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Abstract.  In this paper, we consider a diffusion equation coupled to an ordinary dif-
ferential equation with FitzZHugh-Nagumo type nonlinearity. We construct continuous spatially
heterogeneous steady states near, as well as far from, constant steady states and show that they
are all unstable. In addition, we construct various types of steady states with jump discontinu-
ities and prove that they are stable in a weak sense defined by Weinberger. The results are quite
different from those for classical reaction-diffusion systems where all species diffuse.

1. Introduction. Turing ([30]) considered spontaneous formation of patterns in de-
velopmental biology as a result of diffusion-driven-instability (DDI, for short): When two
chemicals with different diffusion rates react, the spatially homogeneous state can be desta-
bilized, leading to emergence of nontrivial spatial structures. Since then, the concept has
become a paradigm for pattern formation and led to development of numerous theoretical
models describing naturally occurring patterns [8, 13, 16, 29]. In this paper we study pattern
formation in a model system where only one species diffuses and the other does not diffuse, an
extreme situation of “different diffusion rates”. Such models have been proposed in develop-
mental biology (e.g., [18] and references therein) and ecology (e.g., [4] and references therein)
and so forth. In [10] and [15], we studied a receptor-based model for hydra regeneration in
which destabilization of a spatially homogeneous steady state by DDI and bi-stable type of
nonlinearity coexist. Our finding is, among other things, that there is no stable nonhomoge-
neous steady states near the constant steady state. However, there are continua of (weakly)
stable steady states with jump discontinuity. We would like to show that such a phenomenon
(i.e., coexistence of unstable continuous steady states and stable discontinuous steady states)
is not limited to a particular system considered in [10, 15], rather it is universal. For this
purpose, we take the FitzHugh-Nagumo equations as a reference system and prove that the
above-mentioned phenomenon occurs under appropriately chosen parameter values.

The original FitzHugh-Nagumo system

? =82uxx +u(l-u)y(u—-p)-v,
(FHN) !

@ =ou—vyv-—

£y Yv—p,
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was used to model pulse propagation in excitable media, see [7, 21] for model introduction
and [14, 27] for overview of its analysis. The parameters 0 < 8 < 1, y, p and o are positive.
Later, pattern formation in systems including

ou

ar = e%uxx +u(l-u)y(u-p)-v,
(DFHN) ov |

i 8—20xx+0'u—yv—p

was studied by [20] in the context of DDI, where €1 and &, are sufficiently small positive
constants. Subsequent studies have revealed that this reaction-diffusion system admits steady
states with transition layers (see, e.g., [23, 5, 24] and references therein), traveling wave
solutions and other types of solutions with complex behaviours (see, e.g., [26, 2, 3] and
references therein).

In this paper, motivated by the receptor-based model in [10] and [15], we consider a system
with 1 = 0, i.e., a single reaction-diffusion equation coupled with an ordinary differential
equation. For the interval I = (0,]) we consider:

%:fﬁ(u)—v forx e I,t >0,

8v_D820+ forxel,t>0
) P T R A e

v ov

a(o) = a(l) =0,

(u(0,x),v(0,x)) = (up(x), vo(x)) forx el,

where fg(u) = u(1 —u)(u — B) with g € (0,1); D, y, o and p are positive constants. The
initial data satisfies (ug(x), vo(x)) € CO(I) x (C2(I) N C(I)).

We choose (v, o, p) so that the kinetic system (i.e., (1) with D = 0) has three distinct
equilibria and two of them undergo DDI. This setting is different from that for the equations
in [15] where only one equilibrium of the kinetic system undergoes DDI. Our results on
bifurcation stated in Section 4 cover the case where only one equilibrium undergoes bifurcation.
To the best of our knowledge, even for classical reaction-diffusion models such as (DFHN),
little is known about pattern formation through DDI in the case where two or more equilibria
undergo DDI. Generally speaking, if there exist more than one stable steady states in addition
to an unstable steady state of saddle type, long-time-behaviour of the solution to the initial-
boundary value problem becomes very complicated. It is a legitimate theoretical question to
ask how patterns are selected when two equilibria undergo DDI. We believe that our analysis
serves as a first step in this direction.

The initial-boundary value problem (1) has two types of stationary solutions (u(x), v(x)).
One is continuous steady states by which we mean that both u(x) and v (x) are continuous func-
tions of x (as a result they are real analytic). The other type of solution is called discontinous
since u(x) and v’ (x) have a finitely many jump discontinuities.

Main results of the present paper are summarized as follows:
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First, we construct (i) one-parameter families of spatially heterogeneous continuous
steady states near constant steady states by applying the bifurcation theory (Theorem 4.6)
and (ii) those far from the constant steady states under additional assumptions on the choice
of parameters (Theorem 5.3). Steady states in family (ii) cannot be found by perturbation
techniques such as bifurcation theorems; they constitute an isolated branch of solutions. We
study the spectrum of the linearized operator and show that these continuous steady states
are unstable (Proposition 4.7, Remark 4.8 and 5.7). Global structure of the set of continuous
steady states is also considered in Subsection 5.4.

Second, we prove that (1) has continua of discontinuous steady states (Corollary 6.2)
by reducing the problem to finding (weak) solutions of the boundary value problem for a
single equation in v(x) and solving the latter by using the approach taken in [18]. We start
with construction of monotone increasing solutions of this boundary value problem (31) and
then use them to construct various kinds of non-monotone discontinuous steady states in
Subsection 6.2. Finally we prove in Theorem 6.8 that all such discontinuous steady states
are (&o, E)-stable, a notion formulated by Weinberger [32] in order to treat the stability of
discontinuous steady states.

In numerical simulations we have observed that solutions starting from initial functions
close to a constant steady state develop spatial heterogeneity and eventually approach steady
states exhibiting periodic or irregular patterns with sharp transitions. The final form of
solutions seems to be affected by the diffusion coefficient D significantly as in simulations
shown in [10] and in [9]. Our results provide a partial explanation for such dynamic behaviour;
however, we are far from a total understanding of the dynamics of solutions in system (1).

As a matter of fact, for decades such discontinuous steady states have been known to exist
(see, e.g., [20]), because they served as a first approximation to continuous steady states, with
interior transition layers, of reaction-diffusion systems where both species diffuse. However,
there have been not many systematic studies on discontinuous steady states themselves. This
seems partly because most models of pattern formation were based on Turing’s framework and
discontinuous steady states were regarded as intermediate products. In this classical setting, as
the diffusion coeflicient of the activator tends to 0, stable steady states are known to converge
to a particular family of discontinuous steady states (see Section 7 for more details). However,
recent researches on models coupling diffusive and non-diffusive components of signalling
systems have revealed the significance of discontinuous steady states appearing systems of
reaction-diffusion equations coupled with ordinary differential equations [11, 12, 19, 25, 31].
We hope that our results will contribute to further studies in this direction.

This paper is organized as follows. As preliminaries, in Sections 2 and 3 we summarize
mostly known results but fundamental to subsequent arguments. Section 4 is devoted to the
bifurcation problem around constant steady states and the stability analysis of bifurcating
solutions. In Section 5, we reduce the problem of finding continuous steady states of (1) to
finding smooth solutions of a boundary value problem for a single equation with a smooth
nonlinearity and study the global structure of branches of such continuous solutions. In
Section 6, we focus on the boundary value problem for a single equation with a discontinuous
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nonlinearity. Particular attention is given to the construction of monotone increasing solutions.
Using these monotone solutions as building blocks, we obtain different types of non-monotone
steady states. Subsection 6.3 gives the proof of the stability of steady states with jump
discontinuity. In Section 7, as concluding remarks, we discuss the relationship between
(DFHN) and (1). Finally, in appendix we present classification tables for the location of
contant steady states of (1) according to ranges of parameter values.

Acknowledgment.  This work was supported in part by JSPS KAKENHI Grant Number 26610027

‘Control of Patterns by Multi-component Reaction-diffusion Systems of Degenerate Type’. The authors
thank the referee for the comments which help them improve the presentation of the paper.

2. Spatially homogeneous steady states. In this section we study spatially homoge-
neous steady states of (1), which are equilibria of the kinetic system

du
i fu,v),
t
(2) do
i g(u,v),
where

fluv) = fpu) —v  with  fg(u) = u(l —u)(u - p),
gu,v)y=ocu—yv—p.

We always assume that 0 < 8 < 1,7 > 0,0 >0, p> 0. Letuy, = (1+ B8 —-+/1- 5+ 52)/3
be the unique local minimum point of fg(u) and ug = (1+ B ++/1 — B + 2)/3 be the unique
local maximum point of fg(u). Putv;, = fg(u) and vg = fg(ug).

The zero-level curve f(u,v) = 0 in the (i, v)-plane defines three different branches u =
h;(v) defined on the open interval J; (i = 0, 1,2), respectively, such that hy(v) < ha(v) <
h1(v) holds in the intersection ﬂ?:o Ji (# 0). Note that Jy = (v, +o0), J; = (—o0,vg) and
Jo = (vr,vr). We can extend 4;(v) up to the end points of the intervals, so that hg(vy) =
ha(vr), hao(vr) = hi(vr). Hence, f(u,v) = 0 if and only if

ho(v) for vp <v < +co,
3) u=1< h) for vy <v<g,
hi(v) for —oo<uv <up,

and u = ho(v) and u = h;(v) are strictly decreasing, whereas u = hy(v) is strictly increasing.
We define By = {(ho(v),v) | v £ v < +o0}, B = {(h1(v),v) | —00 < v < vR} and B, =
{(h2(v),v) | v < v < vR}.

The number of equilibria of the kinetic system varies from one to three depending on
parameters (8, y, o, p). In Appendix we shall classify them.

In this paper we are particularly interested in the case where three distinct equilibria are
on the branch 8B,. Hence, in what follows, we always assume that (2) has three equilibria
(u1,v1), (up, v2) and (us3,v3) such that u; < u; < uz < up < ug and hence vy, < v < v3 <
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FIGURE 1. Nullclines f(u, v) = 0 and g(u, v) = 0.
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vy < vR. See Proposition A.3 (v) and Proposition A.4 (iii) for how to choose parameters. The
existence of three spatially homogeneous steady states is illustrated in Figure 1.

3. Boundedness of solutions. We state here the existence and boundedness of solu-
tions of the initial-boundary value problem (1), which are obtained by the standard theory. In
this section we assume only that0 < 8 < 1,y > 0,0 > 0and p > 0.

THEOREM 3.1. LetI = (0,]) be a bounded interval in R. Let ug(x), vg(x) be Holder
continuous functions on 1. Moreover, suppose that dvo/dx (0) = dvo/dx () = 0 and vy €
C2+“’(7), 0 < w < 1. Then the initial-boundary value problem (1) has a unique classical
solution for all t > 0.

PROOF. See Theorem 2 in [18]. Global existence of the solutions (u(x,1),v(x,1))
follows from the next theorem. O

THEOREM 3.2. There exists an invariant rectangle R = {(u,v) | Uy < u < U,V <
v < Wi} such that if the initial data (uy(x), vo(x)) is included in R, then the solution of (1)
remains in R forallt > 0.

PROOF. See Example 2 in [28] p.209 for details of the framework of invariant rectangles
and how to construct one for this particular system. The phase diagram is shown in Figure 2. O

Next, we derive a priori bounds on steady states. By a steady state of (1) we mean
that u(x) is piecewise continuous on [0, /], v(x) is continuously differentiable on (0,/) with
piecewise continuous second order derivative on (0,/), and (u(x),v(x)) satisfies (1) expect
points of discontinuity of u(x).

THEOREM 3.3. There exist four constants U, < U*, Vi < V* such that any steady
state (u(x), v(x)) of (1) satisfies the inequalities Uy < u(x) < U* and Vy < v(x) < V* forall
x €[0,1].

PROOF.  Since v’(x) is continuous, we have v’(xp;) = 0 at a maximum point x»s of
v(x). Moreover, since v”’(x) is piecewise continuous, we have v”’(xp;—) < Oand v”'(xpr+) <
0. Indeed, for any 2 > 0 sufficiently small, we have v(xps) > v(xpr—h) = v(xp) =0 (xpr)h+
%v”(xM —0h)h? with 0 < 6 < 1 since v(x) is twice differentiable in the interval (xps — h, x 7).
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FIGURE 2. Vector field (f (u, v), g(u, v)).

