Tohoku Math. J.
71 (2019), 327-358

FIBERS OF CYCLIC COVERING FIBRATIONS OF A RULED SURFACE
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Abstract.  We give an algorithm to classify singular fibers of finite cyclic covering
fibrations of a ruled surface by using singularity diagrams. As the first application, we classify
all fibers of 3-cyclic covering fibrations of genus 4 of a ruled surface and show that the signature
of a complex surface with this fibration is non-positive by computing the local signature for any
fiber. As the second application, we classify all fibers of hyperelliptic fibrations of genus 3 into
12 types according to the Horikawa index. We also prove that finite cyclic covering fibrations
of a ruled surface have no multiple fibers if the degree of the covering is greater than 3.

Introduction. Let f: S — B be a surjective morphism from a complex smooth pro-
jective surface S to a smooth projective curve B with connected fibers. The datum (S, f, B) or
simply f is called a fibered surface or a fibration. A fibered surface f is said to be relatively
minimal if there exist no (—1)-curves contained in a fiber of f. The genus g of a fibered surface
is defined to be the genus of a general fiber of f.

In the study of fibered surfaces, one of the central problems is the classification of singular
fibers. Any relatively minimal fibration of genus 0 is a holomorphic P'-bundle (hence, no
singular fibers). As is well known, all fibers of elliptic surfaces were classified by Kodaira in
[6]. As to fibrations of genus 2, the complete list of singular fibers was obtained by Namikawa
and Ueno in [7]. On the other hand, Horikawa [5] showed that fibers of genus 2 fibrations
fall into 6 types (0), (I),..., (V) according to the numerical invariant attached to singular
fiber germs, which is nowadays called the Horikawa index (cf. [2]). When g = 3, based
on Matsumoto-Montesinos’ theory, Ashikaga and Ishizaka [1] accomplished the topological
classification with a vast list, which is comparable to Namikawa-Ueno’s in genus 2 case.

In [4], we studied primitive cyclic covering fibrations of type (g, #, n). Roughly speaking,
itis a fibered surface of genus g obtained as the relatively minimal model of an n sheeted cyclic
branched covering of another fibered surface of genus /. Note that hyperelliptic fibrations are
nothing more than such fibrations of type (g,0,2). Our main concern in [4] was the slope
of such fibrations of type (g, h,n) and we established the lower bound of the slope for them.
Furthermore, we succeeded in giving even an upper bound. In this paper, we are interested
in singular fibers themselves appearing in primitive cyclic covering fibrations of type (g, 0, n),
and give the complete lists of fibers when (g, n) = (4,3), (3,2).

In §1, we recall basic results in [4] as the preliminaries. In §2, in order to extract detailed
information from the singular points of the branch locus, we introduce the notion of singularity
diagrams which is our main tool for studying fibers. Though it enables us to handle all the
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possible fibers in theory, it is rather tedious in practice to carry it over for large n and g. In §3,
we consider the case where n = 3 and g = 4, and show the following:

THEOREM O0.1. Fibers of primitive cyclic covering fibrations of type (4,0, 3) fall into
32 classes of types (0;,,...;,.), (IL; ;), (IVk), (Vi;), (VIg), (Vi) and (VII) listed in §3 plus 9
classes of types (1; j,1) and (M ;) up to (=2)-curves.

COROLLARY 0.2. Let f: S — Bbeaprimitive cyclic covering fibration of type (4,0, 3).
Then we have
24
2
Kf = 7Xf + Ind
and Ind is given by

3 3 3 16
Ind = % S+ V(L) + % S+ 2v(IL) + Zy(IL) + = v(IV.)
> >

16 16 26

33
+ TV(V*,*) + 7V(VI*’*) + 7V(VH*) + 7V(VIH)

where v(x) denotes the number of fibers of type (x) and v(Li.1) := X ; v(1i 1), etc.

Recall that Ueno and Xiao showed independently that the signature of a complex surface
with a genus 2 fibration is non-positive, answering affirmatively to a conjecture by Persson.
If S is a complex surface with a primitive cyclic covering fibration of type (g, 0, n), then, as
shown in [4], the signature of S can be expressed as the total sum of the local signature for
fibers. We can compute the local signature for each type of fibers in the above theorem, and
find that it is negative for any singular fiber. Therefore, we obtain the following:

COROLLARY 0.3. The signature of a surface with a primitive cyclic covering fibration
of type (4,0, 3) is not positive.

In §4, we turn our attention to hyperelliptic fibrations of genus 3 (i.e., the case where n =
2 and g = 3). We classify all fibers into 12 types (0), (I), ..., (XI) according to the Horikawa
index and show the following:

THEOREM 0.4. Let f: S — B be a relatively minimal hyperelliptic fibration of genus
3. Then

8
K}:E)(fﬂnd

and Ind is given by

2, 2.5 2.5
Ind= )" Zivlino) + ) (gz +3k- 1) v(lo0) + ) (gz + 5) v(Li0,00)

i,k>1

2.5 2. 5. 2
+ (§z+§(j+k)—2)v(li,j,k)+Z (§z+51+§)v(1i,,,m)

i,j21,k>1 i,j>1
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2. 10 2.5
+ Z (gi + ?) V(Io00) + )| (Ei +30 k)) V(I jk)

i.j.k

2. 5. 8 2. 5. 4
+ Z (gl + g] + E) v(IH,-,‘,-) + Z (El + Ej + g) v(IV,-,‘,-)
+Z( jts )V(V)+Z( ]+5)V(VI)
2
+3v(v110)+2( j+ )v(vn)+2( j+ )v(vm)

4 10
+3v(X) + gv(X) + ?V(XI),

where v(x) denotes the number of fibers of type (*).

This is comparable to Horikawa’s result [5] in genus 2. We remark that Horikawa himself
obtained a similar list, but never published.

Multiple fibers are among interesting singular fibers. It is known that there exists a
hyperelliptic fibration f with a double fiber for any odd g (for example, any fiber of type (I)
listed in §4 is a double fiber). Moreover, we can construct an example of primitive cyclic
covering fibrations of type (g, 0, 3) with a triple fiber for any g > 4 satisfying g = 1 (mod 3),
g # 7. However, we have the following assertion which imposes an unexpected limitation for
the existence of multiple fibers.

PROPOSITION 0.5. Let f: S — B be a primitive cyclic covering fibration of type
(g,0,n). If n < 3, then any multiple fiber of f is an n-fold fiber. If n > 4, then f has no
multiple fibers.

Acknowledgment. The author expresses his sincere gratitude to his supervisor Professor Kazuhiro
Konno for many suggestions and warm encouragement.

1. Preliminaries. In this section, we recall and state without proofs basic results
obtained in [4] in order to fix notation.

1.1. Definition. LetY be a smooth projective surface and R an effective divisor on Y
which is divisible by n in the Picard group Pic(Y), that is, R is linearly equivalent to nd for
some divisor d € Pic(Y). Then we can construct a finite n-sheeted covering of ¥ with branch
locus R as follows. Put A = @;’:—é Oy (—jd) and introduce a graded Oy-algebra structure on
A by multiplying the section of Oy (nd) defining R. We call Z := Specy (A) equipped with
the natural surjective morphism ¢: Z — Y a classical n-cyclic covering of Y branched over
R, according to [3]. Locally, Z is defined by 7" = r(x, y), where r(x, y) denotes the local
analytic equation of R. From this, one sees that Z is normal if and only if R is reduced, and Z
is smooth if and only if so is R. When Z is smooth, we have

(1.1) ¢*R=nRy, Kz = ¢*Ky + (n — )Ry, Aw(Z/Y) = Z/nZ
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where Ry is the effective divisor (usually called the ramification divisor) on Z defined locally
by z = 0, and Aut(Z/Y) is the covering transformation group for ¢.

