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EXAMPLES OF AUSTERE ORBITS OF THE ISOTROPY
REPRESENTATIONS FOR SEMISIMPLE PSEUDO-RIEMANNIAN
SYMMETRIC SPACES
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Abstract.  Harvey-Lawson and Anciaux introduced the notion of austere submani-
folds in pseudo-Riemannian geometry. We give an equivalent condition for an orbit of the
isotropy representations for semisimple pseudo-Riemannian symmetric space to be an austere
submanifold in a pseudo-sphere in terms of restricted root system theory with respect to Cartan
subspaces. By using the condition we give examples of austere orbits.

Introduction. In pseudo-Riemannian geometry, the notion of austere submanifolds was
introduced by Harvey-Lawson ([4]) and Anciaux ([1]). They defined an austere submanifold
as a submanifold such that, for each normal vector, the coefficients of odd degree for the
characteristic polynomial of its shape operator vanish. In particular, an austere submanifold is
a submanifold with vanishing mean curvature vector. It is well-known that such a submanifold
is minimal in Riemannian geometry. Recently, examples of austere submanifolds were given
by using the method of orbits on semisimple Riemannian symmetric spaces ([8], [7], [9]). In
[8], Ikawa-Sakai-Tasaki classified austere orbits (in a sphere) of the isotropy representation
for a semisimple Riemannian symmetric space in terms of restricted root system theory. The
aim of this paper is to adapt their method to a pseudo-Riemannian framework and to give
examples of austere orbits (in a pseudo-sphere) of the isotropy representation for a semisimple
pseudo-Riemannian symmetric space.

Let G/H be a semisimple pseudo-Riemannian symmetric space equipped with the metric
induced from the Killing form B of g (:= Lie(G)). Let o be an involution of g whose fixed point
set coincides with h (:= Lie(H)). Denote by q the (—1)-eigenspace of o, which is identified
with the tangent space of G/H at the origin. The isotropy representation of G/H is equivalent
to the adjoint representation Ad of H on q. Let M be an Ad(H)-orbit through X € q. If X is
non-null (i.e., B(X,X) # 0), then M is contained in the (central) hyperquadrics of q. In this
paper, we assume that M is a pseudo-Riemannian submanifold in the pseudo-hypersphere S
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(:={v € q| B(v,v) = r(> 0)}). The nondegeneracy of the induced metric on M < S implies
the following result.

KEY LEMMA. Assume that the Ad(H)-orbit M through X € q is contained in a pseudo-
hypersphere S (C q). Then, M < S is a pseudo-Riemannian submanifold if and only if X is
semisimple (i.e., an element of q such that ad(X) € End(g) is diagonalizable over C).

A main difficulty in the pseudo-Riemannian case is the situation that the shape operator
is not diagonalizable over C. Therefore we give the Jordan-Chevalley decomposition of the
shape operator of M < § (see, Proposition 2.2). By using above Key Lemma we describe the
semisimple part and the nilpotent part of the shape operator in terms of restricted root system
theory with respect to Cartan subspaces (cf. [12], [4] for the notion of restricted root system
theory with respect to Cartan subspaces). As its application, we determine the spectrum of
the shape operator (see, Corollary 2.6). On the other hand, in the Riemannian case, any
maximal abelian subspace is Cartan. This implies that all Cartan subspaces are mutually
Ad(H)-conjugate (cf. [6, Lemma 6.3, Chapter V]). However, this conjugacy theorem does not
necessarily hold in the pseudo-Riemannian case. Therefore we prove a conjugacy theorem
for complexified Cartan subspaces (see, Proposition 3.9). By using these results we give an
equivalent condition for M < S to be austere (see, Proposition 3.2), which is a generalization
of Ikawa-Sakai-Tasaki’s method ([8]). According to [8], the orbit through a restricted root
vector is an austere submanifold in a sphere. In the pseudo-Riemannian case, we need a
technical condition for restricted roots (see, Corollary 3.11). The main result of this paper is
the following.

THEOREM. For any restricted root « in Table 1, the Ad(H)-orbit through the restricted
root vector corresponding to « is an austere submanifold in S.

TABLE 1. The real restricted roots of R with respect to a maximally split Cartan subspace.

Type of (R, 8) | Real Restricted Roots |
Al all restricted roots
AlIl {i(ai+---+a,~+1_i) |1 SiSl}
BI {xlaj+ - +aj) |l <i<j<lyU{s(ai+ - +a,+aj+ --+a,) |1 <i<j<l}
U{t(a; +---+a,) | 1 <i <1}
BCI {xlaj+ - +aj) |1 <i<j<lyU{s(ai+ - +a,+aj+ --+a,) |1 <i<j<l}
Uf{t(ai + - +ap) |1 i <Y U{£2(a; + - - +a,) | 1 <i <1}
BCIII {i((l2i_1 + 2ani +---+2(1,~) ‘ 1<i< l}
I {xlaj+ - +aj ) |1 <i<j<l}U{g(ai+ - -+aj1+a;+ -+a,) |1 <i<j<I}
U{xQa; + - +2a,_1 +a,) |1 <i <1}
CII {i(azi_1 +2ap; + -+ 201 +ap) |1 S0 < l}
DI {xlaj+ - +a ) |1 <i<j<lyU{s(ai+ - +a,0+aj+ -+a,) |1 <i<j<l}
DIII {i(azi_1+---+(l/r_2+a/,2i+---+a,~)|ISiSl}
EI all restricted roots

{i(l2, +ay, (a3 + ag + as), (@ + aq), £(ar + a3 + a4 + (l5)} V]
{i(az + a3 +2a4 + 115), i((l] +a3+ay4 +as+ 116), i(m +axt+a3z+ay+as+ (ls)} U
El {t(a) + @2 + @3 + 24 + a5 + ag), (@) + @2 + 203 + 2a4 + 205 + ag) } U
{x(a) + @2 +2a3 + 34 + 2a5 + ap), (@) + 20 + 23 + 3y + 2a5 + @) }
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TABLE 1. (continued).

Type of (R, 8) | Real Restricted Roots
EIII {£(a1 + a3 + a4 + a5 + @), (a1 + 2a0 + 2a3 + 3a4 + 2as + )}
EV all restricted roots

{xay, ta3, (@] + @3), £(@2 + @3 + 224 + as5), £(@] + @2 + @3 + 24 + as)} U {£(a] + a2 + 23 +
2a4 + as), £(a) + @2 +2a3 + 2a4 + 2a5 + 2a6 + a7) } U {x(@) + @2 + @3 + 2a4 + 2a5 + 26 + 7),

EVI +(2a1 + 2an + 3a3 + 4day + 3as + 2a6 + a7) } U {x(a@) + 202 + 23 + 4as + 3as + 2a6 + @7),

i(m +2as + 3a3 +4ay + 30‘5 + 2(16 + (l7)} U {i(az + a3z +2a4 + 20‘5 + 2(16 + (l7)}
EVII {za7, t(ar + a3 + 2a4 + 2a5 + 2a6 + a7), £2a) + 2ap + 3@z + 4au + 3as + 2a6 + a7)}
EVIIL all restricted roots

{1117, +ag, 1(047 + ag), i((n + a3 +2a4 + 20‘5 + 2(16 + (l7)}
U{zx(az + a3 + 2a4 + 2a5 + 2a6 + a7 + ag), £(az + @3 + 2a4 + 2as5 + 2a6 + 2a7 + ag)}
EIX U{£Q2a) +2a2 +3a3 +4ay + 3as + 2a6 + a7) } U {+(2a) +2a + 3a3 +4ay + 3as + 2a6 + 2a7 +ag) } U
{£Qa; +2a) +3a3 +4ay +3as +2a6 + a7 + ag) U {+(2a +3an +4a3 + 6ay + 5as +dag + 2a7 + ag) U
{1(20/,1 +3ap +4as +6l¥4+5(15 +4l¥6+3(l7 +(lx)}U {1(20/1 +3ap +4as +6l¥4+5(15 +4(ls+3(l7 +2(lx)}

FI all restricted roots

FII {i(al +2as + 3a3 + 20‘4)}
FIIL {£(a1 + @2 + @3), t(an + 2a3 + 2a4), (a1 + 2a; + 33 + 2a4), £2a; + 3an + 4as + 2a4)}
G all restricted roots

Here we remark on Theorem. Let a be a Cartan subspace of g and R (c (a©)* \ {0}) denote
the restricted root system with respect to a. In the pseudo-Riemannian case, a restricted root
vector is in a if and only if its restricted root takes real values on a. In Theorem 3.13, we
classify all the real restricted roots when a is maximally split and the list is as in Table 1 (see,
Section 1 for the definition of a maximally split Cartan subspace). For the determination of
the real roots, we use a Satake diagram of (g,b) associated with (R, 6), where 6 is a Cartan
involution of g such that & commutes with o and preserves a invariantly (cf. [12] for the
existence of such a Cartan involution). In Table 1, the types of (R, ) are as in Table 3, the
a;’s are fundamental roots as in Table 3, and r (resp. /) denotes the rank (resp. the split
rank) of (g,h). In Table 2, we determine the rank, the split rank and the type of (R, 6) for
each irreducible semisimple pseudo-Riemannian symmetric pairs (g,h) which was classified
by Berger ([3]). Here a semisimple symmetric pair (g, ) is said to be irreducible if g has no
non-trivial o-invariant ideals.

