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CANCELLATION OF FLUCTUATION IN STOCHASTIC RANKING
PROCESS WITH SPACE-TIME DEPENDENT INTENSITIES
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Abstract. We consider the stochastic ranking process with space-time dependent un-
bounded jump rates for the particles. We prove that the joint empirical distribution of jump rate
and scaled position converges almost surely to a deterministic distribution in the infinite particle
limit. We assume topology of weak convergence for the space of distributions, which implies
that the fluctuations among particles with different jump rates cancel in the limit. The results
are proved by first finding an auxiliary stochastic ranking process, for which a strong law of
large numbers is applied, and then applying a multi time recursive Gronwall’s inequality. The
limit has a representation in terms of non-Markovian processes which we call point processes
with last-arrival-time dependent intensities. We also prove the propagation of chaos, i.e., the
tagged particle processes also converge almost surely.

1. Introduction. Let N be a positive integer and 7 > 0. T is an arbitrary constant
fixed throughout the paper, and we are interested in the limit N — co. A stochastic ranking
process is a stochastic system of N particles on a line segment [0, 1] for a time interval [0, 7],
defined as follows. Let W be a set of non-negative valued continuous functions in two variables,
continuously differentiable in the first variable, and let wy, wy, ... be an infinite sequence in
W.

Let yiN), yéN), e, yxv) be a permutation of {ﬁ' |i=0,1,...,N—1}. Then a stochastic
ranking process is a system of stochastic processes {Yi(N) | i = 1,2,...,N} defined on a
probability space (2, 7, P) by

N N
M) =y

N
1 / / (N)

+ — 1,7, oy, 1 Ny oy Vi (dEds)
Nj; se(0.1] Jeelo,00) U STV (s7) TEE0w (¥ (7))

J

(N) (N)
- Y (s—-)1 (N) v. " (dé&ds),
/se(o,t] LE[O,OO) ! £El0,w; (Y; 7 (s=),5)) T
i=12,...,N,t20.

Here, 14 is the indicator function of an event A, and for each N, V;N), i=12,...,N, are
independent Poisson random measures on [0, 00) X [0, c0) with uniform unit intensity measures,
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ie., BvV((a,b] x [c,d]) ] = (b—a)d — ¢)forb> a2 0andd > ¢ 2 0, and v\"(A) and
VEN)(B) are independent Poisson variables if AN B = 0.
If we put

) 7™M (t) = / / yM(déds
() se(0.1] Jef0.00) {; Ow(Y(N)(S )S)) ( f )

then (1), the position of the particle i at time ¢, is expressed as
) w1 [ ™) LN, N
Yy =yt NZ/O 11,}1\/)(5_)>Yi(w><s_) v, (dS)—/O Y (s, (ds) .
J=1

We then see that the time development of {Yl.<N) } is determined by the move-to-front rules

[18] driven by the point processes {V(N) } with space-time dependent intensities given by the

‘density functions’ {w;}. If w; is constant then the process v( ) is the Poisson process, while

in general, its increments depend on past and is dependent on other particles. The move-to-
front rule in particular implies that the particle system {I/l.<N) } as a whole takes values in the
rearrangement of L i=0,1,...,N—1. Each particle either increases its position by %, or
else takes the value 0, i.e. jumps to the top position, as ¢ increases.

A starting point for our study is the joint empirical distribution of w; and the position,
given by

N
w _ 1
G) Mo =N Z Oy YM(1)) *
i=1

Here 6. is a unit measure concentrated at c. (We will use this notation for a unit measure on
any probability space.) ,UEN), t € [0,T1], is regarded as a stochastic process taking values in
the set of Borel probability measures on C'([0, 1] x [0,T]) x [0, 1]. Here C([0, 1] x [0,T7])
is the total set of functions f € C([0, 1] x [0,T]) such that % € C([0,1] x [0,T]). Since
C'9([0,1] x [0,T]) is a Polish space with norm ‘
sup max{lw(y, } s
(y,1)€[0,1]x[0,T]

so is C1-0([0, 1] x [0,T]) x [0, 1] (see [1, Example 26.2]). We assume a standard topology of
weak convergence of probability measures on C%!([0,1] x [0,7]) x [0, 1]. In particular, the
initial distribution is

(N ) —
@ v b

By considering a process Xl.( )(t) =N I/i<N) (t) + 1 taking values in positive integers, we
see that a stochastic ranking process is a model of ranking system, such as the sales ranks
found at online bookstores [6, 7, 5, 8, 10, 9, 16, 17, 14]. As a model of popularity ranks
of an online bookstore, the move-to-front rule defines the rank as a stochastic number with
the ‘latest purchased book as most popular’ rule. That the intensity w; differs for different

ow
» 6_y(%t)
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book i represents that there are popular books and less popular ones. (Many books on
mathematics perhaps provide examples of the latter.) See also [14] and references therein for
more background.

We will prove existence of hydrodynamic limit, that assuming convergence of ugN) as
N — oo we have convergence of ,ugN) for all ¢+ € [0,7]. The common standard quantities
effective for the move-to-front rules are the characteristic curves YéN) defined by

N
1
Y0 =yo+ < / / 1, ™)
‘ N ; se(w.1] Jgeoeo) Vi TR0

(&)
)
XL o.My Vi (68

Y = (yo.70) € [0,1] % [0,T], t 2 19,
and a set of spatial distribution functions ¢™) of ugN) defined by

¢M(dw,y,1) = N (dw x YN (y,1),1]),

6
© v =(yo.t0) € [0,1] X [0,T], t =2 tg, w € W.

The latter is a refinement of the former in the sense that (3) and (6) imply

N(1 -
(7) YéN)(y’ t) =yt L}\I‘UO)] - QO(N)(W’ Y t),
Y= (yO’IO) € [O’ l] X [O’T], t g fo.

Since ™) determines 1", the convergence problem of 1™ is reduced to that of ¢™).

If the intensity densities w € W are independent of y, then ¢'™) is an arithmetic mean
of independent stochastic processes, so that a strong law of large numbers for a sum of
independent processes can be applied to prove existence of almost sure N — oo limit under
reasonable assumptions [5]. In contrast, when the intensity densities depend on y, the problem
is a more involved one of law of large numbers for dependent processes. The case of spatially
varying intensity densities was first studied in [14], where we found the existence of the limit
under restricting assumptions. Firstly, we assumed in [14] that w € W is bounded as well as
the derivative in the first variable. We keep the latter assumption

ow
a—y(y,l)

in the present study, but replace the assumptoin of boundedness of w in [14] by a milder
(and natural, in view of the previous study [5] for simpler cases) assumption (24). This
improvement in the choice of assumption in particular allows Pareto (power law) distributions
for A in (24) (which was excluded in [14]), which may be of interest in applying stochastic
ranking processes to social studies [9, 10]. Secondly, we adopted the total variation norm for
the topology of the space of Borel measures in [14]. This means that, among other points, the
law of large numbers proved in [14] is a cancellation of fluctuations among processes {I/l.<N) }
having the same associated intensity densities w; = w. This assumption is to be compared

< o0

®) Cw = sup sup
weW (y,t)€[0,1]x[0,T]
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with the results in [5], where we proved a corresponding convergence theorem (for the easier
case of spatially constant intensity densities) with topology of the space of Borel measures
induced by weak convergence, which, for example, allows all the w;’s to be different and the
cancellation of fluctuation is still implied. It would be mathematically interesting to see how
this law of large numbers (fluctuation cancellation) mechanism, which escaped from our hands
in [14], would be stable against introduction of the spatial dependence of w € W.

The essential ingredient of the proof of this paper may be summarized as follows:

e Discovery of the point process with last-arrival-time dependent intensity [11, 12].
The hydrodynamic limit turned out to have an expression in terms of probabilities
of the process. This expression was absent in [14], which was a partial cause of a
technical boundedness assumptions on W. The process lack independent increment
properties, which is a remnant of stochastic dependence among the particles through
the position dependence of w € W. This is to be compared with the earlier studies for
position independent w, where the corresponding quantities have explicit formulas
using exponentials of integration of w, related to the probabilities of the Poisson
process [6, 5].

e Discovery of an intermediate model, defined in § 3, which we call the flow driven
stochastic ranking process. The ‘intensity densities’ for the flow driven stochastic
ranking process are involved but without position dependence, hence the distribution
function ¢ for this model is a sum of independent processes, and a standard law of
large numbers has a chance of explaining the fluctuation cancellation mechanism.
(Introduction of an intermediate model resembles a notion of local equilibrium which
appears in the hydrodynamic limit for diffusions. The limit of the stochastic ranking
process is, in terms of fluid dynamics, a one-sided flow with evaporation from upper
stream y = 0 to the down stream y = 1, and the correspondence to diffusion is only
a kind of metaphor.)

Since the stochastic dependence among the particles induced by the move-to-
front rule is handled by introduction of distribution functions ¢, the real challenge
from a viewpoint of mathematical analysis is the stochastic dependence through
position dependence of w € W, which was first studied in [14]. In the reference we
adopted a sophisticated method (than adopted in this paper) based on submartingale
inequalities, which worked well with the restricting assumptions in the reference, and
enabled a relatively quick proof without introducing intermediate models.

e Development and application of a uniform strong complete law of large numbers for
independent monotone function valued random variables.