DEFINITION 1.1. A relatively minimal fibration f: S — B of genus g > 2 is called a
primitive cyclic covering fibration of type (g, h, n), if there exist a (not necessarily relatively
minimal) fibration ¢: W — B of genus & > 0, and a classical n-cyclic covering

n-1
g: S = Specy; (@ 0w(—jg)) -

Jj=0

branched over a smooth curve R € |n§| forn > 2andd € Pic(VT/) such that f is the relatively
minimal model of f := ¢ 0 6.

In this paper, f: S — B denotes a primitive cychc covering fibration of type (g, 0,n)
and we freely use the notation in Definition 1.1. Let F and I be general fibers of f and @,
respectlvely Then the restriction | map 0= | . F — I is a classical n- cyclic covering branched
over RN T'. Since the genera of Fand I are g and 0, respectively, the Hurwitz formula gives
us

(1.2) r:=RIl = +2.
Note that r is a multiple of n. Let T be a generator of Aut(§/ W) ~ Z/nZ and p: S— S
the natural birational morphism. By assumption, Fix(7) is a disjoint union of smooth curves
and 5(Fix(?)) = R. Let ¢: W — B be a relatively minimal model of ¢ and lZ : W — W the
natural birational morphism. Since Y is a succession of blow-ups, we can write W=y o
--oyn, where ;1 W; — W;_; denotes the blow-up at x; € W;_; (i = 1,..., N) with Wy =
W and Wy = W. We define reduced curves R; on W; inductively as R;—; = (;).R; starting
from Ry = R down to Ro =: R. We also put E; = tzx;l(x,-) and m; = multy, (R;—y) fori =
,2,....,N

LEMMA 1.2. With the above notation, the following hold for anyi = 1,..., N.

(1) Either m; € nZ or m; € nZ + 1. Moreover, m; € nZ holds if and only if E; is not
contained in R;.

(2) Ri = ¢} Ri—1 — nlm;[n]E;, where [t] is the greatest integer not exceeding .

(3) There exists d; € Pic(W;) such that d; = ¢ — [m;/n]E; and R; ~ nd;, by = d.

Let E be a (—1)-curve on a fiber of f If E is not contained in Fix(7), then one can see
easily that L := 67(E) is a (—=1)-curve and 6*L is a sum of n disjoint (—1)-curves containing
E. Contracting them and L, we may assume that any (—1)-curve on a fiber of f is contained
in Fix(7). Then, it follows that 7 induces an automorphism 7 of S over B and p is the blow-up
of all isolated fixed points of 7 (cf. [4, Lemma 1.9]). One sees easily that there is a one-to-one
correspondence between (—k)-curves contained in Fix(7) and (—kn)-curves contained in R
via 0. Since p does not blow up at any infinitely near point, the number of blow-ups in p
coincides with that of vertical (—n)-curves contained in R. Since @ W — Bis aruled surface,
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a relatively minimal model of it is not unique. By performing elementary transformations, we
can choose a standard one:

LEMMA 1.3 ([4, Lemma 3.1]). There exists a relatively minimal model ¢: W — B of
@ such that if n = 2 and g is even, then

mult, (R) < % =g+1

for all x € R, and otherwise,

r g
Ity(Rp) < == ——+1
mult, (Rp) < 3 -1
for all x € Ry, where Ry, denotes the horizontal part of R, that is, the sum of all ¢-horizontal
components of R.

In the sequel, we will tacitly assume that our relatively minimal model ¢: W — B of ¢
enjoys the property of Lemma 1.3.

1.2. Slope equality, singularity indices and local signature. Let f: S — B be a
primitive cyclic covering fibration of type (g, 0, n).

DEFINITION 1.4 (Singularity index @). (i) Let k be a positive integer. For p € B, we
consider all the singular points (including infinitely near ones) of R on the fiber I', of ¢: W —
B over p. We let a (F),) be the number of singular points of multiplicity either kn or kn + 1
among them, and call it the k-th singularity index of F),, the fiber of f: S — B over p. Clearly,
we have ay (F) = 0 except for a finite number of p € B. We put @y = 3 ,,ep @k (Fp) and call
it the k-th singularity index of f.

(ii) We also define O-th singularity index ao(F}) as follows. Let D; be the sum of all
@-vertical (—n)-curves contained in R and put ﬁo =R- D;. Then, ao(F)) is the sum of the
ramification indices of ¢| Ry" 1?0 — B over p, that is, the sum of the ramification indices of

the restriction ¢| I( Ro - (Eo)h — B over p minus the sum of the topological Euler number of

irreducible components of the vertical part (§0)v over p. Then a((F),) = 0 except for a finite
number of p € B, and we have

D" ao(Fy) = (Kz + Ro)Ry
peB
by definition. We put @o = 3.,cp @o(F)p) and call it the 0-th singularity index of f.
(iii) Let £(F},) be the number of (—1)-curves contained in Fj,, and put & = 3’ ,cp (F)p).
This is no more than the number of blow-ups appearing in p: S— 8.

Let Ay, be the set of all fiber germs of primitive cyclic covering fibrations of type
(9,0, n). Then the singularity indices ay, £ can be regarded as Z-valued functions on A o,
naturally. Recall that the following slope equality holds, which is a generalization of the
hyperelliptic case (cf. [8]):
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THEOREM 1.5 ([4, Theorem 4.3]). Let f: S — B be a primitive cyclic covering
fibration of type (g,0,n). Then

2 _ 24(g—1(n—-1) ‘
Kf - 22n-1)(g-1) +n(n+ l)/\/f +[;31nd(Fp),

where Ind: Ay o, — Qxo is defined by

3 (n+1)(n—-1)(r —nk)k
Ind(F)) = n]; ( 2n—Tyr —3n -

which is called the Horikawa index of F),.

1) ar(Fp) +e(Fp),

Now, we state a topological application of the slope equality. For an oriented compact
real 4-dimensional manifold X, the signature Sign(X) is defined to be the number of positive
eigenvalues minus the number of negative eigenvalues of the intersection form on H?(X).
Using the singularity indices, we observe the local concentration of Sign(S) on a finite number
of fiber germs.

COROLLARY 1.6 ([4, Corollary 4.5]). Let f: S — B be a primitive cyclic covering
fibration of type (g,0,n). Then,

Sign($) = ) o (F),

pEeB
where o : Ay, — Qis defined by

(n—=1D(n+ l)ra/o(Fp) N Z ((n —D(n+ D)(—nk? + rk)

o(Fp) = 30— 1) 30-1) —n) a(Fp)

k=1
1
+m((" +2)(2n - )r —3n)e(Fp),

which is called the local signature of Fp,.

2. Singularity diagrams. Let f: S — B be a primitive cyclic covering fibration of
type (g, 0, n) and we freely use the notations in the previous section. Let C stand for a fiber I”
of ¢ or an exceptional curve E; of i; for some i. In the latter case, for the time being, we drop
the index and set R = R; for simplicity. Let R’ be the closure of R\ C, thatis, R” = R— C when
C is contained in R, or R” = R when C is not contained in R. Put CN R’ = {x1,x2,...,x1}.
We consider a local analytic branch D of R’ around x; which has multiplicity m > 2 at x; (i.e.
D has a cusp x;). Then we have one of the following:

(i) D is not tangent to C at x;. If we blow up at x;, then the proper transform of D does
not meet that of C. Hence, we have (DC),, = m, where (DC),, denotes the local intersection

number of D and C at x;.
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(ii) D is tangent to C at x;. If we blow up at x;, then one of the following three cases
occurs.
(ii.1) The proper transform of D is tangent to neither that of C nor the exceptional curve.

