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ON THE CURVATURE OF THE FEFFERMAN METRIC
OF CONTACT RIEMANNIAN MANIFOLDS
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Abstract. It is known that a contact Riemannian manifold carries a generalized
Fefferman metric on a circle bundle over the manifold. We compute the curvature of the metric
explicitly in terms of a modified Tanno connection on the underlying manifold. In particular,
we show that the scalar curvature descends to the pseudohermitian scalar curvature multiplied
by a certain constant. This is an answer to a problem considered by Blair-Dragomir.

1. Introduction. Let (M, 0)bea (2n+1)-dimensional contact manifold with a contact
form 6. There is a unique vector field £ such that £ |8 = 1 and £]df = 0. Let us equip M with
a Riemannian metric g and a (1, 1)-tensor field J which satisfy g(&, X) = 6(X), g(X,JY) =
—dO(X,Y) and J?X = —X + (X )& for any vector fields X, Y. We set H = ker6, H, = {X €
H®C | JX = +iX}. In this paper we adopt such a notation as (wy A -+ A wg) (X1, ..., Xx) =
det (w;(X;)) for 1-forms w; and vectors X;, and, hence, d0(X,Y) = X(6(Y)) - Y(6(X)) —
0([X, Y]). To study the contact Riemannian manifold (M, 6, g, J), Tanno ([10]) introduced a
generalized Tanaka-Webster connection *V, called the Tanno connection in this paper, given
by

"VxY = V4Y - %H(X)JY — O(Y)V%E + (V40)(Y)é

(VY is the Levi-Civita connection of g), whose action does not commute with that of the almost
complex structure J in general, however. In fact, he showed

(VxDY = QY, X) := (V)Y + (VL0 (JY) & + 0(Y)IVIE.

The author ([7]) considered a modified Tanno connection V, called the hermitian Tanno
connection, defined by

| Vx(fE) Y =f& (f € CT(M)),
VxYZ*VXy——JQ(Y,X)Z 1
2 E(*VXY - J*VXJY) .Y e [ (H),
so that VJ = 0. This has been profitably employed by the author et al. in investigating the
subjects relating to the Kohn-Rossi Laplacian, the CR conformal Laplacian and Bochner type
tensors, etc., on contact Riemannian manifolds ([7], [5] (with Imai), [8], [9] (with Sasaki)).
In this paper, our study by means of the connection focuses on a generalized Fefferman

metric G = Gy (cf. (2.4)) of the contact Riemannian manifold M, i.e., a Lorentz metric on the
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total space of a canonical U(1)-bundle 7 : F(M) — M, introduced by Barletta-Dragomir in
[1, §6]: recall that the ordinary one ([4], [6]) is restricted to the case where J is integrable, i.e.,
[['(H)),I'(H))] c I'(H;). After preliminaries in §2 through §4, we will present an explicit
description of the curvature F (V) of the Levi-Civita connection V€ of G in §5. In particular,
the following formula for the scalar curvature will be confirmed in the last paragraph.

THEOREM 1.1. We have

where sV is the pseudohermitian scalar curvature of V.

If J is integrable, in other words, if the Tanno tensor @ vanishes (cf. [10, Proposi-
tion 2.1]), then the connections *V, V and the Tanaka-Webster connection coincide (cf. [10,
Proposition 3.1], [7, Lemma 1.1], [3, §1.2]), and accordingly the generalized Fefferman metric
also coincides with the ordinary one (cf. the comment following (2.4)). The theorem is thus
a generalization of Lee’s result [6, Theorem 6.2] and is an answer to the problem remaining
in Blair-Dragomir’s paper [2, Remark 5]. The author is uncertain whether the Chern-Moser
normal form theory employed by the easier proof of [6, Theorem 6.2] has improved enough
to be applicable to the non-integrable case. In this paper we intend to calculate the curvature
directly as Lee did for the proof of [6, Theorem 6.6]. It is rather simplified by considering
the concept of hermitian Tanno connection, the formulas (2.7) and a derived connection 7, V¢
(cf. §3).