Since the flow driven stochastic ranking process is stochastically similar to
the stochastic ranking process with position independent intensities, a strong law
of large numbers for independent processes is applicable. Since, however, we later
need to compare this intermediate model with the original model, we apply uniform
convergence results stronger than in earlier works [5], where the law of large numbers
for the independent processes was practically the final goal.
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e Application of a hierarchy of multi time Gronwall type inequalities. The last step
is to prove that the original stochastic ranking process has the same limit with
the (appropriately chosen) flow driven stochastic ranking process. To evaluate the
difference, we couple the two models, and resort to a multi time variable recursive
version of Gronwall type inequality which we develop in § 4.

In [14], we also proved the occurrence of propagation of chaos. Namely, for each integer
L, the tagged particle system

M, iV, vV @)

converges to a limit process uniformly in r € [0,7] as N — oo, if the system of the initial
positions ( yiN), ygN), RN y(LN)) converges, and the components of the limit are independent of
each other. A corresponding result is also proved in this paper.

The plan of the present paper is as follows. In § 2 we state the main results, that the
stochastic ranking process with space-time dependent intensities has a limit characterized by
the point processes with last-arrival-time dependent intensities. For convenience, we will
summarize the definition and relevant results of the point processes in § A.In § 3 we formulate
the flow driven stochastic ranking process and prove the existence of the strong uniform law
of large numbers (the large particle number limit). In § 4 we formulate and prove a hierarchy
of a multi time version of the Gronwall’s inequality, which we use in § 5 to complete a proof
of the main theorem stated in § 2.

Acknowledgements. The author would like to thank Professor Seiichiro Kusuoka, Professor Kazu-
masa Kuwada, and Professor Naoto Miyoshi, for their interest in the present work and for giving the
author opportunities for seminar talks at Okayama University, University of Tokyo, and Tokyo Insti-
tute of Technology, respectively. The author in particular thanks Prof. Kusuoka for discussions and
collaborations.

2. Formulation and the main results. To state the main results precisely, we first
formulate the quantities which appear in the infinite particle limit of the stochastic ranking
process. Denote the sets of initial (r+ = 0) points in the space-time [0, 1] X [0,T], the set of
upper stream boundary (y = 0) points, and their union, the set of initial/boundary points,
respectively by

I, ={0,5)|]0s T},
9) Ii={z0)]0gz<1},
I'=I,Ur;.

For t € [0,T], denote the set of initial/boundary points up to time ¢ by
(10) Ii={(zt) el |thst} =1 U{(0,t0) €[, |0 =19 St}
and the set of admissible pairs of the initial/boundary point y and time ¢ by

(1) Ar ={(y,0) e It x[0,T] | y € I1}.
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Define the set of flows Or on [0, 1] x [0,T] by

Or = {6 : A7 — [0,1] | continuous, 6((yo, 1), %0) = Yo, (yo,10) € I'r,
(12) surjective and non-increasing in y for each ¢,
non-decreasing in ¢ for each y },

where, we define a total order > on the initial/boundary set I by

(13) s<t,z=2y © (0,7)=(0,1) = (0,5) = (0,0) = (z,0) = (y,0) = (1,0).
For example,

(14) 0((1,0),1)=1, te[0,T], O€Or.

For each 6 € Or, w € W, and z € [0, 1], define @y, ;, a non-negative valued continuous
function of (s, ¢) satisfying0 < s <t < T, by

w(6((z,0),1),t), if s=0,
w(6((0,s),t),t), if s>0.

Note that g,y - is independent of z if s > 0. Let § € @r, and put

5) Wo,w,z(s,1) = {

goldw,y.1) = / Pl o002 (1) = o2 (10)  podw  d2),

2€[yo,1]
Y = (yo,t0) € I1, (y,1) € 4,
where g, ; is the point process with last-arrival-time dependent intensity, denoted by N in
§ A, with the ‘intensity density’ w(s, t) in the definition (141) of the process given by Wg .. (s, 1)
of (15), and py is a Borel probability measure on the direct product space W x [0, 1].
The following is proved in [11].

(16)

THEOREM 2.1 ([11, Theorem 9, (89)]). There exists a unique flow yc € Or such that
(17) 0(y,1) =1 —o(W,y,1), v = (yo.10) € I', (y,1) € Ar,
holds for 6 = yc.

In [11] below the theorem it is remarked that there exists u;, taking values in the space
of Borel probability measures on W x [0, 1], such that

Pyc (dw’ (yO’ t())5 t) = lll(dw X [yC((yO’ tO)’ t)? 1]) B
((yo, 10),1) € Ar,

and below Theorem 1 in [11] it is also remarked that u, and yc satisfy

(18)

t
(19) yc(y,t) = yo + / / w(z, s)us(dw x dz) ds .
1y JWx[yc(y,s),1)

Next we state our assumptions on the infinite particle limit N — oo of initial ( = 0)
conditions. We will assume a standard supremum norm on the space of continuous functions
on the closed interval [0, 1] x [0,7], with which we define the weak convergence of Borel
probability measures on W in the standard way [2]. For the initial distribution ,uf)N ) in ),
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we assume the following weak convergence with additional uniform bounds on the order of
convergence to (g in (16):

For any set H ¢ CO(W x [0, 1]; R) of uniformly bounded,
equicontinuous functions, 35 € (0, %), 3C > 0;

(20) (VN € N) (Yh € H) (Vy € [0,1])
_ - o)
[ o dwxdn - [ b wdwx dy)| 1
Wx[y.1] Wx[y.1] N
Denote the marginal distribution of yp on W by 4;
@n A(dw) = po(dw x [0, 1]),
and put
1 N
~N = L
(22) AN = = Z; Sy -
1=

Comparing with (3), we see that ) is the marginal distribution of /,zEN) on W for all #;
(23) AN(dw) = g™ (dw x[0,1]), 1 €[0,7T].

For A we assume
(24) My = [l ddw) < .
w

where, and hereafter, we put

(25) A 1lr = sup |f(z9)].

(z,5)€[0,1]x[0,T]
The assumption (20) implies, with (23) and (21),

(26) AN 5 2, weakly as. N — .

In addition we assume convergence of the average of ||w]|:
27 lim / lwllp AN (dw) = My .
N—oo Jyw

REMARK 2.2. In(20) we assume uniform order of convergence O(N~9), while Ascoli—
Arzela type theorem implies uniform convergence but has no control in general on the order
of convergence.

We are ready to state the main results of this paper.

THEOREM 2.3 (Main Theorem). Under the assumptions (8), (20), (24), and (27), with
probability 1, /,tEN) — U, weakly as N — oo, uniformly in t, where uy is as in (18). Explicitly,
we prove

(28) lim sup
N—0 1e(0,T]

[ M a@wxtya) - [ hwp(do x1y.10] =0, as.
w w

for all y € [0, 1] and bounded continuous function h : W — R.
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Assume in addition that for a positive integer L and y; € [0,1),i = 1,2,...,L,
(29) v =y, N eN, and Jlim y" =y, fori=12,...,L.

Then, with probability 1, the tagged particle system
N N N
OSSR ONIN AL0)

converges as N — oo, uniformly int € [0,T] to a limit (Y1(¢),Ya(¢t),. .., Y.(t)). Here, for each
i=1,2,...,L,Y; is the unique solution to

Yi(t) = yi + / / w(z, s) us(dw x dz) ds
5€(0,t] J(w,z)eWX[Y;(s-).1]
(30) - / / Yi(5=) 1ge(o,w; (v (s-),s)) Vi(déds),
s€(0,t] J£€[0,00)

i=1,2,...,L te[0,T].

Theorem 2.3 implies propagation of chaos for the stochastic ranking processes. For each
N all of {Yi(N)} are random and interact with each other and ,ugN) is also random. However,
the limit g, is deterministic. Furthermore, the randomness of the limit process ¥; of a tagged
particle depends only on its associated Poisson random measure v;, and is independent of Y;
or v; with j #1i.

Incidentally, we proved almost sure convergence for ygN) in (28), while we made no
assumptions on the relation between the set of measures {Vf.N) | i =1,2,...,N} for differ-
ent N. This is stronger than the law of large numbers appearing in the context of random
walks % Zf\i 1 Xi, where each X; is fixed for all N, while (28) corresponds to considering
% Zf\i 1 Xl.(N ), where we assume no relation among Xl.(N) for different N. Such a type of con-
vergence is known for sums of real valued random variables as complete convergence [15, 3, 4].
In this context, (18) is an example of complete convergence for a sequence of measure valued
random variables.

3. Infinite particle limit of flow driven stochastic ranking process.

3.1. Flow driven stochastic ranking process. In this section, we introduce an inter-
mediate model which we use to prove convergence of ,ugN) in Theorem 2.3.