J )
D |

(ii.2) The proper transform of D is tangent to the exceptional curve. Then, the multiplicity
m’ of the proper transform of D at the singular point is less than m and we have (DC)y, = m +

m'.

W, Y
<

(ii.3) The proper transform of D is still tangent to that of C.

J J
A A

We perform blowing-ups at x; and points infinitely near to it. Then the case (ii.3) may occur
repeatedly, but at most a finite number of times. Suppose that the proper transform of D
becomes not tangent to that of C just after k-th blow-up. If the proper transform of D is as in
(ii.1) after k-th blow-up (or D is as in (i) when k = 0), then we have (DC),, = (k + l)m. If
the proper transform of D is as in (ii.2) after k-th blow-up, then we have (DC)y, = km + m’.

In either case, it is convenient to consider as if D consists of m local branches D, ..., D,,
smooth at x; and such that (D;C)y, = k + 1 for j = 1,..., m in the former case and
k, forj=1,....m—-m’,
D:C),. =
(D;C)x; { k+1, forj=m-m'+1,...,m

in the latter case. We call D; a virtual local branch of D.

NOTATION 2.1. For a positive integer k, we let s; ;. be the number of such virtual local
branches D, satisfying (D.C)x;, = k, among those of all local analytic branches of R — C
around x;. Here, when mult,, (D) = 1, we regard D itself as a virtual local branch. We let
imax be the biggest integer k satisfying s; x # 0. By the definition of s; , we have

Imax

(R'C)y = ) ksi .
k=1

Weput x; 1 = x; and m;; = m;. If m;; > 1, we define y; 1 : W; 1 — W to be the blow-up
atx; 1 and put E; | = Wl-_ll(xi,l) and R;| = lp;‘lR — n[m;1/n]E; . Inductively, we define x; ;,
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m; ; to be the intersection point of the proper transform of C and E; ;_;, the multiplicity of
Ri,j—l at xj ;. If mij > 1, we define ‘//i,j: Wi,j - Wi,j—l, Ei,j and Ri,j to be the blow—up at
X j, the exceptional curve for i; ; and R; ; = zpz j R; j—1 —nlm; ;/nlE; j, respectively. Let

ibm = max{j | m;, ; > l},

be the number of blowing-ups occuring over x;. We may assume that iy, > (i + 1)py fori =
., — 1 after changing the order of the index if necessary.
Then the following two lemmas hold.

LEMMA 2.2. IfC is contained in R, then the following hold.
(1) If n = 3, then ipm = imax for alli. If n = 2, then iyym = imax (resp. iom = imax + 1) if
and only if m; ;. € 2Z (resp. m;; .. € 2Z + 1).

2)m; = ;(mz“l sik + 1 and m;; € nZ.

(3) m;j € nZ (resp. nZ + 1) if and only if m; j+1 = ka_ﬁl six + 1 (resp. ka_djﬂ Sik +
2).

PROOF. (1) is clear from the definitions of iyax and ipy. Since m;; is the number of
virtual local branches of R; ;_; through x; ; and Lemma 1.2, we have m; | = ;(‘";‘i six + 1 and
(3). If m;;,,,, € nZ + 1, then x; ;. ., is a double point, which is not allowed when n > 3 by
Lemma 1.2. Thus we have shown (2). m]

LEMMA 2.3. IfC is not contained in R, then the following hold.

(1) ibm < imax- If ibm < imax, then my;, € nZ, and six = 0 for ipm < k < imax, and
Siimax — 1.

(2) mig = T sik. _

(3) m;; € nZ (resp. nZ + 1) if and only if m; j11 = Zk d;+1 Sik (resp. Z;g;.H sik +1).

PROOF. By the same argument as in the proof of Lemma 2.2, we have (2), (3). Suppose
that ipm < imax. (1) follows from the definition of iy, and (3). O

Putf = R’"C and ¢ = Zl L ibm. If C is a fiber I" of ¢, then ¢ coincides with the number
of branch points r. If C is an exceptional curve, then ¢ coincides with the multiplicity of R at
the point to which C is contracted. Clearly, ¢ coincides with the number of blow-ups occuring

overCandt = Z’m“ ksix. When C is contained in R (resp. not contained in R), let ¢; be
the number of] = 1 ,ipm satisfying m; ; = Z}(’““;H Sik +2 (resp. m;; = kmf;+1 sik + 1).
From Lemmas 2.2 and 2 3, ¢; can be regarded as the number of j = 1,. — 1 such that

mi; € nZ+ 1. Setd; ; = [m;;/n].
PROPOSITION 2.4. IfC is contained in R, the following equalities hold:

1 1 lbm
er Y asy S,

i=1 i=1 j=1
i

l bm

1
t+C
@.1) => > dij.
1

i=1 j=1
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PROOF. From Lemma 2.2, we get Z’"““ ksix = ZJ | Mi.j = ibm — Ci, which gives us the
desired two equalities. O
PROPOSITION 2.5. IfC is not contained in R, the following equalities hold:

l
e

i=1

ip,

=]

m;; + Z(imax —Ibm) .,
i=1

1l
—_

P”qN
I

=
S

(2.2) L

n

1 ) .
dij+ - Z(lmax —ibm + My, —nd;; ).

i=

,_.

.
I
—_

PROOF. From Lemma 2.3, we get Z’m ks k = Z}bm M j + imax — ibm — ¢i, Which gives

=1
us the desired two equalities. O

We collect some properties of m; ;.

LEMMA 2.6. The following hold:

(D) Ifn =3, thenm;; > m; 1. If n = 2, then m;j +1 > m; j1 with equality holding
only if m; j_y is even (when j > 1) and m; ; is odd.

(2)Ifmij—1 € nZ + 1 and m;; € nZ, then m; j > my j,1.

PROOF. If mij < Mjj+1, then Sij = 0 and m;; + 1= M j+l, since mi; —mjji] =
sij—1,8;5,0rs;; + 1. Moreover, we have m; ; € nZ + 1 from Lemmas 2.2 and 2.3, and then
m; j+1 € nZ + 2, which is impossible when n > 3 from Lemma 1.2. If n =2 and m; ; + 1 =
m; j+1, then m; ;_; is even since s; ; = 0.

If m;j-1 € nZ + 1 and m;j € nZ, then mj —mjji1 = Sij + 1>0 by Lemmas 2.2 and
2.3. Hence (2) follows. O

In particular, we have non-trivial oy only when k < [r/2n] by Lemma 1.3.

DEFINITION 2.7. By using the datum {m; ;}, one can construct a diagram with entries
(x;j,m; ;) as in Table 1. We call it the singularity diagram of C.

Table 1. Singularity diagram.

#

(X1, 1y M1, 1y )

#

(X0, lyms M0, 1y )

(xy,1,my1) |- (x1,1,m,1)
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On the top of the i-th column (indicated by # in Table 1), we write (imax — ibm) When ipy <
imax and leave it blank when iy = imax. We say that the singularity diagram of C is of type O
(resp. of type 1) if C ¢ R (resp. C C R).