Itis a pleasure to thank Hajime Sato and Kunio Sakamoto for several valuable suggestions.

2. The connections *V and V, and the (generalized) Fefferman metric of contact
Riemannian manifolds. First, let us collect some properties of the connections for quick
reference. Refer to [10], [7], [9] for more detailed explanation. We have *V6 = V8 = 0, *Vg =
Vg = 0, TCVYZ,W) = 0, TCVYZ,W) = ig(Z, W)é, T(VWZ,W) = [J,JI(Z,W)/4 =
(~[Z, W1+ [JZ, W= J[JZ, W] = J(Z, JWD) /4, T(VNZ,W) = ig(Z,W)é (Z,W € I'(H,)),
where T'(*V), etc., are the torsion tensors. If we set *7X = T(*V)(¢, X), etc., then *7 = 7 and
ToJ+ Jort =0. In this paper, a local frame &, = (&9 = &, &1,...,&n &7, .-, ER) (Eq =
5 € H_) of the bundle TM @ C = C¢ @ H, @ H_ is always assumed to be unitary, i.e.,
9(€ar&p) =0, g(§a,Ep) = bap (1 < @, B < n), and its dual frame is denoted by 6° = 0° =
0,0',...,0m Hi, ...,0™). As usual the Greek indices a, B, ... vary from 1 to n, the block
Latin indices A, B, ... varyin {0, 1,...,n, 1,...,7}, and the summation symbol Y, will be
omitted in an unusual manner. We have

T=§a®87_’-‘r§’+§,;®9“/-rf (T)‘,iz‘rg_),

Q=600 00 -Q +&et e Q) (Q =-Q0 =-Q.-Qp).
If we set *Vép = €a - w(*V)g, Vép = €a - w(V) 7, then

WV = (V) w( V) =0V, w(VEE) = 5@, o) = 3Q5
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and the others vanish. Let us mention briefly also the pseudohermitian Ricci curva-
ture RicV(X,Y) := Y g(F(V)(X,Y)&,, &), the pseudohermitian scalar curvature s¥ :=
S RicV(£4,&5) and the ordinary ones Ric(V)(X,Y) = trry(Z = F(V)(ZY)X)
29FV)(&,Y)X, &) + X g(F(V)(&, V)X, &), ete.

PROPOSITION 2.1 (cf. [9, Proposition 1.1 and 1.2]). We have

vV _ v v y v 2n+1
Ric™ (6a. &) = F(V)),5 = F(V)] 5 - { Qo@y +TiTr) + Taaﬁ,

Ric" (£a.£p) = = (VgVQ)W Ric¥(£0,€) = (Ve,7)5 + r”as',,,
Ric™" (6. £5) = Ric" (£0.£p) + ZQ%@;‘B,
Ric¥ (£, £p) = Ric" (£ar &p),  Ric™Y (£a, &) = Ric" (£a, &),
1 a2
R ON <A
and RicY(X,Y) = —RicY(X,Y), etc. In addition, we have
Ric(V)(éa- £5) = Ric” (60, £5) — 7Q5, Q5.
Ric(V) (¢ar §5) = 5 (Ve Q)b +i(n - 1)73, Rlc(vxfa, &) = (Ve, 1)
Ric("V) (€0 &5) = Ric(V) (€0 5) + 7 (ai‘a@” - Q)
Ric(*V)(£a. £p) = Ric(V) (£arép) + 5 (V&Q)fﬁ,
Ric("V)(£a. €) = Ric(V)(£ar 5) —r"affv,
s(*'V) = 5(V) =
and Ric(V)(£,Y) = 0, Ric(V)(X,Y) = Ric(V)(X,Y), etc.