Hence, v”’(xpr — Oh)h* < 0, so that v”(xp—) = limp o(xpr — Oh) < 0. Similarly we obtain
v’ (xp+) <0.

In the same way, we see that if x,, is a minimum point of v(x), then v”(x,,—) > 0 and
v’ (xm+) = 0.

Case 1. First we consider the case where all the constant steady states are on the branch
B,. Suppose that v(xpr) = maxyefo,z) v(x). Then v”’(xpr+) < 0. Hence, g(u(xpr), v(xpr)) =
—Dv”(xpx) > 0, ie., (u(xpr),v(xpr)) is below the straight line g(u,v) = 0. Note that
fpu(xp)) = v(xpm), and hence v(xpr) < vg. Similarly, if v(x,;,) = minyeo, v(x), then
v’ (xmx) = 0, hence g(u(x,,),v(x,)) < 0, which means that (u(x,,), v(x,,)) is above the
line g = 0. Since fg(u(x;,)) = v(x,,), we see that v(x,,) > v;. Consequently we have vy, <
v(x) < vg.

Next, we derive bounds on u(x). Suppose that u(yyr) = maxyepo,; u(x) and u(y,) =
minyepo, u(x). If we assume that u(y,,) < ur, then (u(ym),v(y)) is on the branch By.
Observe that v = fg(u) is strictly decreasing for u < ur. Therefore, fg(u) < fg(u(ym)) if
u(ym) < u < up. This means that v(x) = fg(u(x)) attains a local maximum at x = y,,, hence
0" (x;;,£) < 0. On the other hand, the branch B is above the straight line g = 0 by assumption
of Case 1. Therefore, v” (y;m+) = —g(u(ym), v(ym))/D > 0, a contradiction. Hence u(y,,) >
ur,.

In a similar fashion, we can prove that max,epo,;; #(x) < ug. We thus obtain the desired
inequalities with Uy = up, U* = ug, Vo = vy and V* = vp.

Case 2. Second, we consider the case where (u1, v1) is on the branch $By and it is the
only constant steady state. Let x,, be a minimum point of v(x). Then v”'(x,,+) > 0, so that
gw(xm),v(xmy)) < 0. This implies that v(x,,) > v since (u(x,,),v(x,)) is on the curve
f(u,v) = 0. Similarly, at a maximum point x; of v(x), we must have g(u(xpr),v(xpr)) > 0,
which implies v(xps) < vg. Therefore, Vi = v and V* = vy in this case. To obtain bounds
on u(x), we notice that (#(x), v(x)) must be on one of the branches By, B and B,, and at the
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same time in the strip {(u, v) | Vi < v < V*}. Let U, be the smallest root of f(u, V*) = 0 and
U™ be the largest root of f(u, V,) = 0. We then obtain U, < u(x) < U*.

Case 3. Third, we consider the case where there is only one constant steady state (i1, v;)
and it is on the branch $B;. This case is treated in exactly the same way as in Case 2, and we
see that V. = v, V* = vy, while U, and U* are defined as in Case 2.

Case 4. It remains to consider the cases (a) there is one constant steady state on every
branch, (b) there is one constant steady state on By and two (or one) on B,, and (c) there is
one constant steady state on B; and two (or one) on B,. In the same way as above, we can
prove that it is sufficient to take V, = vp, V* = vg and to define U, as the smallest root of
f(u,V*) =0and U* as the largest root of f(u, V4) = 0. m|

4. Bifurcation analysis. In this section, regarding D as a bifurcation parameter, we
consider the bifurcation problem around a constant steady state and the stability of bifurcating
solutions for the boundary value problem

fuv)=0 forO0<x<I,
4) Dv” +g(u,v) =0 forO<x<I,
v'(0)=v'(l)=0.

4.1. Preliminaries. To begin with, we formulate the problem as an abstract equation
in appropriate spaces of functions. Let X = CO([0,17) x C%,([O,l]) and Y = C°(0,1]) x
CO([0,1]), where C°([0,]) denote the Banach space of all continuous functions on [0, ]
with the maximum norm and C12v ([0,1]) denote the space of twice continuously differentiable
functions satisfying homogeneous Neumann boundary conditions. Let # be an open set of X
defined by #'={(V = (u,v) € X | vp <v <wvgforall 0 <x <1}

We define a mapping 7 (V, D) from #'x (0, +0) into Y by

5) F(V,D) = (f(u,v),Dv”" +g(u,v)) forV = (u,v).

Hence, solving (4) is reduced to finding a pair (V, D) € V% (0, +00) satisfying ¥ (V, D) = 0.
We observe that if V., = (u., v,) is an equilibrium of the kinetic system (2) then ¥ (V,, D) =0
for any D > 0. The set {(V.,, D) | D > 0} is called the branch of constant steady state V.. We
call (V., D.) a bifurcation point (with respect to {(V., D) | D > 0}) if there exists a sequence
{(Vin, D)}, € V'% (0, +e0) such that F (Vip, D) = 0, Vi # Vi, Viy > Vi and D,y — D,
as m — oo,

For a constant steady state V, = (u, v.) of (1) and for D > 0, let dy F (V., D) denote the
Fréchet (partial) derivative with respect to V = (u,v) of F at (Vi, D):
©6) WD) = (ot )

u

where we have defined

f; = fu(u*, U*), f;}k = fv(u*, U*), g; = gu(”*’ U*)’ g: = gu(u*, U*) .
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The Jacobi matrix J, at V. of the kinetic system (2) is given by

@) o= (f:: f;‘)= fhu) —1
' g; g: (o -y ’

It is well known that (V,, D.) cannot be a bifurcation point if dyF (V., D.) has a bounded
inverse, i.e., 0 is not its eigenvalue (see, e.g., [28, p. 171]).

A complex number A is an eigenvalue of Lp = 0y F (V,, D) if and only if it solves the
characteristic equation

®) A = (tr J. — DEj)A + det J. — DE; fj(u.) = 0
for some j =0,1,2,3,..., where
) ;= (nj/1)?

is an eigenvalue of —d?/dx* under homogeneous Neumann boundary conditions. The follow-
ing lemma concerning the spectral structure of Lp is proved in the same way as Lemma 3.1
in [15]:

LEMMA 4.1. Suppose that V., = (u., v.) is a constant steady-state of (1). Let Lp
denote the linearized operator Oy F (Vi, D) : X — Y. Then the spectrum of Lp consists of
the eigenvalues {4 };10 U {y; };10 of finite multiplicity, with Re A; < Re y;, and the point 1 =

fl’;(u*) is in the continuous spectrum. Furthermore,

Aj = =DE; — (fi(u) —tr ) + O(1/L),
i = fglus) + 0(1/¢))

as j — oo.
As to the distribution of eigenvalues we have the following

LEMMA 4.2. Assume that (2) has three equilibria on the branch 8B;. Let (u.,v.) be an
equilibrium of (2) and put

det J,

(10) = W

for j=1,2,3,....

If0 < fl;(u*) < min{y, o /v}, then D; is positive for all j > 1. Moreover,

@D if D> Dy, then 1, <0< up foralln > 0;
L) if D = Dj for some j > 1, then Re A, < Repu, <O0forl <n<j-land1; <0=
uj. Forn > j+1,wehave 1, <0 < uy,;
() if Dj+1 < D < Dj, thenRe A, < Re u, < 0for1 < n < j, while foranyn > j + 1,
An <0< uy.
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PROOF. Since (u., v.) € By, we have fé(u*) > 0. If fl;(u*) <y, thentrJ, = f; +
gs = fl;(u*) -y <0 If fé(u*) < o/v, then det J, = —yfl;(u*) + o > 0. Therefore, D; =
det J./(fg(u.)€;) > Oforall j = 1,2,....

Also from (8) it follows that (i) if det J, — Df;; £, < O forsome n > 0, then 4,, < 0 < u,
and (ii) if det J, — Df;; {, > O and tr J, — D, < Othen Re 4,, < Re u,, < 0. The assertions of
the lemma are obtained easily by these observations combined with the definition of D;. O

Under the assumptions of Lemma 4.2, we observe that if (u., v.) = (u1,01) or (u, v2),
then f[;(u*) < o/y and if (us, v.) = (u3,v3) then f[;(u*) > o /7y since f[;(u*) is the slope of
the tangent to f(u, v) = 0 at (u., v.). On the other hand, the inequality f[;(u*) < v is satisfied
by replacing ou — yv — p with (ou —yv — p)/7 for some 7 > 0 sufficiently small.

DEFINITION 4.3. An equilibrium (u., v.) of the kinetic system (2) is said to be double
if g(u,v) = 0 is tangent to f(u,v) = 0 at (us, v.). Otherwise it is said to be simple.

In the following theorem, by the stability of a steady state (uo(x), vo(x)) of (1) for D =
Dy > 0 it is meant in the linearized sense, i.e., Vj = (up(x), vg(x)) is said to be stable if
the spectrum of dy F (Vy, Do) is contained in the left half plane {1 € C | Re A1 < 0}. If the
spectrum of dy F (Vp, Dy) has a point with positive real part, then we say that V; is unstable.
We remark that by the standard analytic semigroup theory we can prove that the linearized
stability implies the asymptotic stability in the nonlinear sense.

THEOREM 4.4. Let (u., v.) be a constant steady state of the initial-boundary value
problem (1).
(M If (us, vs) is on either the branch By or By, i.e., if u. < ur oru, > ug, then it is stable
for all D > 0. In particular, bifurcation does not occur at (U, v.) ;
(Il) Assume that (u., v.) is on By and simple.
(ITa) If either (u., v.) is the only constant steady state or there exist two other constant
steady states (u*,v*) and (u’,v’) such that up, < u, < u* < u’ < ug oruy <
u* < u' < u. < ug, then (u.,v.) is asymptotically stable for D = 0, but it is
unstable for D > 0. In fact, the linearized operator around (u., v.) has infinitely
many positive eigenvalues for any D > 0. Moreover, there exists a strictly
decreasing sequence of positive numbers D; such that D; — 0 and Lp; has 0
as an eigenvalue.
(ITb) If there exist two other constant steady states (u*,v*) and (u’,v") such that u* <
us < u’, then (u., v.) is a saddle point. The linearized operator around (us, v.)
has infinitely many positive eigenvalues and infinitely many negative eigenvalues
for D > 0. Moreover, bifurcation does not occur at (s, v.) .
(IIT) Assume that (u.,v.) is a double steady state on By. Then (i) for D = 0, it is
asymptotically stable if f'é(u*) < v, and unstable if f[’;(u*) > vy, (it) for D > 0
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it is unstable (the linearized operator has infinitely many positive eigenvalues and
infinitely many negative eigenvalues) and bifurcation does not occur at (u., v).

From (II) of Lemma 4.2 we know that as D increases over D;, Vi = (u., v.) becomes
more unstable in the sense that the stability index decreases, which is defined by

DEFINITION 4.5. LetV. = (u., v.) be a constant steady state of (1). Define the stability
index Inds (Vi, D) of (V., D) by

Inds (Vi, D) = #{ptn | Re un < 0},
where #N stands for the number of distinct elements of a countable set V.

If V. = (us, vi) with 0 < f/’g(u*) < min{y, o/y}, then Inds (V,, D) = j for D;11 < D <
D;. If we understand Dy = +oo, this formula is valid for all j > 0. We observe that under
disturbances of wave number < Inds (V., D), V, is linearly stable. However, under disturbance
of wave number > Indg (V;, D), V. is unstable.

Now let V. = (u.,v.) be a constant steady state of (1) which satisfies the assumption
of (Ila) of Theorem 4.4 above. Hence the linearized operator Lp; has 0 as an eigenvalue.
By applying the standard bifurcation theory, we have a one-parameter family of non-constant
solutions of F (V, D) = 0. To state the rigorous result, we need some preparation.