DEFINITION 2.8. Let z; =y1o0---o0ynN: W — Whbea decomposition of the natural
birational morphism into a succession of blow-ups. We may assume that 1, ..., ¥y, are all
blow-ups at points over p € B for simplicity. Let C; be the fiber I',, of ¢ over p and Cy the
exceptional curve for .y for k = 2,..., N, + 1. Let Dy be the singularity diagram of Cy.
We call Dy, Do, ..., DNP+1 a sequence of singularity diagrams associated with I',.

Put t* := R'Cy, I¥ := #(R' N Cy) and let (xjfj, m{.j].), i=1,...,0% j=1,... ipm denote
entries of ODy. Forany 1 < k < N, +land1 <i < I¥ for which ipy, > 0, there exists a
uniquely determined index &’ such that Cy- is the exceptional curve for the blow-up at xﬁl.
That is, if we put I := {(k,i) | 1 < k < N, +1, 1 <i < [*andipm > O} then we get a
well-defined map @ : I — {2,..., N, + 1} that sends (k, i) to k’. Itis clear that @ is bijective
and k < k’. When v = @(u,i) for some (y,i) € I, we say that D,, forks to D, and write

Dy~ D,
From the definition of sequences of singularity diagrams, we clearly have the following:

LEMMA 2.9. With the above notation, let D, «i» D,. Then, t = mﬁ’l and D, is of
type k if t” = k (mod n). Moreover, the following hold.

(1) Forevery1 < (' < p, i/, j' satisfying (xi.f’j,, mﬁf’j,) = (xf.fl, mgl), one of the following
holds:

(a) Ifj’ < igm, then D,, has (x’tff:j,ﬂ, mﬁf:j,ﬂ) as an entry in the bottom row.

(b) Ifj =1i;  and Dy is of type 1, then D, has (1) = (fmax — Lbm) as an entry in the
bottom row for some .

© Ifj" =i, Dwisoftype0and iy, —i; > 2, then D, has (1) = (fmax — Tom) as an
entry in the bottom row for some 1.

(d) If j =i}, Dy is of type 0 and i}y, — il =1, then Dy has (s) = (imax — fom) for
some s > 1 as an entry in the bottom row for some .

(2) In (1), distinct D,’s produce distinct bottom entries of D,.
(3) In (1), Dy and D, have no entries in common except the entry appeared in the
case ().

DEFINITION 2.10. Fixn > 2 and t € nZ-o U (nZ>o + 1). Suppose that we are given
the following datum.

(i) Non-negative integers c, [ and ipy, fori = 1,...,1[ satisfying l > 0, ¢ = Zle ibm and
ibm = (i + Dpp fori=1,...,1 - 1.

(ii) A non-empty set S and ¢ pairs (x;;,m;;) € S X (nZso U (nZso + 1)) for i =
L...,L,j=1,...,ipm such that x; ; # xp j if (i, j) # (i’, j*), and {m; ;} satisfies Lemma 2.6.
Moreover, one of the following holds.



FIBERS OF CYCLIC COVERING FIBRATIONS OF A RULED SURFACE 337

(ii,0) There are integers imax satisfying imax > ipm for i = 1,...,/ such that ip,x and
di,j = [m,-,j/n] satisfy (2.2).

(ii,1) m; ;,,, € nZ and (2.1) holds.
Then we can construct a diagram P as in Table 1. We call it an abstract singularity diagram
for (n,t). For k = 0, 1, the diagram D is said to be of type k when (ii,k) holds.

DEFINITION 2.11. A sequence D1, D, ..., Dy of abstract singularity diagrams is said
to be admissible if there exists a bijection @: I — {2,..., N} such that y and v := @(u,1)
satisfy yu < @(w,i) and (1), (2), (3) of Lemma 2.9 for any (u, i) € I, where I := {(u, i)|1 <
U< N, 1<i<II®andipy > 0.

DEFINITION 2.12. Two abstract singularity diagrams O and D’ are equivalent if D
and O’ are the same up to elements x; ; € S and a replacement of columns with the same
height. Two admissible sequences Dy, ..., Dy and Dy, ..., Dy, of abstract singularity
diagrams are equivalent, if there exists a bijection ¥: {1,...,N} —= {l,..., N} with?(1) =1
such that Dy is equivalent to Dy (i) forany 1 < k < N and D, ~ D, if and only if Dy ) o
Dy forany g < v and 1 < i < [ (after a suitable replacement of columns of D,, with the
same height).

Itis clear that any singularity diagram is an abstract singularity diagram, and any sequence
Dy, ..., Dy of singularity diagrams associated with I',, is an admissible sequence of abstract
singularity diagrams with #! = . We are able to classify all fibers of primitive cyclic covering
fibrations of type (g, 0, n) by classifying equivalent classes of admissible sequences of abstract
singularity diagrams with t! = r. Indeed, any fiber F,, of a primitive cyclic covering fibration
f of type (g, 0, n) can be reconstructed by a sequence of singularity diagrams associated with
I',, via the n-cyclic covering 0: 85— W.

3. Fibers of primitive cyclic covering fibrations of type (4,0,3). In this section, we
prove that all fibers of primitive cyclic covering fibrations of type (4,0, 3) are classified into 9
types as listed in Table 2.

In Table 2, a double line (resp. a triple line) stands for a component of F;, along which
F,, has multiplicity 2 (resp. 3). The symbol e stands for a point on a 1-dimensional fixed
component of the automorphism 7 of f, while the symbol o stands for an isolated fixed point
of 7. Note that the fibers given in the tables are the most typical (generic) ones and we will
obtain the whole list by degenerating them, that is, some of e’s can overlap one another to
give different topological types of fibers. A fiber of type (0) is a non-singular curve of genus
4 in the generic case and, it will have a cusp when two e’s overlap, etc. A component with
three e or o in total is an elliptic curve when the three are distinct, or a rational curve with
one smooth point (e or o) and one cusp e when two of e overlap, or three smooth rational
curves intersecting in one point ¢ when three of e overlap. A component with no fixed point
is a smooth rational curve. The indices i, j, etc. are determined as follows: For (I; ;) and
(Vi;), the index i (resp. j) counts the number of e lost by overlapping on the curve I (resp.
J), 0 <1i,j £ 2. For (Il ;), the index i counts the number of e lost by overlapping with e



338

M. ENOKIZONO

Table 2. List of fibers of primitive cyclic covering fibrations of type (4, 0, 3).

(U i) (k. 1)
The
shape :::%
Opr %
(k =0)
1 J K
ao(Fp) k(k=0,...,5 k(k=0,...,4) 3+k(k=0,1,2)
a1(Fp) 0 I+1(1=0) [+2(1=20)
£(fp) 0 0 0
Ind(F),) 0 2(1+1) 2(1+2)
o (Fp) — 10k —18k-11-1 -Bk-11-6
(I; ;) avi) (Vi)
The J
shape _
of F), i —
(k = O) X — o
1
ao(Fp) 1+k(k=0,1,23) k(k=0,1,23) 2+k(k=0,1,2)
a’l(Fp) 1 3 3
£(fp) 0 1 1
nd(F,) 3 s i
o (Fy) i3k 3 L L
(VL) (VIIx) (VII)
The
shape
of F,
(k =0)
S S
ao(Fp) 4+k(k=0,1) 1+k(k=0,1,2) 4
a’l(Fp) 3 4 4
&(Fp) 1 2 3
nd(F,) Ie e 7
16 16 6, _ 2 7
o (Fp) k-3 k-3 15
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at x and the index j counts the number of e lost by overlapping not with e at x, leaving the
original e at x untouched (that is, the number of cusps lying only on one of two components).
We remark that such overlappings at x can occur only on one of two components meeting at
x. Hence we have (i, j) = (0,0), (0, 1), (0,2), (1,0),(1,1), (2,0) and (2,1) when (IIl; ;). For
(0iy,....i,, )» the indices i; are positive integers with Z;”:l ij=6andiy > iy > --- > i,; when
i; > 1, one can understand that i; — 1 ’s out of 6 — m overlap with the j-th e. There are 11
such sequences {i; }J.”; ;- The integer k is the total number of e lost by overlapping, and then
k = Z;”:l(ij - 1) for (0;,....i,,), k =1+ j for (I j;), (I; ;) or (V;;). The index [ counts the
number of (—-2)-curves in one chain connecting the curve I with J for (I, j;), or the number
of 2-fold (—2)-curves in one chain intersecting with the curve K for (Ilx;). The number of
topologically different fibers of types (0;,,....;,, ), (i ;), (IVk), (Vi ;), (VIx), (V) and (VII)
is 11,7, 4,4, 2, 3 and 1, respectively. The number of topologically different fibers of types
(I; 1) and (Il ;) up to the number [ is 6 and 3, respectively .