Next, let us recall the definition of a generalized Fefferman metric introduced by Barletta-
Dragomir [1, §6]. The canonical bundle mp : K(M) := {w € ANHIT*MRC| X|lw=0(X €
H_)} — M carries a natural tautologous (n + 1)-form Y on K (M), whose value at w € K(M)
is the lift to K(M) of w itself. We set K%(M) = {w € K(M) | w # 0} and consider the
canonical U(1)-bundle 7 : F(M) := K%(M)/R, — M. There is a natural embedding

w0 : F(M) — KM, p(lw]) = % w,

where 1 € C*(M,R;) is uniquely defined by i"nlo A (¢lw) A (E]Jw) = 260 A (dO)". This
induces a differential form

Z=4"T e(AN"'T"F(M)®C).
Given a local unitary frame 6°* of 7*M ® C over an open set U, there is a local trivialization

Q2.1 FIMIU = Ux[0,21), [0A0' A---AO"](p)- €% & (p, o),
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via which Zj,) = 41D (0 A0" A--- A0"),, (cf. [1, Lemma 4]). The local forms py,) :=
el (@1 A - A 6"),; on F(M)|U determine all together a global n-form p on F(M),
which satisfies Z = 70 A p and V | p = 0 for any lift V of £ to F(M). [1, Lemma 5] indicates
that a global n-form p satisfying the conditions is actually unique.

PROPOSITION 2.2 (cf. Barletta-Dragomir [1, Proposition 3], Blair-Dragomir [2, §4.2]).
(1) There is a unique real 1-form o on F(M) such that

(2.2) dZ =i(n+2)oc ANZ + e n*W,
2.3) oANdpAp=tr(do)ic A (7O Ap AP,
where ‘W is the (n + 2)-form on M given by

W=%9/\2(—1)“91A---A(ngegAef)A---/\en (on U)

and, for a 2-form ® =i @5 "0 A 0P+ on F(M), we set tr(®) = Dyg.
(2) On F(M)|U, the 1-form o is expressed as

\%
o= n+2{d<p+7r*(iw(V)g - m@)}

PROOF.  Let us verify (2). We set To = 6 A 6' A --- A 0", Since df = i§* A 6% and
do* = 0F Nw( V)G + P AW(V)E+OATT =w(V)F(E) 0F A0+ 5QE P NG+

d‘I’OszAel/\~~-/\9"+9/\Z(—1)"91A---AdG“A---/\G"

apl a @ y i fe% 3 y n
GAZ(—n 0" A MW (E) 0 /\97+§Q'8-)_/9B/\97}/\~~/\9
= —w(V)g/\T()+‘W.
Hence, for any f € C*(M,R), the global real 1-form o on F (M) defined by

o= {d<p+7r*iw(V)g}+7r*(f9) (on F(M)|U)

n+2
satisfies (2.2). In addition, we have
ocANdpAD=0 A (idcp Ap—rm'w(V)S(ET 0 A p) AD
= —in"f-doAN@OANpAD

and

(dor) = 7 { = i( =5 dw(V)G +df A0+  d0) (&, )
\Y

= ﬂ*(n—j-Zdw(V)g(fy’ &) + nf) = ﬂ*( s+ 2" nf) ’

n

SV

tr(do)ic A(TO) ApAp = mn (n+2

Consequently, (2.3) also holds for o with f = —sV/2(n + 1)(n + 2). |

+nf)-dcp/\(7r*9)/\p/\,5.
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Now, the (generalized) Fefferman metric of the contact Riemannian manifold (M, 6, g, J)
is the Lorentz metric Gy on F(M) (cf. [1, (60)]) given by

1 _ _
2.4) Gy = 3 (0 @0 + "0 @ ' 0Y) + (A0 ® T + o ® '),

which certainly coincides with the ordinary one (cf. [4], [6]) in the case J is integrable (i.e.,
Q = 0). One finds its systematic study in [1], [2]. For example, it is invariant of weight —2
under the CR conformal change § = ¢%* 6 (together with canonical changes of unitary frames
o and 6°),i.e., Gorg = e Gy ([2, Theorem 11]), which is the contact Riemannian analogue
of Lee’s result [6, Theorem 3.8]. As stated in the introduction, Theorem 1.1 is that of his
another result [6, Theorem 6.2].