From (6) it is straightforward to compute an eigenvector ¢ of Lp; belonging to 0:

1 ) cos Tjx
f'é(u*) l
Let L denote the linear operator dydpF (V., Dj), i.e.,

0 0
Li= (0 dz/dxz) '
Then we can prove that Lp; has 0 as an L;-simple eigenvalue, which means that (i)
dimKer Lp, = codimrange Lp, = 1 and (ii) if Ker Lp, = span{¢o}, then L¢o ¢ range Lp,.
(For a proof, see §3.2 of [15].) Hence, all the assumptions of the standard theorem on bifur-
cation from simple eigenvalues (e.g., Theorem 1.7 and 1.18 of [1]) are satisfied and we obtain
the following theorem.

Lp,d0=0 if ¢y =(

THEOREM 4.6. LetV, = (u., v.), a constant steady state of (1) satisfying 0 < f/;(u*) <
min{y, o /y}. Let ¢; . = cos(njx/l) and yj + = f/;(u*) cos(mjx/l). Then there exists an g9 >
0 such that (4) has a one-parameter family of nonconstant solutions {(V (&), D(€))}|s|<sy Of
the form V() = (u(x, &),v(x,€)), D(g) = D; + d(&) where

u(x, &) = ux + &(¢j +(x) + d(x,€)),

v(x, &) = v + W)+ (x) + ¥ (x,€))),

#(x,0)=0, Y(x,0)=0, d(0) =0.
Furthermore, in a small neighborhood of (V., D;) in X X R, there is no solutions other than
{(V(&), D(&))}ig|<ey YU {(Vis D)} D-D; <



STEADY STATES OF FITZHUGH-NAGUMO SYSTEM 253

4.2. Perturbation of critical eigenvalue. Let £(g) denote the linearized operator
ovF (V(e), D(g)) where (V(g), D(g)) is a bifurcating solution of (4) given by Theorem 4.6.
Since Lp;, = L(0), L£(0) has 0 as an eigenvalue. Hence, L(&) is expected to have an
eigenvalue u(e) such that u(0) = 0. This is rigorously proved once we know that O is an
i-simple eigenvalue of Lp;, where i is the inclusion mapping X < Y. Here, i-simplicity
means (i) dimker Lp; = codimrange Lp;, = 1 and (ii) if ker Lp, = span{¢o}, then ido ¢
range LDj. (This fact is shown in the same way as in §3.3 of [15].)

Now we see that Lo has an i-simple eigenvalue u; (D) near D = D; and L(¢) has an
i-simple eigenvalue u(e) for |e| sufficiently small. Moreover, by the well-known theorem of
Crandall and Rabinowitz (see, e.g., [28, Theorem 13.8]) we have

_ —eD'(e) (D))
lim ——— =1
£—0, u(£)#0 u(e)
From (8) it follows that 2, (D) u;.(D) + € uj(D)—(trJ.— D fj),u;.(D) -{ifi =0,and
hence u;.(Dj) =—{;fu/(tr J, = Dj{;) > 0. Therefore, u(g) has the same sign as —eD’ ().
To know the sign of u(e), we compute D’(g). We expand u(x, €), v(x, &) and D(¢) in &:

1)

U=, +ew, w=uw +ewr+ew3+---,
V=0.+EZ, = +ED+EBF -,
D=D;+ed +&%dy+&3dy+--- .
Then, since fu, = fou = fuuo = fuou = fooo = 0, we have
fu(x, €),v(x,€)) = fUs, 04) + fru (s, V:)EW + [ (s, V:)EZ
1 2 1 3
+ Efuu (s, 0:) (EW) ™ + Ef“”“ (us + Bew, v, + Gew) (ew)
= fuluw v)(ewy + 2wy + 2wz +-++)

3

+ folt 0:) (821 + 220+ 323+ ++)

+ %(f['g/(u*, 0) +0(&))(ew) + 2wy + -+ )?
—(1+0(e)(swy + &wy + -+ )
Since ¢ is linear in (&, v), we have
gu(x, &), v(x,€)) = g(us, vs) + gu(Us, V:)EW + gy (s, V5)EZ
= gu (s, V) (W] + 2wy + 3wz + -+ +)
+ g v) (e +E D+ 03 +--1).
We substitute these expressions into (4). Putting
ain = fuus,v:) = fglus), an = fo(u,v) =-1,

a21 = Gy (s, V4) = 0, a2 = Gy(Uts, Vs) = —Y
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and
a a
I = ( 11 12) ,
az;  an
we obtain the following series of equations by equating the coefficient of each power of & to
zero: from &!:

anw +apz =0,
(12) .
Dj Zy taywy +anz = 0;
from &2:
1 44
2
anw +apz + = ffw)wy =0
D; z) +diz{ + axiyws + axnz = 0;
from &3:
’” 3
(14) anws +apnzs +f’3 (“*)wlw2_w1 =0,
Dj 7y +d\z) + daz{ + azjw3 + apz3 = 0.

Notice that (12) is equivalent to LDjT(wl, z1) = 0, where T(wy, z1) denote the transpose
of the vector (wy, z1). Hence, in view of a;; = fé(u*) > 0, we see that
ap

wy = __¢j,+’ 1= ¢j,+
ar

satisfies (12), where ¢; + = cos(mjx/I).
The first equation of (13) implies

144
a S5 ()
air B w?

wy = 1-

By
a 2ayy
Inserting this into the second equation of (13), we get

det.]* 6121 " 2 _
- 22 —diljz1 — Mfﬁ (u)wi =0.

(15) D;zj +

Since D; d?/dz* + det J./aj; has O as an eigenvalue, (15) has a solution if and only if the
solvability condition

I I
2 a1 .. 2 _
(16) dlfjfo 2 dx+i”fﬁ(u*)f0 wyz1dx =0
is satisfied. Since w; = —(aj2/ai1)zi1, the second integral on the left-hand side vanishes.
Therefore, dy = 0.
Then (15) reduces to

2
det J. aziaij,
—22 =

an 243,

"
Dj Z, t+

fg oz
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In view of z% = (1 +cos(2njx/l))/2, we are led to

det J, aia 2rjx

Dz +——1z= 12 {l+cos }

1% ai 443 a;, f l

Hence we obtain
2 rn
a anap,fgw)  2pj '
72 = 24 12 f - 1275 cos Jx + C cos M,

4a?, det J, 1242, det J, ! !

. . . !
where C is an arbitrary constant. If we require further that fo 2221 dx =0, then C = 0 and we
conclude that

2rjx
l 9

aa 12
4af, det J,

2 a2, :
N2 enr andas apasg 2rjx
= - . +1)+—= N -1 .
wy 4a?1fﬁ (u )(det./* ) i) = f4 (u )(3detj* )cos ;

In the computations above, we have used the fact that D; (cos(2mjx/l))” = —4¢; D;
cos(2mjx/l) = —(detJ./aj1) cos(2mjx/l).
Let us turn to (14). The first equation yields

aa 12

2 dets P u) = 1o 2 det J.

f (u,) cos

2=

1 ”
w3 = T (alzz3 + fg (w)wiwy — wf) .
Substituting this in the second equation of (14) gives

det J,

an
The solvability condition for this equation reads

144

Djz5 +

az;
B—dyljz — a_11 [f/’g’(u*)w1w2 - wf] =0.

1
dsz 2 dx + 2L (f (u)wiwy = w}) 21 dx =0,
0 arl Jo

which yields

¢

i 3anad, ana a axia ara
J 2 Y 2 21 % 2 [ az1anz
_d = - Uy l+ Uy —l .
277 T 8d, 84, L7 ()] ( detJ*) 164, L7 ()] (3detJ* )

In deriving this expression, we have used the elementary formulas cos’>(27jx/l) = (1 +

cos(4rjx/1))/2 and cos*(jx/1) = {3 + 4 cos(2njx/l) + cos(4mjx/1)}/8.
Recalling that aj» = —1, az; = 0 and ay = —y, we obtain

Lfg ()PP (

30
84 85

an U Lan = T (1 .

g +1
det J, 16 5 3 det J, ’
Since d; = 0 and d, > 0, we see that —eD’(g) = —2d28 +0(%) < 0as longase #0

is sufficiently small. Therefore, by virtue of formula (11) we obtain the following proposition.

PROPOSITION 4.7. Let V. = (u., v:) be a steady state of (1) satisfying 0 < f'é(u*) <
min{y, o /y}). Let {(V(g), D(€))}e|<s, be a family of nonconstant solutions bifurcating from
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(Vi, Dj). Then D(g) > Dj for 0 < |e| < &9. Moreover, the i-simple eigenvalue i;(g) of the
linearized operator L(g) = oy F (V(¢), D(g)) is negative for |e| > 0 sufficiently small.

REMARK 4.8. For D > D; with D — D; sufficiently small, there are exactly two
nonconstant stationary solutions near the constant solution V. = (u., v.). These noncon-
stant stationary solutions are more stable than V, in the sense that Inds (V (), D(g)) >
Inds (Vi, D(g)). However, L(&) has infinitely many positive eigenvalues.

5. Spatially nonhomogeneous continuous steady states. In order to know the global
behaviour of the branch of bifurcating solutions obtained in the previous section, we turn to
the boundary value problem

P

(18) aaxz 5
[ [
ax V=50 =0

+g(ha(v),v) =0 for0 < x <1,

It is convenient to set

(19) g2 (v) = g(ha(v),v) for vy <v<vug.

In this section we construct solutions of the boundary problem (18). Since all nonconstant
continuous solution can be obtained from monotone increasing solutions, we focus on the
monotone increasing solutions of (18). Recall that (i1, vy), (u2, v2) and (u3, v3) are equilibria
of (2) and they are on the branch B, : u = hy(v).

5.1. Monotone increasing solutions. Multiplying both sides of the first equation of
(18) by v’, we obtain

(9@’)2 + Gz(v)) -0,

2

where

(20) Gy(v) = fvg(hz(s), s)ds forvp <v <ug.
v

Notice that G}(v) = g(ha(v),v) < 0if vy <v < vy, Gj(v) = 0ifv = vz, Gi(v) > 0if vy <
v <3, Gi(v) =0if v =03, Gi(v) < 0if vz <v <, Gi(v) = 0if v = vy and G (v) >
0if v, < v < vg. Therefore, G, is monotone decreasing in the intervals (vr, v1) and (v3, v2),
monotone increasing in the intervals (vy, v3) and (v2, vgr). Moreover, G>(v) achieves a local
minimum at v = vy, v and a local maximum at v = v3. Let a = v(0). Then we have, in view
of v’(0) =0,

D
5v’(x)2 +G2(v(x)) = Ga(a).
Therefore

2
21 v'(x)? = B(Gz(a) - G2 (v(x))).
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Since v(x) is monotone increasing,

22) V06 = =G0 - a0,

Due to the boundary condition v’(/) = 0, we see that b = v(l) must satisfy G>(a) = G2(b).
Integrating (22), we obtain

. f ' dw

VD Ja N2(Ga(a) - Go(w))

(23)

and by putting x =/,

b(a)
(24) D= (z / f dw
a V2(Ga(a) — Ga(w))

Expressions (23) and (24) are meaningful as long as (i) the algebraic equation G»(v) =
G>(a) has a solution b > a and (ii) G2(v) < Ga(a) for a < v < b. This requirement restricts
the range of a. Since the potential G, (v) is of double-well type, we can take a near the bottom
of each well. Moreover, if G2(vr) > G2(v3) and Ga2(vr) > G2(v3) then a may be taken far
from v;.

First we consider the neighbourhood of v,. There are two cases to be distinguished.

(I) G2(v3) < Ga(vg). In this case, there exists a unique »® = H® (a®) for each
a® € [v3, v2] such that Go(b@®) = G,(a'®). We can define D(a®) and v(x,a®)
for a® € (v3, v2].