The organization of this paper is as follows. In Section 1, we prove Key Lemma, give
preliminaries for restricted root system theory with respect to Cartan subspaces, and recall
the notion of its Satake diagram. In Section 2, we give the Jordan-Chevalley decomposition
for the shape operator of an Ad(H)-orbit. Moreover, we determine the spectrum of the shape
operator. In Section 3, we prove Corollary 3.11 and Theorem 3.13, which give the proof of
Theorem. In Appendix A, we give a recipe to determine the Satake diagrams associated with
the restricted root systems with respect to maximally split Cartan subspaces for all irreducible
semisimple pseudo-Riemannian symmetric pairs.

FUTURE DIRECTIONS. We will classify all the austere orbits (in a pseudo-sphere) of
the isotropy representation for a semisimple pseudo-Riemannian symmetric space. For this
purpose, we need to determine the orbit space. However, the orbit space for general orbits
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becomes quite complicated in the pseudo-Riemannian case. We expect that any austere orbit
is a hyperbolic orbit. In [2], the orbit space for hyperbolic orbits is described in terms of
restricted root system theory with respect to maximal split abelian subspaces (cf. [14], [13]
for the definition of a maximal split abelian subspace).

Acknowledgments. The author would like to express his sincere gratitude to Professor Naoyuki

Koike and Professor Osamu Ikawa for valuable discussions and valuable comments. The author also
thanks the referee for valuable comments.

1. Preliminaries. Let G be a connected semisimple noncompact Lie group, and o
be an involution of G. Let H be a closed subgroup of G with (G5)9 € H € G, where
G, denotes the fixed point group of o and (G4 )y denotes its identity component. Then the
coset space G/H equipped with the metric induced from the Killing form B of g (:= Lie(G))
is a semisimple pseudo-Riemannian symmetric space. The involution o of G induces an
involution of g, which is also denoted by the same symbol o. Then the Lie algebra ) of H
coincides with {X € g | o/(X) = X}. The pair (g,}) is called a semisimple symmetric pair. Set
q={X € g| o(X) = =X}, which is identified with the tangent space of G/H at the origin.
It is useful to identify the isotropy representation of G/H with the adjoint representation Ad
of H on q in the context of symmetric spaces. For each X € g, the Jordan-Chevalley (JC)
decomposition of X is induced from that of ad(X) € End(g) (cf. [16, Proposition 1.3.5.1]),
where ad : ¢ — End(g) is the adjoint representation of g. Denote by X (resp. X,,) the
semisimple part (resp. the nilpotent part) of X. Here we note that [ Xy, X;;] = 0 holds. When X
is in q, a simple calculation shows that X; + X, = X = —0(X) = —0(X;)—0(X,). By using the
uniqueness of the JC decomposition of X we obtain o-(Xs) = —X; and o(X,;) = —X,,. Hence
X5, X, are in q (cf. Proposition 2 in [12]). An element X € q is said to be semisimple (resp.
nilpotent) if X = X; (resp. X = X,,) holds. Here, we prove Key Lemma stated in Introduction.

PROOF OF KEY LEMMA. Suppose that M <— S (:= {v € q | B(v,v) = r(> 0)}) is a
pseudo-Riemannian submanifold. Then the tangent space Tx M and the normal space T M of
M — § at X are given as follows:

(1) TxM =[b,X],
(2) TyM={¢eq|B([0.X])=0,B(X) =0} ={& €q|[X.£] = 0,B(£,X) =0}.

Let X = X + X,, be the JC decomposition of X. Since, for any & € T;M, [£,X] = 0 holds,
we have [¢£, X;] = [£,X,] = 0 by using Proposition 1.3.5.1 in [16]. From Lemma 12 in [12]
there exists a Z € b such that [Z,X,] = X,,. This implies that X,, is orthogonal to X by
calculating B(X,,X) = B([Z,X,],X) = B([X,,X],Z) = 0. Hence we have X,, € Ty M. The
nondegeneracy of M < S implies that the restriction of B on T M is nondegenerate. By
using the calculation B(£,X,) = B(£,[Z,X,]) = B(Z,[X,,€]) = 0 for all ¢ € Ty M, we have
X,, = 0. Hence X = X holds.

Conversely, let X be a semisimple element in q. Then, we have the eigenspace de-
composition §€ = ¥, especadix) Ker(ad(X) — aid) of ad(X)(e End(s®)), where Spec ad(X)
(C C) denotes the spectrum of ad(X) and id denotes the identity transformation on g€. Since
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o(Ker(ad(X) — id)) = Ker(ad(X) + a id), we have a decomposition of h¢ as follows:

H¢ = Kerad(X) N ¢ + Z (Ker(ad(X) — e id) + Ker(ad(X) + e id)) N € .
aeSpecad(X)\{0}

Then we have (Ty M)C = 2aespec ad(x)\ {0} (Ker(ad(X) — a id) + Ker(ad(X) + a id)) N q€, where
(TxM)C denotes the complexification of the tangent space of M at X. It can be shown that the
following decomposition is orthogonal with respect to B:

q¢ = Kerad(X) N q¢ + Z (Ker(ad(X) — e id) + Ker(ad(X) + rid)) N € .
aeSpec ad(X)\ {0}

This implies that the restriction of B on (TxM)C is nondegenerate. Hence M < § is a
pseudo-Riemannian submanifold. O

In the present paper, we investigate the structures of semisimple Ad(H)-orbits in terms
of the theory of restricted root systems with respect to Cartan subspaces. First, we review the
notion of Cartan subspaces for reductive symmetric pairs.

DEFINITION 1.1. Let [ be a reductive Lie algebra and 7 be an involution of I. Set
[*={Z el|1(Z) = +Z}. A subspace a of [” is called a Cartan subspace (for (I,1*)) if a is a
maximal abelian subspace of [~ and consists only semisimple elements in 1.

In the case when [ is semisimple, Definition 1.1 coincides with the those of Cartan
subspaces defined in [4] or A-subspaces defined in [12]. In the following, we state basic facts
on Cartan subspaces for a semisimple symmetric pair (g, ), which are needed later.

LEMMA 1.2 ([4, p. 272]). A maximal abelian subspace a of q is Cartan if and only if
the bilinear form on a induced from the Killing form is nondegenerate.

Since the proof of Lemma 1.2 is omitted in [4], we prove it for completeness.

PROOF OF LEMMA 1.2. Let a be a maximal abelian subspace of q. If a is Cartan, then
there exists a Cartan involution 6 of g satisfying 6 o o = ¢ 0 6 and 6(a) = a (see, Lemma 5 in
[12]). Then we have a = tNa +p Na, where t = Ker(6 —id) and p = Ker(6 + id). This implies
that the induced bilinear form on a is nondegenerate.

Conversely, suppose that B gives a nondegenerate bilinear form on a. Let A = A + A,
be the JC decomposition of A € a. Then o (Ay) (resp. 0(A,)) is also semisimple (resp.
nilpotent). By using the uniqueness of the JC decomposition we have Ay, A,, € q. It follows
from Proposition 1.3.5.1 in [16] that [Ag, A’] = [A,,A’] = 0 for all A” € a. By using the
maximality of a in g we have A, A, € a, respectively. Since there exists a Z € b satisfying
[Z,A,] = A, (see, Lemma 12 in [12]) we have B(A,,, A") = B([Z,A,],A’) = B([A,,A’],Z) =0
for all A” € a. It follows from the nondegeneracy of B on a that A,, = 0 holds. Therefore
A = Ay is semisimple, i.e., a is Cartan. m]
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LEMMA 1.3 ([12, Corollary]). Any semisimple element in g is contained in some
Cartan subspace of q.

