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Abstract.  In this paper we study the relative Chow and K -stability of toric manifolds.
First, we give a criterion for relative K-stability and instability of toric Fano manifolds in the
toric sense. The reduction of relative Chow stability on toric manifolds will be investigated
using the Hibert-Mumford criterion in two ways. One is to consider the maximal torus action
and its weight polytope. We obtain a reduction by the strategy of Ono [34], which fits into the
relative GIT stability detected by Székelyhidi. The other way relies on C*-actions and Chow
weights associated to toric degenerations following Donaldson and Ross-Thomas [13, 36]. In
the end, we determine the relative K -stability of all toric Fano threefolds and present counter-
examples which are relatively K-stable in the toric sense but which are asymptotically relatively
Chow unstable.

1. Introduction. The well-known Yau-Tian-Donaldson conjecture asserts that a com-
pact complex polarized manifold (X, L) admits canonical metrics (Kdhler-Einstein metrics,
constant scalar curvature (cscK) metrics, and extremal metrics, etc) in 2zxci(L) if and only
if (X, L) is stable in the sense of Geometric Invariant Theory. Among various notions of
stability, K-stability and Chow stability are the most widely studied. Many authors use the
term polystability rather than stability, since the former agrees better with the notions in GIT.
Throughout this paper, we use the latter for simplicity.

The conception of K-stability was first introduced by Tian [41] in the study of the existence
of Kidhler-Einstein metrics in the first Chern class (if it is positive) on a Kdhler manifold. Later,
Donaldson extended it to general polarized varieties [13] and made a conjecture on the relation
between K-stability and the existence of cscK metrics. More generally, for the existence of
extremal metrics, the definition of K-stability was extended by Székelyhidi [40] to Kihler
classes with non-vanishing Futaki invariant and was called relative K-stability. Meanwhile,
the conception of Chow stability is also significant in Kahler geometry. Let Aut(X, L) be the
automorphism group of (X, L). In[12] Donaldson showed that the existence of a cscK metric in
2mrcy (L) implies the asymptotic Chow stability of (X, L) if Aut(X, L) is discrete. Donaldson’s
result was generalized by Mabuchi [25], with the assumption on Aut(X, L) replaced by the
condition of vanishing higher order Futaki invariants. Very recently, it has been shown that
the existence of extremal metrics implies asymptotically Chow stability relative to a maximal
torus [27, 37]. With these remarkable progress, the verification of the stabilities is drawing
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more and more attention. In general, this is a complicated problem since one has to study an
infinite number of possible degenerations of the manifold. In this paper, we shall discuss the
stabilities of toric manifolds.

For toric manifolds, a well-understood reduced version of the relative K-stability on the
moment polytope is believed to be equivalent to the existence of extremal metrics [13, 48].
This conjecture has been confirmed for toric surfaces [14, 15, 7].

Let (X4, L) be the polarized toric manifold which corresponds to a lattice polytope 4

(1.1) (i xy < Aii=1,...,d,

satisfying Delzant’s condition, where A; € Z, [; € Z" is primitive. Let 6,4 be the potential
function of the extremal vector field V[18], which is affine linear on 4, and normalized by
f y 0,4 dx = 0 (see Lemma 2.1). In [13], Donaldson reduced K-stability to the positivity of a
linear functional defined on 4. This functional was generalized for relative K-stability and is
given by [48]

(1.2) .EA(u)zf udo-—f(5’+04)udx
o4 4

where S is the average of the scalar curvature, and do = |1;|" do on the face in {x € R" :
(l;, x) = A;}. Here do is the standard Lebesgue measure on d 4. Note that S = \%{%) and
the functional £ 4 corresponds to the modified Futaki invariant in [40]. We mention that the
potential function 6 is uniquely determined by the condition that £ ,(«) = 0 for any affine

linear function u, namely, one can solve the n + 1-linear system

La(1)=0, Li(x;)=0 for i=1,...,n,

in order to find 64 = Y, a;x; + ¢ with a; and c¢. See Section 5.1 for more detail.

Recall that a convex function u is piecewise linear if there are affine linear functions
f1s. .., fe such thatu = max { f1, ..., f¢ }. Furthermore u is simple piecewise linear if it is of
the form u = max { 0, f } for a linear function f. In view of [13, 40, 48, 49], we have:

DEFINITION 1.1. A toric manifold (X4, L4) is called relatively K-semistable in the
toric sense if L,(u) > 0 for all piecewise linear convex functions. Furthermore, it is called
relatively K-stable in the toric sense when L 4(u) = 0 if and only if u is affine linear.

When proving the existence of cscK metrics on toric surfaces [14, 15] Donaldson intro-
duced a stronger notion called strong K-stability. Let A* be the union of the interior of 4 and
the interiors of its co-dimension 1 faces. Denote

Clz{uluisconvexond*andf u < oo},
a4

The linear functional £ 4 is well-defined on C;.
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DEFINITION 1.2. (X4, L) is called relatively strongly K-stable in the toric sense if
L4(u) > 0 for all convex functions in C; and L4(u) = 0 if and only if « is an affine linear
function.

To check the positivity of £, in dimension 2, it suffices to consider simple piecewise
linear convex functions on A4 [13, 45]. In higher dimensions, a sufficient condition for the
relative strong K-stability in the toric sense was given by [48]. When X is a Fano n-fold, L is
the anti-canonical line bundle and S = # the sufficient condition is

(1.3) supfy < 1.
4

Condition (1.3) has been verified for all toric Fano surfaces. In [48], it was also asked whether
it holds for higher dimensions or not. Furthermore, Mabuchi proposed the following question
when considering the existence of extremal metrics on toric Fano manifolds.

PROBLEM 1.3. Let (X4, L4) be a polarized toric Fano manifold. Is (X4, L) always
relatively K-stable or not?

If the answer were affirmative, one can expect that any toric Fano manifold admits an
extremal metric like the case of Kéhler-Ricci solitons [46]. However, we have found counter-
examples (Corollary 1.6). By a simple observation and together with (1.3), we have:

THEOREM 1.4.  Assume (X4, L4) is a toric Fano manifold and 6,4 = 3.} | a;x; + c,
where a;,c ER. Let A~ ={xe€ed4:1-06,<0}.
(1) IfInt(47) = 0, i.e. 04 < 1 0n 4, then (X4, Ly) is relatively strongly K-stable in the
toric sense. Here Int(A™) is the interior of A™.
(2) If Int(47) # 0 and satisfies

(1.4) l-c<

then there exists a simple piecewise linear function such that L 4(u) < O.

An application of Theorem 1.4 is to determine relative K-stablities of all toric Fano
threefolds. The condition 6,4 = 0 is equivalent to the vanishing of the Futaki invariant [18].
Smooth toric Fano threefolds were classified by Batyrev [1, 2] and K. Watanabe and M.
Watanabe [44] independently. In this paper, we use the notation of [2]. See Section 2.1 for
more detail. Among all of them, CP3, B4, C3, Cs and ¥ have the vanishing Futaki invariant,
so condition (1.3) is true. By computation with Theorem 1.4, we have:

THEOREM 1.5. Let X be a toric Fano threefold. We assume that the Futaki invariant of
X does notvanish. Then X is relatively strongly K -stable in the toric sense in the anti-canonical
class if and only if X is one of the following: B, B3, C1, C4, E3, E4 and F.