Last, let us introduce an assertion, which is obvious but plays an important role in the
study of the curvature.

PROPOSITION 2.3.  The u(l)-valued 1-form i(n + 2)o € I'(w(1) ® T*F(M)) is an

Ehresmann-type connection on the U (1)-bundle F (M) over M. That is, it satisfies the invari-
ance conditions i(n + Z)U(W‘FO) =iypand R:i‘pO' = o (= Ad(e™"*)0), where R,y
is the right action of ¢ € U(1) on F(M).

Via the trivialization (2.1), the horizontal lift of X € T M is written as

. . N is¥o(X)
7T.7,{X =X - z{a)(V)a(X) + m}a/a(p
and the dual frame of the local frame (7*6, 76", . .., 76", n*HI, L0 o) s
2.5) (N = g &m0, Mg bn My €, oo g b, 2 0= (n+2)0/0¢) .

The curvature 2-form F(i(n + 2)o) € I'(u(1) ® A>T*F(M)) is expressed as

(2.6) Fi(n+2)o)=d(i(n+2)0) =i(n+2) 7" F (o),
by id(svg)
F (@) i= s (Ric” + 2n+ 1)

and it will be obvious that the horizontal and vertical components of the bracket [ﬂfHX R an Y]
are expressed as

i

) =F (@) € F(AT*M)

2.7 [ X 1o Yge = m5[X, Y], [ X, 1 Y]y = ~F ()(X,Y) 2.

3. The Levi-Civita connection VC and a derived connection 7. V. In this section,
we will offer an explicit expression of the connection form of V€. Since V¢ is invariant under
U(1)-action, it descends to a connection 7,V® on M, which is well defined by (7.V9)xY =

G *

T (Vn,;‘(X”'HY)'
PROPOSITION 3.1.  The torsion tensor of n.VC vanishes and we have

(3.1) (m.VO)xY =*VxY + % g(X, JY)é +0(Y)TX
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— 00)(F7X) + F ()Y, €) €) =0 (F7(X) + F(0)(X, ) £),
where F 7 (Y) is the vector defined by g(Z,F 7 (Y)) = F (0)(Z,Y) for any vector Z.
PROOF. By definition,
g('VxY,Z) = g(V3Y.Z) —g(0(Y) TX, Z) + g(9(1X,Y )&, Z)
1
+ E{ -g(0(X)JY,Z) -g(0(Y)JX, Z) — g(g(X, JY ), Z)},
which, together with (2.7), produces the formula (3.1). Indeed, for a vector Z with Z :=
0(2)¢ =0,
G _ G * *
9(.Y9)xY, 2) = 2G(VS. x3 Y. 73 2)
=y XG(ng Y, ny Z) + ny YG(my X, 75 Z) — my ZG(my X, 1y Y)
+ G([ny X, 75 Y], 75, Z) + G([my Z, ny X1, 75, ¥Y) = G(mg X, (75, Y, mg Z1)
1
= 9(V%Y.2) + 5{Zg(Xo. %) = 9(IZ. X1 %o) = g (Xo. [Z. YD)}
- F(o)Z,X)0(Y) = F (o)(Z,Y)0(X)

1
=g(VLY,Z) + E{ ~g(0(X)JY,Z) - g(6(Y)JX, Z)}
- 0 X)F (0)NZ,Y) — 0(Y)F (0)(Z,X)
=g(CVxY,Z) + 6(Y)g(tX,Z) = 0(X)F (0)(Z,Y) - 6(Y)F (0)(Z, X),
and
(32)  29((mV9)xY,&) = 2G(V%{X7rf‘HY, )
=1 XG(ny Y, 2) + 1, YG(nly X, X) — ZG(nh X, 75, Y)
+ G([n5 X, 73, Y], X) + G([Z, ny X1, 75, Y) — G(ny X, [7n5,Y, X1)
=X0(Y)+Y0(X)+6([X,Y])
=29("VxY,&) —g(T (V)X - X0,Y), &) =29("VxY, &) —g(JX,Y).
Thus we obtain (3.1). It is easy to show T(7x.VC) = 0. O
PROPOSITION 3.2. i
(1) Set (m.V9)ép = éa - w(m.VO) 4. Then w(mVG)g = w(m, V) and