In order to classify fibers of primitive cyclic covering fibrations of genus 4 of type
(4,0,3), itis sufficient to classify admissible sequences Dy, Dy, . . ., Dy of abstract singularity
diagrams with n = 3, ¢! = r = 6 and ml.l1 < 3+ kif Dy is of type k from Lemma 1.3. We
proceed with the following steps.

(i) Classify abstract singularity diagrams of type k for (3,6) with m;; < 3 + k for k =

0,1.
(ii) Classify admissible sequences of abstract singularity diagrams withn = 3,#! =3+ k
and Dy is of type k for k =0, 1.
(iii) Classify admissible sequences of abstract singularity diagrams with n = 3, ¢! = r =
6and m| <3+ kif Dy is of type k for k = 0, 1.
(i) From (2.1), (2.2) and Lemma 2.6, it is easy to classify all abstract singularity diagrams for
3.6).
All abstract singularity diagrams of type O for (3,6) with m;; < 3 are as follows.

e c=0

® 1) 42 4Ly - 2LLLD (,L1L1L1,1)

(1)

3) @1 (LLD )

(1) (2) 3)

an 0
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3

Here we use the symbol (i1, i2, . .., i) instead of (i1), (i2), ..., (i;,) for simplicity.
All abstract singularity diagrams of type 1 for (3,6) with m; ; < 4 are as follows.

3] 3]
373 i3

(ii) All admissible sequences of abstract singularity diagrams with n = 3, ¢! = 3 and D, being
of type 0 are as follows.

(X1,3) (x2’3) (Xk,3) (l, 1’ l) or (2’ l) or (3)
.Z)O D)(g] ‘Z)gk,l ng

Here and in the sequel, D* means the diagram D, is of type k.
All admissible sequences of abstract singularity diagrams with n = 3, t' = 4 and D,
being of type 1 are the following 3 classes.

() (1,3 (I,L1,Hor (21) (L1, 1)or (2,1)
D! DY D,
E)ycg)) (1,3) (I,1,Hor (2,1)
ol DY Dy
Ezz; .3 | (3) (1, 1,1) (LL,or (21)
D! D) DY
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(iii) In order to classify admissible sequences of abstract singularity diagrams with n = 3,
t' =r=6and mil’1 < 3 + k if Dy is of type k, we may consider admissible sequences to be
continued from each column of diagrams classified in (i). Using the classification in (ii), we
can classify them as follows.

M [ ] (LLDor (2,)or (3)

D0 Dy, D; 2

Xk-1

__________

X1
(1)

) 151, Dor (251 or (2,1%)or (3%
DO Dg

Here asterisks are sometimes attached to both i/ ,, — i{)m and Imax — fpm in entries of
diagrams if the condition of Lemma 2.9 (c), (d) holds for i” and i.
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(2)
A3) (LLDor (21

D° D}

(3)
(4) (L, L)or (21)

D° D)

) (&1,33)) (1,1, hor (2)or (3)

0 0 0
DX Dyk—l Dyk

__________
__________

__________

__________
__________

__________

Bt o

__________
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(6) (L, L)or (21)
Dl

DY
X % X %
%) (y’? (1,3) (1L,L1,hor (21)
(x’ ) DO DO
D! x y

_________________________

Y > C .......

i

(8) (y’i) 1.3) | (z.3) (1,1,1) (LLor (21)
(x’) Dl DO DO
z)l X Yy z
WY Z ~ +
A y
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(z,3)
©) Eyg:; (z,3) (1,1,Hor (2,1)
X, DU .DU DO
Dl X Y z

--------------------------------------------------

--------------------------------------------------

N
"
[

(z, Z) w.3)

(10) (y’4) TR0 (@3 ]3] (1,1, 1) (1,1, 1)
(x4) Dl Dl O O
.Z)l X Yy z w

2\l

J
N

%

For example, we consider the following sequence of singularity diagrams associated with
Iy.
14

| (x3) ] (1.3) ] (3] (L,L)  (LL1)  (1,1,1)
I, EY E) E}

After blowing-ups at x, y, z, the branch locus R near the fiber I, pof @ over p is as follows.
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T

where F and Ekrespectlvely denote the proper transforms of I',, and Ej, and then F = F +
E, E, + E, + E3 Taking 3-cyclic covering and contracting (—1)-curve in a fiber of f the fibers
F , F, of f f over p respectively are as follows.

SRR

where Ay = 6°Ey, 3E = 6°T)y, Ay = p(Ar), Fp = 3E+ A + Ay + A3, F, = A + Ag + A,
the symbol e and o respectively denote a point on a 1-dimensional fixed component of the
automorphisms 7, 7 of f, fand an isolated fixed point of 7. Similarly, we can determine the
shape of F), from other admissible sequences of abstract singularity diagrams. Thus, we can
classify all fibers of primitive cyclic covering fibrations of type (4,0, 3) as follows:

By computing ax (Fp), (Fp), Ind(F},) and o (F),), we get the following theorem:

THEOREM 3.1. All fibers of primitive cyclic covering fibrations of type (4,0,3) are
classified into 32 classes of types (0;,....;,, ), (W; ;), AVi), (Vi ), (VIx), (VIx) and (VII) plus
9 classes of types (1; j,1) and (i ;) up to (=2)-curves, as listed in Table 2.

COROLLARY 3.2. Let f: S — Bbeaprimitive cyclic covering fibration of type (4,0, 3).
Then we have

24
K7 = S xr+Ind
and Ind is given by

Ind = 121 (1+1)v(IMz)+IZ1 (I +2)v(ILy) + V(IH**)+ 6v(1v*)

1 2
+ EV(V* ) + 6v(\/I*,*) + 761/(\/]]*) + ?v(VIH)

where v(x) denotes the number of fibers of type () and v(Ls «)) := 3 j v(1; j,1), etc.

Since we see that o-(F},) < 0 for any fiber F), from the list, we have the following:
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Table 3. List of all singularity diagrams of I, and corresponding types of Fp,.
I', CR
The - -
diagram : :
of I 3]3] 4]3]
P
The type (IVe) (Vi)) (VI
of F,
I'n¢R&c=0
The
diagram (i1,...,1i,m) etc.
of Iy
The type (V) (VI Oty
of F,
I,¢R&c=1
The (1) )
dlafgfam (1,1, 1) etc. (1,1) ete. (1)
of I p
The type (Ii.1) (Im; ;) (Im; )
of F,
I,¢R&c=1 I,¢R&c=2
diagram
of I',
The type (Il ;) (Tij) (Il 1)
of F,
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COROLLARY 3.3. The signature of a complex surface with a primitive cyclic covering
fibration of type (4,0, 3) is not positive.