Let {w;}, {ny)}, and {VEN)} be as in the stochastic ranking process (5). Let 6 € O be

a flow, and foreachi = 1,2,...,N, let VEN’H) be a point process of N in (147), with v = vEN)
and w = 1119 wi oy ™) where the last notation is as in (15) with w = w; and z = ny). Define a
system of stochastic processes Yl.(N ’9), i=12,...,N,by
|
(N.0) o\ _ (N) ~(N.0)
oy T 2, Lm R A R AN
j=1 78

- / YN (s N ds), i=1,2,...,N,120.
s€(0,z]

We will call this system, the stochastic ranking process driven by the flow 6.
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The fluctuation of (31) is coupled to those of the stochastic ranking process of (1) via
the set of Poisson random measures {v(N)} Using (144) and (147), we have an expression of

V;N’ ) using v( ). Define a sequence of stopping times, 0 = 7'(1(\)’ 0 < T(II, 0 . -+, by
(N.0) _
Yo =0,
(32) w8 =inf(e > 0 | vV ({(5.6) € @ T]x [0,00) |

0= ¢ 5w (s-),90) >0} k ez,

Tl.(IZ’H) is the time that the particle i in the flow driven stochastic ranking process jumps to the

to’p for the k-th time. Put

N N.O
(N,e)(t)z{(w ).0), 0<t<7‘<1 )

N,0 N,6 N,0
R W I L I SN I

(33)

Using yEN’H)(t), we have an expression

~(N,0) (N)
(34) vt = / / 1 o N0y (dé ds),
! 5e(0,1] Jee[0,00) & 10w 00 (57).52).9)) Vi

and substituting (34) in (31) we further have

N
(N,0) w1
Y. =y, " +—= / / 1.~v.0) (N.6)
t N ; sealgeloe) T O

(35) l.fel() wj(é)(y(N 9 (s=),5-),5)) ] (df ds)

(N,6) (N)
Y (s-)1 (N.0) (d¢ ds),
‘/SE(Ot ‘/feooo) ! £€10,w; (00, (5=),5-).5)) Vi

i=1,2,...,N, t20.
This is to be compared with the (original) stochastic ranking process (1). We see that (35) is
obtained from (1) by replacing Y].(N) (s) appearing as a variable for w; by G(yj(.N’e) (s),s), and
otherwise, by Y (N.6) (5).
3.2. Characterlstlc curve and distribution function. For eachi = 1,2,...,N and
0 £ 1y £ t, define an event Ji( )(to, 1) C Qby

(36) I t0,1) = {w € 2 | 7NV (1)) > 7V (1) ()}
Since 7N is increasing, the complement is
(37) I 0.0 = {w € 21 7" (0(w) = 5" (0)(@)}

On the event Jt.(N’ )(to, t)¢, the contribution of the last term on the right hand side of (31) to
the difference I/l.(N’H)(t) - I/i<N’6)(t()) is 0, hence l/l.<N’6) is non-decreasing in the interval [#, f].
In other words, J;N’H)(to, 1) of (36) is the event that the particle i jumps to the top y = 0 during
(t0,1].
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Define the characteristic curve for the stochastic ranking process driven by the flow 6 by

(N,6) _ 1
(38) YC ((yo,10),1) = yo + ﬁ Z IJ;N,H}(IO’I) s
JelLNT YN Ot0)z 0

for (yo,t0) € [0,1] X [0,T] and ¢ = ty. For example,

(39) YO =1, 12120,

Since NYJ,(N’Q) takes integer values, we can write (38) using (37) as

N(1- 1
(40) Y ((yo, 10), 1) = yo + % . T

N.0 c
N JJ(- Y(t0,1)"
Js Yj( Dro)zyo

where [x] is the largest integer not exceeding x.
We note the following expression corresponding to (5).

LEMMA 3.1. (i) Fort =ty 2 0andO0 < yo £ 1, it holds that
(N.6) IR
YO (o, t0),1) = o + ~ / /
(41) ¢ NJZ::‘ se(to,t] J £€[0,00)
1 1 N)(agds) .

Y522y N (o t0),5-) T €10,y 00N 5-),5),5) Vi
(ii) It holds that
N,0 N,0 N,0
(42) v =¥ OGN, reloT,

where 7<N’9) is as in (33).

i

(N-0) (to

PROOEF. Since on the event J ; 1)¢, the contribution of the last term on the right

hand side of (31) to the difference Yi(N’e)(t) - Yt.<N’9)(t0) disappears, YfN’H)(t) - )/i<N’9)(t0) and
Y@M ). 10).1) - vV (1)

should satisfy the same equation for [#,¢] on Jl.(N’e) (t0,1)¢. This implies (41).
By definition (33), J;N’H)(to, 1) holds if yEN’H)(t) = (yo,tp). Hence (42) follows. O

In analogy to (3), for each positive integer N define a joint empirical distribution of jump
rate and position of particles on W x [0, 1] by

N
.o _ 1 Z

43) My = N L 6(wi,)/i(N’9)(t)) te [O,T] .
i=

When integrated over position, we recover the distribution ™) of jump rates for the (original)
stochastic ranking process (22), independently of # and 6;

(44) 1N (dw x [0,1]) = AN (dw) .
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The initial distribution of pﬁN’H) , found by substituting (31) at# = 0 to (43), coincide with
that of the original model pgN) in (4):
(45) o = wg

A set of spatial distribution functions ¢'V-?) is defined analogously to (6), by a convolution
of (38) and (43);
¢ dw,y.0) = i (dw x ¥ (.0.10),
Y = (yo.10) € [0,1] X [0,T], £ 2 19.

cp(N ’9)(d w,,t) denotes the empirical distribution of jump rates (intensity densities) of those
particles which was in a downstream of yo at time 7y that have not jumped to the top in the
time period (¢, t]. For ¢t = ty we have

(47) N (dw, (yo, 10}, 10) = 1 (dw x [yo, 1), (yo.10) € [0,1] % [0,T] .

©™-9 is a refinement of YéN’H) in the following sense. First, (46) and (43) imply

(46)

N
1
oM dw )= 5 Ly 0 zy-0y.p) Sy (W)
=

Next, Y] ol ’9)(t) 2 YéN’e) (,1t) occurs if and only if the inequality holds at ¢ = 7y and j does not
jump to the top in the interval (fo, 7]. Hence (36) implies

1
(48) N (dw, (yo, 10), 1) = N Z L0 e Ou; (dw).

Js Y}N’e)(lo)éyo

Comparing (48) with (40), we have

(N.6) B INA-yo)l (v
(49) YC (%l) =Yyo+ N ("2 (W,)’,l),
¥ = (yo.t0) € [0,1]1 X [0,T], t 2 19.

The spatial distribution function (p<N ’9)(d w,7,t) is defined for any y = (yo, 1) € [0, 1] X
[0,T] satisfying t = tg, but is particularly important when y € I;. In fact, both for the case
v = (y0,0) € I'; and the case y = (0,19) € I'; we have

1
(p<N’6)(dw, (y(% tO)’ t) = N Z IJ(,N’Q)(t(),t)C 5wj (dw) ’
(50) oV

Ji v
¥ = (yo,t0) € I3, t € [0,T].
Note the conditions of the summation, which is non-random in (50), while is random in
(48). Since J;.N’H)(to, t) is independent of VEN), i # j, (50) implies that o9 (dw, y,t) is an
arithmetic average of independent random variables, if y € I';. With this fact, we restrict the
domain of definition to A7 of (11)in § 3.3.

Yo
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3.3. Convergence of distribution function.

3.3.1. Statement of the theorem. Here we will state a strong law of large numbers for
the spatial distribution function ¢N-?) of the flow driven stochastic ranking process, uniform
in initial point y and time 7.

For a bounded continuous function 2 : W — R, we put

(51) C = sup |h(w)] < o0,

weW
and use a notation
(52) MOy = [ w0y,

w
With (48) we have
1

(53) QO(N’Q)(h’ Y, t) = N Z h(wj) IJ;N’O)(IO,I)C’ Y = (yo’to) .

Js Y_;N’a)(to)iyo

As in (52) we also use a notation

(54) wolhy.1) = /W h(w) go(dw,y.1)
for ¢y in (16).

THEOREM 3.2. Assume (8), (20), (24), and (27). Then for any p > 0O there exists a
positive constant C depending only on p and 6, (and is independent of N, 6, and h,) such that
for any bounded continuous h : W — R,

(N,6) ° C Cip
(55) E sup (¢ ? (h’)/5t)_¢9(h5’y’t) = W’ NEN’
(y,t)edr

holds, where Cy, is as in (51).
Theorem 2.1, Theorem 3.2 with 2 = 1w and 6 = y¢, and (49) imply the following.

COROLLARY 3.3. Under the assumptions of Theorem 3.2, for any p > 0 there exists
a positive constant C depending only on p and 6, such that

(56) E YN (y, 1) = yely,1) N eN.

2p
(y.t)edr N2Po

Among 6 € O, 0 = yc is the only flow that satisfies (56).

We can take p > % in Theorem 3.2, from which we have

2p <C<>0 1

(e8]

E o™ (v, 1) = wa(h,y,1)

sup
N=1 :)edr

which implies

2p
< o

Z sup | (h,y,1) - ga(h,y,1)

N=1.t)edr
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for almost all w € Q. For such w we then have (by continuity and increasing property of
x > x2P for x 2 0),

lim  sup |@™O(h,y,1)— o(h,y,1)
N=eo o 1edr
2p\ 1/(2p)
= ( lim  sup |™P(hy,1) = o(h,y,1) )
N=e oy nyedr
=0,
hence
lim  sup Ny, 1) = @o(h,y,1)| =0, a.e.
N—co (y pyedr

This implies convergence of joint empirical distribution /,tEN’e) to e+, a deterministic dis-

tribution determined by ¢, (h,,t). Similarly, we have convergence of characteristic curves
from Corollary 3.3.

For 6 # yc, the stochastic ranking process driven by the flow 8 converges to a limit with
deterministic distribution, but the resulting trajectories of particles are different from the given
flow 6, due to the uniqueness result of Theorem 2.1. Only when 8 = yc we have the limit
trajectoies equal to the given flow yc.