WY = (Vg + F(0)(Ep,€a)0, w(mV)g = w(V)§ + F (0)(Ep, €a)0,

VG0 = 16)5,
w(m )B 2

W) = =F (0)(Ea E)0 = (F(0)(Eaby) = T0)07 = 2F (0)(€ar €)0,

w(mVG)g =0.
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(2) Denote (2.5) by (Wo, Wy, ..., Wi,..., Waus1) and set VS Wg = Wa - w(VO)4. Then
w(VO)2 = w(VO)g (0:=0,2n+1:=2n+1) and

oV = 0@ Vg +idapo, w(VO] = 0@V,

w(VG)l(gN) = ﬂ*w(ﬂ*VG)g, w(VG)(“N) = ' w(rV9),
—_

WV = -2 0@V, (VO = 2rw(r Vo),

WV = (V) = 0V = w(VO)5) =0,

where we putw(VG)gN) = w(VG)g, w(VG)g) = a)(VG)é"“, etc.

REMARK. The formulas in (2) agree with those of [6, Proposition 6.5] in the case J is
integrable.

PROOF. (1) follows from Proposition 3.1. As for (2): We have
w(VO)g(myéc) = 2G(Vg, o 7y ép Tyéa)

7 g(0 Ve ép éa) = T 0(mVO)g (éc),

2G(Vry s nyka) = 26(Vy. o X myba)

2GS i 5) = 9 £a) = idup

w(V9F(2)

In the last line, (3.2) was applied. These yield the formula for a)(VG)g. The others can be
shown similarly. O

4. The curvature F(r.VY). A straightforward computation based on Proposition 3.1
leads to the following formula.

PROPOSITION 4.1.  We have

F(n.VO)(X.Y)Z = FCV)(X,Y)Z
+ XIS+ S00NT @) + 3T (@)Y, )€ - 377
~ UL ID{FFTX) + 3000F @) + 3F (@)X.£) € - 37X
— 0T CVXYN{F7(2) + F(0)(Z,6) €]
- SO QYN E+ 3 g(Y, QU XN E - 3 g(ZITCVX V) E
+OOO[(TyFN D) + (@)L OE - 3 F (@)Y, 2)€)
— B (CTXFO)Z) + (VxF )L EE~ 3 F (@)X, 2)¢)

1
+ H(Z){(*VY?”‘T)(X) + (VY F () (X, 6) ¢ - > FOUY.X)¢
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= (CVXF)X) = (VxF (@)Y, )¢ + % F (o) (JX,Y) &
+ ('Vx1)Y - ("Vy) X + TT(*V)(X,Y)
= FOTCVX,Y)) = F(oNTCVIX,Y),€) &)
+ 0O FT(FTX)) + F(aNF X)) & + F ()Y, €) F(£)
- F(Y) - F(0)(1Y, €) £}
— OO F 7 (F7 (X)) + F(0)NF 7 (X), ) € + F(0)(X, €) F7(£)
- FUX) - F(0)(1X, €) £} .
COROLLARY 4.2. We have