It is known that all toric Fano surfaces admit extremal metrics in the anti-canonical
class [6, 8]. The instability tells us that counter-examples appear in dimension 3.
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COROLLARY 1.6. If X is one of By, Cy, D1, D», E1 and &E,, then X does not admit
extremal metrics in its first Chern class.

On the other hand, the reduction of Chow stability is also an interesting problem. A
natural idea is to use the Hilbert-Mumford criterion. Ono [34] studied Chow stability of toric
manifolds by considering the maximal torus action and its weight polytope. He obtained a
reduction by adapting Gelfand-Kapranov-Zelevinsky’s theory of Chow polytopes [20, 22]. He
also defined a notion of the relative Chow semistability in the toric sense. In this paper, we
introduce a refinement of this notion so that it fits naturally into the relative GIT stability
detected by Székelyhidi [39, Chapter 1].

Let (X4, L) be a polarized toric manifold and N = dim(H 9(X4,L4)) — 1. We consider
the relative Chow stability of X, C CPN(see Section 3.1 for definitions). Now we assume
G = (C*)N*! is a subgroup of diagonal matrices in GL(N + 1, C). Following [34], we only
consider the specific maximal torus of SL(N + 1, C) which is also a subtorus of (C*)N*! given
by

N+1
T = i) € @Y [ =10
j=1
Let S be the C*-action induced by the extremal vector field V as in Section 2.2.

DEFINITION 1.7. (X4, Ly) is relatively Chow semistable(stable, unstable) in the toric
sense if the Chow form is Tf-semistable(stable, unstable) relative to 3.

Finally we consider the asymptotic relative Chow stability. Denote the Ehrhart polynomial
of Aby E,(t). Foranyi € Z,, we replace 4 above by i4, N + 1 by E4(i) and G = (C*)E4®),
Then we consider the maximal diagonalized torus TZS = GNSL(E4(1),C).

DEFINITION 1.8. (X4, Ly) is asymptotically relatively Chow semistable (stable, un-
stable) in the toric sense if the Chow form is Tig-semistable (stable, unstable) relative to g for
all sufficiently large i.

In this paper, we will describe the asymptotic relative Chow stability in the toric sense in
a combinatorial way. The character group y(G) of G is identified with

(iANZ" > Z) = (AN (Z)D)" - Z} = ZF1D |
For future convenience, we denote y(G) ® R by
(1.5) W(@id) = {idNZ" - R} = {4N(Z/i)" —» R} = RE4® |
As in [20, p.220], we identify W (i 4) with its dual space by the scalar product
puy = ), ¢@u@.

aeAN(Z/i)"
Let 04 = #@-) Sacanz/iy 0.4(2). We define diy, 6;4 € W(id) by

04(a) — 04
i

dis(a)=1, 6;4(a) = , aeANn(@Z/H".
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THEOREM 1.9. (X4, Ly) is asymptotically relatively Chow semistable in the toric sense
if there is an iy such that for each i > iy, there exists s; satisfying

i"(n+1)!Vol(4) ~ )
1.6 ——————— (dia + si0i4) € Ch(id),

(1.6) 500 (dis + si6:4) € Ch(is)

where Ch(id) c W(id) is the Chow polytope of (X4, Li,). Furthermore, it is asymptotically

relatively Chow stable in the toric sense if

i"(n + 1)!Vol(4)

(1.7) — (dis + sifia) € Int(Ch(id)).
REMARK 1.10. As can be shown (Remark 3.12(1)), s;, if exists, can be explicitly given
by
(1.8) 5 = i0i4E(i) .
(64(a) = 6,4)°
aedn(Z/im

In [36], Ross-Thomas gave a description of Chow stability by using the Hilbert-Mumford
criterion for the C*-actions induced by test configurations [13]. Inspired by this idea, we give
an alternative reduction of the relative Chow stability of toric manifolds in Section 4. In order
to see its relation to relative K-stability, we define

(1.9) Qi g) = E4(i) f gdx-Vol(4) > (1+s:84@)g(@)

4 acANZ/in
for any g € PL(4,i). Here PL(4,i) is the subset of piecewise linear concave functions (see
Section 3.2) and s; is given by (1.8). Then we have

THEOREM 1.11. Foranyi € Zy, (X4, Li') is relatively Chow semistable in the toric
sense if and only if Q4 (i, g) = 0, for all g € PL(4,i). In addition, it is relatively Chow stable
in the toric sense if the equality holds only if g is an affine linear function.

We would like to point out that Theorems 1.9, 1.11 also hold for general polarized toric
varieties. Concerning on relation between Chow and K-stabilities, we have:

THEOREM 1.12. Ifa polarized toric manifold (X, L) is asymptotically relatively Chow
semistable in the toric sense, then it is relatively K-semistable in the toric sense.

In view of Corollary 1.6, we also have the following.

COROLLARY 1.13. If X is one of B1, Ca, D1, D», E1 and &E,, then X is asymptotically
relatively Chow unstable.

In general, asymptotic Chow semistability is much stronger than K-semistability. In
order to see the direct evidence of the difference between Chow stability and K-stability
consider the first counter-example that was discovered in [35]. They used the non-symmetric
Kéhler-Einstein toric Fano 7-fold of [30]. In the case where X is non-toric, lower dimensional
counter-examples were discovered by Odaka [32] and Vedova and Zuddas [43]. In [30], it was
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TABLE 1. Relative stability in the toric sense of toric Fano threefolds.

Notation Relative K-stability Asymptotic relative Chow stability
(Definition 1.9)

cp? stable stable
B unstable unstable
B, stable
B3 stable
By stable stable
Ci stable
C unstable unstable
Cs stable stable
Csy stable
Cs stable stable
Dy unstable unstable
Dy unstable unstable
13 unstable unstable
& unstable unstable
&Es stable
&y stable unstable
Fi stable stable
¥ stable

(1) All stable in the table are known before. Others are new in the present paper. All
stable in relative K-stability follows from [49]. All stable in asymptotic relative Chow
stability (Definition 1.9) follows from [25] and [19].

(2) Other relative K-stability/instability follows from Thereom 1.4. (Proposition 5.1).

(3) Asymptotic relative Chow unstability except for &4 follows from Theorem 1.12.

(4) Asymptotic relative Chow unstability of &4 follows from Proposition 5.4.
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also proved that all toric Fano manifolds with the vanishing Futaki invariant are symmetric if
dim X < 6. Note thatif X is a symmetric toric Fano manifold, then (X, —Kx) is asymptotically
Chow stable [25, 16]. Hence the lowest dimension for an anti-canonically polarized Kéhler-
Einstein toric Fano manifold (X, —Kx) to be asymptotically Chow unstable is 7. One aim of
this paper is to provide such an example in a lower dimensional toric case. We have found
a 3-dimensional toric orbifold example admitting the Kéhler-Einstein metric but which is
asymptotically Chow unstable in the case where X is Q-Fano (Proposition 5.2). When we
consider the relative stabilities, we find the smooth example &4 which is relatively K-stable
but not asymptotically relatively Chow semistable (Proposition 5.4). The asymptotic Chow
stability of CP3, By, C3, Cs, F1 follows from [19, 25]. Hence, we list all the determined
stability of toric Fano threefolds in this paper in Table 1. Note that the stabilities are all in the
toric sense. It is an interesting question to complete the table, i.e. to determine the remaining
stabilities.