EXAMPLE 3.4. We can construct a primitive cyclic covering fibration of type (4,0, 3)
having one singular fiber of any type. Indeed, we construct a fibration f with a multiple fiber
F,, of type (VII) as follows. Let P := P! x P!, B := P! and ¢ := pro: P - B. Let hand I’
respectively denote general fibers of pr; and ¢ = prp and setd := 2h + mI'. We fix p € B
arbitrarily. For a sufficiently large m, we can take R € |3d| such that I, C R, R\ I, is smooth,
and the appearance of R and I, is as follows (see (10) in the classification (iii)).

ROT,
N "

Lety =y, 0, 0 Yy oy: P — P be the composite of 4 blow-ups at x, y, z, w as follows.

| ——
J 7 R =
o x\

I8\l

Then, the divisor R := zZ*R - 3(Ex + E, + E; + E,) is smooth and 3-divisible in Pic(ﬁ),
where E, denotes the total transform of the exceptional curve E, for ¢,. Then, we can take a
3-cyclic covering 6: S — P branched over R. Let f: S — B be the relatively minimal model
of f:: poyo 0: S — B. Then the fiber F, of f over p is clearly of type (VII). We can
construct a fibration with another type of singular fiber in a similar way.

EXAMPLE 3.5. We can construct primitive cyclic covering fibrations of type (g, 0, 3)
with a triple fiber, except for g = 7. Note that all the possible genera g are 3k + 1, k € Z~o.

Firstly, we consider the following admissible sequence of abstract singularity diagrams
for k > 0.

(z1,3) | -+~ (2, 3) (wi, 3)

W | L wed) | T D (@) [ ed ] LD (LLTD)

L d) [ | nd) 1 1 5 X
D Dyi 'Z)Zi Dwi

D! i
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One can check that the sequence gives us a triple fiber F),. By an argument similar to that in
Example 3.4, we obtain a primitive cyclic covering fibration f of type (6k — 2,0, 3) which has
such a triple fiber for £ > 0.

Next, we consider the following admissible sequence of abstract singularity diagrams for
k>0.

(2’6) (Zl, 3) (Zk’ 3) (w 3)
@ [ ond) | | i d) @] [GOl@d] dLLLLD
Dl D! Do
Dl X y z
(wi’3)
(L1, 1) (yi,4) (zi,3) | (w;,3) (1,1,1) (1,1,1)
D, Dy, Dy, DY DY,

One can check that the sequence gives us a triple fiber F,. Similarly as in Example 3.4, we
obtain a primitive cyclic covering fibration f of type (6k + 15,0, 3) with such a triple fiber for
k>0.

4. Fibers of hyperelliptic fibrations of genus 3. Let f: S — B be a hyperelliptic
fibration of genus g, that is, a primitive cyclic covering fibration of type (g,0,2). We use
freely the notation in the previous sections. In order to classify fibers of hyperelliptic fibration
of genus g, it is sufficient to classify admissible sequences of abstract singularity diagrams
with n = 2 and t' = r = 2g + 2. However, such sequences are too many to classify them
all, and from the point of view of invariants, it seems that we do not have to find out all
fibers explicitly, because there are singularities of R which do not affect important invariants
in the hyperelliptic case. Indeed, the blow-ups at the singularities of multiplicity 2 or 3 of the
branch curves contribute nothing to the Horikawa index when n = 2. If a singular point x
with multiplicity 2 or 3 has no singular points with multiplicity greater than 4 infinitely near
it, we call it a negligible singularity. If a s1ngular point x is not a neghglble singularity, we
call it an essential singularity. We decompose w W — W into v W — W, the composite of
blow-ups at neghg1ble s1ngu1ar1tles and lp W — W, the composite of blow-ups at essential
singularities. We call w W — W the even resolution of essential singularities.

In this section, we first introduce abstract essential singularities and admissible sequences
of them in order to classify fibers of hyperelliptic fibrations of genus g according to the
Horikawa index. Next, we classify all fibers of hyperelliptic fibrations of genus 3 into 12 types
and compute the Horikawa index for any types by classifying admissible sequences of abstract
essential singularities.
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4.1. Abstract essential singularity diagrams.

DEFINITION 4.1. Let D be an abstract singularity diagram with » = 2 and (x; j, m; ;)
an entry of O. Then (x;;, m; ;) is strictly negligible if one of the following holds:

(1) mij; = 2.

(ii) m;j = 3, j < ipm and m; j11 # 4.

(iii) m; j = 3, j = ipm and D is of type 1.

(iv)m;; =3, j =ipm > l and m; j_1 = 3.

REMARK 4.2. If D is a singularity diagram and (x; j, m; ;) is strictly negligible, then
x; j is a negligible singularity. However, the inverse is not true.

DEFINITION 4.3. Lets > 2 be an integer. We define an abstract essential singularity
diagram D for t to be an abbreviation of an abstract singularity diagram for (2,7) by the
following rule:

(i) We denote a strictly negligible entry (x; ;, m; ;) by (x;;,II) if m; ; = 2, or (x;, Il) if
m,-,j = 3

(ii) We leave it blank for a strictly negligible entry.

DEFINITION 4.4. Let D, D», ..., Dy be a sequence of abstract essential singularity
diagrams. Let [ := {(@, )|l < u < N, 1 <i < [* and ipyy > 0} and I = {(i, i) € Ilmﬁf1 >
k}. Then Dy, Dy, ..., Dy is said to be admissible if there exist a subset Iy C I.ss C I3 and a
bijection @: Iess — {2, ..., N} suchthat gand v := @(y, i) satisfy u < @(y, i) and Lemma 2.9
(1), (2), (3) and if mfl = 3, then D, has no strictly negligible entries for any (1, i) € legs.
Let D1, Ds, ..., DN be an admissible sequence of abstract essential singularity diagrams.
Then, (xfl,mfl) is said to be negligible (resp. essential ) if (1,i) ¢ Ioss (resp. (1,1i) € o).

u
.1’

Clearly, a strictly negligible entry (x
(), 3) by (£, ).

mf |) is negligible. We also denote a negligible entry

DEFINITION 4.5. Two admissible sequences Dy, ..., Dy and Dy, ..., D}, of abstract
essential singularity diagrams are equivalent, if there exists a bijection ¥: {1,...,N} —
{1,..., N} with ¥(1) = 1 such that the essential part of Dy is equivalent to that of Dy x)

forany 1 < k < N, and D, ~ D, if and only if Dy, ~ Dy forany p < vand 1 <
i < [ (after a suitable replacement of columns of D,,), where the essential part of Dy is
the diagram which consists of essential entries of Dy only, and the definition of equivalence
of essential parts of abstract essential singularity diagrams is the same as that of abstract
singularity diagrams.

In order to classify all fibers of hyperelliptic fibrations with genus g according to the
Horikawa index, it suffices to classify admissible sequences of abstract essential singularity
diagrams with t! = r = 2¢g +2 and mt.l’1 < g+1+kif Dy isof type k for k = 0, 1. We proceed
with the following steps.

(i) Classify abstract essential singularity diagrams of type k for 2g + 2 with m; | < g +
1+kfork=0,1.
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Table 4. List of all essential parts of abstract essential singularity diagrams of type 0 for t! = r = 8 with m; 1 < 4.