Ric(,V9) (€4, £3) = Ric("V) (€4, £5) + iF (0)(éar &5),
Ric(m.V9) (£ar £p) = Ric(*'V) (£a. £5).
Ric(m.V9) (£a, €) = Ric("V) (¢4, £) = (Vi F (0)) (7. £a)
= (Vg F () (& éq) +iTF (0)(éar b)),
Ric(m.V9) (£, &) = RicCV)(£, &) +iF (0)(ép.€) — (Ve, F () (&0 ép)
— (Ve F(0))(En€p) + (Vg1 + (Ve 1)f = 20V 1)),
Ric(m.V9)(&, &) = Ric(V)(£, &) = 2("Ve, F(0)) (é7, &) = 2("Vi, F (0)) (¢4, €)
- 2F (0) (0, £)F () (€ &5) = 2F () (& E) F () (€ E9)
+ 2F (0) (&5, 1) + 2F (0) (&, T5) — 29(Téy, Té7)

and Ric(m,V9)(X,Y) = Ric(r.VG)(X,Y). (Note that Ric(*V)(&,&g) = Ric(*V)(&,&) = 0.)
The scalar curvature of n.V© is

2n+1
4.1 s(1.V0) = % sV + Ric(m.VO) (£, €) .
PROOF. The formulas for the Ricci curvatures follow from Proposition 4.1 (or Propo-

sition 3.2(1)). As for (4.1): Referring also to Proposition 2.1 and (2.6), we have

s(m.V9) = Ric(m,.Y9) (€, €5) + Ric(m.VO) (&5, €4) + Ric(m. V) (&, €)

= 5(°V) + 2iF (0) (£ar £) + Ric(m.VO) (£, &)
\%

_oV__S : G

=2s p— + Ric(m,.VY)(&,€) .

O

5. The curvature F(V°) and the proof of Theorem 1.1. Since F(VY) is also in-
variant under U (1)-action, it descends to a tensor 7, F (VC) e T(TM @ T*"M @ T*M  T*M),
which is well defined by (. F(V9))(X,Y)Z = . (F(VG)(anX, ni‘HY)anZ).
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THEOREM 5.1. We have
F(VO) (X, 7 Yy Z
= 7 (X F (VD)X Z) + (F(VO) (i X, 73 V) Z). .,
(5.1)
(r.F(VO)(X,Y)Z = F(m.VO)(X,Y)Z + F (0)(X,Y)JZ

1 1
+ T2~ gz X = ST (0)Z.X) - gzZ.X)}IY
+ %T(o-)(Z, ofo)ix - ox)Jy|

+ %0<Z>{?(U)<Y, 6)JX - F(a)(X,€)JIY},
5.2)
(FOYO) iy X, 75 V7 Z),, = %{((rr*vG)X?(a))(z, Y) = (.Y F (0))(Z. X)
+ (1 VOXF () (Z,Y) = (1I)xTF (0))(Zo,Y)
— (VYT ())(Z Xo) + (.Y ) F () (Zo, X)
+ F ()& X) (V) 0)(Z) = F (o) (& Y) ((.Y)x0)(Z)
F () (Z.O{(r.T)x0) (V) = (.Y )y0) (X))}
0(X) F (0)(Z, (r.V)yé) + 0(Y) F (0)(Z, (1.V)x€)
O(Z){F (@) (w.Y)XEY) = F (o) (V9)ré X)
g((r.Y)XT)Z,Y) + g(x.V9)yT)Z,X)} 2

+

and
FVO) (X, 75 V) L = mi | (V) x )Y = ((r.V9)y )X}
+ S F @YX - F @)X Y)
+ 0(X) F (o) (JY, &) —H(Y)T(G)(JX,f)}Z,
FVOY(Z.my VmyZ = mj | - (V9)y ) Z)
+ %{?(a)(Y, JZ) + F (o) (X0, JZ) +g(1Y.JZ)} 2,
FOVOY(Z.my V)X = my | - Y +0(V)E},
where we set Yy = 0(Y )& as before.