This paper is organized as follows. Section 2 is a brief review of toric varieties and the
reduction of relative K-stability on toric manifolds which will be used at later stages in the
paper. We also prove Theorem 1.4. In Sections 3 and 4 we shall discuss the two ways of
reduction of the relative Chow stability on toric manifolds. In Section 5, we present various
examples for the stabilities considered in the paper. We compute normalized potentials on
toric Fano threefolds and verify the relative K-stability or instablity in Section 5.1. We also
provide an example of K-stable toric Fano orbifold X which is asymptotically Chow unstable in
dim X = 3. Finally, we discuss the asymptotic relative Chow stability of toric Fano threefolds.
The computational results for 64 and A4~ are listed in Table 2.

Acknowledgements. The first author would like to thank Professors Y. Nakagawa, Y. Sano and A.
Higashitani for their valuable comments and discussions. In particular, Higashitani suggested to us to

use the toric package [5] for our computations. Both authors thank the referee for valuable suggestions
to improve this article.

2. Preliminaries.

2.1. Toric varieties. We review some of notations of toric varieties. Detailed dis-
cussion on the general theory can be found in [9]. Let 9t be a lattice of rank n, where N =
Hom(M, Z) is the Z-dual of M. We define My := M @z R = R" (resp. g := N @z R). Let
2’ denote a complete fan in Ny, i.e. | J, s 0 = Nr. The k-dimensional cones of 2 form a set
X (k). Let o be a conein X. The associated affine scheme U, := Spec C[M N V] is called an
affine toric variety. Then 2 defines a toric variety X := X (I, 2') by constructing the disjoint
union of the affine toric varieties U,-, where one glues U, and U, along the open subvariety
U noy, for o1, 02 € 2. We generally define a foric variety X as a complex algebraic normal
variety containing a torus Tg = Spec C[M] as a Zariski open subset, such that, the action of
T¢ on itself extends to an algebraic action of 7 on X.

A polytope 4 C My is called a lattice (resp. rational) polytope if all its vertices are in 9t
(resp. Mg = M ®z Q). Let 4 C My be arational n-dimensional polytope with 0 € Int4. We
define the dual polytope 4° C Jig by
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A°:={aeNs | (ab)>—1forallbe 4},

which is also a rational n-dimensional polytope with O € Int4°. We denote a face F of 4° by
F < A4°. The fan Ny := {pos(F) | F < 4°} is called the normal fan of A, where pos(F) is
the linear positive hull of F. For a rational polytope 4 € Mg, we define the associated toric
variety by X4 := X (N, Ny). In particular, when A4 satisfies Delzant’s condition, it corresponds
to a smooth compact toric manifold. It is well-known that there is the bijective correspondence
between n-dimensional lattice polytopes and compact toric varieties with (C*)"-equivariant
very ample line bundles.

The discussion on examples (Section 5) will focus on toric Fano threefolds. We recall
the related notations here. See [11] and [29] for more details.

Let X be a complex projective normal variety. We call X a Q-Fano variety if the anti-
canonical divisor —Kx is an ample Q-Cartier divisor. Furthermore, X is Fano variety if —Kx
is an ample Cartier divisor. Let P C 9ig be an n-dimensional lattice polytope which contains
the origin in its interior. Then P is called a canonical Fano polytope if IntP N9 = {0}.
Furthermore, P is called a Fano polytope if the vertices of any facet of P form a Z-basis of the
lattice 9N. By [29, Proposition 2.3.7], there is a bijective correspondence between isomorphism
classes of Fano polytopes (resp. canonical Fano polytopes) and smooth toric Fano varieties
(resp. toric Fano varieties with canonical singularities). Here and hereafter we assume that
all singularities are at worst orbifold singularities. Hence they are associated to complete
simplicial fans [9, Theorem 3.1.19].

Let X be a complex normal variety. Recall that X is called Q-factorial if any Weil divisor
is Q-Cartier. For the toric case, we have a well-known description in terms of a Fano polytope.
A polytope is called simplicial if any facet is a simplex. It was shown that simplicial Fano
polytopes correspond uniquely up to isomorphism to Q-factorial toric Fano varieties (see
Proposition 2.3.12 in [29]). Since a toric variety X has only finite quotient singularities (that
is, X is an orbifold) if and only if the associated fan 2 is simplicial, Q-factorial toric Fano
varieties are toric Fano orbifolds.

In [23], Kasprzyk found that there are 12,190 Q-factorial toric Fano varieties up to
isomorphism. In the case when X is smooth, toric Fano threefolds are classified in [1, 44].
There are 18 toric Fano threefolds, that is, CP3, B, B,, B3, By = CP2 x CPL, C|, Co, C3 =
CP' x CP' x CP', C4y = CP' x (CP? # CP2), C5s = CPgpiycp (0 ® O(1,-1)), Dy, D, &1,
&, &3 = CP! x (CP2 #2CP2), &, Fi = CP! x (CP? #3CP?) and F3. Note that we use the
same notation as in [2]. These classification results are available online at [50, 31].

2.2. Reduction of relative K-stability. In this subsection, we recall the reduction
of the Futaki invariant on toric manifolds. We also present the formulae to determine the
normalized potential 64 of the extremal vector field in symplectic coordinate and criterions
for relative K-stability and instablity.

First we recall the Futaki invariant and the extremal vector field. Let (X, w,) be a compact
Kihler manifold. Let Aut®(X) be the identity component of the biholomorphisms group of X.
Then Aut’(X) has a semidirect decomposition
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Aut®(X) = Aut, (X) X Ry,

where Aut, (X) is a reductive algebraic subgroup of Aut’(X), which is the complexification
of a maximal compact subgroup K, and R, is the nilpotent radical of Aut’(X). We denote
the Lie algebra of Aut,(X) by n,(X). Let v € n,(X) so that its imaginary part generates a
one-parameter compact subgroup of K. Then if the Kahler form wy, is K-invariant, there exists
a unique real-valued function 6, (w,) (called normalized potential of v) such that

n

_ w
2.1 iywg = V=100,(w,) and f Hv(wg)_? =0.
X n:

For simplicity, we denote the set of such potentials 6, by =, . Then the Futaki invariant on
7 can be written as

n

— wg
(22) F(v) = —f Ou(wg)(S(wg) = S)—,
X n:

where S(wy) is the scalar curvature of wg. In [18], Futaki and Mabuchi defined the extremal
vector field,V = gif(proj(S(wg)))jra% in7,-(X) for the Kéhler class [wy], where proj(S(w,)) is
the L2-inner projection of the scalar curvature of w, to Zw, - They showed that V is independent
of the choice of K-invariant metrics in [wg], and its potential is uniquely determined as the
dual of the Futaki invariant with respect to the L? bilinear form

n

2.3) F@) = —f GU(a)g)Gv(wg)w—?, Yoven(X).
X n!

