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CHARACTERISTIC CYCLES OF HIGHEST WEIGHT HARISH-CHANDRA
MODULES AND THE WEYL GROUP ACTION ON THE CONORMAL
VARIETY

LETICIA BARCHINI

(Received July 19, 2016, revised October 20, 2016)

Abstract.  We give an inductive algorithm that computes the action of simple re-
flections on a subset of basis-vectors of the Borel-Moore homology of the conormal variety
associated to the symmetric pair (Sp(2n), GL(n)).

Introduction. The purpose of this paper is to establish an algorithm that computes the
action of simple reflections on a subset of basis-vectors of the Borel-Moore homology of the
conormal variety associated to the pair (Sp(2n), GL(n)).

Fix (G, K) a symmetric pair of complex Lie groups. Let g denote the Lie algebra of G,
and let B denote the variety of Borel subalgebras of g. Fix b = h & n a base point of B.
Write W for the Weyl group of ) in g. The conormal variety, T 8, (or Generalized Steinberg
variety) is the union the conormal bundles to K-orbits on 8. The topological construction
of the Springer representation due to Kazhdan-Lusztig can be adapted to prove that the top
Borel-Moore homology Hip(Tf B, Z) is a representation of W. The fundamental classes of
conormal bundles to K-orbits, [TSB ], are abasis of the space Hmp(TI*(B, Z). The representation
(Hiop(Tg B, Z), W) plays a fundamental role in various areas within representation theory. Even
when it has been the focus of intense study, there is not known formula for the action of a
simple reflection on a basis-vector.

In this paper we consider the pair (Sp(2n), GL(n)) and we consider the set T = {Q}
of K-orbits on B having the property that their closures are Schubert varieties. Such orbits
are the support of the localization of highest weight Harish-Chandra modules. For a simple
reflection we give an inductive algorithm to compute s, - 758 when Q € T. Our method
is indirect. The Grothendieck group of Harish-Chandra modules with trivial infinitesimal
character, K (M, (g, K)) affords an action of W, via the coherent continuation representation.
This action is effectively computable. The characteristic cycle of the localization of Harish-
Chandra modules determines a map CC : K (M, (8, K)) — Hiop(Tx B, Z) which is known to
be W-equivariant, see [13]. In [3], an algorithm is given that computes characteristic cycles
of highest weight Harish-Chandra modules. We use the characteristic cycle computation to
transfer information on coherent continuation to information on the W action on Borel-Moore
homology. This is a constant theme in the present work. Our results are written using the
combinatorial language of clans. The clans that occur determine, in an easy manner, K-
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orbits and Schubert cells. If prefered, the reader can view our arguments in the context of
(g, B)-modules.

This paper is motivated by the work by W. McGovern in [10] and that by P. Trapa in [15].
Peter Trapa has repeatedly and explicitly called for transferring knowledge on the coherent
continuation representation to information on (Hiop(Tx 8B, Z), W).

The organization of this paper is as follows. The first section gives background material on
the parametrization of K-orbits on B via the combinatorial notion of clans, reviews the notion of
T-invariant, and describes the action of operators 7, g in clan notation. In Section 2 we review
relevant results of [3] regarding the characteristic cycles of highest weight Harish-Chandra
modules. Section 3 illustrates the main ideas of this paper in low rank examples. In Section 4
we derive very explicit and technical results on the coherent continuation representation.
Section 5 contains the main theorems of the paper describing s, - 75, 8 in an inductive manner.

1. Preliminaries. In this article we consider the pair of complex groups (G, K) =
(Sp(2mn), GL(n)) and the corresponding real form Gr = Sp(2n,R). The realization of the
complex group G = Sp(2n) that we use is

On Sn On Sn
G = {g € Mnxn(c) : gt (—Sn On) g - (_Sn On)}

where S, € M;x,(C) satisfies (S,,)ij = 0i4jn+1-

If I,, € M;%2,(C) is the identity matrix and /,, , = diag(/,, —I,.), then the group X is the
fixed point set of the involution 8 = Ad(/,, ). We denote by g the Lie algebra of G and we let
g = T @ p be the complexified Cartan decomposition. As K-representation, p decomposes into
the direct sum of two irreducible subrepresentations,

p=pr@p

pt = {(g g) : SpA'S, = A}

and p~ the transpose of p*. Then, the diagonal matrices in g,

with

h = {diag(ty,...,tn, —tn,...,—t1) : t; € C}
form a Cartan subalgebra of both g and f. We let €; € h* be defined by
gi(diag(ty, ..., thy —tn,...,—11)) =t;, for1 <i <n.