(I) Ga(v3) > Ga(vg). In this case, Go(b'?) = G2(a'®) defines a unique solution
b = pP(a?®) > a@ ifa® € [v(()z), vp], where v(()z) € [v3, v2] is uniquely determined
by Gg(véz)) = G,(vg). Therefore, we can define D(a®) and v(x,a®) for a® e
(Uéz), 0]

Now, we claim that both case (I) and case (II) can occur under some parameter values.
We choose a value of g € (0, 1) and fix the curve v = fg(u). First, we fix the point (u1, v1) on
u = hy(v). Then we adjust the slope o/y of the straight line g(u, v) = 0 so that (h2(v2), v2)
is close to (h2(vR), vg). Under this situation G,(vg) can be made arbitrarily small. Therefore
we have case (II). Next, we choose (u3, v3) close to (ug, vg). Draw the tangent of v = fg(u)
at (u3,v3). Then, make the slope of g(u, v) = O slightly smaller than that of the tangent. Then
(up, vp) is close to (u3, v3). This makes G;(v3) smaller than G, (vg) and we have case (I). We
show the two cases in the Figures 3-5.

Concerning solutions satisfying v(x) € [vr,v3], we have by a similar argument the
following classification:

(IIT) G1(v3) < Ga(vy). In this case, Go(bV) = Ga(a'") defines a unique solution
b = pM gDy if ¢V € [vél), 011, where vél) € [vz,v1] is uniquely determined
by Gz(u((]l)) = G,(v3). Therefore, we can define D(a") and v(x,aV) for a'V €

1
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FIGURE 3. Case (I) with G2 (13) < G2(vR). FIGURE 4. Case (I) with G2(v3) = G2(vR).
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FIGURE 5. Case (Il) G2 (v3) > Gy (vR). FIGURE 6. Case (III) with G»(v3) > Go(vr).

(IV) Ga(v3) > Ga(vy). In this case, there exists a unique bV = bV (aV) for each
a® e [vg, v1] such that Go(b(V) = G2(aV). We can define D(a™V) and v(x,aV)
for a € (vg,v1]. This case is shown in Figure 6.
In addition to these two types of monotone solutions, there exists another family of
monotoe solutions when G>(v3) is small:
(V) G2(v3) < min{G2(vr),G2(vg)}. In this case, there exists a unique v(()3) € (vg,v3)
such that Gz(v((]3)) = G,(v3). There are two possibilities:

(V.1) If Go(vr) < Ga(vg), then for each a® € [vg, v(()3)) there is a unique b® =
b3 (a®) such that G2(b®) = G2(a®). We can define D(a®) and v(x,a®)
fora® € (v, 063)).

(V.2) If G2(vr) > Ga(vgr), then there exists a unique v,(,f) € (vg, vé3)) such that
G>(?) = Ga(vgr). For each a® e [, 063)), there is a unique b =
b3 @®) > a® such that Go(b®) = G,(a®). We can define D(a®) and
v(x,a®) fora® e (v,(,f), 0(53)).

We introduce the following notation:
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Lo [w! G <Gan), o) [us i Ga(vs) < Ga(vr),
oo ifGa(vs) > Ga(ur). O 0P if Ga(vs) > Ga(vg),
and
3 _ Jor it Ga(vr) < Ga(vr),
4" =\ 3 .
Um if Go(vp) > Ga(vR) .
We define ‘51(1) = {(v(x,a™), D(a™)) | a(()v) < a" < v} for v = 1,2, which are

the branches of monotone increasing solutions ; ‘51("_) = {(v( - x,a"), D(a™)) | ag')

A

a™ <} for v = 1,2, which are the branches of monotone decreasing solutions; and ‘51(")

A

%l(‘;) U %l(”_), which are the branches of monotone solutions (v = 1,2). In the case G,(v3)

min{G,(vy.), G2(vg)} we obtain one more set of branches of monotone solutions: ‘51(3:
((x,a®),D@)) | a5’ < a® < v}, 62 = (I - x,a%),D@@?)) | a) < a®
D) and 6 = 9 U,

5.2. Limiting behaviour of the branch of monotone solutions. In this subsection
we investigate the behaviour of the increasing solution (v, (x,a®), D® (a™)) as a™ — v,
v=12ora® — 053), and as a™ — a(()v) (v=1273).

IN

THEOREM 5.1. Forv = 1,2, as a™ 1 v, v,(x,a™) - v, uniformly on [0,1], and
D" (@) - DV = g(v,)/(n/1)>
THEOREM 5.2. It holds that
1) if G2(v3) < Ga(vR), then v(x,a®) develops a boundary layer at x =l as a® | v3,
namely, v(x,a®) — v3 locally uniformly in [0,1), whereas v(l,a®) — b® (v3) and
D(a®) - 0;

2) if Ga(v3) > Ga(vR), then, as a® | véz), v(x,a®) - v(x, véz)) uniformly on [0, 1]

and D(a(z)) - D(g), where D(Cz) is a positive number;

3) if G2(v3) < Ga(vr), then v(x, ah) develops a boundary layer at x = [ as aV ] v(()l),
namely, v(x, aly - 3 locally uniformly in [0,1), whereas v(l,aMy = bV (v3) and
D(aM) - 0;

4) if Go(v3) > Ga(vr), then as aV | v, v(x,aM) - v(x,vr) uniformly on [0, 1] and
D(aV) - Dg), where D(Cl) is a positive number.

PROOF OF THEOREMS 5.1 AND 5.2. Since the properties of G,(v) are identical with
those of H(v) stated in Section 4 of [15], the assertions of these theorems are proved in the
same way as Theorem 4.1 and 4.2 in [15]. O

The branch %1(3 ) did not appear in the nonlinearity considered in [15] and exhibits a
different type of limiting behaviour:
THEOREM 5.3. IfG2(v3) < min{G2(vy), G2(vR)}, then we have

1) asa® 1 vé3), v(x,a®) develops a boundary layer at each of the boundary points x =
0 and x = 1, namely, v(x,a®) — v3 locally uniformly in (0,1), whereas v(0,a®) —



260 Y. LI, A. MARCINIAK-CZOCHRA, 1. TAKAGI AND B. WU

053)(< v3) and v(l,a®) — 01(3)(> v3). Here 01(3) is a unique solution of G>(v) =
G (v3) satisfying 01(3) > v3. Moreover, D(a®) - 0asa® 1 v(()3);

2) if Go(vr) < Ga(vR), then v(x,a®) develops a boundary layer at x = 1 as a® 1 v3,
namely, v(x,a®) — v3 locally uniformly in [0,1), whereas v(l,a®) — b (v3) and
D(a®) - 0;

3) if Go(vy) > Ga(vR), then, as a® | v,(,f), v(x,a®) - v(x, v,(,?)) uniformly on [0, 1]
and D(a®) — Dg), where D(C3) is a positive number.

PROOF. Assertions 2) and 3) are proved in the same way as those of Theorem 5.2. To
prove 1) we observe that Go(a) = Ga(v”) + (G}(v") + O(la — v’ (@ = v$), Ga(w) =
G2 (v3) +G5(v3) (w=03) +271(GY (v3) + O(w=v3)) (w—03)%, G2(v§”) = G (v3) and G (v3) =
0. Hence,

2(G2(a) = G2(w))

2G5 (1 + O(a - v{)) - 053))}

= G,zl(v3) {(1 + O(w - U3))(w - U3)2 - G;(Uﬁi)

as a T vy’ and w — v3. Using this expression it is not hard to prove that for any positive
constant ¢ sufficiently small we have

(3)
0

v3 dw 1 1
Ii(a) = f - lo +0(1),
P s VG @ - Gy 2-G5 @) o
v3+6 dw 1 1
.] ( ) = f = 1 + 0(1)’
1(a ” V2(Ga(a) — G2(w)) 2\/_Gé/(v3) 0og v(()3) —a

asal vé3). On the other hand,

03=6 dw
I = =0(1),
2(a) f N ORI
b(a) dw
D(a) = =0(),
2(a) fw V2(G2(a) - Ga(w)) M

asa 053) (see, e.g., Lemmas 16 and 17 in [18]). Therefore,

(3)
o -

b(a)
f dw _ 1 log 31 +0(1) asafy
a  V2Gaa) - Gr(w)) \/—G;(va) ) —a

)

Hence, D(a®) —» 0as a® 1 063 ). Moreover,

X f” dw fh(“m) dw
1 Jeo \/2(G2(a(3))—G2(w))/ a®  2(G2(a®) - Go(w))

implies that if v(x,) = v3 — «, then x,./] — 0 for k > 0 and x,/l — 1 fork < 0asa® Tv
This completes the proof of Assertion 1). O

(3)
(U
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5.3. Symmetric continuous steady states. We can construct solutions of the bound-
ary value problem (18) which are not monotone increasing. Let v.(x) be any monotone
increasing solution of (18) with D = D,, given by (23). For each integer k > 2, define a
function v¥(x) on 0 < x < [ by

. v (kx —2j1) for2jl/k < x < (2j + DI/k,
U= LG+ D —kx) for 2 + DIJK < x < 20 + DIJk,
where j = 0,1,2,...,[k/2]. Also we define
. b2+ 1)l —kx) for2jl/k <x < (2j+ l/k,
(x) = v (kx — (2j+ 1)) for 2+ DI/k <x <2(j+ Di/k.
Then v%(x) is a solution of (18) for D = D./k*. Moreover, by making use of the uniqueness
of solution of the initial value problem for v”’ = —g,(v), we see easily that all the solutions of

(18) are obtained from monotone increasing solutions by this method.
We denote this continuation mapping by Ex .:

(25) Er+v(x) = vf(x), Er_v(x) = vk(x).

In this way we can define the branch of k-mode solutions of (18) as follows:
26) ) = {(Ex2v(x,a®), D@”)/i*) | af’ <a® <v,} and % =% U6,
where a)” < a® < v, is replaced with a}’ < a® < oY forv = 3.

5.4. Global behaviour of bifurcating branches. Let.# denote the set of all noncon-
stant solutions of the single equation (18). Let ng(v) (v = 1,2) be the connected component

of ? the closure of . in C%([0, 1]) x (0, +o0), which contains the bifurcation point (v, Dj)
(v = 1,2). Notice that (5(") coincides with that defined by (26) at the end of Subsection 5.3.
The following two proposmons are proved in the same way as Lemma 4.1 and Proposi-
tion 4.2 in [15]:
PROPOSITION 5.4. Ifm # nthen € M€Y =0 (v = 1,2). Moreover ng(v) is not
compactin © X (0, +00), where D = {v € C2([0,1]) | v, < v(x) < vR for all x € [0,1]}.
Therefore, we are interested in how the branch %; approaches the boundary 0 (D x
(0, +00)). We consider the case when D is sufficiently large.

PROPOSITION 5.5. Assume the condition of Lemma 4.2 is satisfied. Then the boundary
value problem (18) has only constant solutions if D > D*, where D* is a positive constant
depending only on the function g, (v) and .

We make here an obvious

REMARK 5.6. For j, k > 1, it holds that (2) 6" N6 = 0, and (b) 6" N 6> = 0
forv =1, 2 in the case G>(v3) < min{G1(vL), Gg(vR)} ‘

Therefore, combined with Theorem 5.2, we conclude that the projection of the branch (f,(l")
on R forms (i) an interval (0, Dps] if G2(v3) < G2(vR) or Ga(v3) < Go(vr) and (ii) an interval
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[dy, Dpg] if Ga(v3) > Go(vR) or Go(v3) > Ga(vy), where O < dy < Dyy. Furthermore, we
have Dy > ng) = g}(vy)/(x/1)* by virtue of Proposition 4.7.

On the other hand, in the case where G (v3) < min{G,(vr), G2(vR)}, the projection on R
of the connected component ‘51(3) ={(v(x,a®),D(a?®)) | a(()3) <a® < véS )} always forms
an interval (0, Djs] for some positive constant D .

We close this section with the following remark:

REMARK 5.7. Each solution (v.(x),D.) of the boundary value problem for the
single equation (18) gives rise to a steady state (hy(v«(x)),v.(x)) of (1) for D = D..
All the continuous steady states thus obtained are unstable. For, f,(u.(x),v.(x)) =
f[;(u*(x)) > 0 is satisfied whenever (u.(x),v.(x)) is on the branch B,. Hence, the in-
terval [ming<y<; f[;(u* (x)), maxg<y<; f[;(u* (x))] is a continuous spectrum of the linearized
operator L, around (u., v.) by Theorem 4.5 of [17].