Now we consider the reduction on a polarized toric manifolds (X, L). Choose an (S Hyn.
invariant Kéhler metric g with w, € 27c1(L). By choosing a base point, we identify the open

dense orbit of the complex torus action on X with (C*)" and use the coordinates (zy, .. ., Z,)
induced from (C*)". Denote the affine logarithmic coordinates w; = logz; = y; + V-1n3;.
Then w,, is determined by a smooth convex function ¢ which depends only on yi, ..., y, €
R" in the coordinates (wy, . . ., wy, ), namely

(2.4) wg =2V-130¢

on (C*)". As is well-known, the moment map can be given by D¢ and the image 4 = Dp(R")

is a polytope. We denote by x; = g—‘;, i =1,...,n, the symplectic coordinates. Note that in the

affine logarithm coordinates (wy, ..., wy), {%, i =1,...,n}is abasis of the Lie algebra of
T{ as a complex subalgebra of the Lie algebra of holomorphic vector fields on X. In particular,
the Futaki invariant is given by the formula

F(i)zf x,-d(r—gfxidx
dw; o4 A

and this leads the fact that £ (u) = O for any affine linear function u as mentioned in (1.2).
The following lemma was given in [48] on how to determine 6y (w,,) in symplectic coordinates
through the Futaki invariant.
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LEMMA 2.1. Let g be an (S")"-invariant metric on X. Assume V is the extremal
vector field and Oy (wy) is the normalized potential associated to wy by (2.1). Then there are
2n-numbers a; and c; such that

n

Oy (wg) = Zai(xi +¢i) =104,
i=1

where x = (x;) = D¢ € A. Moreover a; and c; are determined uniquely by 2n-equations,

1 d o ,
2.5) (27r)"F((9wi) = —L(Z a;j(x; +cj)) (x;j+cp)dx,i=1,...,n,

J=1

(2.6) f(xi+ci)dx=0,i=1,...,n.
4

As mentioned in the introduction, the relative K-stability in the toric sense refers to the
positivity of the linear functional (1.2) for convex functions. Note that £,(u) is invariant
when adding an affine linear function to . Without loss of generality, we assume 0 lies in the
interior of 4. Hence, it suffices to consider convex functions normalized at 0 in the sense that
infyc u(x) = u(0) = 0. When X is a toric Fano manifold, it is observed in [48] that

2.7 = iuj — 1-0)ud
@.7) L) L(qu u>+( u dx

i=1

for C! functions by an integration by parts from (1.2). Here u; = %. By approximation,

it is easy to see that (2.7) can also be used for the computation of £ (u) for piecewise C!
functions. As can be seen from (2.7), the positivity of L, relies heavily on the positivity of
1 —64. Assume 6,4 = 3" | a;x; + c¢. Then we shall prove Theorem 1.4.

PROOF OF THEOREM 1.4. (1) is obvious [48]. We only need to consider (2). If 1 -
04 <0,ie. 47 = 4, itis obvious that all simple piecewise linear convex functions of the form
max{ :.’:1 b;x;, 0} will destabilize 4. So we assume 1 — 84 = 0 intersects the interior of 4. Let

u = max{—(1 —0,),0}.

Then

1 l1-c¢, x€4d7;

Z Xiuj —u =

= 0, xeA\ A .
Hence,

Liw) =(1 —c)VOl(A_)—f (1-6,)dx.
A

The theorem follows. O

3. Relative Chow stability of toric manifolds. In this section, we consider relative
Chow stability of polarized toric manifolds.
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3.1. Notions of Chow stabilities. We first recall various notions of Chow stabilities.
We refer to the monograph [17] by Futaki for a more general concept of Chow stability in
Kihler geometry. In [24, 26], Mabuchi defined the notion of relative Chow stability in order
to consider the existence problem of extremal Kéhler metrics. A historical background of
relative GIT stability is given by Székelyhidi [39, Chapter 1].

Let G be a connected reductive complex algebraic group with Lie algebra g. Let V be
a finite dimensional complex vector space. Suppose that G acts linearly on V. Assume v* is
a nonzero vector in V which is a representative of v = [v*] € P(V). According to GIT, v* is
G-semistable if the closure of the G-orbit Og (v*) does not contain the origin. Furthermore, v*
is G-stable if Og (v™) is closed. We call v* G-unstable if v* is not G-semistable. Analogously,
v € P(V) is said to be G-semistable (resp. stable, unstable) if any representative of v is
G-semistable (resp. stable, unstable).

To feature relative stability, following [39, Chapter 1], we consider a torus T in G, and
denote its Lie algebra by t. Then we define subalgebras of g by

gr={acg|[e,B]l=0forall Bet},
arr ={a€gr|{a pBy=0forall Bet},

where (-, -) is a rational invariant inner product. We denote the image of gr (resp. gr.) under
the exponential map by Gr (resp. Gr+).

DEFINITION 3.1 ([39]). LetT be atorus in G fixing the point v. Then v is said to be
semistable (resp. stable, unstable) relative to T if it is Gy.-semistable (resp. stable, unstable).

The Hilbert-Mumford criterion says that v € P(V) is G-semistable if and only if v is H-
semistable for any maximal algebraic torus H € G [10, p.137]. When G itself is isomorphic
to an algebraic torus, the above stabilities can be described by the weight polytopes of the
actions as follows. Let y (G) denote the character group of G. Then y(G) consists of algebraic
homomorphisms y : G —s C*. If we fix an isomorphism G = (C*)N*!, we may express each
X as a Laurent monomial

Xt ine) =t N L €CY a € L.

Thus, there is the identification between y(G) and ZNV*! by x = (ay,...,ans1) € ZNTL
Then it is well-known that V decomposes under the action of G into weight spaces

V= @ V.. Vyi={v'eV|r-v'=x)-v' 1€G}.
x€x(G)
DEFINITION 3.2. Let v* be a nonzero vector in V with v* = 3, ¢ (G) Uy, Uy € V.

The weight polytope of v* (with respect to G-action) is the convex lattice polytope in y(G) ®
R = RV*! defined by

NG (v*) := Conv{ y € x(G) | v, #0} S RV*!.
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According to [10, Theorem 9.2], v* is G-semistable (resp. stable) if and only if 0 €
N (v*) (resp. 0 € Int Ng(v*)). In the relative stability setting, we also have the following.

PROPOSITION 3.3 ([39, Theorem 1.5.2]). Let T be a torus in G fixing the point v. v
is semistable (resp. stable) relative to T if and only if the orthogonal projection of the origin
onto the minimal affine subspace containing Ng (v*) is in Ng (v*) (resp, relint Ng (v*)).

Next we define Chow form and Chow stability of irreducible projective varieties.
See [20, 47] for more details. Let X ¢ CPY be an n-dimensional irreducible complex
projective variety of degree d. Recall that the Grassmann variety G(k, CP") parameterizes
k-dimensional projective linear subspaces of CP"V . The associated hypersurface of X ¢ CPN
is the subvariety in G(N — n — 1, CPN) which is given by

Zx ={WeGN-n-1LCPM)|WNnX#0}.

Itis known thatis Zx is an irreducible hypersurface with deg Zx = d in the Pliicker coordinates.
In particular, Zx is given by the vanishing of a section R}, € HY%G(N —n—-1,CPN),0(d)).
We call R}, the Chow form of X. Note that R}, is well defined up to a multiplicative constant.
Let V := HY(G(N - n - 1,CPN),0(d)) and Rx € P(V) be the projectivization of R},. We
call Ry the Chow point of X. The weight polytope of R} € V with respect to the action
(C*HN*! ¢ GL(N + 1,C) of diagonal matrices is called Chow polytope of X, and is denoted
by Ch(X). See [20, Chapter 6] for more details. Since we have the natural action of G =
SL(N + 1,C) into P(V), we can define stabilities of Rx as follows.

DEFINITION 3.4. Let X ¢ CPY be an irreducible, n-dimensional complex projective
variety. Then X is said to be Chow semistable (resp. stable, unstable) if the Chow point Rx
of X is SL(N + 1, C)-semistable (resp. stable, unstable).