We once and for all fix the positive system of roots A* = A*(g,))) determined by the set of
simple roots

(1.1) S={a;=€;—€1:1<i<n-1}U{a, =2¢&,}.

The set of roots in p* is A(p*) = {g; + & : 1 <i < j < n} and the sets of positive
compactrootsin AY = {g;—¢; : 1 <i < j < n}. Our choice of Cartan subalgebra and positive
system determines a Borel subalgebrab = h @ ), ca+ §*. The connected subgroup of G with
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Lie algebra b is a Borel subgroup that we denote by B. We let T8 stand for the cotangent
bundle of the variety 8 ~ G - b of Borel subalgebras. We write u : 7*8 — N* =~ N the
moment map with image in the nilpotent cone.

Our arguments are inductive in nature, reducing questions regarding the pair (G, K) to
equivalent questions about smaller rank pairs. For each 1 <i < n — 1, we consider

(1.2) (Gi, Ki) = (Sp(2(n - 2)),GL(n - 2)) .

The group G; is embedded in G so that the Cartan subalgebrais h); = {H € b : &;(H) =
eiv1(H) = 0}, Ai = A(gi, bi) = {a € A(g,D) : (@, &) = (@, &i+1) = 0}. The Lie algebra of G;

is
Qi=bi@zga-

@€N;

We use the notation K; for K N G; and B; for B N G;. It is useful to observe that roots in S N
A; are simple for AT = A* N A;. The pair

(1.3) (G',K') = (Sp(2(n - 1)),GL(n - 1)),
where G’ is embedded in G so that the Cartan subalgebrais )’ = {H € ) : £/ (H) = 0} and

g =pe Z g,
a€A(g,h),
(a,&1)=0
is also relevant to our work. We write K’ = KNG’ and B’= BN G’.
1.1. K-orbits in the flag variety of type C. The group K acts with finitely many
orbits both on B and on N N p. We consider nilpotent K-orbits that lie in p*. These orbits
have a particularly nice form. They are

oy = {(8 )é);s,,xfs,, = X, rank(X) = k},k =0,1,...,n.

Given Q a K-orbitin B, we let TéB c T* 8B denote the conormal bundle to Q. The moment
map image u(T;, B) is a subvariety of the nilpotent cone. Observe that 7 8 is invariant under
the action of K, and since u is proper and T58 is irreducible, ,u(TgB) is an irreducible K-

invariant subvariety of the nilpotent cone. Hence, (7}, 8) is the closure of a single nilpotent
K-orbit. The K-orbits in 8 relevant to us are:

O ={QeKIB: uT;B) =0} k=0.1,....n.

We parametrize K-orbits in Uy u~! (O}) in two different ways. We use clans, following
the description in [21]. We identify a subset ‘W of the Weyl group W (g,)) in bijection with
Uk ,u‘l(O]’c’). Such bijection is explicitly described in [3, Lemma 17]. We summarize some
relevant results.

For (G, K) the clans are 2n-tuples ¢ = (¢; - - - ca,) satisfying the following.

(a) Each ¢; is +, — or a natural number.
(b) If ¢; € N, then ¢; = ¢; for exactly one j # i.
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(c) The number of +’s that occur among the ¢;’s is the same as the number of —’s that
occur.
(d) If ¢; = +, then cypjr) = F. If ¢; = Cj € N, then ¢p,—i+1 = Con—j+1 € N.

LEMMA 1.4 ([3, Corollary 14]). LetQ € y™! (O}) for some k =0, ...,n. Let c be the
clan that parametrizes Q. Then, all entries c; of c withi < n is a + signs or a natural number.
The clan (+---+ | —--- —) parametrizes Qp = K - .

REMARK 1.5. (a) The symmetric nature of the clans, described in part (d), allows us
to identify a clan with its left half. This is the convention used in [3]. For example,
theclan (1 + 2 +|— 2 — 1) will be written as (1 + 2 +).

(b) If ¢ parametrizes a K-orbit K - b C B, then c is of the form (1 ¢") or (+ ¢”). The
smaller clan (¢”) parametrizes a K’-orbit K’ - (b N g’), in the notation of (1.3).