A proof of Theorem 3.2 is composed of 2 parts. In § 3.3.2 we prove that V- —E[ o(V-0) ]
converges to 0, using a strong uniform law of large numbers in [13]. In § 3.3.3 we prove that
E[ go(N 0) ] converges to gy, using the estimates in [11]. Relevantresults of [11] are summarized
in § A for convenience.

3.3.2. Strong uniform law of large numbers. Here we will prove the following.

PROPOSITION 3.4. Assume (8), (20), (24), and (27). Then for any p and § satisfying

1
57) p>0, 0<5<§,

there exists a positive constant C (independent of N, 6, and h,) such that for any bounded
continuous h: W —- R

(58) E

2p C CZP
QO(N’H)(h’ Y t) - E[ ‘70<N’0)(h’ Y t) ] ]

sup
(y.t)edr

where Cy, is as in (51).
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PROOF. Put h. = (xh) V 0, so that & = h, — h_ decomposes the function % to positive
and negative parts. Applying (48), (11), (10), and triangular inequality in the form

(@a+b)? 'V 1)a?+b9),a20,b20, g>0,

|

we have, with vy = (yo, 7o) € I,

¢ N (h,y, 1) = B[ N9 (h,y,10) ]

E[ sup

((yo-t0),1)edT
1

=E| sup = > (h(wy) = ho(w))

((yo,t0),t)
YJ!N’H)(t())iyo

|

X (IJ;N,9><[0’I)C -E[ IJ;N’Q)(to,l)C )]

1
<4 'vDE| sup 5 Z h(w))
(59) ((yo,t0).1) Y;N,9)<t(]);y(] ,
X (IJJ(.N‘H)(I(),[)C -E[ lJ;N’g)(to,t)<* D ]
1
+ 297y I)E[ sup | Z h_(wj)
((yo,t0),t) Y;N‘H)(to);yo
’ q
X(IJJ('N'H}(IO»I)“ —El IJ,(*N’G)(IO,I)“ D ]
-1 (N) (N) (N) (N)
SQUIVDRY R AR R ),
where

1
(60) R(N) =E sup sup [— Z hi(wi)(ljﬂ’v"’)(o’t)c -E|[ IJ!N’(’)(OJ)C )]

|

q.1, N
ZE[(),T] 0§y0<1 i; y;N)gy[)
and
- a
(N)  _ - . _
D Rq’z’i - E[ tES[%,I;J 0;1021 N i=1 hi(wz)(ljlgzv,m([o’[)c El IJ;NYH)(IO’I)C ) ]

To bound (60) and (61), we refer to the last theorem in [13, §2]. We reproduce the theorem
in a specific form of

(N) _ (N)
Z;(s,0) = q L ()5t

i

M)
in place of ZfN)(s, t) in the reference.

PROPOSITION 3.5 ([13, Theorem 71). Let T > 0, and for each N € N, let v\,
i =1,...,N, be a sequence of independent random variables taking values in a space of
non-negative valued non-decreasing right continuous functions on [0,T] with left limit. Let



SPACE-TIME DEPENDENT STOCHASTIC RANKING PROCESS 373

r >0, and for N € N, let MM > 0 and let aEN) and wEN), i =1,...,N, be non-negative
sequences. Assume that aEN) <MW i=1,...,N, and that

IPLvM(12) > vV (1) 1= P[ v N (s2) > vV(s1) ]

N
<w™(n - si1l" + 10 - 52l").

forOStHH S =Tand0<s1 Ssp = T. ThenforanyéE(O,%)andp>O,

N

1 N N
N Z ag' ) (IVEN)(Z2)>VEN)(I1) Pl VE )(tg) > Vi
i=1

l/p

E[ sup  sup

62 1 €[0,T]) 0=t <ty
(62) MM
< ——2" Vet @r@™)'r + 1)+ 229)14,

N =Nyp,Ng+1,....

Here g = q(p,6) =3V 2122 v p Ny is the smallest integer satisfying qu/(2rq+2r+2) > 2,

o™ = L 25"1 w<N) and C4 = ( (4k)7 + 5 (Sk)")l/" with k the smallest integer greater

than 4 34, (In particular, g and Ny are mdependent of N, MM and o) .)

To bound REIN) in (61), we apply Prop0s1t10n 3.5 with V<N) ~(N’9) and a(N) he(w;).
Note that (152) and (15) with w = w; and z = t. , ) and (25) imply
0.5~ R0 = 5V () ) £ <
ST V; N ew y(m = [|[willT »

(63)

9 (N (N0
0= =P V"0 = 7)1 2 [, 00| < el

Recall (36) and (37). Comparing the left hand side of (62) with the right hand side of (61)

with g = 2p, we see that we can apply Proposition 3.5 to Rgg)z . with

(64) MNM =c,, r=1, w™ = .

l

Proposition 3.5 then implies that for any ¢ € (0, %) and p > 0,

o 2p/q
(63) R, < 07 (cgra®™ + 1) +22) 7, N > 22 ),
N2po
where
46
=q(p,6)=3V v (2p),
q = 4q(p,0) =5 ¥ @)

N
— 1
o = 5 Dl = [ ol 4*aw.

and C, is a positive constant depending only on g.
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Combining (64), (65), and (27), we see that there exists a positive constant C,, s indepen-
dent of N, 6, and h, such that

2p
(66) RV < oS

2p.2.+ = N2pSs N eN.

To bound REZNI) L, in (60), we first note that

(N)
Rq,l,i
N 1 q
< ZE[ sup |— Z he(wi) (1,000 e =Bl 1006 e 1) ]
(67) j=1 t€[0,T] i Ny}N);j—l i i
N 1' q
< E| sup sup |— he(w;) (1,v.0) . —E[ 1,w~v.0 )] ]
Z [ t€[0,T] 0=sto<t N Z A (t0.1) Ji (t0.2)

i Ny,!N)Zj—l

f.N) = VEN’H) and

Comparing (67) with (61), we see that we can apply Proposition 3.5 with v

(N) _
a; = ha(w;) IN yEN)zj—l s

and (64), to the j-th term of the summation in the right hand side of (67), in a similar way
as we did to Rg,\»l,)z, .- Using monotonicity of LP norms with respect to p before applying

Proposition 3.5, we have, for g = 2p and ¢’ € (0, %),

CZO )217/ q0

(1 2.6
R RZp q q[)/ ]
2]7,1,1: < / °<

= Tqo.l,x = N2rd'-2p/qo s NeN,

in place of (66). (The extra factor N compared to (66) is from the summation with respect to
J in (67).) Now choose 6" and gy to satisfy 6 < &’ < % and 0 < % < ¢’ —¢tofind

C , C20)2p /40

2p/ ( q0/2,6" “p

(68) Rop1: SR < N , NeN.

Proposition 3.4 finally follows from (59), (68), and (66). O

3.3.3. Convergence of expectation. Here we complete a proof of Theorem 3.2.

LEMMA 3.6. Assume (27). Then, if h : W — R is bounded and continuous,

(©9) Jim [ ) ol %) = [ 1w ol A,
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PROOF. Note first that for M > 0
(70) a=@AM)+(a—- M),

holds. Since w + ||w||t A M is bounded and continuous, (26) (weak convergence) implies

tim [ ) (lutly A ) A% w) = [ ) (lully A 80 Adw).
N—>co w w
1)
tim [ ol A M 2% aw) = [ ol A b 2G0),
N—>c W W
which, with convergence of expectation in (27), further implies

(72) dim /W (lwliy = M) AN (dw) = /W (lwllr = M); A(dw).

On the other hand, dominated convergence theorem, 0 = (||w|lt — M)+ £ ||w|lT, and (24)
imply

tim [ (ully = M).dw) 0.
M—c w

Hence, for any & > 0 there exists M > 0 such that / (lw|lp — M)+A(dw) < &. This and (72)
w
further imply that there exists No > 0 such that

/ (lwllp — M)s AN (dw) < 2&, N2 Ny.
w

Put C = sup,, oy |#(w)| < oo. Then

’ / h(w) iy AN (dw) - / h(w) lwlly A(dw)
w w

IA

/ h(w) (lwllz A M) AN (dw) - / h(w) (lwllx A M) Adw)
1'% w

+

c /W (lwlly = M), A™(dw) + /W (lwlly - M), A(dw)

IA

/ h(w) (lwllz A M) AN (dw) - / h(w) (lwllx A M) A(dw)| + 3Ce.
w w
This and (71) imply

Tim | /W h(w) iy AN (dw) - /W h(w) llwlls Adw)]| < 3Ce.

Since the left hand side is independent of N, M, and &, it must be 0. O
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PROOF OF THEOREM 3.2. Leth: W — R be a bounded continuous function, and put
Ch = sup yew|h(w)| as in (51). Proposition 3.4 implies that to prove Theorem 3.2, it suffices
to prove

CcC
(73) sup [E[ ¢ (h,y,1) ] - @o(h,y,1) gN—;“, NeN,

(y,t)edr

for C depending only on p and ¢ (independent of N, 6, and h).

Comparing the definition of VEN’H) given above (31) with that of ¥y 4, . given below (16),
we see that VEN’H) and v,
(53), we have, for ¢t = 1y,

N have identical distribution. Therefore, using (37) and (4) in

Wi Y;

74)  E[¢™O(h,(yo,10),1) ] = /W - h(w) P[ Tg,u,2(1) = Vo2 (t0) 1 (dw x dz).
X[yo,

Lety = (yo,%0) € I" and (y,1) € Ar. (74) and (16) imply
E[ oM (h,y,1) ] — @g(h,y,1)
= (W) Pl To,u,2(1) = To.,2(10) 1 (1 (dw x dz) — po(dw X dz)).