We consider relative Chow stability when the Futaki invariant does not vanish. Choose
T = B to be the C*- action induced by the extremal vector field V. T also acts on P(V).

DEFINITION 3.5. Let X ¢ CPY be an irreducible, n-dimensional complex projective
variety. Then X is said to be relatively Chow semistable (resp. stable, unstable) if the Chow
point Rx of X is SL(N + 1, C)-semistable (resp. stable, unstable) relative to T'.

DEFINITION 3.6. Let (X,L) be a polarized variety. For i > 0, let ¥; : X —
P(H(X, L')*) be the Kodaira embedding.

(1) Suppose that L is very ample. (X, L) is said to be relatively Chow semistable (resp.
stable, unstable) if ¥ (X) c P(H°(X, L)*) is relatively Chow semistable (resp. stable,
unstable).

(2) (X, L) is called asymprotically relatively Chow semistable (resp. stable) if there is an
ip such that 7;(X) is relatively Chow semistable (resp. stable) for each i > ip.

We say that (X, L) is asymptotically relatively Chow unstable if it is not asymptotically
relatively Chow semistable.
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3.2. Reduction ontoric manifolds. We reduce the relative Chow stability of polarized
toric manifolds by developing on an idea in [33, 34].
Recall that T$ of SL(N + 1,C) is given by
TG — G = (CHN*' NSL(N +1,0)
(th o tN) V= (t, N (e t) 7).
In particular, Tf =~ (C*)N. We view the Lie algebra of Tf as a subalgebra of s/(N + 1,C)

by considering the traceless part. The inner product (,) on s/(N + 1,C) is given by (A, B) =
Tr(AB). Let {aj,...,an4 } be all the lattice points in 4. We define

N+1
g, = 0,4a;).
4 NH; 4(a))

Let 64 be the potential function as in Section 2, and T = S be the C*- action induced by V.
Then T is given in T by

3.1 T:C'—G

f — (I(HA (31)—94)’ o (04 (3N+1)—§A)) )

Let Ch(4) be the Chow polytope of X; ¢ CPN . In the literature of Gelfand-Kapranov-
Zelevinsky’s theory, Ch(4) coincides with the secondary polytope [22]. In particular, it is
known that the affine span of the secondary polytope is given by the following.

PROPOSITION 3.7 ([20, Chapter 7, Proposition 1.11]). Let ¢ = (¢1,...,¢N+1) be a
point in the affine hull of Ch(4) in x(G) @ R = RN*!. Then

N+1 N+1
(3.2) @;j = (n+1)!Vol(4), Z pia; = (n+ 1)!fxdx.
j=1 j=1 4
Herex = (x1,...,xp)and AN M = {ay,...,an+1 } is all the lattice points in A.

Denote

dyg=(1,...,1), G5=((04(@1)=04),....(04(@n+1)—04))
in ¥(G) ® R. Then we have the following.
THEOREM 3.8. (X4, Ly) is relatively Chow semistable in the toric sense if and only if
there exists s € R such that
(n+ 1)!Vol(4)
N+1

Furthermore, it is relatively Chow stable in the toric sense if

1)!Vol(4 _
(3.4) % (s + s64) € Ini(Ch(4)).

(3.3) (da+s8,4) € Ch(4).
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PROOF. We define a two dimensional subspace in RN*! by W := Spang {d4, 0,4 }.
Let B1,..., Bnv_1 € RN*! be a basis of the subspace perpendicular to W. Note that Gz is
isomorphic to (C*)V~!. Considering the projection
G, t X(G) @R =RV — y(Gro) @R =RV
‘10 = (‘101’ .. ~,‘;0N+1) — (<‘10, B1>’- . -’<‘10’ BN—I))’
we observe that NG, , (Rx,) = 76, (NG(Rx,)) ¢ RN"!.

By definition, Rx, is Gr+-semistable if and only if 0 € Ng,., (Rx,). By the projection
above, it is equivalent to W N Ch(4) # 0, that is, there exist s1, s2 € R such that
(3.5) s1dy + 5204 € Ch(A4).
By (3.2) and the fact £ V4" 84 (a;) = 0, we have 5; = 2D, o
REMARK 3.9. The reader should notice that (3.3) implies

N+1 N+1 N+l
3.6) izz;aj-l—siz:;HA(a)aj:m Ade’

by Proposition 3.7. This theorem extends Ono’s description of Chow semistability [33, 34] to
relative case.

Next, we consider asymptotic relative Chow semistability. Denote the Ehrhart polynomial
of A by E4(t). It has degree n = dim 4 and satisfies

E4(i) = Card(i4N'Z") = Card(4 N (Z/i)")

for any positive integer i € Z,. Moreover, E,(t) has the form

Vol(d4)

E4(t) = Vol(M)f" + k1,

by theorem of Ehrhart. Note that fl 4 X dx = i"*! f 4 X dx, hence Theorem 1.9 follows from the
same argument in the proof of Theorem 3.8.

The asymptotic relative Chow semistability can be related to relative K-semistability in
the toric sense. For this purpose, we recall some notations. For a fixed ¢ € W(id)(see (1.5)
for the definition of W (i4)), let

G, = the convex hull of U {(ar)|t< @)} cMrp xR = R™!.
aeAn(zZ/iy

Then we define a piecewise linear function g, : 4 — R by
go(x) = max{t | (x,7) € G,}.

The upper boundary of G, can be regarded as the graph of g,. Furthermore, g, has the
following properties.

LEMMA 3.10 ([20] p.221, Lemma 1.9). Forany ¢ € W(i4),

(a) the function g, is concave,
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(b) we have the equality

max{{p,¥) | ¥ € Ch(id)} =i"(n+ 1)! f gy dx .
4

Denote PL(4,7) = {g, | ¢ € W(i4)}. The proof of Theorem 1.11 is similar to [34]. One
can see that the condition (1.6) holds if and only if the following condition holds:

3.7 max{(¢. ) | ¥ € Ch(id)} > w«a L+ s:000)
A

for all ¢ € W(i4). By applying Lemma 3.10 to (3.7), we obtain (1.9).

COROLLARY 3.11. If (X4, L4) is asymptotically relatively Chow semistable, then for
anyi € Z., there exists s; such that

IE4(i)
Vol(4) J,

(3.8) Z ia+s Z G,4(a)a =
acAN(Z/im acAN(Z/in

xdx.

PRrROOF. Since (X4, Ly) is asymptotically relatively Chow semistable, (X4, Li,) is rel-
atively Chow semistable for i > 0. By Theorem 1.11, Q4(i,g) > 0 for all g € PL(4,i).
Taking g to affine linear functions, one can see that Q4(i,g) = 0. Note that Q,(i,g) can be
written as a fractional polynomial in i as in (3.10). We prove the assertion by contradiction.
If (3.8) does not hold for an integer iy € Z,, (i.e. Q4(ip,x) # 0), then the identity theorem
for polynomial functions implies that there is an integer i1 € Z; such that Q4(i,x) # 0 for
any i > i;. This means (X, Li') is relatively Chow unstable for i > iy, that is, (X4, L4) is
asymptotically relatively Chow unstable. The assertion is proved. O

REMARK 3.12. (1) One can see that if s; exists, then (1.8) follows from (3.8). (2) It is
clear that (3.8) is an over-determined linear system since there is only one parameter s;, but
n equations. Hence, one can expect to find counter-examples from polytopes which are not
symmetric with respect to xy, ..., x,. (Cf. Proposition 5.4). (3) When V = 0, (3.8) becomes

(3.9) Vol(4)s.4(i) — E4(i) f xdx=0
A

which is the necessary condition for (X4, LZ) to be Chow semistable proved by Ono [33,
Theorem 1.4]. From the argument in the proof of Corollary 3.11, one can see that the
following: let 4 C i be a simple lattice polytope and (X4, L4) be the associated polarized
toric orbifold. If (3.9) does not hold for a positive integer iy € Z., then there is a positive
integer i} € Z,, such that (X4, Li') is Chow unstable for any i > ij.