Using clan notation we write:
PO = {e: w(T}) = OF) = Cy(k) .
LEMMA 1.6 ([3,Lemma?26]). LetCy(k) be the set of all clans for (G, K) with u(T}) =
Oy Then,
Con)={(+c"):c"€eCy(n—1)UCy(n-2)}, and
Cotk)y={(+c):ceCuk=2}u{(1c"): " eCy(k)},2<k<n-1,
Co(k)y={(1c"):c"eCy(k)},k=0,1.
Next, we define W c W(g,D). The closure of each orbit in Uy /,1‘1(01’(’) is a Schubert
variety, see [3]. The set ‘W indexes the set of Schubert varieties that are K-orbit closures. In

(1.1) we have fixed a positive system A™ = A" (g, h) which contains A(p*). Write A} c A* for
the set of positive compact roots and let

1
pzi Z a=mn-1,...,1).

aeAt

DEFINITION 1.7.
W ={weW:-w pis A} -dominant} .

The Weyl group W consists of all permutations and sign changes of {g;}. This may be
expressed in several ways. We will write w = (wjw; - - - wy,) wWhere w(e;) is &y, when w; >
0 and —&,, when w; <0.

LEMMA 1.8 ([3, Lemma 17]). The set Uy Cy(k) is in bijection with ‘W .

Each clan ¢ € U Cy(k) gives a unique K-obit Q. € B. The closure Q_C is a Schubert
variety by w. € ‘W. The bijection assigns to ¢ the Weyl group element w.. Let

W ={weW:w()=1}.
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LEMMA 1.9. Giventwo clans, ci, ¢2, let we,, we, € W be the corresponding Weyl group
elements under the bijection of Lemma 1.8.

(1) Ifcy = (Icy) and ca = (1 ¢}), then wc‘zlwCl ewW’.
(2) Ifc1 = (+ ¢)) and c3 = (+ ¢}), then wc_z1 we, € W

PROOF. The lemma follows from the easy algorithm in [3, Lemma 17]. O

1.2. Tau-invariantand the operators7, g. The operators T, g of [17, Definition 3.4]
will be repeatedly used throughout this paper. We give some necessary background. The 7-
invariantof w € W is

T(w) ={a €S :wa<0}.
By Lemma 1.8, each w,. € ‘W corresponds to a clan c. We write
7(c) = T(we) = Tweak(De) -

LEMMA 1.10. Let ¢ € Uy Cy(k). The simple root aj = & — gj41 € T(c) if and only if
the j and j + 1 entriesin c are + +, k + or k k + 1. The root a,, = 2&, € 7(c) when the last
entry in c is an integer.

PROOF. The lemma follows from Lemma 1.8 and the definition of T-invariant. O

Given a, S consecutive simple roots in the Dynkin diagram, we say that w is in the domain
of T, g when a ¢ 7(w) and 8 € 7(w). When this is the case and « has the same length as 3,
then
ws(l, ﬂ ¢ T(ws(l) )
wsg, « € T(wsg).

(L11) Topp(w) = {

When a, 8 have different lengths
(1.12) Top(w) = {5 ‘we {wsq, wsgl,a € T(;),,B ¢ r(@)}

a set of either one or two elements.
LetT; 41 stand for Toj.a;, - In clan notation the formulae (1.11) reads as follows, see [3].
Write the j, j + 1, j + 2 entries of the clans. We have in the case of equal lengths:

Tjjsi(oot k+ )=t +k )
Tt k=1k--)y=(C-k=1+k--)
(1.13) Tjjsi(oo + +ke)=C+ k+ )
TjjniGo k=1 4+ k- )=C + k=1k--).
When the roots @}, a;4+1 have different lengths, we have
Tona(coe + 4)= (oo + k)
(1.14) Tona(G-- k+)=(0C¢--k-1+ k)
Tooin(oe 4 k) ={C + k4),(o0 + ).



176 L. BARCHINI

LEMMA 1.15. Ifc=(c1---cj_1c; - - ci—1 + 1 cizn - - c,) then, there exists a sequence
J-1€j q
of operators T; i—1, Ti+1,i+2, - - ., 12,1 S0 that

oy Tii-ic = (+1l c1- - cj-1€j -+ " Ci—1Ci42 - " Cn) .

PROOF. The lemma follows from the explicit formulas for 7; ;1 - c. A similar compu-
tation is included in the proof of [3, Lemma 51]. O

For a simple root & we let 7, denote the variety of all parabolic subalgebras of g conjugate
0h@ gD Y gen+ af. We let 7, : B — F, be the natural projection. It is known that for @ ¢
Tweak(De), n;lna(QC) contains a dense K-orbit of dimension dim(Q.) + 1. We denote this
orbit by

Sq 09, =s50cC.

It is useful to write s, o ¢ explicitly in clan notation. Let @ = &; — £;41 and write the j —
1, j,j + 1 entries of c. Then

(1.16) Seo0c=8q0(-cisy+t---)=(C-cizg l+--1).
When a = 2¢,
(1.17) S¢oCc =8¢0 Cy-1+)=(cp-10).