Next, we recall the notion of restricted root system theory with respect to Cartan subspaces
for a semisimple symmetric pair (g, ) (cf. [12], [4]).
Let a be a Cartan subspace of q. Suppose that 6 is a Cartan involution of g satisfying
@ oo =0 o6 and 6(a) = a. Then we have a = N a + p Na, where t = Ker(6 — id) and
p = Ker(6 + id). Set, for any & € (a€)*,
o§ ={X € g% | ad(A)X = a(A)X,VA €},
bS ={Z € b | ad(A)*Z = @(A)*Z, YA € a€} ,
a§ ={Y € o€ | ad(A)*Y = a(A)*Y,VA € aC} .
Denote by R = {a € (a€)* \ {0} | o # {0}}, which is called the restricted root system of
G/H (or (g,b)) with respect to a. It is known that R become a (reduced) root system on the
real vector space ag := V—1(f N a) + p N a(c a€) equipped with the (positive definite) inner

product induced from B. We also have (ag)¢ = a¢ and SpancR = (a€)* (cf. Appendix A). It
can be shown that gc, pC and qC are decomposed as follows:

o€ =af + > 9l pC=pf+ > b, o€ =aC+ > S,
a€R @€R, @€R,
where g§ := {X € o€ | [X.a] = {0}}, B := g§ N HE and R, is a positive root system. The
dimension of a is called the rank of G/H (or (g,0)). Note that the type of R (as root system)
and the value of rank(G/H) do not depend on the choice of a Cartan subspace of q. The
following Lemma immediately follows from (1) and (2).

LEMMA 1.4 ([4, 2.1 Proposition]). Assume that the Ad(H)-orbit M through X € a is
contained in S. Then we have orthogonal decompositions of (Tx M)C and the complexification
of the normal space of M in S as follows:

axm©= > qf,
a€R;: a(X)£0
(TEM)E = (@o RX)C + Z af .
a€eR,: a(X)=0
Moreover, the above decompositions are orthogonal with respect to the Killing form of o€ .

For each a € R, we define a vector A, € a€ by B(A, A,) = a(A) for all A € o, which is
called the restricted root vector of a. Then we have A, € ag. For each a € R, the dimension
of o is called the multiplicity of .. Since R is a root system, we obtain

B(Aa, Ag)

sga =@ —2———
p B(Ag, Ap)

BER (,BER).

We also have dim qgm = dim q§ for @, 8 € R. A restricted root & € R is said to be real (resp.
imaginary) if « takes real (resp. pure imaginary) values on a. It is clear that A, € a (resp.
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V-1A, € a)ifand only if « is real (resp. imaginary). For each semisimple pseudo-Riemannian
symmetric space, we will determine all the real restricted roots and all the imaginary restricted
roots (see, Section 3). For this purpose, we give a useful condition for @ € R to be real or
imaginary by using 6. Then, for each @ € R, « takes real values on ag. Hence « is real (resp.
imaginary) if and only if 6(a) = —a (resp. (@) = @). We can make use of a Satake diagram
associated with (R, 6,a) to determine subsets {@ € R | 8(a) = —a} and {a € R | (@) = a}
(=: Rp) of R. Let > denote the lexicographic ordering in (ag)* with respect to an ordered
basis (A1,..., A, A1, ..., Ayr) of ag such that (A4, ..., A;) (resp. (Aj+1,- - .,Ay)) is a basis of
p N a (resp. V=1(f N a)), where r = rank R and / = dim(p N a). Then the order > becomes a
(—6)-order in R (cf. [15]). Denote by ¥(R) the fundamental system of R with respect to >.
Set 7(Rp) = ?(R) N Ry. Then we have the following result.

LEMMA 1.5 ([15, Theorem 5.4]). There exists a permutation p of V(R) \ ¥ (Ro) with
order 2 such that, for each @ € ¥(R) \ ¥(Rp), (-6)(a) = pa (mod Span, {a | @ € ¥(Rp)}).

We call the permutation p as in Lemma 1.5 the Satake involution of ¥ (R) \ ¥(Ryp). From
the Dynkin diagram of ¥ (R) we define the Satake diagram associated with (R, 6, a) as follows.
First, replace a white circle of the Dynkin diagram, which belongs to ¥ (Rp) with a black
circle. Next, if restricted roots @, 8 € ¥(R) \ ¥(Ry) satisfy @ # B and pa = 3, join @ and B
with an arrowed segment <. Note that this Satake diagram depends on the choice of a Cartan
subspace of q. A Cartan subspace a is said to be maximally split (resp. maximally compact)
if p N a (resp. f N a) is a maximal abelian subspace of p N q (resp. N q). The dimension
of the p-part of a maximally split Cartan subspace (MSCS) is called the split rank of G/H
(or (g,h)). Any two MSCSs are conjugate to each other. Therefore, the definition of split
rank does not depend on the choice of an MSCS. We can easily determine the rank and the
split rank by using Table 2.5.2 in [13]. In Table 3, we will determine the rank, the split rank
and the Satake diagram associated with (R, #,a) when a is maximally split for all semisimple
pseudo-Riemannian symmetric spaces (see, Appendix A for the determination). Here we will
often omit a for the notation of the Satake diagram when there is no confusion.

2. The Jordan-Chevalley decompositions of shape operators. Assume that the
Ad(H)-orbit M through an X € qis a pseudo-Riemannian submanifold in a pseudo-hypersphere
S. It follows from Key Lemma that X is semisimple. In general, the shape operator of M — §
is not necessarily diagonalizable over C. In this section, for each £ € Ty M, we give the JC
decomposition of the shape operator A in direction &, where A denotes the shape tensor of
M —S.

LEMMA 2.1. Let & be a normal vector of M at X, and &€ = &5 + &, be the JC decompo-
sition of &. Then &, &, are normal vectors of M at X.

PROOF. By using Proposition 2 in [12] and Proposition 1.3.5.1 in [16] we have &, &, €
{Y € q | [Y,X] = 0}. From Lemma 12 in [12] there exists a Z € Iy such that [Z,&,] = &,.
Then we have B(¢,, X) = B([Z,£,], X) = B([£4, X1, Z) = 0, where B denotes the Killing form
of g. Hence &, € T5x M holds. Moreover, we have & = &é — &, € Ty M. O
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From above lemma a decomposition Ag = Az, + Ag, is well-defined.

PROPOSITION 2.2. Let & = & + &, be the JC decomposition of ¢ € Ty M. Then the
decomposition Ag = Ag, + Ag, gives the JC decomposition of the shape operator Ag, i.e., Ag,
is semisimple, Ag, is nilpotent, and Ag Ag, = Ag, Ag, hold.

The proof of Proposition 2.2 requires some preparation. For any Z € ), we define a
tangent vector field Z* on M by Z,, = (d/dt)|;=0 Ad(exptZ)p = [Z,p] for all p € M. Denote
by & the second fundamental form of M = Ad(H)X < S. For any Z,W € ), we have

* * = * d * *
h(ZX’ WX) = (VZ*W );-( = (EWAd(CXptZ)Xlr—()) = [W5 [Z5X]]J-’

where V denotes the covariant derivative of S. By using this calculation we have

B(AgZy, Wy) = B(h(Wx, Zy),&) = B([Z,[W, X1].£) = -B([Z.£], [W, X])
= B(—[Z,f], W;{) .

Hence we have Az Z}, = A¢[Z,X] = —[Z,¢]forall ¢ e Ty M.

LEMMA 2.3.  For each semisimple ¢ € Ty M, A is semisimple. Moreover, if R is the
restricted root system with respect to a Cartan subspace of q containing X and &, we have the
spectrum of Ag as follows:

_a®)

3) Spec AS = { 20

a € R, with a(X) # 0; s

where R, is a positive root system of R.

PROOF. Leta be a Cartan subspace of q containing X and &, and R denote the restricted
root system with respect to a. For each @ € R, we obtainq; ={Z -0(2) | Z € gg}. Then,
for each @ € R with a(X) # 0and Y = Z — 0/(Z) € oS, we have

“©,

Agyz_LA?[Z+0(Z),X]=L[ZJJ(Z)’&]:_&(X) .

a(X) ¢ a(X)
Hence Ag = (—a(é)/a(X))id on qg, where id denotes the identity transformation on
(TxM)C = 3 per, a(x)20 95 - This proves the assertion. O

REMARK 2.4. As we shall see in Section 3, there exists a Cartan subspace satisfying
the property stated in Lemma 2.3 (see Lemma 3.5).