Wx[yo,1]

Hence,

3 E[ @™ (h,y.1) ] = @o(h,y.1)|

vt edr
(75) 7 (N)

s s @ x d) -l x da)
((yo,t0),t)edT | WX[yo,1]

where
(76) Big, 1 (W, 2) = h(w) P[ Vg, (1) = Vo,w.2(t0) 1.

Choose the set H in (20) as the set of the functions fz,o,, in (76):
(77) H={hy,: Wx[0,1] > R|0Z1tp<t<T}.

Uniform boundedness of the functions in H is obvious. If we prove that H is also equicontin-
uous, then by the assumption of Theorem 3.2 the consequence of (20) holds, which implies

- C
sup sup | [ w2 o x d2) = ol x d2) 5 S
yo€l0,1] 0<to<t <T|J W[50, 1] N
N eN.

Applying this estimate to (75), we have (73), which proves Theorem 3.2.

We are left with proving equicontinuity of H.

First, for (w,z) € W x [0, 1] and Wy 4, as in (15) (i.e., the ‘intensity density’ for ¥y 4 ),
and0 = s <t =T,put

t t
(78) Qg,w,z(s,t)zf Wo,w,z(s,u) du and Qw(s,t)zf w(l,u)du.
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Then (8) and a mean value theorem imply

(79) w(l’t)_CW é lDH,w,Z(s’t) é w(l,t)+CW,
and
(80) e—gw(S,l)—CW ([—S) é e—Qg,w’z(S,l) é e—Qw(A‘,Z)+CW ([—S)'

Note also an elementary formula in [11, (53)]

k k
1 N
81) Ji [ T dus - = —( Ji f(v)dv) ,
0Sur S S---Suy Ss k1 \Jo

1
valid for any integrable function f : R > R, s 20,and k = 1,2,....
A proof of equicontinuity of H now goes in a similar way as that of [11, Lemma 12].
Applying (151) to (76), we have

.2 = hiw) Y [

k=0 ¥ 0=k <Uk -1 <Ug-2<--<u]<up<ty
k-1
X e~ Zf:_ol QH,w,z(“i-#laui)_gﬁ,w,z(u(]at) (l_[ U~)0,w,z(”i+1’ui) dut .
i=0
Using (79), (80), and (78) to (82), while noting that (15) implies that g 4, (s, ) and Qg - (s, 1)
is independent of z if s > 0, we have

Pyt (W, 2) = hyg e (w, 2)| < T1(2,2)) + T12(2,2),

(82)

where
111(2 Z/) - Che_gw<0’t)+CWt Z
&
k=1 O=:up <up -1 <up_p<---<uy<uog<ty
k-2
X (n(w(l,ui) + Cw)dui)
i=0
X |Wo,w,z (0, uk-1) = Wo,w,z (0, ug—1)|duk—1,
and
Iia(z2,7) = Cu Z/ o~ Qu(tk1.0)+Cw (-1 1)
9
k>0 O=:up <up—1 <up_2<---<u1<ug <ty

k-1
x (]_[(w(l,ui) + cw)dui)
i=0
% |e_99,w,z’<0auk71) _ e_ge,w,z(o’uk—l)lduk_l .

Using (15), (8), (81), and (78), we have
- o
111(z,2) £ CpCyye™CulioD+Cw +10) / 16((z,0),v) — 6((z,0),v)|dv
0

T
< ChCy T / 16((/.0), )  6((z,0),v)|do.
0
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Using in addition

|e—x’ _ e—xl — e—(x’/\x) _ e—(x/\/x) — e—(x’/\x) (1 _ e—\x/—x|)

(83)

< e—(x//\x)|x/ _ x| < e—xe\x/—x\lx/ _ x| ,
which follows from |x” — x| = (x" Vx) — (x" A x) 2 x — (x A x), we similarly have
~ fo
I2(z,2') S CuCy e Qw0+ Cw i) / 16((z",0),v) = 6((z,0),v)|dv
0
x eCW /(]t[) 16((z’,0),v)-6((z,0),v) |dv
T
< CpCwe* T / 16((z',0),v) - 6((z,0),v)|dv
0
% CW Jy 10(Z,0),0)-0((z,0),0)ldv

Since the right hand sides of the bounds for /;; and 7, are uniform in fy and ¢, these prove
equicontinuity in the variable z € [0, 1] of functions £y, ;(w, z) in H.
In a similar way as the proof of equicontinuity with respect to z, we have

gy (W, 2) = By 1 (w, 2)] £ Dy(w,w’) + Ip(w, w),

where
Li(w,w’) = Cy Z
=0 O=:up <up—1 <up_2<---<u1<uo<ty
k-1
X e X — =X (ﬂ(w'(l,ui) + Cw)du; |dug-1 ,
i=0
with
k-1
X(w) = Z Qe,w,z(qu, Mi) + QG,w,z(”O’I),
i=0
and

122(111, w’) = Che_gwm’f)*'cwt Z

k>1 O=:up <up -1 <up_p<---<u1<ug=<toy

k-1 k-1 k-1
1_[ Do, w2 (Uis1, i) — 1_[ Do, w,z (Ui+1, i) 1_[ du; .
i=0 i=0 i=0

X

Note that (78) with (25) implies
126,02 (,0) = Qo0 - (,0)| < v —wlr(0-u), 0SusT.
Using this, (83), and (81) in I;(w, w”), we further have

by(w,w’) < Che—f}w(O,tHth e”w’ —w||rt lw’ - w||Tl‘€Q""(0’m)+CWt0
b =

’
< CheZCWT e||w - lU”TT ”w/ _ LU”TT
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With a similar argument, we also have

k-1

Ip(w,w') £ Cpe~ 2w O0+Cwr Z Z

k=1 j=0 O=:uy <up_| <uj_p<---<uy<ug=ty

j-1
X (1_[ @e,w',z(um,ui)) |Dg, w2 (Ujr1,15) — Do, w7 (Ujs1,1j)]

i=0
k-1 k-1

X ( 1_[ lf)e,w,z(um,ui)) 1_[ du;
i=j+1 i=0

~ o ~
< Che—Qw(O,t)+th lw’ - w”T/ 22w (0.0)+Cw v,y (v.10)+Cw (t10-0) 4,

é Che—.Q,,,(O,t)+th ||w/ _ w”T

- 1 - - N
X (e.Qw(O,lo)tO + / 0 e.Qw/(O,v) |e.Qw/(v,l0) _ eQw(v,to)| dU
0
!
< G2 |lw' —wllp T (1 + W =Wl Ty — )i 7).

Since the right hand sides of the bounds for I5; and I»; are uniform in fy and ¢, these prove
equicontinuity of Hinw € W.
This completes a proof of equicontinuity of H, hence a proof of Theorem 3.2. O

4. Hierarchy of multi time Gronwall inequality. The following is a simple form of
Gronwall’s inequality.
PROPOSITION 4.1. LetT be a positive constant, and a and ¢ be non-negative constants.

If x . [0,T] — R is an integrable function, satisfying

t
x(t) £ a+c/ x(s)ds, te€][0,T],
0
then
(84) X0 gae, 1€[0T],

holds.

The following is a generalization of Proposition 4.1 to functions of more than 1 variables,
where the case g = 1 is Proposition 4.1.

PROPOSITION 4.2. Let T be a positive constant, q a positive integer, and a and c
non-negative constants. If x : [0,T]9 — R is an integrable function of q variables, satisfying

q

x(ty,. . .,tq) < aec(t1+...+tq)l Ze_cti
73

q ti
C
+52/ (x(t1s. . s t)=u) du, (11, .,15) € [0,T]9,
i=1 70
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then
(85) x(ty,. ..o tg) S aef T D (1, 1) € [0,T]9,
holds.

To prove Proposition 4.2, we start with the homogeneous case.

PROPOSITION 4.3. Let T be a positive constant, q a positive integer, and ¢ a non-
negative constant. If x : [0,T]? — R is an integrable function of q variables, satisfying

q t;
(86) (11, 1g) ch/O (x(t1s - - s tg)l=s) ds, (11,....1q) €[0,T17,
i=1

then
87) x(t,...,tq) £0, (11,...,14) €[0,T]9,
holds.
To prove Proposition 4.3, we introduce a notation
(Aiky)(tn,. ... 1q)
(88) _ ﬁ /Ot"(z,- — S (.t ds, k=123,

y(tl,. . .,tq) (i.e., Ai,() = id), k = 0,

for integrable function y : [0,7]? — R in g variables and i = 1,...,q. Ajx, k € Zy, i =
1,2,...,q, are commutative operators on the set of integrable functions. In fact, commutativity
is obvious for k = 0, and by induction in k we have

(89) AikAie = AT = Avje = AicAik
and Fubini’s theorem implies for k¢ > 0 and i # j

(Ai’kAj,fy)(tl’ ] tq)

— ## " Y Y 2|
= Do) /0 ds ‘/0 du(t; — s)
X ((lj - M)f_l (y(t,. .. ’tq))lt_,:u) |t,—=s

= (AJ"[Ai’k y)(tl, ey lq) ,

which prove
(90) AikAje=Aj Ak, ke€Zy, i, je{l,....q}.
LEMMA 4.4. Under the assumptions of Proposition 4.3,

O (et SN Y (A Agoikg o ALk X0, tg), N € Z

holds.
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PROOF. The case N = 1 of (91) is the assumption (86) itself. Assume that (91) holds
for some N. Substituting (86) in (91), and noting that sums, integrations, and multiplication
of non-negative reals have monotonicity, we have

x(ty,. ..t ) < N+l Z Z (Aq,kq Aq—l,kq_1 s Ap g A,-,lx)(tl, .. ,l‘q) .