6. Spatially discontinuous steady states. In this section we construct various dis-
continuous steady states of (1), where u(x) has finitely many jump discontinuities and v (x)
has jump discontinuities in the second order derivative.

Let ho(v) < ha(v) < hy(v) be the three branches of solutions of fg(u) — v = 0 (see (3)).
Put

27) gj(v) = g(h;j(v).v), j=0.1.

Moreover, we define

(28) Go(v) = f go(s)ds, Gi(v)= f g1(s)ds
vr, UR

forvy < v < vg.

The first goal of this section is to prove

THEOREM 6.1. Foreach a € (vr,vR), let

(29) Tc(a>=fa dv +fv dv

v V2[(Go(@) = Gi(@))s — Go)]  Ja V2[(Go(@) — Gi(a))s — G1(v)]
where (Go(a) — G (a@))+ = max{0, Go(a) — Gi(a@)}. Let
(30) De(@) = (£/Te(a))*.

Then for each D > D.(«), there exists a unique solution of the boundary value problem

2
D—v+g0(v)=0 for 0<x<x,,
dx?
31 d2U
(€2) D— +g1(v)=0 for x.<x<lI,
dx?

dv dv
%(O) = E(l) =0,
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such that

dv dv
(32) v(xy) = a, hm a(x) = him d—(x)

d
Lx)>0 for 0<x<l.
dx

Let v1,+(x; a, D) denote this monotone increasing solution. Then vy _(x;a, D) = v +(I -
x; a, D) is a unique solution of (31) with x. replaced by | — x.. satisfying

dv dv
(33) v(l —x4) = a, hlmx E(x) }1lmx d—(x)

d
—U(x)<0 for O0<x<l.
dx
The following is an immediate consequence of this theorem:
COROLLARY 6.2. Foreacha € (vy,vR) and D > D (), let
ho(v1,+(x; @, D)) for0 < x < x.,
;a, D) =
Ui+ (@, D) hi(v1,+(x; @, D)) forx. <x <1I.

Then (u1+(x;a, D), v +(x;a, D)) is a solution of the boundary value problem (4) with the
properties (i) uy + has a jump discontinuity at x = x, and (ii) vy, +(x«; @, D) = @. Let
ho(vi-(x;a, D))  forO<x <1l-—x,,

-(x;a,D) =
4~ D) {h1(v1,-(x;a,D)) Jorl—x.<x<l.

Then (u1,—(x;a, D),v1,—(x; @, D)) is a solution of (4) with properties (a) ui,— has a jump
discontinuity at x = | — x, and (b) v1,-(I — x.; @, D) = a.

Solutions with non-monotone v are considered in Subsection 6.2.
6.1. Monotone increasing solutions. In this subsection we prove Theorem 6.1, fol-
lowing the approach in [18]: First we solve the initial value problems

34 { wyy + go(w) =/0
w0)=a, w'(0)=
and
Wyy +g1(w) =0
(35) {w(O) =a, w/(0)=

where m is a given positive number. Then we glue the two solutions together and scale the
spatial variable appropriately to obtain a solution of (31).

LEMMA 6.3. Given a pair (m,«@) such that vy < a < VR, and 0 < m <
min{V-2Gy (@), V-2G1(a)}, there exists a unique v € (vr, @) and v € (@, vR) satisfying

(36) Go(v) = %nﬂ +Go(e) and G,(D) = %m2 +Gi(a).
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Let

I dv 1 e dv
6N Ymo=— [ e X = [ .
"R Go—aw Y TR oo 6o
Then the unique solution wo(y) of (34) satisfies wi(y) > 0 for ~Y(m,a) < y < 0,
wy(=Y(m,a)) = 0 and wo(-Y(m,a)) = v. The unique solution wi(y) of (35) satisfies
wi(y) >0for0 <y < X(m,a), w)(X(m,a)) =0and w (X(m,a)) = 0.

PROOF. Since the method of proof is the same, we treat (35) only. Multiple the first
equation of (35) by w’ and then integrate the resulting equation from 0 to y. We hence obtain

S ) = 3 + G () - Gy (@) =0,
where we have used the initial conditions w(0) = @ and w’(0) = m. Put
(38) ¥ (w) = m® +2[Gi () — G (w)].

Then

2
w' (y)? =¥ (w(y)).
Since we are interested in monotone increasing solutions, we require w’(y) > 0, and obtain

dw

(39) T V¥ (w(y)).

The solution is well-defined as long as ¥ (w(y)) > 0. From (38) we see that V(@) = m? >0,
' (w) = -2g1(w) < 0and ¥ (w) = —=2[gy (h1(w), w)h](w) +g,(h(w), w)] = =2[ch}(w) -
¥1 > 0 because h{(w) < 0 and o,y > 0. Moreover, ¥(vg) = m? + 2G(a) < 0 due to
G1(vRr) = 0 and the assumption on m. Therefore, there is a unique v = v(m, @) in the interval
(a, vr) such that ¥ (v) = 0.

Now, w’(y) and ¥ (w(y)) are positive for y > 0 sufficiently small, but ¥ (w(y)) decreases
as y increases. Hence, w(y) is increasing until it reaches the value v for which ¥ (v) = 0 is
satisfied.

We note that ¥(w) = 2[G;(v) — G (w)] since m? + 2G| (@) = 2G,(v). Hence, (39) is
rewritten as

dw —
— =261 - Giw)].
Yy
We integrate this equation to get w(y) as the inverse function of

1 w(y) dw

V2o VG -G

The integral on the right-hand side is convergent as w T v, since

(40) Y

Gi(w) = G1(v) +[91(v) + o(D)](w =),
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and gy (v) > 0. Therefore, we can define X (m, @) by

X(m,a,)zifUL'
V2Jo GI(@) - Gi(w)
The dependence of X (m, @) on m is by way of v = v(m, @). This shows that w(X(m, @)) =
v and w’(X(m,@)) = 0. Calling thus obtained solution w;(y) = w;(y;m, @), we finish the
proof of assertions concerning w (y).

The proof of the assertions on wy(y) is the same and we omit the detail. O

LEMMA 6.4. For each a € (vr,vR) fixed, there exists a one-parameter family of
solutions

{v(x;m, a)|0<m< min{\/—ZGo(a), \/—2G1(a/)}}
of the boundary value problem (31) with
1Y (m, @)
X(m, ) +Y(m,a)’
12
[(X(m, @) +Y(m,a)]?’

Moreover, the solution v(x; m, ) is given as the inverse functions of the following indef-
inite integrals:

X = X.(m,@) =
(41
D =D(m,a) =

1 “ dv 1

- - = _( . — ) O < <x,
V2 Jox) Go(v) — Go(v) VD X = X for X <x
L v(x)#—i(x—x) for x,<x<l
V2Jo JGi@-Giy VD . :

PROOF. We define x.(m, @) and D(m, o) by (41) and put

w (M) for 0<x<x
0 VD(m, @) ”
v(ix;m,a) =
wl(g) for x.<x<l
VvD(m, @)
Then it is straightforward to check that v (x; m, @) satisfies (31) for D = D(m, @). O

Next we consider the behaviour of v(x;ma) as m | O and m T
min {V=2Go(a), V=2G1()}.

LEMMA 6.5. Let x.(m,a) and D(m, @) be the functions defined in Lemma 6.4.
(@)Asm | 0,

lg(hi (@), a)
g(hi(a), @) — g(ho(a), @)

D(m,a) — +o00, x.(ma)—

and v(x;m, @) — «a uniformly on [0,[].
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(b) Let (Go(a) — G1(@))- = —min{Go(a) — G1(@)), 0}. Let vy (a) and v} (@) be defined
as a unique solution of

Gi(vg) = =(Go(@) = Gi(@)-, Golvy) = =(Go(a) - Gi(a))-,

respectively. Then as m T min {\/—ZGo(a), V-2G, (a)},

VR dv
X - —
(m, @) \/- V=(Go(@) - Gi(@)- - Gi(v)
Vo) - L , dv

V2 Ju; V=(Go(@) = Gi(@)- = Go(v)
PROOF. (a) From¥%(v) =0t follows that¥(v) =¥’ (v +6(v—70))(v—"1) for some 6 €
(0, 1). On the other hand, ¥ (v) > 0 implies that ¥’ (a) < ¥’ (v + 6(v —v)) < ¥’ (v) fora <
v <v. Hence, ¥ (v) > -¥’(a)(v —v) for @ < v < v. Therefore,

f f 2V0 — «
X(m,a) = < = .
o V@) VP (@) Ja Vo—v V¥ ()]

Observe, however, that m? + 2[G(a) — G{(v)] = 0 implies v — « as m — 0 since G (v)
is strictly increasing. Consequently, we have X(m, @) — 0 as m | 0. Similarly, we obtain
Y(m,a) — 0asm | 0. Therefore, D(m, @) — +o0asm | 0. Since v < v(x;m,a) < v and
v — @,V — @, we see that v(x; m, @) converges to @ uniformly as m | 0.

To know the behaviour of x.(m, ) as m | 0, we need precise asymptotic formulas for
X(m, @) and Y (m, @). From m?/2 = G{(v) — G1(«) it follows that

m*/2 = Gi(a+6@-a)(@-a) = (gi1(a) + 0@ - a))([©-a),
so that

__m*(1+o(1)
(42) U—G’—W as m,LO

Similarly, we have

_ m(1+o(1))
(43) Q’-E——W as m,LO

Also, for v € (@, v) it holds that ¥ (v) = (¥’ (v) + O(v —v))(v — v). Hence, form > 0
sufficiently small, we obtain

X(m,a) = ' Z’?v)
v dv
o =P @) +0-0)Vo—v

1+0(v—v)

Tl
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Therefore, in view of ¥’ (v) = ¥/ (@) + O(v — @) = —2¢g1(a) + O(v — a), we are led to

2
(44) X(ma)= ——(1+0@-a)Vo-a.
V2lg1(a)]

In the same way, we obtain

2
45) Y(ma)=————(1+0(a—v))Ja—v.
V2lgo(@)| - -

In (41), we substitute (44), (45), (42) and (43) to see
Y (m, @)
X(m,a) +Y(m, )
_ Ulgo()
1/lg1(a)] + 1/|go(a)]

ligi ()l ,
@l +1gi@l O 0.
lgo(a)| + |g1(a/)|( +0(m7)) asm]

x.(m,a) =

(1+0(m?))

Since go(a@) = g(ho(@), @) < 0 and g (@) = g(hi(@), @) > 0, we obtain the formula
xi(m, @) = lg(hi(@), @)/(g(hi(@), @) —g(ho(@),@)) asm]O.

Now we turn to the proof of (b). First, we consider the case Go(a@) < Gi(a). Hence,
0 <m < V-2Gi(a). Let m; = V=2G(a). Then v = vg for m = m;. Since ¥ (v) = ¥ (V) +
P'@O+60(@-0)(v-0v) =% (g +60(—-uvr))(v-ogr)and ¥’ (v) = —2¢g(h1(vRr), vr) < 0O for
m = mj, we see that the integral

UR dv
X(m*, @) = v
(@) fa V=2G1(v)

is also convergent. Clearly, X (m, @) — X(m},a) asm T mj.

On the other hand, if m = m], then v satisfies (m’l‘)2 + 2(Go(a) — Go(v)) = 0, that is ,
Go(v) = Go(@) — G (a). We denote this v for m] by v; (a). Obviously v; (@) > vz and the
equality holds if and only if Go(@) = G1(@). As in the case X(m’l‘, ), we see that

Y(m', @) = f ’ dv
" i (@ V2[Go(@) — G1(@) — Go(v)]

is convergentand Y (m, @) — Y(mj, @) asm T mj.
The case Go(a) > G| () is treated in the same way and we omit the proof. |

LEMMA 6.6. Let a be any number such that vy, < a < vg. For 0 < m <
min {V=2Go(e), V=2G1()}, put

T(m)=X(ma)+Y(ma).