LEMMA 1.18. Ifc € Cy(k) and @ & 7(c), then sq o ¢ € Cy(k) U Cy(k —1).

PROOF. The lemma follows from (1.16), (1.17), and the algorithm that computes mo-
ment map images in clan notation, see [21] and [14]. m]

1.3. Weyl group action on the conormal variety. We let T 8 denote the conormal
variety to the K-action on 8, that is, the union of conormal bundles to K-orbits in 8. The
variety T 8 is pure of dimension dim (8) and its irreducible components are the closures
7‘5_13 of conormal bundles. The set {[7‘5_8]} of fundamental classes of conormal bundle
closures is a basis for the top Borel-Moore homology Hmp(TI*(Z-}, Z). The latter affords a
W-module structure. See for example, [7], [8], [4], [12], [11]. Although the W action on
Borel-Moore homology has been the focus of intense studies, there is no known method to
explicitly determine the action of a simple reflection on the basis {[TS_B]}. It is our goal to
give such formulae when Q € Uy ™! (O}). In this section we review some basic known facts.
In order to avoid introducing more notation, we assume Q = Q. € ,u‘1 (OIZ’) for OZ c Nnp*.
We keep the notation 7,044 (Q) = 7(c).

THEOREM 1.19 ([11], [4], [12], [3]). Let Q be a K-orbit in B with u(T58B) = O;'.
(D) If @ € Tyear(Q), then

Sa - ToB =-TH8B.
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(2) If a ¢ Twear(Q), then there exist positive integers m®(Q, Q;) so that

(1.20) Sa ToB=TyB+ T) 0B+ > m*(2,9) T4 B.
Qj Cg, A€Tyeak (Q/)

W(TS )=u(T)

REMARK 1.21. A convolution construction defines a Hmp(Td*i,dg (G)B X B,7Z) module
structure on Hiop(Tx B, Z), which by a theorem of Kazhdan-Lusztig, is the group algebra

Z[W]. It follows from this construction that

(1.22) >, ZIT 8l

Q;: ,l(ngi)co_g

is W invariant. Since our nilpotent orbit O C p*, each orbit Q; in (1.22) has u(Tj ) C
J
p*. By [3, Proposition 16], the combined conditions Q; ¢ Q and u(7;, ) C p*, imply that
: J
w(T5B) ¢ (T B). Thus, the equality of moment map images in formula (1.20) follows
J

from the inclusion (T 8) C w(T¢, B) and (1.22).
J

2. Characteristic cycle.

2.1. Invariants of Harish-Chandra modules. Let M, (g, K) denote the category of
finitely generated (g, K)-modules of infinitesimal character p. This category is equivalent
to the category M (D, K) of coherent K-equivariant D-modules on the flag variety B.
Localization implements the equivalence of categories, see [1]. If X € M, (g, K) we write X
for its localization. The irreducible modules X are parametrized by pairs (Q, y), where Q is a
K-orbit on 8 and y is a K-equivariant local system; supp(X) = Q.

A fundamental invariant of X is the characteristic cycle of X. That is,

CC) = [T3B1+ ), mo, [T, B,
4 |

viewed as an element of the top degree Borel-Moore homology of the conormal variety. If
mgq; # 0, then Q; is in the singular locus of supp(X).

We refer to the support of X as the support of X. A Harish-Chandra module written as
X (Q) is assumed to have supp(X) = Q.

The moment map image of a conormal bundle closure @ is the closure of a single
nilpotent K-orbit. The characteristic cycle and associated variety are related through the
moment map u : T8 — N. We have,

AV(X) = pTiB) U u(T; B).
mQJ,#O J

The leading term cycle is defined to be

LTC(X) = )" mo [Ty B,

summing over the K-orbits with dim(u(738)) = dim (AV(X)).
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An important observation is that the family of highest weight Harish-Chandra modules
may be considered as sitting in M, (g, K) or in M(g, B), the category of finitely generated
(9, B)-modules with trivial infinitesimal character. The characteristic cycle of a D-module is
defined independent of which category we are in.

2.2. Invariants of highest weight Harish-Chandra modules. We give a short sum-
mary of results in [3] relevant to our work. We keep the notation introduced in Section 1.

LEMMA 2.1. A (sp(2n), GL(n)) module with trivial infinitesimal character is a highest
weight Harish-Chandra modules if and only if its associated variety is a subvariety of p*.