Finally we show asymptotical relative Chow semistability implies relative K-semistability
in the toric case. It is known that asymptotic Chow semistability implies K-semistability in
general [36]. First, we need the following lemma.

LEMMA 3.13. s; in (3.8) satisfies s; = —% +03G™h.
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PROOF. By fA 0,4 dx = 0 and Lemma 3.3 of [48], we have

B l-n—l

G4 = 0,4do + 0@G"2),
1= 2E0G) S, P14 O

l'n
ia =" fxdx ) xdo + 03", and
acANZ/in 4 o4
0,(a)a =i" f Oxdx + 0@ ).
acAN(Z/i)" 4

Then (3.8) is written as
in

iE, (i) f x dx = Vol(4) (z"“rl fxdx + = xdo + O(i"‘l)) + s;Vol(4)
4 4 2 Jou

" [ xdx+0@"") (-1
i"fHAxdx+0(i”_l)— Ly : (l—f 0, da+0(i"—2)) .
4 E, (i) 2 Joaua

Comparing the coefficient of i, we conclude that

1 1
VOI(A)[EL xdo-+sif94xdx] = EVOI(M)IW'
A 4 4

Since 64 is the potential function of the extremal vector field, it holds

Vol(84) )
X do — +0,4)xrdx=0 for k=1,...,n.
ffm g L(VOM) 4)

Hence we have s; = —1 + O(i™").
Now we prove Theorem 1.12.
PROOF OF THEOREM 1.12. Foranyi € Z, andg € PL(4,i), by Lemma 3.13,
Qu(i,g)
6 - 6;
=E (i) f g dx — Vol(4) Z (—M w1+ 0(i‘2)) g(a)
4

acAn(Z/i)" 2
Vol(8 4 - 0;
= (Vol(A)i” + %‘3)1‘"—1 + 0(1'”—2)) f g dx + " 'Vol(4) f wg dx
A A

i"~1Vol(4)

+03"?) - (i"Vol(A) f gdx +
4 2 o4

gdo + 0(1'"—2)) )

Note that 8,4 = O(™"), then

. Vol(4) B Vol(d4) -1 n-2
(3.10) Qu(,g) = 5 [Lﬁgd(r L (7\]01(1') +HA)gdx]l +03G")

= YD Lyt w00
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By the assumption, Q4 (i, g) > 0 when i is sufficiently large. This implies £,(g) < 0.
Hence, £ ,4(u) > 0 for any piecewise linear convex function «. The theorem is proved. O

4. Reduction of relative Chow stability: an alternative approach. The asymptotic
Chow stability can also be described through the Chow weight of C*-actions induced by
test configurations [13, 36]. In this section, we derive an alternative reduction of relative
Chow stability of toric manifolds by investigating the normalized weight in [36] for toric
degenerations.

First, we recall the notion of a test configuration [13]. A test configuration for (X, L) is a
polarized scheme (X, &) with:

e a C*-action and a proper flat morphism 7 : X — C which is C*-equivariant for the
usual action on C,

e a C*-equivariant line bundle £ — X which is ample over all fibers of 7 such that for
z # 0, (X, L) is isomorphic to (X, £;), £, = L|x_.

(X, ) is called product it X = X X C, and trivial if in addition C* acts only on C.

It is shown in [36] that, for any i € Z,, the data of a test configuration for (X, LY gives
a C*- action of GL(d;,C) and vice versa, where d; = dim H°(X, L!). Let (¥, o) be the
central fiber. For any r € Z,, let k = ri. Let w(k) = w(ri) be the total weight of the induced
C*-action on H(X, £). Asin [36], we define the normalized weight @; x by

.1 Dix = w(k)id; — w(i)kdy .

By general algebraic theory, o; x is a polynomial of degree n + 1 in k, for k > 0. Write

n+l1
D = ) ej(Dk .
j=1
Then the leading coefficient e, (i) is the Chow weight. Then using the Hibert-Mumford
criterion for the C*-actions, Chow stability is described as follows.

THEOREM 4.1 ([36]). A polarized variety (X, L) is Chow stable with respect to i if
for any nontrivial test configuration for (X, L"), enr1(i) > 0. (X, L) is asymptotically Chow
stable if there exists io such that for i > io, any nontrivial test configuration for (X, L") has
en+1(i) > 0.

Now we consider toric manifolds. Recall that a piecewise linear convex function u =
max{ f1,..., fe} is called rational if fx = X arixi + ck, k = 1,...,{, for some vectors
(ak1,-..,arn) € R™ and some numbers cx € R such that all ax; and ¢ are rational.
According to [13], a toric degeneration for (X4, Li,) is a test configuration induced by a
rational piecewise linear convex function u on 4, such that iQ is a lattice polytope in R**! =
R"™ x R. Here R is an integer such that u < R and

O0={(x1)|xed 0<t<R-ukx)}.
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Denote the set of all rational piecewise linear convex functions satisfying the above condition
by PL;(A)g.

LEMMA 4.2. The Chow weight of the toric degeneration for (X4, Li,) induced by u is
given by en+1(i) = —iP (i, u), where

(4.2) P (i, u) = E4(i) f udx — Vol(A) Z u(a).
4 acAN(Z/i)"

PROOF. By computation [13, 48],

di = EA(i).
Vol(d 4)

e,
2

di = E4(k) = Vol(MHk™ +

wi =i Y (R-w),

aedAn(Z/i)n

n

k
w(k)=k"+1f(R—u)dx+— (R-u)do +--- .
4 2 Jos
Substituting them into (4.1), we get

ense1 (i) = iE4() f(R —uwydx=Vol(i Y (R-u)(@)
4 acANZ/in

=1

EA(i)f(—u)dx—Vol(A)
A

aedAN(Z/i)"

(—u)(a)] .

O

More generally, for the purpose of relative stability, i.e. when the extremal vector field
V # 0, we consider the toric degenerations perpendicular to the C*-action § induced by V.
We use the notations of toric data in Section 3. Following [26], we view the Lie algebra of
TS as a subalgebra of s/(E (i), C) by considering the traceless part. The inner product (, );
on sI(E4(i),C) is given by
Tr(AB)

i"+2

(4.3) (A, B); =

Now let @ be the C*-action on the central fiber induced by the toric degeneration. According
to [48], the infinitesimal generators of o and S are
diag(i(R —u)(a1),...,i(R—u)(ag,))), diag(if4(ay),...,i04(ag,u))
respectively. By considering the traceless parts of them with (4.3), we call the toric degenera-
tion is perpendicular to B if
(4.4) D R-w@Os@ -0 = D u@)(Os(a)—Gig) =0,
aeAn(Z/i) aeAn(Z/i)

In view of (4.2), we have:
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DEFINITION 4.3. (X4, Ly) is called asymptotically relatively Chow semistable for toric
degenerations if there exists iy € Z,, such that when i > ip, the Chow weight of any toric
degeneration for (X 4, Li') which is perpendicular to § is nonnegative. Furthermore, it is called
asymptotically relatively Chow stable for toric degenerations if the Chow weight is positive
for any nontrivial toric degeneration for (X4, Li').