Then T'(m) < 0 for all m in the interval (0, min{y=2Go(a), V=2G1(a)}).
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PROOF. Itis convenient to introduce the notation
dv

Y(w)=fa forv, < w < «a,
w V2[Go(@) — Go(v)]

w dv
X(w) = fora <w <vg.
o V2[Gi(a) - Gi(v)]
For each vy, < w < @, let v(w) denote the unique value of v such that
Gi(v(w)) = Go(w) — Go(a) + Gi(a@).
Then G| (v(w))v'(w) = Gy(w), that is,

do(w) _ g(ho(w), w)
dw g(hi(w), w)

(46)

We define
S(w) = X(w) +Y(v(w))

and prove S’(w) > 0. We observe that the relation
1
Go(w) = 5m” + Go(@)

determines a positive number w uniquely as a function of m, and g(ho(w), w) fl—:’q =m,i.e.,
dw m
dm ~ g(ho(w), w)
Hence, S’(w) > 0 implies
T = e S(w(m) = S'w(m) -~ <0
Now we turn to the proof of S’(w) > 0. Set v = @ + (w — a)t. Then we have

~ 1 (w—a)dt
Vax(w) = fo [Gi1(w) - Gi(a + (w — a))]'/2 "

We differentiate both sides to obtain

WX (w) = ’ 1 fw [[@1(10) -01(v)]

“a Jo 1Gw) = Gi)P2 "
where we have defined

01(z) =2G1(2) = (z — @)g(hi(2),2) .
On the other hand, we see
d
01(2) = g(h1(2).2) = (z - a)d—zg(h1(z), 7).
Note that

d d
d—g(hl(z), 2) = —(ohi(z) —yz—p) = ch{(2) -y,
z dz
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therefore, dizg(hl(z), 7) < 0. Also,we know that g(h(z),z) > 0 for z < vgr, which yields that

0/(z) >0 fora<z<w.
We thus conclude that
X' (w)>0 fora<w.

Second, we consider Y’ (w). By a similar argument, we obtain

~ 1 (—w)dt
V2w - fo [Go(w) = Go(w + (a ~w))]'72

and
1 “ [Op(w) = Oy(v)]
—w Jy [Go(w) — Go(v)]*/?

2V2Y' (w) = —
a
where
O0(z) = 2Go(z) — (z — @)g(ho(2),2) .

Hence, 0((z) = g(ho(2),z) + (a - z)d%g(ho(z), 7). However, we see that

d
d_zg(h()(Z)’ ) =0chi(z) -y <0 and g(ho(z),z) <0 forz>uvp.

We therefore conclude that ©(z) > 0 forw < z < @. Hence, Y'(w) < 0 forw < a.
Now, recalling (46), we obtain S’ (w) = X' (w) + Y'(v(w))v'(w) > 0. |

6.2. Non-monotone steady states with jump discontinuity.

6.2.1. Periodic steady states. Starting from monotone increasing solutions given by
Theorem 6.1 we can construct symmetric (periodic) solutions of the boundary value problem
(4) by the method explained in Subsection 5.3. Therfore, for each integer k > 1, (1) has
(symmetric) steady states (u(x), v(x)) such that u(x) has k jump discontinuities.

6.2.2. Non-periodic steady-states. To find non-periodic steady states with jump dis-
continuities (in u), we use the following two types of solutions. For » > vy, let Vy(x;r) be the
unique solution of

Vxx + g(ho(v),v) =0 for —co < x < +00,
(47) v(0) =7,

v’ (0)=0.

For s < vg, let Vi (x; s) denote the unique solution of

Uxx + g(h1(v),0) =0 for —co < x < +00,
(48) v(0) =5,

v’ (0)=0.

Since g(ho(v),v) < 0 for v > vy and g(ho(v),v)/v — —y as v — +co, we see that Vy(x;r)
exists for all x € R and satisfies V' (x;r) > 0, r < Vp(x;r) for all x € R. Similarly, Vi (x; s)
exists for all x € R and satisfies V" (x;5) <0, s > Vi(x; ) forall x € R.
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Step 1. We would like to glue Vy(x;r) and V) (L — x; s) together to obtain a monotone
increasing solution on 0 < x < L;. We say that Vp(x;r) is switchable to V| (x;s) atv = @ €
(r, vr) if there are constants xo, = xo(@;7) > 0, yo = Yo (a;r) > 0and s = s(a,7) € (@, VR)
such that Vi (=xq; s) = Vo(ya;7) = a and V/(—=xa; 5) = V;(yae; ). We claim that for each r €
(vr, vR) there is a unique ap—1 = @o-1(r) such that Vo(x;7) is switchable to V;(x;s) at v =
a if and only if < @ < @p-1(r). To prove this, we recall that

Vi(x;7)% = Go(r) = Go(Vo(x;r))  and  V/(x;5)* = G1(s) — G1(Vi (x35)) .

Hence if there are x, > 0, yo, > 0 and s € (@, vr) such that Vo(yq;7) = Vi(—x4; §) = @, then
Vo (Yasr) = V| (=xq;s) if and only if

(49) Go(r) — Go(a) = G1(s) - Gi(a) .
Now, put
d(v;1r) = G1(v) = Go(v) + Go(r) .

Then ¢'(v;r) = g(h1(v),v) — g(ho(v),v) > 0 and ¢(vr;r) < 0 < ¢(vg;r). Hence, there
exists a unique g1 (r) € (vr, vr) such that ¢(ao—1(r);r) = 0. Note that ¢(r;r) = G1(r) <
0, so that r < ag—1(r). Moreover, ¢(v;r) < 0 if and only if v < @p(r). Therefore, we find
aunique s = s(a;r) < vg such that G{(s) = ¢(a;r), i.e., (49) is satisfied if and only if r <
@ < a1 (r). This verifies our assertion.

Step 2. We say that V| (x; s) is switchable to Vy(x;r) atv = @ € (v, s) if there exist x, =
Xo(a;s) >0, yo = yo(a;s) > 0and r = r(a, s) such that Vi (xq; ) = Vo(—yae;r) = @ and
V| (xa3s) = Vj(=ya;r). One can prove as in Step 1 that for each s € (v, vg) there is a unique
@150 = @10 (s) such that V; (x; s) is switchable to Vp(x;r) at v = a if and only if @19(s) <
a <s.

Step 3. We start with choosing an arbitrary r; such that v;, < r; < vg. Then we
choose an « arbitrarily in the interval r{ < @) < @o-1(r;). We now have a triplet
(Yars Xa1551) = (Yo, (@1, 11), Xy (@1, 71), S1(@1, 1)) for which Vo(ya,;7r1) = Vi(=Xa,551) =
a1 and Vj(Ya,571) = V/(—xq,;51) are satisfied. Here, xo, > 0, yo, > 0 and @1 < 51 < vg.

Let L = xq, + Yo, and define
Vo(x;r1) for0 < x < yq, ,
Vi(x — Ly;s1) for yo, <x<Ly.

Wi(x;ry, 1) ={

Next we select a; arbitrarily in s1 < a2 < a150(s1) and obtain a triplet (xq,, Ya,, r2) for
which Vi (x4, 51) = Vo(=Yay:72), V/ (Xay: 81) = Vg (=Yay:r2) hold. Let Ly = Ly + X, + Ya,
and define W, = W, (x; 71, a1, @) by

Vi(x—Ly1;s1) forLy <x < Li+Xxq,,

Wo(x;ry, aq, @) =
20071 @, @2) {Vo(x—Lz;rz) for L + xq, <x < Lj.

In the same way, we can define when j is even
Vl(x—Lj_l;Sj_l) fOI'Lj_1 <x< Lj_l + Xa; »

W:(x;r,aq,...,a;) =
jlr,an 2 {Vo(x—Lj;rj) for Lj—y + xq; <x < Lj
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and when j is odd
Vo(x — Lj_l;rj) for Lj_l <x< Lj_l + Ya; 5
W;(x;r,an,. .., qp) =
Vix = Lj;s;) for Lj—y + Yo, <x < Lj.

Here, we have defined Lo =0and L; = Lj_1 + Xa; + Yoy - Therefore, for each positive integer
k, we obtain a function on [0, L] defined by

Wi (s, an, .. a) = Wilxsr, an, . .,@p)  on[Ljog, Lyl
Finally we define vy +(x;r1, @1, ..., ax) by
~ Lk
U+ (x5, 1, . ak) = Wi s T @

Put

ho(vx,+ (x5 711, @1, - .., Qk)) on[L;_y, L;]if jis odd,
ug+(x;r, @, .., ap) =

hi (o + (x5, @, ... k) on[L;_y, L;]if jiseven.
Moreover, let
D(ri,ai,....ax) = P/(LK%) .

We therefore have a discontinuous steady state (ug +(x;71, @1, .. ., k), Vg +(X; 71, @1, . . ., @k))
of (1.2) for D = D(ri,ay,...,ar). If k > 2 and a; # «a; for some i # j, then this solution
is called an asymmetric steady state of mode k since v,; +()c; ri,ay,...,ax) has exactly k — 1
simple zeros in the open interval 0 < x < [.

Similarly we can construct a steady state of mode k starting from V) (x;s;) instead of
Vo(x; r1). We omit the detail.

6.3. Stability of steady states with jump discontinuity. In this subsection, we study
the stability of steady states with jump discontinuity. In Subsections 6.1 and 6.2, we constructed
various discontinuous steady states of (1), in which u(x) has finitely many jump discontinuities
and v(x) has jump discontinuities in the second order derivative. First we state the definition
of (g0, E)-stability defined in [32]. Let H'(I) = {u € L*(I) | u’ € L*(1)} and |lullg1(p) =
el 20y + Nl L2y -

DEFINITION 6.7. For positive constants gy and E, the steady state (ii, 0) of (1) is said
to be (&g, E)-stable if, for some Iy C I with meas (I \ Iy) < & and for some € € (0, &g), the
initial functions (ug, vy) satisfy

o = @17 gy + oo = T30y < 87
then forallt > 0
lle(t, ) = @ll7 gy + 100 = 0l gy < B

THEOREM 6.8. Let (ii,0) be a steady state of (1) with finitely many discontinuities
constructed in Subsections 6.1 and 6.2. If vy, < minp<x<; 0(x) < MaXg<x<; (X)) < UR, then
(@@, 0) is (g9, E)-stable for a certain pair (¢, E) with 0 < g, E < co.
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PROOF. We apply Theorem 2.3 in [10]. First, we note that Assumption 2.1 in [10] is
satisfied in our case by virtue of Theorem 3.2. Let J(x) = (a;;(x))1<;,j<2 denote the Jacobian
matrix at the steady state:

(50) J(x) = (

az(x) axn(x) o -y

an (x) cm(x)) _ (f,;(ﬁ(x)) —1) '

We have to check the three conditions: (i) a;1(x) < —c; < 0, (ii) a2 (x) < —c; < 0 and (iii)
detJ(x) > O for all 0 < x < I, where c; is a positive constant. Conditions (ii) and (iii) are
automatically satisfied since a (x) = —y, det J(x) = —yf[;(ﬁ(x)) + o~ and f[;(ﬁ(x)) < 0 for
all x € [0,7]. By the assumption v;, < mind(x) < max (x) < vg, condition (i) is fulfilled
because of a1 (x) = f[;(ﬁ(x)) < 0.

Therefore, all the conditions of Theorem 2.3 in [10] are satisfied and we conclude that
(i1,0) is (&g, E)-stable. O

7. Concluding remarks. We discuss the relationship between steady states of the
reaction-diffusion system (DFHN) where both species diffuse and those of our system (1). For
this purpose we set € = £ and D = 1/&; in (DFHN).

Let us recall some known results on the existence and stability of steady states of (DFHN).
For proofs see, e.g., [20, 22, 23]. Assume that g(u, v) = 0 intersects f(u, v) = 0 at exactly one
point on the branch B, (excluding the end points (uz,vr) and (ug,vr)). Let @* be a unique
value in the interval vy < @ < vg satisfying

hi(a*)
1) f Fls.atyds =0.
h

o(a)

Let (u1+(x;a", D), v1 +(x;a", D)) with D > D.(a") be the monotone steady states of (1)
given by Corollary 6.2. For each positive integer n, let (U} (x; ", D), V' (x; a*, D)) denote
the symmetric steady state of (1) with n jump discontiuities in # obtained from (u1_ 4, v1,+) by
applying the “folding-up method” in Subsection 5.3.