LEMMA 2.5. For each nilpotent ¢ € Ty M, Ag is nilpotent.
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PROOF. Denote by R the restricted root system with respect to a Cartan subspace of q
containing X (cf. Lemma 1.3). For Y = [Z,X] € o€ (a € R with a(X) # 0, Z € bS) we have

ACY = AS[Z,X] = [£,Z] = —=[&.[X,[X. Z]]] = ——=[&.[X, Y]).
P 2. X]=1¢.Z] a/(X)z[f[ (X, Z]]] a/(X)z[é:[ 11
By induction on n € N, for each @ € R with a(X) # 0,
ad(é)"Y (n : even),
(Ag)nY — a(X)n
—W ad(f)" ad(X)Y (}’l : Odd) R
forallY € qg. Therefore A¢ is nilpotent if £ is nilpotent. O

PROOF OF PROPOSITION 2.2.  Leté = & +&, be the JC decomposition of ¢ € Ty M. Tt
follows from Lemmas 2.3 and 2.5 that A, and A, are semisimple and nilpotent, respectively.
Since [£5,£,] = Oholds, Ag, and Az, commute with each other. It follows from the uniqueness
of the JC decomposition of Ag that A¢; and Ag, coincide with the semisimple part and the
nilpotent part of Ag, respectively. O

By using Proposition 2.2 and Lemma 2.3 we have the following result.

COROLLARY 2.6. Let ¢ = & + &, be the JC decomposition of € € Ty M, and R denote
the restricted root system with respect to a Cartan subspace of q containing X and &;. The
spectrum of Ag coincides with that of A(fi and is given as follows:

_a(fs)
a(X)

C _
Spec Az —{

a € Ry with a(X) # 0} .

3. Austere orbits. First, we recall the notion of austere submanifolds.

DEFINITION 3.1 ([5, Definition 3.15], [1, p. 27]). Let M be a pseudo-Riemannian
manifold. A pseudo-Riemannian submanifold M — M is said to be austere if, for all x € M
and & € Ty M, all the coefficients of odd degree for the characteristic polynomial of A vanish.

We can prove that M is austere if and only if, for all x € M and ¢ € T} M, Spec Ag is
invariant (considering multiplicities) under the multiplication by —1. Therefore, it is clear that
any austere submanifold has zero mean curvature. In this section, we will give an equivalent
condition for the austerity when M < S (C q) is an orbit of the isotropy representation
for a semisimple pseudo-Riemannian symmetric space, which is identified with an Ad(H)-
orbit as we mentioned in Section 1. Moreover, we will give examples of austere orbits by
using the condition. Assume that the Ad(H)-orbit M through X € q is a pseudo-Riemannian
submanifold in S. This implies that X is semisimple in q.

PROPOSITION 3.2. Let a be a Cartan subspace of g containing X, and R denote
the restricted root system with respect to a. Then M is an austere orbit in S if and only
if {(=1/a(X))px(Aa) | @ € Ry witha(X) # 0} is invariant (considering multiplicities)
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under the multiplication by —1, where px denotes the orthogonal projection along X (i.e.,
px 10 = (@O RX)C;Y — Y — (B(Y,X)/B(X, X))X).

The proof of Proposition 3.2 requires some preparation. Let gx denote the centralizer of
X in g. By imitating the proof of Proposition 1.3.5.4 in [16] we have the following result.

LEMMA 3.3. There exists a Cartan involution 6 of g satisfying 6 o o = o o 0 and
0(ax) = ox.

PROOF. Let a be a Cartan subspace of q containing X. Then there exists a Cartan
involution 6 of g satisfying 6 o 0 = o o 6 and 6(a) = a (cf. [12, Lemma 5]). If we put
t = Ker(0—id) and p = Ker(6 +1id), then a = fNa+pNaholds. Denote by R the restricted root
system with respect to a. The restricted root space decomposition of g€ gives a decomposition
gg = gg +DoeRy o€ ofgg, where Rx := {@ € R | a(X) = 0}. Then we have gg is f-invariant.
Ifwewrite X = X1+ X5 (X1 € tNa, Xp € pNa), thenwehave a(X;) = 0(i = 1,2)forall @ € Ry,
since a(ftNa) € V=1R and a(pNa) C R. The action of 6 on R is given by (8- a)(A) = a(6(A))
for all A € a€. Then, for any @ € Ry, we have (8 - @)(X) = a(0(X)) = a(X;) — a(X3) = 0.
This implies that Rx is #-invariant. Hence gg'; is f-invariant. O

Fix a Cartan involution 8 of g as in Lemma 3.3. It follows from Corollary 1.1.5.4 in
[16] that gx is reductive in g. Then we have a decomposition gx = cx + sx of gx, where cx
(resp. sx = [gx,9x] ) denotes the center (resp. the derived algebra) of gx. Note that cx is
f-invariant, and sx is f-invariant and semisimple. On the other hand, it is clear that gx, ¢x, sx
are o-invariant. Set by = h Ngx, qx = g N gx. Then the pair (gx,hx) gives a reductive
symmetric pair.

LEMMA 3.4. A subspace a of q is Cartan for (g,1) and contains X if and only if a is a
Cartan subspace of qx for (8x,bx).

PROOF. Leta be a Cartan subspace of q for (g,h) containing X. Since [A, X]| = 0 holds
for all A € a we have a C qx. It follows from the maximality of a in q that a is maximal
abelian in qx(C q). Since gx is ad(A)-invariant for any A € a, the endomorphism ad(A) of gx
is semisimple. Hence a is Cartan for (g9x, hx).

Conversely, suppose that a is a Cartan subspace of qx for (g9x,bx). It follows from
[X,a] = {0} that a + RX is a abelian subspace of qx containing a. Then, by using the
maximality of a in qy we obtain X € a. Let a be an abelian subspace of q containing a. From
X € @ we obtain @ C qx. This implies that @ = a because of the maximality of a in qx. Hence
a is a maximal abelian subspace of q. In order to prove that any A € a is semisimple in g, it is
sufficient to show that B is nondegenerate on a (cf. Lemma 1.2). We can verify that

4 a=(cxNa)+(sxNa).

Let 6 be a Cartan involution of g as in Lemma 3.3. Since the subspace ¢x N a coincides
with ¢x N q, it is #-invariant. Hence B is nondegenerate on c¢x N a. The subspace sy N a
gives a Cartan subspace of sy N q for the semisimple symmetric pair (sx,sx N D). It follows
from Lemma 5 in [11] that 6 gives a Cartan involution of sy. By using Remark in [12] there
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exists an h € (Hx)o such that Ad(h)(sx N a) is O-invariant, where Hx denotes the isotropy
subgroup of H at X. This implies that B is nondegenerate on Ad(h)(sx N a). Therefore B is
also nondegenerate on sx N a. Since the decomposition (4) is orthogonal with respect to B,
we have the nondegeneracy of B on a. Hence we have proved the statement. O

LEMMA 3.5. Let X, Y be semisimple elements in q with [X,Y] = 0. Then there exists
a Cartan subspace of q for (9,1) containing X and Y.

PROOF. From [X,Y] = 0 we have Y € qx and ad(Y)(9x) C gx. It follows from
the semisimplicity of ¥ in g that Y is also a semisimple element in gx. The decomposition
gx = tx +sx leads a decomposition qx = (cx Nq)+(sx Nq). This allows us to writeY =Y, + 1>
forY; e cxNgand ¥, € sx Nq. Let a be a Cartan subspace of sx N q for (sx, sx N D) containing
Y>. Set a’ := (¢x Nq) + a. Then it is shown that a’ is a Cartan subspace of gxfor (gx,bhx)
containing Y. By using Lemma 3.4 o’ is a Cartan subspace of ¢ for (g,b) containing X and
Y. O

Let CSx denote the set of all Cartan subspaces of q containing X. The isotropy subgroup
Hy acts naturally on CSx.

