A > 0 satisfying I (u) > A fA udx for all u € C.
Then there exists 6 > 0 depending only on A such that

D(u) > 6/udx—C5
A

holds for all u € C. In particular the modified Ding functional is proper.

PROOF. For afixed vy € C and its Legendre dual ¢, we define a smooth function A by

%o
‘ det(V2yo) ™.
—Yo

Jen e
Then vp minimizes the following functional on C:
Da(u) = —log/ @) ge _ u(0) + / u- Adx
R? A

where ¢ is the Legendre dual of u. Indeed vg is the critical point of D4 (cf. (2.1)), and
the nonlinear term of D, is convex on any affine line in C (cf. [3, Proposition 2.15]). Let
-y = Z)A(l)()) and let

A(Vi) =

Ta(u) = —u(0)+/u-Adx.

A

Now we compute the difference between 7 and J4. Takinga é > 0 and for any u € C, we have

\T() - Iaw)| < C / wdx

A

=C((1+6)Audx—5Audx)

<Csad(u)- C(S/ udx.

A
The last inequality follows from the assumption of the uniform relative Ding stability. It
follows that
(14 Cs.2)T(u) = Ta(u) + C6/ udx .
A

Then we have

4.3) D@=4%/eﬂﬂwﬁ+nm
Rn
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- Co
> -1 ~0-inf ) gy Iy [ —2 / d
- Og‘/Rne §+ A 1+C5’,1 * 1+C5,/1 AM Y

¢ —inf ¢ u () /
>-1 ——|d¢ + 1, d
- Og‘/RneXp( 1+C5’,1 §+ A(1+C5’,1)+1+C5’,1 AM .X

u Co
=PDpl——— | —nlog(l +C, s — dx .
A(1+C5,/1) nlog(l + Cs a) + 1+C5,/1/Au X

Note that the convex function —¢— is not in C, since 74— — up is not in C*(A). Thus we
5,4 +Cs,a
need to show that D4 (

ﬁ) is uniformly bounded from below for any u € C. Let

’

1
= ut e u.
R TEY N ( (1+C5,/1)2)M0

Note that this convex function #’ is in C. Since the convexity of the nonlinear term of Dy4
holds on any affine line in the set of bounded convex functions on A as well as on any one in
C (cf. [3, Proposition 2.15]), then we have

1 u 1 1
DaG’) < D + (1 - Dal[1+ .
A(u) 1+C5’,1 A(1+C5,/1) 1+C5’,1) A(( 1+C5’,1)u0)

It follows that

u 1
4.4 —|>q ’ 1+ —
( ) DA(I +C5,,1) _( +C5,,1).DA(M )+C5,,1.DA(( + 1 +C5,,1)u0)

1
>—(1+Cs2)Cy+ C 1+
> —( 5,2)Co 6,/IDA(( 1+CM)M0)

= Const.

Combining (4.3) with (4.4), and replacing 5 +CC‘; — in (4.3) by 6, this completes the proof. [

5. Remaining proofs of Theorem 1.1. By Lemma 3.2 and Proposition 4.2, it remains
to show that the properness of the modified Ding functional implies the solvability of the
equation (2.2). Then we have the following.

PROPOSITION 5.1.  Under the assumption of the properness of the modified Ding func-
tional, we have

I>0 onA.
PROOF. Since [ is affine linear, it suffice to show that I(p) > 0 for any vertex p of A.
Let {v;};»1 be a sequence of smooth convex functions on A satisfying the followings:
o v >1;(0)=0.
e p; tends to the K (> 0) times the Dirac function for p as i — oo.
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A construction of v; is written in the end of this proof.

Then the convex function u; := iip + v; is in C, where iy € C is the normalization of the
symplectic potencial uy € C of the (S!)*-invariant reference Kihler metric on X. Let ¢; be
the Legendre dual of u;, that is, ¢;(£) = sup,c,(x - &€ —u;(x)). Note that

inf¢; =0 and  ¢:(§) < sup(x- )

XEA

since infr~ ¢; = —u;(0) by a property of the Legendre duality, and u; > u;(0) = O by the
definition of u;. It follows that

log/ €_<¢i’_inf¢i’)df > log/ e~ SupxeA(x'f)dé‘: .

By the properness of the modified Ding functional (4.2), we thus have

/ui ldx > p /uidx) +log/ e SPxea (X8 g
A A n

By taking i — co, we have

K-l(p)+/l-ﬁ0dx2,u
A

K + / ﬁod_x) + 10g/ e SuprA(x'f)df .
A R

Namely, K - I(p) = u(K + C1) — C; holds for some constants C; independent of K. Hence, by
taking K sufficiently large, we get I(p) > 0.

Finally, for the construction of v;, we take an affine linear function w; on R”" satisfying
the followings:

1. wip) = Ki.
/Zm{w,«zo} w;dx = K.
3. There exists ; > O such that limj; = 0 and {xe€a|wi(x)>0} c

{x EZ| llx = pllEue < i }

Let t; := maxgn~ {0, w;}. Note that @; |5 tends to the K times the Dirac function for p asi — .
To take a smoothing of @;|, let us consider the convolution @; * p., where p > 0 is the
smooth mollifier on R" whose support is in B.(0). For sufficiently large i and small &€ > 0, it
is easy to see that ©; * p, is smooth and convex on A, and satisfies ; x p. > D; *x p=(0) =0
on A. Note that t; x pg|7 uniformly converges to @;|z as &€ — 0. Thus we can take & > 0
such that

. . 1
lD: * pe; — Wil (z) < T

Then we define v; as i; * pg, |3 O
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The condition / > 0 guarantees the non-degeneracy of the equation (2.2). Hence the
solvability of the equation of (2.2) follows immediately from the result for real Monge-Ampere
equations by Berman and Berndtsson [3, Theorem 1.1]. This completes the proof of Theorem
1.1.

REMARK 5.2. By the same argument as in Proposition 5.1, we can prove directly that
the uniform relative Ding stability implies the condition / > 0 on A (see also [11, Proposition
12]). Indeed, we apply the inequality (3.1) of the uniform relative Ding stability to the function
u; = iip + v; € C in Proposition 5.1. By taking i — co, we then have

K-l(p)+/ﬁ0-ldx2/1-K+/1‘/120dx.
A A
Hence, by taking K sufficiently large, we get [(p) > 0.
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