Using (89) in the form A, x; Ai;1 = Ai k,+1, we have (91) for N replaced by N + 1. O

PROOF OF PROPOSITION 4.3. For notational simplicity, put 7 = (t1,...,t4) in this
proof. The operator A; i in (88) satisfies

k

sup y(7), 7 €[0,T],
7 €[0,T]4

G EE

for a integrable function y, hence (91) implies
(92) x(F)scN Z ]_[ L sup x(7), 7 e[0,T]4, NeN.
(ks kg)ezd; i= kit T el0,T)4

ky+tkg=N

For an arbitrary e >0,let _t>0 = (f0,1,. . .,%0,4) € [0,T]9 be a vector (independent of N) such
thatx( to) 2 sup- ?e[0.T] x( t') — € holds. Put

Then (92) implies

—> —> —>
sup x(t)=x(to)+e<any sup x(1)+eg,
Te[0,T]9 Te[0,T]9

hence

sup x(7)(1-ay)<e

T el0,T]a
holds. We see
o0 oo q
cli .
Sess 31 e
N=0 N=0 (kq,..., kq)e”q_ i= i=1
ky+-tkg=
so that, in particular, limy_,« ay = 0, which implies 1 —ay = for large N. Hence

sup x( t) £ 2e,
Te[0,T]9

which proves (87). i
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PROOF OF PROPOSITION 4.2. Note that
(93) XI(SI,..,,S(I) :aeC(s1+...+Sq)
satisfies

Si
x1(S1,...,8¢) = e ixi(s1,...,8) + c/ (x1(s1, -+ -5 S¢)|si=u) du,
0
(51,-..,8¢) €[0,7]%,i=1,2,...,q

(94)
Subtracting x1(s1,. . ., S¢) from (85), and then using (94), we have

a4 e
C i
Xt tg) = x1(th,. . 1g) S = Z/ (X111 1g) = x1(t1s -+ T s ds
q9:=Jo
(tl, ceey tq) € [0’ T]q 1)
which, with Proposition 4.3 and (93) implies (85). O

Finally, we give a result to be used in the proof of the main theorem in § 5 which contains
recursion with respect to the number of variables ¢ and a nonlinear term.

THEOREM 4.5. Let T be a positive constant, d be a non-negative constant satisfying
d £ 1, and for each positive integer q let ay, by, and c, be non-negative constants. Assume
that, for a series of non-negative valued integrable functions x4 : [0,T]? — [0,00), g € Z,,
x0=1,

q

Xg(t1s. . tg) £ anxq TG IO N U

i=

(95) +b qu NC TN

+cq2/ (g1, 1g)lry=s) s,
(ti,...,tg) €[0,T]?, g€N,

hold. Here, for a function x4_1 in q — 1 variables and q — 1 variables

tl,tZ’- . ~7ti—l,tl'+l" . '9tq’

we wrote
.X:q_](tl, e ?/i’ R ’tl]) = xq—l(tl, e 9ti—l9ti+l’ e ’tl]) .
Put
¢, = max kcp, g €N,
97 12k=q 1
and define a sequence of non-negative constants g4, q = 0,1,2, ..., recursively by

g0=1, g4=q(agge+bs94-1), g €N.
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Then
(96) Xg(t1, .. tg) S ggefa O Fa) gy 1,) €[0,T]9, geN,
holds.

|
PROOF. Ifg =1, (95)reads xi(t;) < (a; + b1) + ¢ / x1(s) ds, hence Proposition 4.1
0

implies x;(t;) < g1e“'"', which proves (96) for ¢ = 1.
Let g 2 2 and assume that (96) holds for x,_1 , as
xq—l(tl, o tq—l) < gq_leéq-l(t1+...+tq_1) )

This and (95) for x, and d < 1 imply
d g1 € LA
Xq(51s- - 254) £ @aqgl +bggq-1) €t )= N g s
q q 99g-1 7 Y99q qz

=1
l q Si '
+qcg— Z/ (xg (81525 8g)|s;=u) du,
9= J0

which, with Proposition 4.2, implies (96) for x,. ]

5. Proof of the main theorem.

5.1. Convergence of the spatial distribution function. Here we will prove the es-
sential part of the infinite particle limit, the convergence of spatial distribution function.

In analogy to (36), define, foreachi = 1,2,...,NandO0 S fp <+ T and0 = yy £ 1,

©7) I (10,1 = {w € 2| 7V ()W) > 7V (t0) ()}

By similar arguments as for (48) and (38), ©"™ in (6) and YéN) in (7) respectively satisfies

1
(98) e (dw, (yo.10).1) = > 1 Sy (@),
Js Y_;N)(It))i Yo
and
1
N
(99) ool =y D L,
Js Y;N)(to)Zyo

PROPOSITION 5.1. Assume (8), (20), (24), and (27). Then there exists 6’ > 0 and
an integer po satisfying 2pod’ > 1, such that for any integer p 2 po there exists a positive
constant C depending only on p and ¢’, (independent of N and h,) such that for any bounded
continuous h: W — R

2p C CZP
(100) E sup ‘P<N)(h’% t)_ ‘Pyc(h,%t) ] é W 5 N e N’
(y.t)edr
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holds, where Cy, is as in (51).
Note that (7) and (17) with 6 = y¢c imply

10,0 - yetrn = TNyt g Wy -,y

Applying (a + b)*P < 2°P71(a*” + b*P), valid for a,b > 0 and 2p > 1, Proposition 5.1 with
h(w) = 1, w € W, therefore implies
(101) E

sup , NeN,

2p ] 22p—lc 22[7—1
(y,t)edr

e
= NZ2p¢’ N2p

Y (y,0) - ye(r.1)

with the assumptions and notations of the theorem.
5.1.1. Coupling of the original and the flow driven model. In view of Theorem 3.2,
it suffices to prove the following for Proposition 5.1 to hold.

PROPOSITION 5.2. Assume (8), (20), (24), and (27), and let 6 be as in (20). Then there
exists 6’ > 0 and an integer pg satisfying 2pod’ > 1, such that for any integer p = po there
exists a positive constant C, (independent of N and h,) such that for any bounded continuous
h: W—->R

2p C C2P
(102) E[ sup ™M (h,y,1) — NV (h,y, 1) } < —L, NeN,
((yo-t0),t)edT N<P
where Cy, is as in (51).
Fort € [0,T]andi € {1,2,...,N}, put
(103) oy (1) = wi (YN (1=),0 A wilye NP =), 0,1),
and
(104) 5™(0) = w (v (1-).0) V wilye MO 1=)0,1),

and denote the event that the i-th particle Yl.(N) (s) of (1) and Yi(N’yC) (s) of (35) jump to top at
same times in the interval (¢, ¢] by

(105 KV (to.1) = {w € 2 |V ({(5,6) | B (5) < £ < B (9), s € (10,11 }) = 0},

A

The definitions (98) and (53) of ¢'™ and ™*?) are defined for (yo, 7o) € [0, 1] x [0,z].
Note that if we restrict (yo, %) to the initial/boundary points I'; of (10), then the summation

over j in these definitions are equivalent to the summation over j satisfying yJ(.N) 2 yo. In

particular, the summations are deterministic and same for both go(N ) and cp(N ’9), if (yo,t0) € I;.
This is because (yo, ty) € I implies yo = 0 or #p = 0, by (10), and if yg = 0 then the condition
YJ.<N ) (to) = yo (or Yj(N ’9)(t0) = yo) in (98) ((53), respectively), implies summation over all j,
while if 7o = O then (1) and (31) imply YJ<N )(to) = YJ.<N’6)(t0) = yJ(.N). This proves that for all
the cases of go(N ) and 4,0<N 9 with (yo,19) € I'; the summation over j are equivalent to the the
summation over j satisfying y;.N) Z Yo.
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Fix a bounded continuous function & : W — R, and let C;, be as in (51). Using the
definitions (98) and (53), put

A6 My, 1) = @™ (h,y,0) = ¢ N0 (h,y,1)
_ 1
(106) =N > PPy gy e = L0 )

(NS
Jiy; 2y
= (yo,20) € I, t € [0, T].

Then (105) and (51) imply,

N
Cy
(N) Zh -
4N (.0l < = Zl Lig¥ e ¥ = Woot0) €11, 1 €[0.T].
j:
The monotonicity of ‘KJ(.N)(IO, 1)¢ with respect to ¢ and 7y further implies

N
Ch
(107) sup |A(p<N)()/,t)| <= Lo .

(y.)edr N%%M(Mv

Proof of Proposition 5.2 therefore reduces to evaluation of the event 7(f.N)(0, T).
5.1.2. Event with different jumps to top. As an analog of (32), define a sequence of

stopping times, 0 = T<1(\)j) < TZ(IY ) <---,by
-0
(108) fkll inf{r > 7% | vV ({(5.8) € @Y. T]x[0,00) |

0s¢s w,<Y,.<N>(s -)$)}) >0} k €Z,.