LEMMA 3.6. The set (Tyx M) of all semisimple normal vectors in Ty M is given as
follows:
) TEM) = ) (e RX).
aeCSx
PROOF. Let ¢ be a semisimple normal vector in 7 M. From Lemma 3.5 there exists a
Cartan subspace a of g containing X and £. Since B(&,X) = 0 holds, we have ¢ € a © RX.
The converse is trivial from the definition of Cartan subspaces. O

LEMMA 3.7. Leta,a’ be Cartan subspaces of q containing X. Suppose that there exists
a k € Hx satisfying «’ = Ad(k)a. Forany ¢ € a © RX and ¢’ := Ad(k)¢ € o’ © RX, we have
Spec Ag = Spec Ag,.

PROOF. Denote by R (resp. R’) the restricted root system of (g,}) with respect to a
(resp. a’). For a € (a€)*, we define o € (a’C)* by a¥(A’) = a(Ad(k)"'A’) for all A’ € a’C.
Then we obtain R’ = {@* | @ € R} and a¥(¢’) = a(¢) for @ € R. In addition, it is readily
verified that @*(X) = a(X) for @ € R. Hence a direct calculation by means of (3) shows

Spec Ag, = {—ZZS(/)) a’ € R' with a’(X) # 0}
k(e
= {_Z"g(; a € R with a(X) # O}
= Spec Ag.

O

LEMMA 3.8. Let 6 be a Cartan involution of g as in Lemma 3.3. For any a € CSy,
there exists an h € Hy satisfying 0(Ad(h)a) = Ad(h)a.
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PROOF. Leta € CSx. From Lemma 3.4 a is a Cartan subspace of qx. Then by a
similar argument in the proof of Lemma 3.4 we can verify that a = (¢x N q) + (sx N a) and
Ad(h)(sx N a) is @-invariant for some 4 € (Hx)o. Moreover, we have Ad(h)Y = Y for all
Y € ¢x Nq. Hence Ad(h)a is -invariant. O

PROPOSITION 3.9. Let 6 be a Cartan involution of g as in Lemma 3.3. For any 0-
invariant Cartan subspaces a, o’ of q containing X, there exists an isomorphism  of o€
satisfying ¢ o o = o oy, Y(a€ © CX) = a’C © CX and y(X) = X.

PROOF. Set t = Ker(6 — id),p = Ker(6 + id),tx = t Ngx and px = p N gx. Then
we have a = fNa+pNnaand a” =tNa +pnNa’, and the simultaneous decomposition
ax = fx Nbx + px Nhx + fx Nax + px Nagx of o and 6. Setgf( =ty N by + V=1(px N
bx) + V=1(tx N ax) + px N ax(c g$). Then o gives a Cartan involution of g¢, so that
g;i( = f;l( + p;l( is the Cartan decomposition for o-, where f;l( =ix Nbhx + \/—_l(px N bx) and
pg = \/—_l(fx Nax)+Px Nax. By the maximality of a (resp. a’) in qx ad = \/—_l(fﬂa)+pﬂa
(resp. a’¢ := V=1(tNa’) + pNa’) is a maximal abelian subspace of pj‘f. This implies that there
exists a Z € 1§ satisfying a’? = ¢*@)a?. If we put y = ¢**%), then we have y o = o ¥
and ¥(X) = X. Hence ¢/(a® © CX) = a’C © CX holds. O

By imitating the argument in pp. 459-460, [8] we have the following result.

LEMMA 3.10. LetV be a vector space over R and B be a nondegenerate bilinear form
on'V. For any finite subset A C VC, the set {B(a,v) | a € A} (=: A(v) c C) is invariant by
multiplication of —1 for all v € V if and only if A is invariant by multiplication of —1.

PROOF.  Suppose that A(v) is invariant by multiplication of —1 for all v € V. Take an
a € A. Then we have

V= U{v €V | B(a,v) = —B(b,v)}.

beA

Foreach b € A, {v € V| B(a,v) = —B(b,v)} is a subspace of V. For b € A with b # —a, this
subspace does not coincide with V. Since A is a finite set, we have —a € A. |

PROOF OF PROPOSITION 3.2. Leta € CSx and R denote the restricted root system of
(g,b) with respect to a. Let {a,},e4 be a complete representatives of CSx /Hx containing a.
Without loss of generality, we can assume that a, (1 € A) is f-invariant (see, Lemmas 3.7 and
3.8). By using Lemma 3.8 we have

(TEM); = U Ad(h)(a, © RX).
hEHX
AeA
It follows from Corollary 2.6 and Lemma 3.7 that M is austere if and only if, for any 1 € A
and £ € ay ©RX, Spec Ag is invariant (considering multiplicities) under the multiplication by
—1. Let Ry denote the restricted root system of (g, b) with respect to a, and (R,), be a positive
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root system of R;. Then we have

c_lp(- 1
Spec Ag = {B( a(X)(pzl)x(Aa),f)

for ¢ € ay © RX, where (p)x : ag - (6 RX)C denotes the orthogonal projection
along X. By applying Lemma 3.10 to {(=1/a(X))(p2)x(Aa)) | @ € (Ry)+ with a(X) #
0}(=: A,) it is verified that M is austere if and only if, for any 1 € A, A, is invariant
(considering multiplicities) by multiplication of —1. Therefore it is sufficient to show that if
{(-1/a(X))(px(Ay)) | @ € Ry with a(X) # 0} is invariant (considering multiplicities) by
multiplication of —1 then the same property holds for A, (4 € A).

By using Proposition 3.9, for A € A, there exists an isomorphism 1, of g€ satisfying

(6) Yaoo =aoyy Ya®eCX)=a{eCX, yuX)=X.
This implies that Ry = {e¥* | @ € R}, where ¥ € (a§)* is defined by ¥+ (A) = a(y;'(A))

forall A € af. We also have A v, = ¥1(A,) for @ € R. A simple calculation by means of (6)
shows that

a € (R)); with a(X) # O}

1

~ o) PO (Aena) = = s (PO)x(Wa(Aa))
_ B(Ya(Aa), X)
_m (‘/’A(Aa) - WX)
1
=Y (—mpx(Aa)) .
Hence we obtain Ay = ya({(-1/a(X))(px(Aa)) | @ € Ry with &(X) # 0}). This proves the
statement. -

COROLLARY 3.11. The orbit through the restricted root vector corresponding to any
real restricted root is an austere submanifold in S.

PROOF. Let a be areal restricted root. Then the restricted root vector A, is in p N g and
B(Ag,Aq) > 0. If we put X = A,, then {(=1/8(X))px(Ap) | B € Ry with B(X) # 0}
(=1 A) is invariant (considering multiplicities) under the multiplication by —1. Indeed,
for any v = (=1/8(X))px(Ag) € A, we have 54(B)(X) = —B(X) # 0 and —v =
(=1/52(B)(X))px(sa(Ag)) € A. Moreover, the multiplicity of any restricted root is invariant
under the action of s,. This implies that, for each ¢ € a © RX, the multiplicities of Ag
associated with B(+v, &) coincide with each other. O

REMARK 3.12. Ikawa-Sakai-Tasaki proved Corollary 3.11 in the case when G/H is a
Riemannian symmetric space (cf. [8, Proposition 4.4]). In fact, they classified austere orbits
(cf. [8, Theorem 5.1]).

In the sequel, we give all the real restricted roots in the restricted root system with respect
to an MSCS. Let 8 be a Cartan involution of g commuting with o (cf. [10, Theorem 2.1,
Chapter I'V]). Denote by R the restricted root system with respect to a f-invariant MSCS a. As
we mentioned in Section 1, a restricted root « is real if and only if 6(«) = —a. On the other
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hand, we can determine the action of 6 on R in terms of the Satake diagram associated with
(R, 6). Then we have the following result.

THEOREM 3.13. All the real restricted roots in the restricted root system with respect
to an MSCS for all semisimple pseudo-Riemannian symmetric spaces are as in Table 1.

The proof of Theorem 3.13 is given by Lemmas 3.14-3.32 as shown in the following.
Set @ = —0 and @ = —6(a). Then « € R is real if and only if @ = a holds.

LEMMA 3.14. In the case where (R, 0) is of type Al, DI(rank = s-rank), EI, EV, EVIII,
FI, or G, all restricted roots are real.

PROOF.  From the Satake diagram of (R, 6)) the Satake involution is trivial and ¥(Ro) = 0.
This implies that o = « for all @ € ¥(R). Therefore all restricted roots are real. O

In the sequel, for each root @ € R, we give the form @ = } n;@;, where the ;’s are
fundamental roots as in Table 3 and the n;’s are integers which are either all nonnegative or
all nonpositive.