(0,a) (0,b) (0,c)
(o), I, Il
only
0 0,1
(0) (ID) (ID
(0,d) (0.e) (0,

0,1 0 0
(VD (V) av)
0.g) (0,h) (0,i)
(0,0) (0,0) (0,0)
(I (D (I

(ii) Classify admissible sequences of abstract essential singularity diagrams with ¢! =
3,4,...,g9 +2and Dy is of type k if t' = k (mod 2).

(iii) Classify admissible sequences of abstract essential singularity diagrams with ¢! = r =
2g+2andmil’l <g+1+kifDyisoftypek fork =0,1.

4.2. Classification: genus 3 case.

(i) All essential parts of abstract essential singularity diagrams of type O for t! = r = 8
with m; 1 < 4 are as in Table 4.

All essential parts of abstract essential singularity diagrams of type 1 for t! = r = 8 with
m;1 < 5 are as in Table 5, where O, II, IIl in the second row from the bottom are all possible
strictly negligible entries on the top of the column of the diagram and 0 means no strictly
negligible entries, and the entry (e) in the bottom row is the type of a fiber corresponding to
the diagram which is defined as:

DEFINITION 4.6. Let f: § — B be a hyperelliptic fibered surface of genus 3. We say
a fiber F), of f (resp. F off Iy of g, F of @) is a fiber of type (0) if the essential part of the
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Table 5. List of all essential parts of abstract essential singularity diagrams of type 1 for t! = r = 8 with m; 1 <5.

(1) (1,b) (1) (1,d)
I, II 4
only
0,11, I I, I 0,1, I
0) €8] D 8]
(Le) (L) (1,2) (Lh)
4
0,1, I 0,1, I I, I 0,11
(V) (IX) (VI (X)
(1,1) (1) (Lk) (L)
0 0 (0,0), (I, 0), (I, 0), (111, 0),
L, 0), (I, I L 1N
(XI) (I D 9]
(I,m) (1,n) (1,0) (1,p)
[ 4] [ 4] 414
317 315 SE
(0,0, (I, 0),
(IL, 1) (0.1 (0,1) (0,0)
@ @ (D )
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singularity diagram of I, is (0,a) or (1,a), a fiber of type (1) if that is (1,b), (1,c), (1,d), (1,k),
(1,1), (1,m), (1,n), (1,0) or (1,p), a fiber of type (1) if that is (0,b), (0,c), (0,g), (0,h) or (0,i), a
fiber of type (I) if that is (1,j), a fiber of type (IV) if that is (0,f), a fiber of type (V) if that is
(1,e), a fiber of type (V1) if that is (0,d), a fiber of type (VII) if that is (1,g), a fiber of type (VII)
if that is (0,e), a fiber of type (IX) if that is (1,f), a fiber of type (X) if that is (1,h), a fiber of
type (XI) if that is (1,1).

(i) All admissible sequences of abstract essential singularity diagrams with ' = 3 and
D is of type 1 (i.e. arising from an entry (xy, 3)) are as follows.

([Gn3]) wd] (yr %)
o} 0 o,
Then, (x1,3) is said to be of type (3-4)%. An entry of type (3-4)° is nothing more than a
negligible entry.
All admissible sequences of abstract essential singularity diagrams with t' = 4 and D,
being of type O (i.e. arising from an entry (x1,4)) are as follows.

([Gr9]) (x2,4) (xk,4) (xk+1,3) is of type (3-4)'
0 1
Dgl ka—l ka

Then, (x1,4) is said to be of type 4%-(3-4)’.

All admissible sequences of abstract essential singularity diagrams with t! = 5 and D
is of type 1 (i.e. arising from an entry (x1,5)) such that no entries with multiplicity 6 appear
are the following 3 cases.

( (.x1, 5) ) (-xz, 5) (Xk, 5)
D;I ‘D)lfk-l
([G9]) (2.5 ] o [ ] [ Grend | (xke2.3) is of type (3-4)
D)lcl ‘Z)}kfl ’Z)}k 'Z)gkﬂ

(@) s

1 1
Dxl ka—l .Dl
Xk

Then, (x1,5) is said to be of types 5%, 5X-4-(3-4)! and 5X-34, respectively.
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We remark no singular points with multiplicity 6 appear over /', unless it is of type (II).
All admissible sequences of abstract essential singularity diagrams with 9; the diagram on a
fiber I, of type (IIl) are as follows.

g% g; (2.6) (x3,4) or (x3,3) is of type 4-(3-4)!
1’
o D), DY,

(iii) Let I, be a fiber of type (I). First, if there exist singularities with multiplicity 5,
we blow up these singularities until there exist no singularities with multiplicity 5 on the total
transform of I',. Leti be the number of singularities of multiplicity 5 (i.e. the number of these
blow-ups). Then the dual graph of the total transform of I'}, is the Dynkin graph of type A;,1,
and all possible essential singularities on both ends of the chain are of types 4-(3-4)/ or 34.
We say I, is of type (I;x) more precisely if there exists a singularity of type 4-(3-4)/ ~lon
one end and there exists a singularity of type 4-(3-4)%~! on another end, where j or k = 0
means there exists no essential singularity on the end. When there exists a singularity of type
34 on one end, we denote j or k = oo.

Let I, be a fiber of type (II). Similarly, if there exist singularities with multiplicity 4,
we blow up these singularities until there exist no singularities with multiplicity 4 on the total
transform of I},. Let i be the number of these blow-ups. Then the dual graph of the total
transform of I, is also the Dynkin graph of type A;;, and all possible essential singularities
on both ends of the chain are of type (3-4)/. We say I}, is of type (Il j) if there exists a
singularity of type (3-4)/ on one end and there exists a singularity of type (3-4)* on another
end.

Let I';, be a fiber of type (II) (resp. a fiber of type (IV)). We say I, is of type (Ill; ;) (resp.
(IVy)) if there exists a singularity of type 4-(3-4)’ on the exceptional curve for the blow-up
at the singularity with multiplicity 6 infinitely near to the singularity with multiplicity 5 on I,
(resp. the singularity with multiplicity 4 infinitely near to the singularity with multiplicity 4
on I},).

Let I, be a fiber of type (V) (resp. (VI)). We say I, is of type (Vj) (resp. (VI)))
if there exists a singularity of type (3-4)/ on the exceptional curve for the blow-up at the
singularity with multiplicity 4 infinitely near to the singularity with multiplicity 4 on I, (resp.
the singularity with multiplicity 4 infinitely near to the singularity with multiplicity 3 on I,).

Let I',, be a fiber of type (VII) (resp. (VII)). We say I, is of type (VII;) (resp. (VII;))
if there exists a singularity of type 4-(3-4)/~! on the exceptional curve for the blow-up at the
singularity with multiplicity 5 infinitely near to the singularity with multiplicity 5 on I, (resp.
the singularity of multiplicity 3 infinitely near to the singularity with multiplicity 4 on I7},),
where j = 0 means there exists no essential singularity on the exceptional curve.