Then for any fixed Dy > D.(e*) and positive integer n, there exists an £y > 0 such that
(DFHN) has an (&, D)-family of steady states (u!l(x; &, D), v (x; &, D)) for (g, D) € {(&,D) |
0 < & < &y, D > Dy} which satisfy

liﬁ)l ul(x;e D) =Ul(x;e", D) locally uniformly on [0,/]\{x.;|j=12 ..., n}
&

where x, ; is the j-th discontinuity point of UZ (x; a*, D), and
liﬁ} vi(x, &, D) =V (x;a", D)

uniformly on [0,/]. We call this solution (¥} (x;e&, D), vi(x;€, D)) the normal n-layered
solution of (DFHN). (See [20] or [23, Theorem 3.3 and Corollary 3.9].) Moreover, there exists
egn(D) > 0 for D > Dy such that £,(D) — 0 as n — oo and the normal n-layered solution is
asymptotically stable if 0 < & < &,(D) (see [23, Theorem 3.27]). This result seem to continue
to hold true for our situation that g(u, v) = 0 meets f(u, v) = O at three points on the branch
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B,. Therefore, the special family of steady states (UL (x; a*, D), V! (x; a*, D)) is captured as
the limit of stable steady-states of (DFHN) as ¢ | 0.

Itis also to be noted that the standard bifurcation analysis for (DFHN) yields the following:
Let (uj,vj), j = 1, 2, 3, be three equilibra with u;, < u; < u3z < up < ug on the branch 5,.
Then these give rise to constant steady-states of (DFHN). For v = 1, 2 and a positive integer
j, let S}V] and DE.V] (&) be defined by

’ _ / o2
M ALY Y o =vfpu) +yle

V= , l(e) = , where ¢; = (nj/1)*.
PN 6 — ) 3= il
Then, foreachpa1rofdlstmctposmve1ntegers ( ],k) therelsaumques[” suchthatD (8 )—
D[V (a ) For j = 0, k = 1, we define a([)vl = s ForeachJ >1 anda T <E< sj[ ]11

the constant steady state (u,, v,) is stable 0 < D < D]. (&), but it is unstable if D > DJ[,V (e),

namely the DDI occurs for (u,, v,,) at D = DE."] (&). Moreover, the linearized operator

£2d?/dx? + f'é(uv) -1
o Dd?/dx* -y

has O as a simple eigenvalue if D = D (s) and ¢ # s for k # j, hence ((uv, Uy), D[ (a)) is
a bifurcation point when D is regarded as the b1furcat10n parameter. (See [22, pp. 561 562].)
We observe that

DJ[.V](s) - Dj[."] ase |0,

in which D[V] = detJ/( f'é(uv){’ ;) (see Lemma 4.2). Therefore, the bifurcation points
((u,,, vy), D ) for (1) are regarded as the limit of those ((u,,, vy), D (e)) for (DFHN) as
el 0. Also it is not difficult to check that, as € | 0, the blfurcaung solutions of (DFHN)
converge to the bifurcating solutions of (1) given by Theorem 4.6. It is very interesting to ask
whether there exist steady states of (DFHN) for & > 0 sufficiently small in the neighbourhood
of a solution on the branch (5]((3) in the case G, (v3) < min{G>(vy), G2(vr)} (see §§5.1-5.3).

A. Appendix: Equilibria of the Kkinetic system. In this appendix we consider the
number of intersection points of the curve C = {(u, fg(u)) | —c0 < u < +oo} and the straight
line £ = {(u, mu — r) | —co < u < 400}, where m is a positive number and r is a real number.

Put

(52) By (u) = mu — fp(u) (=’ = (1+ B’ + (B +mu) .

Clearly, the number of intersection points are given by the number of real (distinct) roots of
the cubic equation mu —r — fg(u) = 0, i.e.,

(53) Dp(u) =r.

Since @, (1) = 3u*> —=2(1 + Bu+ (B+m)and (1 + B)> =3(B+m) =1—- B+ B> —3m, we
see that



274 Y. LI, A. MARCINIAK-CZOCHRA, 1. TAKAGI AND B. WU

(a) ifm > (1 - B+ B%)/3 then ®’, > 0 for all u;
(b) if 0 < m < (1 - B+ 8%)/3 then @,,(u) attains one strict local maximum at u = u_(m)
and one strict local minimum at u# = u,(m), where

ui(m)=%(1+ﬁi\/1—ﬁ+ﬁ2—3m).

Therefore we can classify the number of intersection points immediately. However, we would
like to know also the location of intersection points. For this purpose the following observations
are useful.

() u' (m)>0>u,(m)for0O<m< (1-B+p>/3anduy = (1+8-+/1 -+ p2)/3 =
u_(0) <u_(m) <u_((1=B+p*/3)=1+p)/3=us((1-B+p>)/3) <uy(m) <
ur(0)=(1+B8++1-B8+pB2)/3=ugfor0<m< (1-pB+ B%)/3,since Po(u) =
—fp();

(d) the straight line v = m(u — u.) + fg(u.) passing through a point (u., fg(u.)) on C
meets the v-axis at (0, =D, (u,));

(e) if 0 < m < (1 - B+ B%)/3, then there are exactly two straight lines which are tangent
to the curve C, and they are given by v = m(u — us(m)) + fg(us(m));

2 2
() Pruur) = Pur) = 541 - B+ B2 {m ~51 =B+ /32>}.

PROPOSITION A.1. Ifm > (1 — B+ f82)/3, then C and ( intersect at precisely one
point (uy,vy) with

(i) ur <wuyifr > @p(ur);
(ii) wy = ug if r = P (ur) ;
(iii) ur, <uy <ugp if @p(up) <r < @y (ugr);
(iv) ur =up ifr = @p(up);
V) uy <up ifr < ®@p(up).

PROOF. Since v = ®,,(u) is strictly monotone increasing if m > 1 — g + 82, the
assertion follows immediately. O

Thecase 0 <m < (1 — B+ ﬁz)/3 splits into three: (i) (1 — 8+ ﬁz)/4 <m<(-8+
B?)/3, (i) m = (1 - B+ B?)/4 and (iii) 0 < m < (1 — B + 8%)/4. This is due to the following

LEMMA A.2. Ifmy = (1— B+ B%)/4 then the lines v = my(u—ur) + fplur) andv =
my (1 — uR) + fg(ur) are tangent to the curve C. If m # my, then the lines v = m(u —ur) +
fp(ur) and v = m(u — ur) + fg(ur) are never tangent to C.

PROOF. If the line v = m(u —ur) + fg(ur) is tangent to C at (up, fg(up)) then m =
fé(uo), so that @;, (up) = 0. This means that ug = u,(m). Hence, fg(ug) = f/;(uo)(u() -
up) + fp(ur). Note that f5(b) - fg(a) = (b - a) (f4(a) + 1 f{ (@) (b a) + (b - a)?) and
f4ur) = 0. Therefore, fp(uo) — fp(ur) = (uo — ur)* (3 f5 (ur) + (o — ur.)). On the other
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hand, f7(uo) = f(uo) — f5(ur) = f5 (ur) (o — ur) + 3(uo — ur.)? because of f5"(u) = 6;
hence, our equation reduces to

1
Jg ) +3(uo —ur) = 5 fg'(ur) +uo —ur .

Therefore, ug = ug, + § Y(ur) =ur + 1+ )/2=3ur/2= (1 + B —ur)/2 ie, 2up = 1+
B—ur = %(2(1 +B) + m). This shows that o = u (m) is the only choice and we
get 24/1 — B+ B2 —3m = /1 — B+ 82, yieldingm = (1 — 8 + 52)/4.

In the same way, corresponding to ur, we see that uyp = u_(m) and m = (1 - g +

B> /4. o
We now state the classification table.

PROPOSITION A.3. If(1—-pB+ 2)/4<m < (1 - B+ B*)/3, then C and { intersect
(i) at precisely one point (u1, v1) withug < uy if r > @, (uR) ;
(ii) at precisely one point (u1, vy) with u; = ug if r = @, (ug) ;
(iii) at precisely one point (uy, v1) withuy, < uy < ug if @m(u-(m)) <r < @ (ugR);
(iv) at precisely two points (u1,v1) and (up, v2) with uy, < uy = u-(m) < up < ur ifr =
D (u-(m)) ;
(V) at precisely three points (uy, v1), (u2, v2) and (u3, v3) withuy, < uy < uz < up < ug if
D (us(m)) <1 < Dp(u-(m)) ;
(vi) at precisely two points (uy,v1) and (uz, v2) with uy, < uy < up = uy < ug if r =
Dy (u+(m)) ;
(vii) at precisely one point (u1,vy) withup, < uy < ug if @, (up) <r < D (up(m));
(viii) at precisely one point (u1,v1) withuy = uy, if r = ©p(ur);
(ix) at precisely one point (uy1,v1) with uy < up if r < @, (up(m)).

PROOF. By (c) above, if m, < m < (1 — 8+ 2)/3 then u_(my) < u_(m) < uy(m) <
uy(my). Hence the straight line v = m(u — u_(m)) + fg(u_(m)) (v = m(u — uy(m)) +
fp(uy(m)), respectively) tangent to C with gradient m must intersect C at a point (uy, f5(uy))
with uy, <uy <u_(m) (ur(m) <uy < ug(m), respectively).

Keeping this remark in mind, we can easily verify the assertions (i)—(ix). O

PROPOSITION A.4. Letmy =(1-B+ ﬁz)/4. If m = my, then C and { intersect
(i) at precisely one point (u1, v1) with ur < uy if r > @y, (U_(My));
(ii) at precisely two points (u1,v1) and (uz, v2) withuy, < uy < up = ug if r = Dy, (UR) ;
(iii) at precisely three points (u1, v1), (uz, v2) and (u3, v3) withup, < u; <uz < up < uR if
By, (U_ (1)) < T < P, (14 (m0)) ;
(iv) at precisely two points (uy,v1) and (ua, v2) with uy = uy, < up < ug if r = @p,, (ur);
(v) at precisely one point (uy,v1) with uy < ur, if r < @p,, (ur).

PROOF. This proposition is proved in the same way as in Proposition A.3. O

We notice that, by (c) above, if 0 < m < my then u_(m) < u_(my) < up(my) < up(m).
Hence the straight line v = m(u —u_(m)) + fg(u_(m)) (v = m@u — uy(m)) + fg(uy(m)),
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respectively) tangent to C with gradient m must intersect C at a point (u,, fg(up)) with ug <
uy (u, < ur, respectively). Moreover, by (f) above, @,,(ur) < @, (ug) if m > 2(1 - B +
B2)/9 and @, (ur) > P, (ug) if m < 2(1 = B+ 2)/9.

These observations are sufficient to complete the classification in Propositions A.5-A.7
below:

PROPOSITION A.5. If 2(1—f+2)/9 <m < (1— B+ 82)/4, then C and ( intersect

(i) at precisely one point (u1, vy) with ug < uy if r > @, (u-(m));
(ii) at precisely two points (u1,v1) and (uz, v2) withuy, < u; = u—(m) < ug < up ifr =
D (u_m);
(iii) at precisely three points (uy, v1), (uz, v2) and (u3, v3) with up, < u; < u—(m) < uz <
Ur < up if Op(ur) <r < Pp(u-(m));
(iv) at precisely three points (uy,v1), (42, v2) and (u3, v3) with uy, < u; < u3 < up = uR if
r=®,(ugr);
(V) at precisely three points (uy, v1), (U2, v2) and (u3, v3) withuy, < uy < uz < up < ug if
D, (up) <r <Dy (ugR) ;
(vi) at precisely three points (uy,v1), (u2, v2) and (u3, v3) with u; = up < uz < up < uR if
r=o&,(uL);
(vii) at precisely three point (u1,v1), (U2, v2) and (u3, v3) with uy < up, < uz < up < uR if
D, (u_(m)) <r < ®,,(ur);
(viii) at precisely two points (uy,v1) and (uz, v2) with u; < up, < up = uy(m) < ug ifu =
Dy (u+(m)) ;
(ix) at precisely one point (u,vy) withuy < up if r < @, (ur(m)).
PROPOSITION A.6. If m =2(1—- B+ %)/9, then C and € intersect
(i) at precisely one point (uy, v1) with ug < uy if r > @, (u_(m));
(ii) at precisely two points (uy,v1) and (up, v2) withuy, < u; = u_(m) < ugr < up ifr =
Dy (u-(m)) ;
(iii) at precisely three points (u1, v1), (uz, v2) and (u3, v3) withup < u; <uz < ur < up if
D(uL) = P(ur) <1 < Dpy(u-(m));
@iv) at precisely three points (u1,v1), (42, v2) and (u3, v3) with uy = uy, < uz < up = uR if
r=®y(ur) = Py(ur);
(v) at precisely three points (uy, v1), (U2, v2) and (u3,v3) withu; < up, < uz < up < uR if
Dy (us(m)) <r < Dp(ur) ;
(vi) at precisely two points (u1,v1) and (up, v2) with uy < up < up = uy(m) < ug ifu =
Dy (u+(m)) ;
(ix) at precisely one point (u1,v1) withuy < up if r < @, (u+(m)).