LEMMA 3.15. Inthe case where (R, 0) is of type All, there exists no real restricted root.

PROOF. Without loss of generality, we assume that rank R = 2r — 1. From the Satake
diagram of (R, 0) the Satake involution is trivial and ¥ (Rg) = {ap;-1 | 1 < i < r}. Note
that any restricted root @ is the form +(a; + --- + a;_1) for 1 < i < j < 2r. Therefore,

for each 1 < i < r, the possibility of the form agi is either ay;, ari_1 + @2, ani + anjyq Or

6 _ 6 _
i1 + i + agiyr. If ,; = @, We have (afzi_l + ap; + a/2,-+1) = —mj_| +ap; — ap;+1. But
this contradicts that (ap;—; + a2; + a2i+1)9 is a restricted root. Hence we have agi # ay;. By

the same argument we have ozgt. = @i—1 + ap; + az;41 for 1 <i < r — 1. Moreover, we have
Qg1 + -+ @ (i :odd, j:odd),
g Qs+ +aj—p (i:o0dd, j:even),
(@ +-+aj1) = , .
Qo1+ @ (i :even, j :odd),

@i-1+---+ajp (i:even, j:even).

Hence there exists no real restricted root. O

LEMMA 3.16. In the case where (R, 0) is of type Alll(rank = r,s-rank = [), the set of
all real restricted roots of R coincides with {+(a; + -+ a,41-;) | 1 < i < 1},

PROOF. In this case we have pa; = @41 fori = 1,...,L,r =1+ 1,...,r. First, we
consider the case of r = 2/ — 1 or 2/. Then, from the Satake diagram of (R,#) we have
Y (Rp) = 0. This implies that a't.g =pa; fori =1,...,L,r—1+1,...,r. Therefore, for each
o=+ -+, a? = a holds if and only if i + j = r + 2 holds. Next, we consider the
case of r > 21. From the Satake diagram of (R,0) we have ¥(Ry) = {a; | [+ 1 <i <r—1}.
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Since 0 leaves R invariant, we have

it (I<i<l-lLr-1+2<i<r),
of = Jom e (i=10,
! a+ ot ag i=r-1+1)),
—a; (I+1<i<r-1).
Hence o = a holds if and only if @ has the form & = £(@; + - -+ + @ 41-7)- O

LEMMA 3.17. In the case where (R, 0) is of type Bl(rank = r,s-rank = 1), the set of all
real restricted roots of R coincides with

{ (i +--+a )| 1<i<j<I}

U{z(as ++ar+aj+ - +a) | 1 <i<j<U{(e;+ - +a) | 1 <i<I}

PROOF. From the Satake diagram of (R, #) the Satake involution is trivial and ¥ (Ry) =
{agsx | 1 < k < r —1}. Since any positive root has the form a; + --- + aj_1,0; + -+ +

a +aj +---+a ora; +---+ @, we have o = a; for 1 < i < - 1. Moreover,

i
@ =+ -+ a, +ap + -+ a, holds because § leaves the root system R invariant.

I
Therefore, by direct calculation we can explicitly determine the set {a € R | @ = o’} as in the

assertion. O
By imitating the proof of Lemma 3.17 we have the following two facts.

LEMMA 3.18. In the case where (R, 0) is of type BCI(rank = r,s-rank = [), the set of
all real restricted roots of R coincides with

{ i+ -+a) |1 <i<j<I}
U{z(ai ++ar+aj++a) | 1 <i<j<li}
U{(s+ - +a) | 1 i <P U{£2(a+ -+ ) | 1 i <1}

LEMMA 3.19. In the case where (R, 0) is of type Cl(rank = r,s-rank = 1), the set of all
real restricted roots coincides with

{ i+ +a )| 1<i<j<l}
U{(ai + - +ajm1 + 205+ + 201 +a) | 1 <i < j <}
U{xQRa; + - +2a,1+a) | 1 <i <},
LEMMA 3.20. In the case where (R,0) is of type CIlI(rank = r,s-rank = [), the set of

all real restricted roots of R coincides with {£(az;—1 + 2az; + -+ 20,1 + ;) | 1 <i <1}

PROOF. First, we consider the case of r = 2. From the Satake diagram of (R, 6) the
Satake involution is trivial and ¥(Ry) = {az;_ | 1 <i < I}. Since  leaves the root system R
invariant and any positive root has the form a; +- - -+ a1, ; +- - - +aj_1 +2a;+- - -+ a1 +ay
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or 2a; + - - - + 2ap-1 + any, we have

(Zz. =

P {a/zi—l tayta (1<i<l-1),
1

200121 + ay @i=10.

Therefore, by direct calculation we can explicitly determine the set {& € R | @ = aé} as in
the assertion. Next, we consider the case of » > 2/. By the same argument as above we have

4 _ : 4 _
Ay | = —mi—1(1 <i <), Aypr = —ay+k(1 <k <r—2[)and
of = @i-1 + @i + @241 (1<i<l-1),
2i T .
ap- +ap; + 20141 + -+ 2001 + @ (l = l) .

Therefore, by direct calculation we can explicitly determine the set {& € R | @ = a/é} as in the
assertion. O

By imitating the proof of Lemma 3.20 we have the following fact.

LEMMA 3.21. In the case where (R, 0) is of type BCIII(rank = r,s-rank = [), the set of
all real restricted roots of R coincides with {+(az;—1 + 2ap; +--- +2a,) | 1 <i <1}

LEMMA 3.22. In the case where (R,0) is of type DI(rank = r,s-rank = [) (r > [), the
set of all real restricted roots of R coincides with
{tlap+--+a) |1 <i<j<Dyu{t(ei+ -+ao2+a+-+a)| 1 <i<j<I}.
PROOF. First, we consider the case of r = [ + 1. From the Satake diagram of (R, 0) we
have ¥ (Rp) = 0 and
a; (1<i<r-2)),
a/igzpa/,-= a i=r-1),

Ar—1 (i:r)'

By direct calculation we have

G + -+ - 1<i<j<r-1),
(Cl’i+"'+a’]'_1)9= i j—1 ( J )
’ g+ +aata (1<i<j=r),
(a,-+---+a,_2+aj+---+a/r)g
et taataitootae, (1<i<js<r-1),
@+t (I<i<j=r).
This proves the statement. Next, we consider the case of » > [ + 1. From the Satake diagram
of (R, 0) the Satake involution is trivial and ¥(Ro) = {ay+x | 1 <i < r—1}. Since 0 leaves the
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root system R invariant, we have

§_ | (1<i<l-1),

1 .
G+t Gotap+ooota (=1).

Therefore, by direct calculation we can explicitly determine the set {@ € R | @ = ag} as in the
assertion. O

By imitating the proof of Lemma 3.22 we have the following fact.

LEMMA 3.23. In the case where (R,0) is of type DIlI(rank = r,s-rank = [), the set of
all real restricted roots of R coincides with

{(agic1 + +pp+api+-+a) | 1 <i <[}

LEMMA 3.24. In the case where (R, 0) is of type EII, the set of all real restricted roots
of R coincides with

{+xw,+ay, (a3 + ag + as5), x(a2 + @), =(a2 + @3 + a4 + @5)}
U {i(a'g + a3+ 204 + 0'5),1(&1 +a3+ay4 + a5+ 0'6)}
U {i(aq +ay+a3+ag+as+ a6)}
U{x(a) + an + a3 + 2a4 + as + ag), 2(a) + ap + 2a3 + 2a4 + 2a5 + ag) }

U {t(aq +ar +2a3 + 3a4 + 205 + 0'6), i(aq +2an + 2a3 + 34 + 205 + 0'6)} .