PROPOSITION 4.4. (X4, Ly) is asymptotically relatively Chow semistable for toric
degenerations if and only if (3.8) holds and there exists ig € Zy, such that when i > iy, for any
u € PL;(4)q, Q. (@,u) <0.

PROOF. We consider the projection of u onto the perpendicular space. Let

DT u@(O4@) - big)
i =y - ——— (64— Bin).
(04(a) = 0)
aedAN(Z/i)"

Then there exists » € Z, such that rii induces a toric degeneration for (X 4, Li,) perpendicular
to B. By (4.2), we have

P (i, rit) = E4(i) f rii dx — Vol(A4) Z rii(a)
4 acAN(Z/im

= E »0) f ru dx — Vol(4) Z (1 + s:6;4(@))ru(a) = rQ G, u),
4 aeAN(Z/i)"

where s; is given by (1.8), and the normalization condition f L 0adx =0is used. O

REMARK 4.5. The sign differs from (1.9) because we consider convex functions here,
while in (1.9) g is a concave function. Futhermore, one can see that if the nonpositivity of
Q4 (i, -) is strengthened for all function in PL(4,i), it corresponds to the asymptotic relative
Chow semistability in the toric sense. The necessary condition (3.8) for asymptotic relative
Chow semistability in the toric sense in the last section can also be recovered by substituting
u = xj and —x; into the above for j = 1,...,n.

5. Examples. Finally we provide many interesting examples which will support our
understanding of stabilities. Here we will mainly concentrate on toric Fano manifolds.

5.1. Relative K-stability of toric Fano threefolds. In this section, we shall determine
the potential 6 4 of the extremal vector field V of toric Fano threefolds in symplectic coordinates
and verify the relative K-stability or instability by Theorem 1.4.

If Vis given by V = 317, a,-aiw’_ in the affine logarithm coordinates (wj, . .., w,), then
the potential function 64 is given by 6,4 = }."" | a;x; + ¢ for some constant c. There are several
ways to compute 6,4. The most general one is to use the linear functional (1.2). In order to
determine constants a; and c, one can solve the n + 1-linear system

5.1 La(1)=0, Ly(x;)=0 for i=1,...,n.
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In Fano case, we have a more efficient algorithm. By [3], ¢ in (2.4) can be given by
(5.2) ¢ = log (Z e<P““’y>> :
i=1
where p1, ..., p" are the vertices of 4. The Fano assumption implies
(5.3) l¢ + logdet(g;;)| < oco.

We recall another normalization on the potentials of holomorphic vector fields. Let v be a
holomorphic vector field on X and 6, (w,) be the potential function determined by

n

— w
(5.4) iywy = V=186, (w,), and f 0, (wy)el n‘( =0,
X .

where £ is a Ricci potential of w,. According to [42], the above 6, satisfies
(5.5) 0, = =440, — v(hy),

where 4, is the Laplacian. Assume v = X", a,-zi(% =20, ai% on the torus orbit,
where a; € R. Then we have 6, (wy) = X.I | a;x; in the symplectic coordinates by a simple

observation from (5.2). In particular, 6’ ; (wy) = x; fori = 1,...,n. This simple fact has
ow;

been used in [48]. Then by (5.5), we can clompute the Futaki invariant by

(5.6) F(v) = f v(hg)w" = —f 0,w" = —(27r)2f 0., dx .
X ) X 4
The first step of the algorithm is to determine ay, . . ., a, by (5.6) and Lemma 2.1. Then
1
5.7 =—— ixid
(5.7) c VO]M)LZ” X
by the normalization condition. An alternative method to compute ay, .. ., a, was also given

by Nakagawa. He gave a combinatorial formula for Futaki invariant and the generalized Killing
form of toric Fano orbifolds in [28]. As an application, he computed the extremal vector field
in the anti-canonical class on a toric Fano manifold X with dimX < 4. In order to prove
Theorem 1.5, we shall use his result on toric Fano threefolds directly.

The main goal of this section is to prove the following proposition.

PROPOSITION 5.1. Let X be a toric Fano threefold with anti-canonical polarization.

(@) If X = By, then X is relatively (strongly) K-stable in the toric sense in the anti-
canonical class.
(b) If X = By, then X is relatively K-unstable in its first Chern class.

Once Proposition 5.1 has been proved, other cases are similar and further details are left
to the reader!. In Table 1 and Table 2 we give the list of all results proved in Theorem 1.5.

'In the practical computation we used packages (i) Normaliz and (ii) Polymake. These packages are available
at [5] and [21] respectively.
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PROOF. (a)Lete; (i = 1,2,3) be the standard basis of % = Z3. Let X be the complete
fan in Ng = R? whose 1-dimensional cones are given by X' (1) = { 01, 02, 03, 04, 05 } where
o1 = Cone(ey), o, = Cone(ey), o3 = Cone(es),

o4 = Cone(—e3), and o5 = Cone(—e; —ey—e3).
Then the associated toric manifold X is CP(Ogp2 @ O¢p2(1)) and
{(xl,xg,x3)€R | x1 = -1, xo > -1, x3 > -1, x3 < 1,x1+xz+X3<l}.

Hence Vol(4) = % Let V € n.(X) be the extremal vector field in the anti-canonical class

and 6,4 be the potential function of V. Then 6, = —g—0x3 + ¢ for some constant c. (See [28],
Section 6, Table 2). Since we have fA x3 = —2, we conclude that ¢ = —— by (5.7). Thus 0,4 =
—%m - —7 and
112 70
47 = X, X3) EA|—— - —=x320;=0.
{(xl X2, X3) ’ 97 977 } 0

X satisfies the condition (1.3). The assertion is verified.
(b) Let X be the complete fan in Nz = R3 whose 1-dimensional cones are given by X(1) =
{o1,...,05} where

o1 = Cone(ey), o = Cone(ey), o3 = Cone(es),
o4 = Cone(—e3), and o5 = Cone(—e; — ey —2e3).
Then we readily see that X = CP(O¢p2 ® Ogp2(2)) and

_ *_ * *_ *_ * *_ *_ * *_ *_ * *_ *_ * *_ *
4 =Conv{es—e;, de|—e;,—e3, —|—e,—e5, e3—e|—e,, 4e;—e|—e;, ez—e| },