“Z is the time that the particle i in the (original) stochastic ranking process jumps to the top

for the k-th time. A corresponding analog of (33) is
(y(N) 0), 0=sr< T(N)
OE { !

(109)

N N N
(04’) ﬁQ<r<ﬁ;P k=12....

A property corresponding to (42) then is
(110) M@=y oM. relor],

which can be proved in a similar way as a proof of (42) in Lemma 3.1. This decomposition
in particular decomposes the dependence as random variables; if we temporarily denote by
X € ¥, a fact that a random variable X : Q — R is F-measurable, and denote by o[Z] a
sigma algebra generated by a random variable Z, we have

Y& (o, 10).1) € o[04 1 YV (19) > wo}],

(111)
YW et At |k eN}.



386 T. HATTORI

Define an analog of the stopping times (108) using (103) by

(N)
t/\ 0 0’
112 0 =inf{e > vV {En 10BN (s), 05 <)) >0},
k eN,

and denote by al.(N) , the time that the particle pair with label i of the original model and the
flow driven model have different jumps to the top for the first time;

(113) cM(w) = inf{t € [0,T]| 0 e KV (0,1)}, weQ.
The definition implies
(114) (’IZ) < O'(N) = Tl(l/\\,)k — Tl(IZ) ;’IZ’yC),

where TffZ’yC) is defined in (32), with 8 = yc¢ . Indepndence of VEN) (A) and VEN)(B) for the
exclusive events A and B implies
(115) (N lkezy L o™,
Using (104), (103), (8),and a V b = |a — b| + a A b, we have
(&) eR* [0 (s) <€ < dN(s). 0 <5 <1}

c{&s)erR? [0 e-a(s) < wlr™(s) - ye (M r(s). ),

O0<s=1}
(116) ” (N) (N) (N.yc)
c [ Jies er 0 e-aN(s) < cwlr™s) - ye iV s),9),
k=1
tA t(/\)k | <8 <l‘/\T<N)

Note that for each i

(N)

(™)
ik-1 :

Y(N)(T(N) ) = Y<N yc)(T(N) )= <o

i ko1 0, onr.

Note also that the definition (113) implies {w € Q | O'EN)(a)) > s} = ‘KfN)(O, s). Hence,
(110), (42), (99), and (38) imply, with similar arguments for deriving (107) from (105),

N, N,
YN (s) - y™Nr(s)) = |Y<N)<¢N)<s>,s>—y< 1)y M), )|

E(I(J(N)(T(Nk)l )< - l(J(N)( l(Nk_le) ))c)
J#i

on ‘Ki(N)(O, s), Tl.(’IZil <s< Tl.(’IZ) .
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This with (116) then implies
KN(0,0)° € U ({w e 1vM({(s,£) 10— (s)

N, N,
éCwlYl-< 1)(s) = ye(y N1 (s), 9)]

(117) Z Ligm ) e

J#

(N) (N)
TAT g <82 t/\‘rl.’/\’k}) >0}

0]

5.1.3. Application of Gronwall hierarchy. For ¢ = 1,2,...,N and #; € [0,T],i =
I,...,q,put

(N)
(118) Xg 'ty itg) = max
g ( ) .

q
l_[ L) 0,1 ¢
a=1

(106), (107), and (118) imply that to prove Proposition 5.2, it suffices to find §* > 0 and
integer pg satisfying 2po6’ > 1, such that for any integer p = po,

2p
1 N! (N) C
Vb Z md(zp, DX '(T.....T) £ =35

for some C > 0 independent of N. Here, d(r,q) is the number of surjections from a finite set
of size r to a set of size g, which is determined inductively by

(119)

q-1 '
(120) dr.)) =1, and d(r.q) = ¢" = ) = ——d(r.g = k). g = 2.3.....7
Ziki(g - bl

Fix g and {i1,...,i,} in the right hand side of (118). Leta € {1,. .., g} be the suffix such

that yfiv) is the smallest among yEIN), R y( ) and put iy = i,. At times Tt(Nk) , k € Z,, the

particle iy is at the top position, namely, for i la, # 1,

M E@N) =0 <yM M) k=12,

i,k io,k”’
(N) (N) (N) (N) (N) _ (N) (N)
t() (Tlo 0) - Ylo 0)= io < Yia (Tlo 0)

Hence up to the first jump to the top, each Yli, )(t) with i, # ip is independent of v;,. Therefore,

q
l_[ Ly 0,14)¢
a=1

[T 20, PLOG o) g, ok Uz 1T |,

=E

10

a; g #ip
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where P[ - | {v;, j #ip}U {T(N) 1 denotes conditional probability conditioned on the sigma
algebra generated by v;, j # ip, and T A > k € N. This with (115), (114), (117), and

P[v(A)>0]=1-¢ <4

for a unit Poisson random measure v, further leads to

q
[ Ly)0, )¢

a=1
=gl [] L™ 0.1 )¢ Z L0, 10ne™) )
a; lg #ip
(N)
t(]/\Ti Ak
0 N, N,
x ( [ i) - s 0.9 ds
AT Ak-1
AT 1(0 l k CW
+/ (N) ZI‘KW)(&)/\T(N) ,8)¢ ds )
t(]ATx ALk—1 J#io 4
(121) N
< Cw
= N ZE 1_[ 1 (KN (0,10 ))¢ Zlvd’“(o AT )
j=1 @; ig#lo
/t[’/\'ﬁ(o l k
X 1.7 (N) . ds
l()/\T,( ikl ’K( (lo/\T, k1S )
+ CwE 1_[ 1<7<<N)<0 1)) Z I(K“\”(o to/\T,(Ni )
a; g #ip 0
DTN (N (N.yc)
[ ) -y ) ds
"’AT;O Ak—1

Using LK<N)<0 t)/\'r(N) e <1and 17<<N)(t AT:N{ L) <1 ‘K< (0.5-)¢ we see that for i, j =
1,2,...,N,

V)

N z k t
(122) Zlvd’“(o m#’{)l)/ ) AN AN s ds é‘/o Ly 0,5 ye ds.
k21 Ti k-1 h

Substituting (122) in the first term of the right hand side of (121), and bounding the char-
acteristic function on the right hand side by 1 for j € {i1,...,ig} \ {io}, and bounding the
characteristic function for iy also by 1 in the second term of the right hand side of (121), we
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have

Cwl(g-1) ¥
X0 ntg) £ === 3 XNt g)

ip=1

+CWZ/ (N)(t S,...,tg)ds

= 1

(123) t’[)
+C max /
v {it,-ig Y {l,....N'}

[ 150, 000 1%s)

la#1o

N,
~ycj Y s)9)]

Here, X{g;(rl,. . > fip» - - - » 1g) is the function in (118) with g replaced by g — 1 and with g — 1

variables obtained by excluding #;, from 7y, . . .,,, and the variables for Xq (V) (TR |
isty,...,ty with t;; replaced by s. Applying Holder s inequality in the form
ELIX Y| ] < EL|xPP/Cr=D ) -CP gLy 1)
to the last term in the right hand side of (123), and using (42) and (56), we have
N CwT(g—-1) N
X5</ )(tl""’tq) é N ZX< )(tl’ -,/i[)"--,tq)
+ Cw Z / X(N)(tl,.. S, tg)ds
ip=1
CwTC _
+ N Z(X<N)(tl9"'?/i09"'9tq))(2p l>/<2p)9
l() 1
qg=12,...,
(N) _
X, =1.
O

Applying Theorem 4.5, witha, = Cw TCN =%, b, = CwT(qg—1)N~!, ¢y = Cw,d = 1-(2p)7",
we have
X,(IN)(tl,...,tq) < gqquCWT, €[0,T],i=1,...,q9, q €N,

(124) -6, d -1
go=1, 94 =qCwT(CN™°g,_; +(q—1)N""gq-1), g €N.

For large N we have g,_1 < 1, hence with d < 1, we further have gj_l > g4-1, and also with
0 < 6 < 1 forlarge N we have N~% > (¢ — 1)N~!, so that

g S qCwTgl [N°(C+1), geN.
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By induction in ¢,

1
<g! q q
dq £ q(CwT Vv 1)I(C+1) N2 D)’ qeN.
Since 1 — (1 — ﬁ)q is decreasing in g, we therefore have
1

XM, 1g) £ gUCWT vV 1)4(C + 1)4e7EWT

b}

(125) N2p6(1-(1-(2p) 1 7P)

qg=12,...,p.