PROOF. From the Satake diagram of (R, 6) the Satake involution p satisfies pa; =
@, pozz = a,pa3 = a5 and pay = a4, and ¥(Ry) = 0. Therefore we have a/f = cyf,,a/g =
o, 3 = a5 and a/ =a. Ifweputa = Z" | nia; € Rthen, a = a? holds if and only if «
satisfies ny = ng angl n3 = ns. Therefore, by direct calculation we can explicitly determine the

set {o € R | @ = @’} as in the assertion. O

LEMMA 3.25. Inthe case where (R, 0) is of type EIII, the set of all real restricted roots
of R coincides with {+(a1 + a3 + a4 + as + ag), (@] + 2a + 2a3 + 34 + 25 + )}

PROOF. From the Satake diagram of (R, 0) the Satake involution p satisfies pa; = @
and pay = as, and ¥ (Ry) = {a3, a4, @5}. Therefore the possibility of the form af is either
6, &5 + @6, 4 + @5 + A6 OF @3 + a4 + a5 + as. Since 0 leaves the root system R invariant, we

have o = a3 + ay + a5 + as. The same argument shows @i = @, + a3 + 2a4 + as. Since 6 is

involutive, we have ozg =+t +as. fweputa = Z?:l n;a; € Rthen, a = a? holds if
and only if « satisfies ny = ng,ny +ny + ng = 2n3,n1 + 2ny + ng = 2n4 and ny + ny + ng = 2ns.
Therefore, by direct calculation we can explicitly determine the set {a € R | @ = @’} as in the

assertion. m|

LEMMA 3.26. Inthe case where (R, 0) is of type EIV, there exists no real restricted root
in R.
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PROOF. From the Satake diagram of (R, #) the Satake involution is trivial and ¥(Ry) =
{aa, @3, a4, as}. Therefore the possibility of the form af is either a1, a1 + a3, @] + @3 + a4, @1 +

wm+a3ztay, v taztagt+as, o tar+aztagtas, o tartaz+2as+as or ap+an H2a3+2a4+as.

Since 6 leaves the root system R invariant, we have af = a1 +ay +2a3 + 204 + as. The same

argument shows ag =a+ a3 +2a4 +2a5 + ag. f weputa = Z?:l n;a; € R then, @ = o?

holds if and only if @ satisfies 2ny = ny + ng, 2n3 = 2n; +ne,n4 = N1 +Ne and 2ns = ny + 2ng.
Therefore, by direct calculation we have {& € R | @ = a?} = 0. O

By imitating the proof of Lemma 3.26, we have the following five facts.

LEMMA 3.27. Inthe case where (R, 0) is of type EVI, the set of all real restricted roots
of R coincides with
{£a,xas, £(a) + @3), (a2 + a3 + 24 + @5), 2(@] + @2 + a3 + 204 + @5)}
U{x(a) + as +2a3 + 2a4 + as), =(a) + ap + 2a3 + 2a4 + 2a5 + 206 + a7)}
U{x(a) + a2 + a3 + 2a4 + 2a5 + 206 + a7)}
UA{+Q2a; +2ap + 3a3 + day + 3as5 + 2a6 + a7)}
UA{x(a) +2a2 + 2a3 + 4ag + 3as + 2a6 + a7)}
U{x(a) +2ap + 3a3 + 4ag + 3as + 2a6 + a7)}
U{x(ar + a3 +2a4 + 2as5 + 2a6 + @7)} .

LEMMA 3.28. [Inthe case where (R, 0) is of type EVII, the set of all real restricted roots
of R coincides with

{xa7, x(ar + a3 + 204 + 25 + 26 + @7), +2ay + 2ap + 3a3 + 4ay + 3as + 206 + a7)}.

LEMMA 3.29. Inthe case where (R, 0) is of type EIX, the set of all real restricted roots
of R coincides with
{+ a7, xag, (a7 + ag), £(a2 + a3 + 2a4 + 2as5 + 206 + a7)}
U{x(ap + a3 + 2a4 + 2as5 + 2a6 + @7 + ag)}
U{x(ar + a3 + 204 + 2as5 + 2a6 + 2a7 + ag)}
U{xQa; +2as + 3a3 + 4ay + 3as + 2a6 + a7)}
U{xQa; +2as + 3a3 + day + 3as + 2a6 + 2a7 + ag)}
U{xQa; +2as + 3a3 + 4ay + 3as + 2a6 + a7 + ag)}
U{£Qa; +3az +4a3 + 6a4 + Sas + 4ag + 2a7 + ag)}
U{xQa; +3as +4a3 + 6a4 + Sas + 4ag + 3a7 + ag)}
U{xQa; +3as +4a3 + 6a4 + Sas + 4ag + 3a7 + 2a3)} .

LEMMA 3.30. In the case where (R, 0) is of type FII, the set of all real restricted roots
of R coincides with {+(a; + 2a; + 3a3 + 2a4)}.
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LEMMA 3.31. Inthe case where (R, 0) is of type FIII, the set of all real restricted roots
of R coincides with

{i(al +ap + a3), i(a'g +2a3 + 20’4), i(aq +2as + 3a3 + 20’4), i(za'l + 3 +4daz + 20’4)} .

LEMMA 3.32. In the case where (R,0) is of type A+A, B+B, C+C, D+D, BC+BC,
EI+EI EV+EV, EVIII+EVIII, FI+FI or G+G, there exists no real restricted root in R.

PROOF. The restricted root system R has two irreducible components R!', R%, which
are isomorphic to each other. Set ¥ (R/) = {a/j . ,arﬁ }(r = rank R/, j = 1,2). Renumbering
aft.i , if necessary, we assume that af{ > > arl. From the Satake diagram of (R, ) we have
‘P(R‘(’)') = 0 and pa? = @/ (1 < i < r). This implies that (¢?)? = o/(1 < i < r). Since any

restricted root in R is a linear combination of either {a|,...,a}} or {e7,...,a}}, there exists
no real restricted root. ad

By using Corollary 3.11 and Theorem 3.13 we have Theorem stated in Introduction.

REMARK 3.33. By imitating our method we can give examples of austere orbits in a
pseudo-hyperbolic space H (:= {v € q | B(v,v) = r(< 0)}). In fact, for any imaginary root
a, the orbit through V=1A, is an austere orbit in H. Moreover, the Dynkin diagram of the
subsystem {@ € R | 6(«) = a} can be determined by the black circles in the Satake diagram
associated with (R, 9).

Appendix A. Satake diagram of (R,6). Let (g,h) be a semisimple symmetric pair,
o be an involution of g with Ker(o- — id) = b, and 6 be a Cartan involution § commuting
with 0. Denote by R the restricted root system of (g,) with respect to a 6-invariant MSCS
a of q. In this appendix, we determine the Satake diagram of (R,6,a). Set gd = tnp+
\/—_l(p Nnbh) + \/—_1(f N q) + p N g, which is a subalgebra of g¢. The involutions o and
induce involutions of g¢, which are also denoted by the same symbol o and 6, respectively.
In particular, o is a Cartan involution of g¢. Denoted by ¢ (resp. p¢) the (+1)-eigenspace
(resp. the (—1)-eigenspace) of o~ in g¢¢. Then we have ag (:= V=1(f Na) +p N a) is a maximal
abelian subspace of p? (= V=1(f N q) +p Nq). Note that R give also the restricted root system
of the Riemannian symmetric pair (g¢,t¢) with respect to ag. Let a, be a maximal abelian
subspace of p containing p N a. Since p N a is maximal in p N q, we have [a,a,] = {0} (cf.
[13, Lemma 2.4]). If a is a maximal abelian subalgebra of g containing a and ay, then @ is a
Cartan subalgebra of g. Denote by X the root system of g€ with respect to 3. We can give a
(0, o)-fundamental system ¥ of X' (cf. [13] for the definition of a (6, o-)-fundamental system).
Therefore, ¥ gives the Satake diagram of Riemannian symmetric pairs (g, ) and (g%, ), which
are denoted by S(a,t) and S(g?,t¢), respectively. Then we give a recipe to determine the Satake
diagram of (R, ,a) by using S(g,t) and S(g%,t4) as follows.

RECIPE A.1. Denote by S(R, 6, a) the Satake diagram of (R, 6, a).

(Step 1) For each a € ¥, we determine o () (resp. 6(a)) by using S(g,f) (resp. S(a%, t%)).
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(Step 2) We give the set {a@ € ¥ | a|,c =0} (=: ¥), and determine the Dynkin diagram of R
by investigating {e|,c | @ € ¥ \ ¥} (= ¥). In fact, we calculate (@ — o())/2 as
al,c foreacha € 9.

(Step 3) We determine {A € ¥ | Alyne = 0} (= ¥p) by investigating {@ € ¥ | @)y, = 0}. In
fact, for each A = (@ — 0(@))/2 (o € ¥ \ ¥)), we determine whether or not a|,, = 0
holds, that is, « is a black circle in S(g,t). Then the elements in ?0 are black circles
in S(R,0,a).