PROOF. By Proposition 3.2,

v Z = 1 (VO Z) + o (VG 13 Z) 2.
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53) (Ve yTuZ) = GV yay Z.N) = ~G(n Z VG, ,N)
- —10"<Z>w(VG)(N)( ThY) - 10“(Z)w(VG)(N)<an)
= —(F(cr)(z Y)+ > {T(cr)(z Yo) - F (o) (Zo. Y)} - Eg(rz, Y)
and
Ve x Ve v Z = Ve, 3wy (mVOWZ) + VG, 4o (V5. 134 Z)
= 73 (VX @V Z) + 0 (VE, () Z) 3 IX
+ o (Ve x 7 (VO Z)) + (15 X) o (Y, y13 Z) ) 2
Vo zZ=V¢ s Tz~ F ()X, Y)\VSn,,Z

[ X7, v H
(VD Z - F ()X V)IZ} + o (VE, . X 3 Z)E .
Hence, we have
(n.F(VO)(X,Y)Z = Fx.VO)(X,Y)Z + F(¢)(X,.Y)JZ
+ (Ve ymy Z)IX = o (VS 373 Z)JY
(FOO Gy X 75 7 Z)
- (T, i ((2) = (7, iy (2.7027))
+ (3 X)o (Ve y7, Z) = Vo (Vi 7y Z) = o (Ve e Z) | 2
which, together with (5.3), imply (5.1) and (5.2). Since
Ve x Ve v E = m (VXY ) + o (VG (3 IY) X
V[‘i X5

veve, v Z = VS ((x.99)yZ) + Vgo'(V%{Yﬂ,*HZ)Z = 1 (V) Z),

> = V%{[X’Y]Z - F ()X, Y)VEE = m (JIX. YD),

Ve yVEnyZ = w5 (Vv I Z) + a(vf%yn;{Jz)z

= 75 (VI Z) + %{?(a)uz, Y)+F()JZYo) - g(tIZ,Y)} X
Vit v
VEVa 2 = VERGJY = my J°Y = =1 ¥ + my, 0(0)E,

nyZ =0,

G Gy _ vG —
Vﬂ,;(YVZZ - V[E,n,;[Y]Z =0,

the others can be shown similarly.
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COROLLARY 5.2. We have

Ric(VE)(n5,Z 75 Y) = n*{Ric(m.VO)(Z.Y) + %(g(TZ, JY) +g(1Y,JZ))

+ %(T(U)(]Z, Y) + F()(JY, Z) + F(0)(Zo, JY) + F () (%, I Z) )}

Rie(VO)(1y,Z, 2) = n'{ = 2i 6(2)F () (b €a) }
Ric(VO)(Z, 2) = 2n.
PROOF. We have
Ric(VO) (), Z, m},¥) = 2G(F(VO) (R o o YT h 2, Wy )
+ 2G(F(VO) (i fa, iy YWy Zo y éa) + G(F(VO) (i &, 1 Yy Z, X))
+ G(F(VO)(Z, my Yl Z, 7€),
Ric(VO)(n}, Z, £) = -2G(F(VONZ, nl )T Z, Wy é6)
- 2G(F(VO)(Z, mlyéa)miy Z, mhéa) — G(F(VONZ, 1 €, D)y Z),
Ric(VO)(Z, ) = 22G(F(VO)(Z, mlyéa) Z. whéa) — 2G(F (VO (2, mlyéa) Z. k) -
Hence, by Theorem 5.1, we obtain the formulas. O
Last, Corollary 5.2 implies Theorem 1.1 as follows.
PROOF OF THEOREM 1.1. We have
Ric(VO) () b myiéa) = 1 {Ric(r.V ) (£ar €a) +i F (0) (€ar )}
Ric(VO) (15 €a. mhéa) = 7 {Ric(m, V) (€a. €a) + i F (0)(ar€a) )
Ric(VE)(Z,N) = Ric(VO)(N, £) = n*{ = 2i F (o) (éur£a) } -
Referring also to (4.1), we know
s(V9) = 2Ric(VO) (), a. i éa) + 2Ric(VO) (), Ea, Ty éa)
+ Ric(VE)(N, 2) + Ric(VE)(Z, N)

22n+1
7( nt )ﬂ*sv.

=27 {5(r.¥9) - Rie(r. V) (€,6)} = =%
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