Choose ¢’ to be any positive constant satisfying

O<6’<(l—l)6.
e

Since lim (1 — ZL)Z” = ¢~ < 1, there exists an integer po > % such that
p— P

1)\
5/<(1—(1——) )5, p=po, po+1,....
2p

With (125) we arrive at

2
XM (1, . 19) £ gUCwT v 1)U(C + 1)7e4 W e 4= 1.2...2p,
for p = po,po + 1,. ... Since #’_W < 1\;—‘,' < Nq—zp , this proves (119).
This completes a proof of Proposition 5.2, and therefore, of Proposition 5.1. O

5.2. Proofof Theorem2.3. Lety € [0,1]andlets: W — Rbeabounded continuous
function with C;, > 0 as in (51). For the flow yc € @7 in Theorem 2.1, the definition of @7 in
(12) implies that for each t € [0,T], I > ¥ — yc(y.t) € [0, 1] is surjective. Therefore there
exists y; : [0,1] — I such that

(126) yc(vi(y),) =y, yel01].
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We then have, using (18), (54), (126), (6), (17), (51), (3), and (126) in turn,

/ h(w)e™ (dw x [y, 1]) - / h(w)uz(de[y,I])’
w 1'%

= ’ / h(w)d™M (dw x [y, 1]) = @y (b, y:(y), 1)

w
é Sup |‘P<N)(h’% t) - ‘Pyc(h, Y, t)|
vely

+ / h(w) ™ (dw x [4,1]) - / By ™ (dw x YN ()00, 1)
w w

< sup 6™ (h,y,0) = @y (hy, D] + Culy = Y (i (), 1)
YEI;
< sup 6™ (h,y,1) = @y (h v, D] + Culye () 1) = Y (e (), 1)
YELt
N
é Sup |‘P(N)(h’% t) - ‘Pyc(h, Y, t)| + Ch Sup |yC(7’ t) - Yé‘ )(7’ t)l .
vel; vel;

Proposition 5.1 and (101) then imply

E| sup

t€[0,T]

C a4+ 221 C .\ 2%r-1c,
= N2p&’ N2p

/ h(w)™ (dw x [y 1]) - / () (dw [y, 1])
w w

.

where the constants in the right hand side is as in Proposition 5.1. Since 2pé” > 1, we see that

(127)

, NeN,

(e8]

Z sup
N=1t€l0,T]

2p
E

< 00

>

/ h(w)a™ (dw x [y, 1]) - / h(w)par(dw x [y, 1])
w w

hence, in particular, we have, as in the argument below Corollary 3.3 for Theorem 3.2,

(128) lim sup
N—=00 0,77

=0,

/ h(w)a™ (dw x [y, 1]) - / h(w)par(dw x [5,1])
w 1'%

with probability 1, which proves (28).
Next we prove uniform almost sure convergence of Yl.(N) toY; fori =1,2,...,L. As an
analogy to (32) and (33), define

7i0=0,
(129) Tik+1 = inf{t > 71 | vi({(s,€) € (i, T] X [0,00) |
0= € 2wi(Yi(s—),5)}) >0}, keZy,
and
n_ JWi0), 0st<mn,
(130) vilt) = {(O,Ti,k)’ Tik St<Tike1, k=12,....

Comparing (19) and (30), we have, with similar argument for (42),

(131) Yi(1) = yeyi(o).1), 1t €[0,T].
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Quantities corresponding to (103), (104), (105), and (113) are
N (1) = wi @™ (1-).0) A wi(¥i(t-),0),1),

iA
D (1) = wi N (=)0 v wi (Yi(1-),0).1),
KV 0.1) = {w € 2 [ vil{(s,8) | 8)(5) < & < b)) (5), s € (0,1]}) = 0},
™ = inf{t € [0,T] | K™ (0,1)} .
A proof now proceeds with argument similar to that in § 5.1.2. An argument similar to
that for (116) leads to a bound

7%1{1\’)(0, %
(132) c{we Q| v({(& 10— (s) < CwlrM(s) - Ki(s)l,
s €(0,t]}) > 0}.

Since v; is a Poisson random measure, it holds with probability 1 that v;(A) < oo for a Borel
set A C [0,T] x [0, o0) of finite area. Hence for almost all w € Q there exists € = &(w) > 0
such that

(133) vil{(,6) 10 -0V (s) e, s€(0,]1})=0.

WA

On the other hand, applying the argument from (127) to (128), (101) implies

(134) im sup Y00 - ye( 0 =0, as.
N=eg.near

Therefore, for almost all w € Q, there exists an integer Ny = No(w) such that for N = N,

E
(135) sup Y2 () = ye(rn)l £ 7. Nz No.
(y,t)edr w
Combining (133), (135), (110), (131), and (132),
(136) KNO,T)F =0, NzN.

Next, (110) and (131) imply
PR OEA0]
YN, - ye N @01+ lye N 0.0 = ye (i), 1)

sup YNt = ye .0l + lye N @), 0) = ye (i), o).
YEI;

Comparing (109) and (130) we further have
VM) = Y0l < sup YV (1) = ye (1)

(137) oy 2
+ |yC((y, ’O)J) - yC((yi’O)’tN 1l<T,‘,1 + l‘k(.N)(O,t)C .

Substituting (136) in (137),
lY™N(6) - %)l

(138) < sup YN0 = ye ()l + 1y (1™, 00 0) = ye (5. 0).0)l, N = No.
YEL:

I\

I\
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Since yc € Or, Apinoo yEN ) = y; implies
(139) lim sup |yc((y™,0).0) - yc((4:.0).0 =0, a.s.
N—0 4e0,1]

Combining (134), (138), (139) we have

lim sup [Y'NV(0) =Y =0, a.s.
N—c0 1 e10,7]
Therefore the almost sure uniform convergence of tagged particle system holds, which com-
pletes a proof of Theorem 2.3.

A. Point process with last-arrival-time dependent intensity. We will summarize
the definition and basic formulas of the point processes with last-arrival-time dependent
intensities. See [11, §3] and [12, §1.2] for a proof. In accordance with [11, 12], we will denote
the point process with last-arrival-time dependent intensity by N = N(t), while we wrote ¥ in
the main body of the present paper to keep the symbol N for the particle number.

N = N(t), t 2 0, is a non-decreasing, right-continuous, non-negative integer valued

stochastic process on a measurable space with N(0) = 0, satisfying the following. For each
non-negative integer k denote the k-th arrival time 7 by

(140) e =inf{t 20| N@t) =k}, k=12,..., and 70 =0.

The arrival times 71 are non-decreasing in k, because N is non-decreasing, and since N is also
right-continuous, the arrival times are stopping times; if we denote the associated filtration
by F;: = o[N(s), s < t], then {rx £t} € ¥, t 2 0. We call N a point process with last-
arrival-time dependent intensities, if for a non-negative valued bounded continuous function
wof (s,t)for0 < s <t,andfork =1,2,...

t
(141) Plt <t | Fr_, ] =exp ( —/ W(Tg-1,U) du) on 2 Tr_g
Tk-1

holds.
In particular, (141) with £ = 1 implies

(142) PIN(#)=0]=P[1 >1] =exp(—/tw(0,u)du), tz0.
0

If w is independent of the first variable, then (141) implies that N is the (inhomogeneous)
Poisson process with intensity function w. We are considering a generalization of the Poisson
process such that the intensity function depends on the latest arrival time.

A construction (existence proof) of the point process with last-arrival-time dependent
intensity goes as follows. Let w : [0,00)> — [0,00) be a non-negative valued bounded
continuous function of (s,) for 0 £ s < ¢, for which we aim to construct a process satisfying
(141). Let v be a Poisson random measure on [0, oo)z, with unit constant intensity

(143) E[ v([a,b] X [c,d]) ]=(b—a)d-c) b>a>0,d>c>0, keN.
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Define a sequence of hitting times 7k, k € Z,, inductively by

7 =0, and
Fie = inf{t 2 Fey | v({(&u) € [0,00) |

0=¢ 2 w(fi-t,u), Temr <ust})>0},
k=1,2,....

(144)

Note that the definition is not equivalent to the wrong formula such as 7, = inf{r = 0 |
v({(&,u) € [0,00)2 | 0 £ & < w(Fe_1,u), 0 < u £ 1}) 2 k }. We are recursively adding 1 new
arrival after the last arrival using the renewed intensity w(f%-1,-) in (144). Define a process
N(r) by

(145) N@t)=max{k € Z, | 7x <t}, t20.

Since N(t) and 7 are samplewise non-decreasing in ¢ and k, respectively, N(¢) satisfies (140)
and (141) with N(t) = N(¢) and 1 = 7. {fx <t} isin
(146) i = o[v(A); AeB([0,0)), Ac[0,00)x[01]],
and consequently N is adapted to {7 }.
In coupling the stochastic ranking process with the flow driven stochastic ranking process,

we will need a representation of N by the stochastic integration with respect to v in (143) which
is,

(147) N(1) = / / 1€[0,w(r*(s-),5-) V(dE ds), 120,
s€(0,t] J£€[0,00)

where 77 : Q X [0, 00) — [0, 00) is the last arrival time up to time ¢:

(148) (1) = Tn) = inf{s 2 0 | N(r) = N(s)} € [0,7],

which satisfies a stochastic integration equation

(149) (1) = / / (5 = 7°(52)) Leeaoe-(sr.smy W(dE ds),
s€(0,¢] J£€[0,00)

from which (147) follows.
For t = 1 put

(150) Q(tg,1) = /t w(to,u)du .

fo
We have explicit formula
PLN() =N(s)]= Y Pl £ 5, 1 < ier |
k=0

- o S0 QUuist.ui)=Q(uo.1)

(151) =0 ‘/()zzuk<uk_1<uk_2<---<u1<u0§s

k-1
X (1_[ w(ui+1,ui)dui),

i=0
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and for ||w| = sup |w(s,1)],

(152)

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]

[15]

[16]
[17]

[18]

0ss<t<T

0= —%P[ N(t) = N(s) | £ [lwl[ (P N(2) = N(s) | =P[ N(1) = N(0) ]) = [|lwl],
0

IA

I PN = NG |
S

> (i)
k=0 O=:up <up-1<---<u)<ugss

k-1

_yk-1 . )

e 2ico Qiv1,ui )= (uo,t) 1_[ w(uir1,u;) du;
i=0

lwl PLN() = N(s) ] < [l
s <t

IA A
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