(Step 4) For any 41,4, € 3 \ Vo, 1, # A, we determine whether or not 1, lpna = A2]pna holds
by calculating A; —6(4;)(i = 1,2). In fact, we calculate (@ — o (@) — (@) + o (0()) /4
as al,c —0(al.c) (@ € Y\ ). If A1]pna = A2|pna holds, then A; [pna, A2]pna are joined
with &.

By using Recipe A.1 we shall list up the Satake diagrams of (R, #) associated with MSCSs
for all irreducible semisimple pseudo-Riemannian symmetric pairs. In Table 2, we give the
list of the irreducible semisimple pseudo-Riemannian symmetric pairs and their types of (R, 6)
associated with MSCSs. In Table 3, we describe the Satake diagrams of (R, 6).
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TABLE 2. The Type of (R, 0).

(i-a) g is classical and g is noncompact simple with no complex structure.

(g, h) = (su(n, m), su(i, j) + su(n —i, m— j) + so(2))

417

| Type of (R, 0) | rank s-rank | Remarks |
CI PP (s T PP m+n=20+]j)
BI min(i + j,m+n—(i +j)) | min(i, m — j)+ min(j, n — i) P

(8, D) = (so(n, m), s0(i, j) + s0(n = i, m = j))

| Type of (R, 0) | rank s-rank | Remarks |
DI PP (s T PP m+n=20+]j)
BI min(i + j,m+n—(i +j)) | min(i, m — j)+ min(j, n — i) P

(8, D) = (sp(r2, m), 5p(Q, j) + sp(n — i, m = j))

| Type of (R, 0) | rank s-rank | Remarks |
CI PP (s T PP m+n=20+]j)
BT min(i + j,m+n—(i +j)) | min(i, m — j)+ min(j, n — i) P

| Symmetric pair (g, b) | Type of (R, 0) | rank s-rank | Remarks |
(sl(n, R), so(p, n — p)) Al n-—1 n—1
(su(p,n - p),so(p,n —p)) Alll n—1 | min(p,n—p)
(sl(n, R). sI(p, R) +sl(n - p. R) + R) c p P n=2p
e ’ ’ BCI n>2p
(sI(2n, R), sp(n, R)) Al n-1 n-1
(su*(2n), s0*(2n)) AIL 2n -1 n-1
(su(n, n), s0*(2n)) AIIl 2n -1 n
(s1(2n, R), sl(n, C) + s0(2)) CI n n
(su*(2n), sl(n, C) + s0(2)) CIIt n [n/2]
(su(n, n), sp(n, R)) Al n-1 [n/2]
(su(n, n), sl(n,C) + R) CI n n
su*(2n), sp(p,n—p Al n-1 n—1
(su™(2n), sp(p P))
(su(2p,2(n — p)), sp(p, n — p)) Alll n-1 min(p, n — p)
T " - _ CIIT n=2p
(su*(2n), su*(2p) + su*(2(n — p)) + R) BT 2p P s 2p
N CI n: even
(50" (2n), su(p, n — p) + s0(2)) BaT [n/2] [n/2] T odd
CI . n: even
(50(2p, 2(n — p)), su(p, n — p) +s0(2)) BaT [n/2] | min(p,n—p) \——m
" " " _ DIII n=2p
(s0° (2n), 50" (2p) +50°(2(n = p))) = 2p » —
(so(n, n), so(n, C)) DI n n
(s0*(2n), so(n, C)) DIII n [n/2]
CI n: even
(so(n, n), sl(n, R) + R) BT [n/2] [n/2] T odd
(s0*(4n), su*(2n) + R) CI n n
(sp(n, R), su(p, n — p) +s0(2)) CI n n
(sp(p,n—p),su(p,n—p)+so(2)) CII n min(p, n — p)
(sp(n. R). p(p. R) + sp(n ~ p. R)) o » » nE
T ? ? BI n>2p
(sp(n, R),sl(n, R) + R) CI n n
(sp(n, n), sp(n, C)) CI n n
(sp(2n, R), sp(n, C)) CI n n
(sp(n, n), su*(2n) + R) CIIt 2n n
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(i-b) g is classical and g is simple with a complex structure or the direct sum of two
noncompact simple Lie algebras with no complex structure.

[ Symmetric pair (g, h) [ Typeof (R,6) | rank | s-rank [ Remarks |
(sl(n, C), sl(n, R)) AIII n-1 [n/2]
(sI(n, R)?, sl(n, R)) Al n-1 n—1
(sl(n, C), so(n, C)) A+A 2(n—1) n—1
(sI(2n, C), su*(2n)) Al 2n—1 n
(su*(2n)?, su*(2n)) All 2n -1 n-1
(s1(2n, C), sp(n, C)) A+A 2(n—-1) n—1
(sI(n, €), su(p, n - p)) Al n—1 n—1
(su(p,n —p)Z,su(p,n - p)) Al n-1 min(p, n — p)
C+C n=2p
(sl(n, C),sl(p,C) +sl(n—p,C)+C) BCTBC 2p p WS p
(s0(2n, C), s0*(2n)) DI n n
(50*(2n)2, s0*(2n)) DIII n [n/2]
C+C n: even
(s0(2n, C),sl(n,C) +C) BCTRC 2[n/2] [n/2] S odd
DI :
(s0(n, €), s0(p, n. = p)) — [n/2] [n/2] —
DI . n: even
(so(p, n = p)*,so(p,n - p)) BT [n/2] | min(p,n—p) ———0
D+D =2
(s0(n, €), 50(p, €) + s0(n = p, C)) — 2p P T
(sp(n, €), sp(n, R)) Cl n n
(sp(n, R)?, sp(n, R)) I n n
(sp(n, C), sl(n,C) +C) C+C 2n n
(sp(n2, €), 5p(p, n = p)) Cl n n
Gp(p, n—p)*,sp(p,n—p)) Cul n min(p, n — p)
. el C+C n=2p
(sp(n, €), sp(p, C) +sp(n — p,C)) BCTBC 2p P WS p
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TABLE 2.

(continued).

(iii) g is the direct sum of two noncompact simple Lie algebras with complex structure.

| Symmetric pair (g, §) | Type of (R, 0) | rank | s-rank |

(€ +e€.¢6) EI+EI 12 6

(€ +£.¢8) EV+EV 14 7

(€ +¢§,e8) EVII+EVII 16 8

(€ +i€.56) FI+FI 8 4

(9 +4f.99) G+G 4 2

(sl(n, C) + sl(n, C), sl(n, C)) A+A 2n-1) | n-1

D+D n=2p

(so(n,C) + so(n,C), so(n,C)) BB 2p P e
(sp(n,C) + sp(n, C), sp(n,C)) C+C 2n n

TABLE 3. The Satake diagram of (R, 0).

Type of Satake diagram Type of Satake diagram
(R, 0) (R, 0)

a an aj

A+A
EI+EI

) @ ap

O =0 EV+EV

a; @ ap
BC+BC ( ( ” ( (

O_O_ v _O:)O EVIII+EVIIL

a; @ a

O—0—-0<=0 FI+FI

O—C0=0—-"0

a ap
1
D+D
G+G
. =0
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TABLE 3. (continued).
Type of Type of
P Satake diagram P Satake diagram
(R, 0) (R, 0)
Al ¢ .
1 @ Ap—1 Ar
) @ a3 @ ar
All a @ @y ar CI
e O—e —O—e=0
) @ @
a ay a
j-1
O—-
) [
. a
AlIT
a @ a_y a
- DI
O—-
ap aj [e7 A
@41
Bl a ap a ay & &
. O—O——O—8— —e=>0
a ap g ay
O—e— —e—0 DII O—e—-
BCII @ ar &
—O—e—e— —e—0 @,_|
a @ a3 ay ar
BCIII —(O—eo—
e 0o —O—e=0 R
@ [e5] ar
DIII
@p—1
o O—O——O—e— —0<=0
a @ aj ar
a) @ Ay
ay

CII
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TABLE 3. (continued).

(o4

Type of Type of
P Satake diagram P Satake diagram
(R, 0) (R, 0)
@
EI
EVIl
@7 @ a5 a4 a3 Q]
@
EIL ag  as a4 a3
EVIII
EIIL @
EIX
ag a7 @ as ap a3 Q]
EIV O ° I ° O
@6 @]
FI O—C—=0—-0
EV o—eo—e—O
FII a) @ az
@ O—e—e—0
2 FIIT a; @ a3 a4
EVI
7

@ a5 ay a3z Qp
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