Now, the following lemma is straightforward.
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LEMMA 4.7. Let 12;: W — W be the resolution of essential singularities and R the
branch locus on W. The total transform on W of each fiber I' of types (1),...,(XI) has the
following configuration.

j -1 1 1 2 [ S k-1 k
Iijx) x—e ——o0—(r—e —(r—o—e —Xx
1 2
(When j = c0) o—x—e"—wp—e—
j -1 1 1 2 i i+1 1 k-1 k
(Hi,j,k) ]x - ¢ . o—z—o—---—lo—lz—o . *—Xx
1 2 i i+1 1 j-1 J
(]]Ii,j) o——0—7—0—@ o—X
1 2 i i+1 1 Jj-1 J
avi;) o———0—7—O0—@ X
1 J-1 J
(Vj) :>¢ ° ° — X
1 j— 1 j
(VI;) > . . o—e—x
1 Jj-1 J
(VIIj) :>R . —Xx
g 1 i1 j
(VIIL) . —Xx
(IX) W—X—w X) wW—x—e—7 (XD) o/ x—e—o0—e

where the symbol x is a (—1)-curve, the symbol e is a (—2)-curve which is contained in R
and is disjoint from other components of R, the symbol o is a (—2)-curve disjoint from R, the
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symbol w is a (—2)-curve which is contained in R and intersects with other components of R,
the symbol z is a (=2)-curve which is not contained in R and intersects with R, the symbol
o’ is a (=3)-curve which is contained in R and is disjoint from other components of R, the
symbol «’ is a (=3)-curve which is contained in R and intersects with other components of R
and the symbol ®"' is a (—4)-curve contained in R which is contained in R and is disjoint from
other components of R

Taking double covering, we get the following list:

THEOREM 4.8. Eachfiber F of f of types (1), ..., (XD) has the following configuration.

(Il,j,k) e o—o—e . e—0—0—0——0—¢
Jj-1 2 1 1 2 k-1
or e— o0—o0 T T o—0—0——0—¢
o o
Jj-1 2 1 1 2 i i+1 1 2 k-1
(Tijx) e— o—o0 T . . T o—o0 e
o o
. 2
(when j = o) e—eo—0—e——
2 3 i-1 i
o0
j-1 2 1 1 i 11 2 k-1
(Hi,j,k) ——0—— ——0——0—— 5 3 . o—O0———0——¢
3 11— L
— o o0
2 3 i-1 i

o——o
m 1 igl 12 ji-1
i o0—O0————0——
(1 5) 2 3 i-1 i €

1 2 j-1 1 2 j-1
(Vj) ! o—o0——0o—¢ (VIJ) >%o—o—--—o—e
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(V) or

O—R—0

1, 2 j-1 12 j-1
(VII) ¢—o—o0——0o——¢ (VIIL) o———0—¢

(IX) e—e—e (X) —o—of—of or o—e—e¢—0'

XD e—e—o

where the symbol e is a (—2)-curve contained in Fix(T), the symbol o is a (=2)-curve not
contained in Fix(T), the symbol o’ is a (=3)-curve not contained in Fix(T), and the symbol e
is an effective divisor.

Let f: S — B be a hyperelliptic fibered surface of genus 3. Recall the slope equality in
Theorem 1.5 forg = 3 and n = 2:

8
Kf = g)(f + Ind,

where Ind = ZpeB Ind(F}) is defined by Ind(F},) = (2/3)a(F}) + &(F}), which is called the
Horikawa index of F},. We can easily compute the Horikawa index for a fiber F), of each type.
For example, let F), be a fiber of type (VII;). Then the branch locus R has two singularities
of multiplicity 5 and j singularities of multiplicity 4 over p. All vertical (—2)-curves in R
over p are the proper transforms of j — 1 exceptional curves obtained by blow-ups at essential
singularities with multiplicity 3. Thus we have a2(F,) = j + 2, &(F),) = j — 1 and then
Ind(F},) = (5/3)j + 1/3. Computing the Horikawa index for a fiber F}, of each type similarly,
we get:

THEOREM 4.9. The Horikawa index of a hyperelliptic fibration of genus 3 is given by

2.5 2.5
Z (gz +3k- 1) v(Ii0k) + Z (gz - 5) v(Ii0.00)

i,k>1

2.
Ind = Z §IV(Ii,(),()) +
7
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2. 5 2.5 2
+ Z (gz +30G+h) —2) v(Lijx) + Z (51 +3i+ 5) V(i j.o0)
i,j=1,k>1 i,j>1

2. 10 2.5
+ Z (gi + ?) V(lo00) + )| (Ei +30+ k)) v(Ii )

ij.k

+Z(—l+ =Jj+ )V(IH,J)+Z( l+5]+4)V(IV,J)
+Z( j¥s )V(V)+Z( ]+5)V(VI)

2
+3v(v110)+2( j+ )v(vn)+2( j+ )v(vm)

4 10
+3v(IX) + 3v(X) + 5 V(XD

where v(x) denotes the number of fibers of type (*).

5. Multiple fibers. For any fiber F' of a fibered surface, the intersection form on the
support of F is negative semi-definite (with 1-dimensional kernel) by Zariski’s lemma. Hence,
we have the smallest non-zero effective divisor D with support in Supp(F’) such that DC = 0
holds for any irreducible component C of F. We call D the numerical cycle. There exists a
positive integer k such that F = kD. When k > 1, we call F a multiple fiber of multiplicity k.

The following lemma is easy to prove.

LEMMA 5.1. Letn > 4 be a positive integer and a, b integers such that gcd(a, b,n) =
1. Then, it follows that a + 2b ¢ nZ or 2a + b ¢ nZ.

From Lemma 5.1, we obtain the following assertion on multiple fibers of f.

PROPOSITION 5.2. Let f: S — B be a primitive cyclic covering fibration of type
(g,0,n). If n < 3, then any multiple fiber of f is an n-fold fiber. If n > 4, then f has no
multiple fibers.

PROOF. It is sufficient to show the claim with respect to f Suppose that F = }7,, isa
multiple fiber of f~ We write F = kD where k > 2 and D is the numerical cycle. Let I =
f,, be the fiber of g at p = f~(}7). We write I” = Li+---+Lgand L; = k;I; where I; ~ P!
and I; # I if i # j. At least two k;’s are 1 since [ is the total transform of a fiber I" ~ P!
of ¢. We may assume k; = kp = 1. The numerical cycle D is decomposed to Dy + - - - + Dy
such that 5(Di) = I;. Since 6T = f, it follows 5*L,- = kD;. In particular, we have 5*1] =
kD;. Thus, I'| is contained in R since k > 2. Hence it follows k = n. Suppose that I is not
contained in R. Since 5*1",- is reduced and nD; = kig*l",-, then it follows k; € nZ. Hence, r
satisfies the following (#):
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(#) We take an irreducible component /' such that k; ¢ nZ arbitrarily. If another component
I'; intersects I';, then it follows that k; € nZ,

since R consists of smooth disjoint curves. However, we can show that there exist no reducible
fibers of ¢ which satisfy (#) if n > 4. This can be shown as follows. Let I" be the fiber of ¢
atp. If [ is reducible, I is blown up by Y at least once. we may assume that 1, ..., s are
blow-ups at a point on the fiber at p. Put fl =(@o---o0y)' I =L +---+ L;jy; where we
identify Lj with the proper transform of L;. Then, we have I~“1 =L+ Ly =1I7+1T15. Since r
satisfies (#), the intersection point of I'; and I, is blown up. Thus, we may assume ¢, is the
blow-up at the point. Then, we have fg = L1+ Ly+ L3 =I'1+ I, +2I3. This operation repeats
unless the total transform of I” satisfies (#). Blowing u p at the intersection point of L; = a[l;
and L; = b}, the multiplicity of the new exceptional curve is a + b. From this observation and
Lemma 5.1, the operation would repeat endlessly, which leads us to a contradiction. Hence
there exist no reducible fibers of @ satisfying (#). If I’ ~ P!, then F = nD and D ~ P'. It
contradicts g > 2 of f O

REMARK 5.3. Inthe case where n = 2, i.e., f is a hyperelliptic fibration of genus g, it
is known that there exists a fibration f with a double fiber for any odd g. In the case where
n = 3, we have shown in §3 that there exists a fibration f with a triple fiber.
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