PROPOSITION A.7. If 0 <m < 2(1— B+ f%)/9, then C and € intersect

(i) at precisely one point (u1, vy) with ug < uy if r > @, (u-(m));
(ii) at precisely two points (u1,v1) and (uz, v2) withuy, < u; = u—(m) < ug < up ifr =
Dy (u-(m)) ;
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(iii) at precisely three points (u1, v1), (uz, v2) and (u3, v3) withup, < u; < uz < ur < up if
Dp(uL) <r < Pp(u-(m));
(iv) at precisely three points (uy, v1), (uz, v2) and (u3, v3) withu = up, < uz < ug < up if
r=&,uL);
(V) at precisely three points (uy, v1), (U2, v2) and (u3, v3) withu; < up, < usz < ug < up if
Dp(ur) <r < Dy(ur) ;
(vi) at precisely three points (uy,v1), (42, v2) and (u3, v3) with u; < uy, < u3 < up = uR if
r =@y (uR);
(vii) at precisely three point (uy,v1), (12, v2) and (u3, v3) with uy < up, < uz < up < uR if
D (us(m)) <r < Dy (ur);
(viii) at precisely two points (uy,v1) and (uz, v2) with u; < up, < up = uy(m) < ug ifu =
¢m(”+(m)) ;
(ix) at precisely one point (uy,vy) withuy < urp if r < @, (ur(m)).

Notice that @,, (u, (m)) < 0form < (1- f)?/4. Therefore, if we restrict the range of r to
0 < r < +00, some of the cases in Propositions A.5—A.7 should be ignored. By an elementary
computation we see that 2(1 — B+ 82)/9 > (1 - B)?/4if B> 5—-V24and 2(1 - B+ B2)/9 <
(1-pB)?/4if 0 < B < 5—24. Therefore, for instance, if 8 > 5— V24, then new classification
reads as follows:

PROPOSITION A.8. Assume that 5 — V24 < B<l.@IF(1-B)*/4<m<2(1-B+
B?)/9, then the classification is the same as Proposition A.7. (b) If0 < m < (1 — B)?/4, then
C and { intersect

(i) at precisely one point (uy, v1) with ug < uy if r > @, (u—(m));

(ii) atprecisely two points (u1, v1) and (u, v2) withuyp < u; < ur < up ifr = @p(u_(m));

(iii) at precisely three points (u1, v1), (uz, v2) and (u3, v3) withup < u; <uz < ur < up if
Dp(uL) <r < Pp(u-(m));

(iv) at precisely three points (u1,v1), (42, v2) and (u3, v3) with u; = up, < uz < ugr < up if
r=®,ur);

(V) at precisely three points (u1, v1), (u2, v2) and (u3,v3) with 0 < u; < up <uz < up <

ur if0 <r < @,(ur) .

REFERENCES

[1] M. G. CRANDALL AND P. H. RABINOWITZ, Bifurcation from simple eigenvalues, J. Functional Anal. 8
(1971), 321-340.

[2] C.N.CHEN,S.L EL Y. P. LINAND S. Y. KUNG, Standing waves joining with Turing patterns in FitzHugh-
Nagumo type systems, Comm. Partial Differential Equations 36 (2011), 998-1015.

[3] C. N. CHEN, C. C. CHEN AND C. C. HUANG, Traveling waves for the FitzHugh-Nagumo system on an
infinite channel, J. Differential Equations 261 (2016), 3010-3041.

[4] L.H.CHUAN, T. TSUJIKAWA AND A. YAGI, Stationary solutions to forest kinematic model, Glasgow Math-
ematical Journal 51(1) (2009-01), 1-17.

[5]1 E.N. DANCER AND S. YAN, Solutions with interior and boundary peaks for the Neumann problem of an
elliptic system of FitzHugh-Nagumo type, Indiana Univ. Math. J. 55 (2006), 217-258.



278

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

Y. LI, A. MARCINIAK-CZOCHRA, 1. TAKAGI AND B. WU

R. FITZHUGH, Mathematical models of threshold phenomena in the nerve membrane, Bull. Math. Biophysics.
17 (1955), 257-278.

R. FITZHUGH, Impulses and physiological states in theoretical models of nerve membrane, Biophysical 1
(1961), 445-466.

R. GORDON AND L. BELOUSSOV, From observations to paradigms; the importance of theories and models:
An interview with Hans Meinhardt, International J. Developmental Biology 50 (2006), 103-111.

S. HARTING, A. MARCINIAK-CZOCHRA, Spike patterns in a reaction-diffusion-ode model with Turing insta-
bility, Math. Meth. Appl. Sci. 37 (2013), 1377-1391.

S. HARTING, A. MARCINIAK-CZOCHRA AND I. TAKAGI, Stable patterns with jump discontinuity in systems
with Turing instability and hysteresis, Discrete Contin. Dyn. Syst. 37 (2017), 757-800.

S. HocK, Y. NG, J. HASENAUER, D. WITTMANN, D. LUTTER, D. TRAEMBACH, W. WURST, N.
PRAKASH AND F. J. THEIS, Sharpening of expression domains induced by transcription and microRNA
regulation within a spatio-temporal model of mid-hindbrain boundary formation, BMC Syst. Biol. 7 (2013),
1-14.

V. KLIKA, R. BAKER, D. HEADON AND E. GAFENEY, The influence of receptor-mediated interactions on
reaction-diffusion mechanisms of cellular self-organisation, Bull. Math. Biol. 74 (2012), 935-957.

S. KONDO AND T. MIURA, Reaction-diffusion model as a framework for understanding biological pattern
formation, Science 329 (2010), 1616-1620.

T. KOSTOVA, R. RAVINDRAN AND M. SCHONBEK, Fitzhugh-Nagumo revisited: Types of bifurcations,
periodical forcing and stability regions by a Lyapunov functional, Internati. J. Bifur. Chaos Appl. Sci. Engrg.
14 (2004), 913-925.

Y. L1 AND A. MARCINIAK-CZOCHRA, I. TAKAGI AND B. Y. WU, Bifurcation analysis of a diffusion-ODE
model with Turing instability and hysteresis, Hiroshima Math. J. 47 (2017), 217-247.

P. K. MAINI, R. E. BAKER AND C. M. CHUONG, The Turing Model Comes of Molecular Age, Science 314
(2006), 1397-1398.

A. Marciniak-Czochra, G. Karch and K. Suzuki, Instability of turing patterns in reaction-diffusion-ODE
systems, J. Math. Biol. 74 (2017), 583-618.

A. MARCINIAK-CZOCHRA, M. NAKAYAMA AND I. TAKAGI, Pattern formation in a diffusion-ode model
with hysteresis, Differential Integral Equations 28 (2015), 655-694.

A. MARCINIAK-CZOCHRA AND M. KIMMEL, Modelling of early lung cancer progression: influence of
growth factor production and cooperation between partially transformed cells, Math. Models Methods Appl.
Sci. 17 (2007), 1693-1719.

M. MIMURA, M. TABATA AND Y. HOSONO, Multiple solutions of two-point boundary value problems of
Neumann type with a small parameter, SIAM J. Math. Anal. 11 (1980), 613-631.

J. NAGUMO, S. ARIMOTO AND S. YOSHIZAWA, An active pulse transmission line simulating nerve axon,
Proc. Inst. Radio Engineers 50 (1962), 2061-2070.

Y. NISHIURA, Global structure of bifurcating solutions of some reaction-diffusion systems, SIAM J. Math.
Anal. 13 (1982), 555-593.

Y. NISHIURA, Coexistence of infinitely many stable solutions to reaction-diffusion systems in the singlular
limit, pp. 25-103, in Dynamics Reported: Expositions in Dynamical Systems, Vol. 3, C.R.K.T. Jones, U.
Kirchgraber, H.O. Walther Eds., Springer, New York, 1994.

Y. OSHITA, On stable nonconstant stationary solutions and mesoscopic patterns for FitzHugh-Nagumo equa-
tions in higher dimensions, J. Differential Equations 188 (2003), 110-134.

K. PHAM, A. CHAUVIERE, H. HATZIKIROU, X. LI, H. M. BYRNE, V. CRISTINI AND J. LOWENGRUB,
Density-dependent quiescence in glioma invasion: instability in a simple reaction-diffusion model for the
migration/proliferation dichotomy, J. Biol. Dyn. 6 (2011), 54-71.

X. REN AND J. WEL Nucleation in the FitzHugh-Nagumo system: Interface-spike solutions, J. Differential
Equations 209 (2005), 266-301.



STEADY STATES OF FITZHUGH-NAGUMO SYSTEM 279

[27] C.ROCSOREANU, A. GEORGESCU AND N. GIURGITEANU, The FitzHugh-Nagumo model: Bifurcation and
dynamics, Kluwer Academic Publishers, Boston, 2000.
[28] J. SMOLLER, Shock Waves and Reaction-Diffusion Equations, Second edition, Springer-Verlag, New York,

1994.

[29] K. U. ToriIl, Two-dimensional spatial patterning in developmental systems, Trends in Cell Biology 22 (2012)

438-446.

[30] A. M. TURING, The chemical basis of morphogenesis, Philo. Trans. Roy. Soc. London Ser. B 237 (1952),

37-72.

[31] D.M. UMULIS, M. SERPE, M. B. O’CONNOR AND H. G. OTHMER, Robust, bistable patterning of the dorsal
surface of the Drosophila embryo, Proc.Nat. Acad. Sci. 103 (2006), 11613-11618.
[32] H. F. WEINBERGER, A simple system with a continuum of stable inhomogeneous steady states, Nonlinear

Partial Differential Equations in Applied Science; Proceedings of the U.S.-Japan Seminar (Tokyo, 1982),
345-359, North-Holland Math. Stad. 81, Lecture Notes Numer. Appl. Anal. 5, North-Holland, Amsterdam,

1983.

DEPERTMENT OF MATHEMATICS
HARBIN INSTITUDE OF TECHNOLOGY
HEILONGIJTIANG PROVINCE, 151000
CHINA

E-mail address: ying04526156@126.com

INSTITUTE FOR MATHEMATICAL SCIENCES
RENMIN UNIVERSITY OF CHINA

BEIJING 100872

CHINA

AND

MATHEMATICAL INSTITUTE

TOHOKU UNIVERSITY

SENDAI 980-8578

JAPAN

E-mail address: i.takagi @tohoku.ac.jp

INSTITUTE OF APPLIED MATHEMATICS AND
INTERDISCIPLINARY CENTER OF SCIENTIFIC COMPUTING
(IWR)

HEIDELBERG UNIVERSITY

IM NEUENHEIMER FELD 205, 69120 HEIDELBERG
GERMANY

E-mail address: Anna.Marciniak @iwr.uni-heidelberg.de

DEPERTMENT OF MATHEMATICS
HARBIN INSTITUDE OF TECHNOLOGY
HEILONGJIANG PROVINCE, 151000
CHINA

E-mail address: boying0451@126.com




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