where e is the dual basis of e;. Then Vol(4) = ﬂ and 84 = — gﬁg x3 + ¢ for some constant c.
Since f 4 X3 = —4, we obtain ¢ = %jg Hence we conclude 04 = gﬁgm - % and
589 620
A , X2, | -—x3>0
= { (x1, x2, x3) | - 319 3292 }
R R IR 1
= Conv
39 er 19 x * * * * * *
—el + 156 ~ 35€3 —e] — ey — e, —e] +4e; — €
Thus
7351
5.8 Vol(47) = ——.
(5:8) olA) = 13500
Now we shall verify Condition (1.4). First we note that f 4-X3dx = —9"4ﬂ and
f - x% dx = 1822& Hence one can see that
589 620 \? 1475918766336271
1-64)%dx = e =
(=82 dx f (349 349”) 1461612000
Plugging this and (5.8) into (1.4), we obtain the desired result because 1 — ¢ = g%. O
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5.2. Relative Chow stability. We study relatively Chow unstable examples of toric
Fano manifolds. First, we recall the example found by Nill and Paffenholz [30] which is
isomorphic to P(Ow @ Ow (=1, —1,—1,2)) =: Xnp where W = (CP')? x CP3. Xyp is a non-
symmetric Kihler-Einstein toric Fano 7-fold. In [35], Ono, Sano and Yotsutani showed that
(Xnp, —Kxyp) is asymptotically Chow unstable. Later Yotsutani observed that Xnp is Chow
unstable w.r.t. —Kx,, (i.e. i = 1) using (3.9). Meanwhile, Nill and Paffenholz [30] also proved
that all toric Kéhler-Einstein Fano manifolds are symmetric if dim X < 6. It is known that if
X is a symmetric toric Fano manifold, then (X, —Kx) is asymptotically Chow stable. Hence,
the lowest dimension for an anti-canonically polarized Kéhler-Einstein toric Fano manifold
(X, —Kx) to be (asymptotically) Chow unstable is 7. However, in the case where X is a Fano
orbifold, such an example appears in dim X = 3.

PROPOSITION 5.2. There is a Kdihler-Einstein toric Fano orbifold X with dimX = 3
which is Chow unstable w.r.t. —2Kx.

Our strategy is the following. For any toric Fano orbifold X with the associated simplicial
Fano polytope 4° C 9ig, X admits Kéhler-Einstein metric if and only if the Futaki invariant
of X vanishes by Shi-Zhu’s result [38]. Let W (X) be the Weyl group of Aut(X) with respect
to the maximal torus and ERH;W %) be the W (X)-invariant subspace of 9. It is known that
Ywevae) U € *JEH;}V(X) (see [29, Chapter 5]). Here V(4°) denotes the set of vertices of A4°.
Note that X is symmetric if and only if *JEI:&W X) = {0}. Hence we may consider toric Fano
orbifolds with the vanishing Futaki invariant satisfying 3,cq 4oy v # 0. Among all 12,190
3-dimensional canonical toric Fano orbifolds (i.e. Q-factorial toric Fano varieties), there are
42 toric Fano orbifolds with the vanishing Futaki invariant. Of these 42 toric Fano orbifolds,
there is the only one example satisfying the above conditions. Then it suffices to check (3.9)
for the dual moment polytope 4 C Mir of this one. Note that the Gorenstein index jx is given
by minimal k such that k4 is a lattice polytope for a fixed canonical Fano polytope 4° C g
[29, Proposition 2.3.2].

PROOF OF PROPOSITION 5.2. Again we use the same notations as in the proof of
Proposition 5.1. We consider the 3-dimensional simplicial canonical Fano polytope?

A°:=Conv{ej—er—2e3,e2 + 3e3,e1 + €2 + 3e3, e1 + 2es + des, e2,2¢1—2e3—3e3} .

The vertices of the dual polytope 4 are

—le* + =e;—e3, ej—e5,2e5—e5, —es—=e5—¢|,—¢|—e; + =€
261 T 562763 €760 26T S6 T HERTERTE TE T 56

*

- _ * *+ *
261 e5,—¢, + ;.

Thus 4 is a simple polytope and jx, = 2. Setting A =24, we compute the Chow weight of
4. We readily see that

E5(i) = 12 + 9% +3i + 1, Vol(4) = 12, ﬁxdx =(0,0,0), | _xdo =(0,0,0)
4 o4

21D number in the database [50] is 530571.
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and

Z a=(01,-1), Z a=(0,3,-3), Z a = (0,6,-6)

aeAnz3 ae24nz3 ae34nz3
hold. This implies that

f xdo - YAOD (e = (0,0,0)
o7 Vol(J4) Ji

i.e. the Futaki invariant vanishes. However obviously,

E;(1
Z a# A(~) _xdx.
Vol(4) J4

aednz3

By (3.9), the 2-Gorenstein toric Fano variety (X4, —2Kx ) is Chow unstable. O

In [4], Berman proved that a Q-Fano variety X admitting Kéhler-Einstein metrics is
K-stable. Hence Remark 3.12 (2) gives the following.

COROLLARY 5.3. The example in Proposition 5.2 is K -stable but asymptotically Chow
unstable.

Next, we consider the general case with the nontrivial Futaki invariant. We see that a
smooth counter-example appears in dim X = 3.

PROPOSITION 5.4. Let X be a toric Fano threefold which is isomorphic to E4. Then
(X, —Kx) is relatively K-stable but it is asymptotically relatively Chow unstable.

PROOF. It suffices to see that (3.8) is not satisfied. The corresponding 3-dimensional
moment polytope is listed in Table 3. Thus we have
20 16 75 5
E4(i) = ?3 +10i% + ?i +1 and Lxdx = (‘g’ o ﬁ) )
In particular,

Z a=(-4,21)

aeANnZ3
and

si ), (Bs@—-dpa=s

aeANnZ3

holds. Thus there is no s; satisfying (3.8). The assertion follows from Corollary 3.11. O

11134272 1079424 539712
1816885 " 363377 * 363377
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TABLE 2. 6, and A~ of toric Fano threefolds.

Notation 0,4 = Z?zl aix; +c A~
cp3 =0 0
4 3 -1 -1
620 240 39
B] —m.XB—W COIlV -1 s -1 s -1 s 0
-1/ \_19 Ll \_19
2 20 20
-1 -1
~1],| 4
-1 -1
70 15
Bz —Wx — 97 0
20 20 5
83 —E)ﬂ - EXZ - 13 0
By =0 0
260 80
Ci —219%3 ~ 219 0
981 981 -1
C 7600 .. 17750 .. _ 4868 Conv islzo 47 10111
2 177871 — 177873 ~ 17787 | 1520 |° 3?8?1
-1 -1 3550
-1 -1 -1
3,1 -1 |[-1
_ _ 3011 _
1 3550 1
C3 =0 0
6 1
C4 —ﬁxz—ﬁ 0
Cs =0 0
438388 1363
99600 627000 213939 ‘3&58 2490 : %38(3)
Dy 367581 X1 ~ 4675812 ~ Gerssr  Conv | -0 || 1 f -1 | 1
3617 | \ ~1
-1 2490
2 4288 ) 288
D 219420 . 318320, 62565 (oo ) [ _ 1489 25815 - 2_815
2 6502511 ~ 65025172 ~ 850251 730 '\ o3 | >
-1 BB A\-1)\ -1
_103 _% -1
185
17020 17020 6845 _ 103
&1 T 196511 T 196512 T 19651 Conv 4l -1 |, 4;3)’ 185 |»
-1 ) \=155/ \ -1
-1\ [-1\ (-1
103
15 ]| )| !
473 3/ \-1




RELATIVE ALGEBRO-GEOMETRIC STABILITIES OF TORIC MANIFOLDS 519

Notation 64 A~
_13897\ (_13897\ [ _j
g 2646160 . _ 982960 692905 oo )| PP S I Y,
2 27359271 T 27359272 T 2735927 g | 735585 |»
-1 28932 >
15035
-1 -1 -1
4447 | _ _
T 5585 |° 1| -1
-1
168 168 32
&s ~200%1 ~ 209%2 ~ 409 0
34208 7936 24929
&4 78995 X1 T 78905 X2 ~ 304975 0
F1 =0 0
36 5
V) X2~ & 0
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