PROOF. See [3, Appendix B], for example. O

NOTATION 2.2. We use the shorthand notation T for T§ B, when c is the clan
parametrizing the K-orbit Q.. We write the highest weight module X (Q.) as X (c).

THEOREM 2.3 ([3]). Let Q' forthe K'-orbit determined by a clan (c’) and assume that

CCX(e)) = ) mey [T7].

(1) Ifc = (+ '), then
CCX (@) = ) mey [T, o))

Moreover, when (+¢') € Cy(m) U U Cy(k), we have
LTC(X(c)) = CC(X(c)).
) Ife=(1¢")and (1 ¢') € Cy(k) with k < n—1, then
COX (@) = ) me; [T o]
Moreover, LTC(X(c)) = CC(X(c)) if and only if (1 ¢’) € Cy(k) with k even.
3) Ifc=(1¢")and (1 ¢') € Cy(n — 1), then

CC(X(c)) = Z me: [T}, C})] + Z me; (7, C})], if n is even.
[ '
J

When n is odd, we have

CCX(@) = 3 me [T )]

COROLLARY 2.4. Let Q' be the K'-orbit determined by the clan (¢”) and assume that
there exist integers ng = =+ so that

T, = ), ne CC(X(co))

4
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for some highest weight modules Harish-Chandra modules X (c¢). Then,

T¢y oy = ), e CCXX(+ c0)),
4
Ti ey = ), ne CCX((Lep)), whenk < n—1and (1 ¢') € Cy(k),
4
Ti ey = D, ne CCX((1 ), whenn is odd (1 ¢') € Cy(n = 1),
14
Ti ey = . ne [COX((1ep) = CCX (+ cr)) ),
4
when n is even and (1 ¢') € Cy(n—1).

3. Low rank examples. In this section we illustrate our method for computing the
action of simple reflections on conormal bundles {7} in low rank cases. We use ATLAS
software to compute the coherent continuation action of simple reflections on irreducible
highest weight (g, K) modules. We keep the notation introduced in prior sections. We write
s; for the simple reflection through the simple root ;.

3.1. Type C;. By [3], we have:

T(*+ 5 =CCXH++) T(*+ p=CCX(H+1)
T(*l 2 = CC(X(12)) T(*l 5 =CCXA+)-CCX(+ ).
Observe that for appropriate integers n, = =1, each conormal bundle 77 is given in the

formT} = Y, ny CC (X(cr)), where each X (¢¢) is an irreducible highest weight (g, K)-module.
Since the characteristic cylce functor is W-equivariant we conclude that

(3.1 Sq - TF = an CC (sq - X(cp)) .
We compute:
| c | s1-X(c) | 52 - X(c) |
(++) -X(++) X++H)+ X+ 1
(1+4) - X(1+) X1+H)+ X(+1DH+X(12)
D[ XHED+XH+H)+X(+) -X(+ 1)
(12) - X(12) -X(12)

The modules occurring in s, - X(c) are highest weight (g, K)-modules. Hence, their
chracteristic cycles are given by the algorithm in [3]. This observation and (3.1) give:

=T

52 T(. (++

(+ ) y TG
* _ ok *
52T 4 =T 4yt 112y

*

St TGy =Ty + 210 ) + Ty -
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3.2. Type C3. When AVX(c) = O3, the computations in [3] yield:

T(i_'__'_) CCX(++ +), T(i+l) =CC(X(+ + 1))
T+l+) =CCX(+1+)-CC(X(+ + +)).

(

Coherent continuation gives:

| c | s1-X(c) | s2-X(c) |
(+++) - X(c) - X(c)

(+1+) | X(c)+ X1 ++H)+X(++ 1) - X(c)

(++ 1) - X(c) X))+ X(+14H)+X(+++)
| c | s3-X(c) |

(+++) X))+ X(++ 1)

+1+H) | XO+XH++ DH+X(+12)

(++ 1) - X(¢)

Combining the given information, as we did in the type C, case, we obtain:

s; - T T )+2 +TF + T

10 —A@+1+ +++) ++1 1++)°
s3'T(11+)=T(+1+)+T(+12)’

T(++1) _T(++1)+2T(+++)+T(+l+)’

T(+++) T(+++) +T(++1)

Similarly, when AV (X (c)) = O,, we compute:

s1-T(’112) =T 10+ (40

2 T2 =Th40) 2T 4 4

+T+12)+T(12+)’
53Ty =T 0 T4

T

3 T4 = (12+)+ (123)

3.3. Type C4. There are sixteen highest weight Harish-Chandra modules for Sp(8,R).

We only write the action of simple reflections on T(*1 124 and T( 124) due to space consid-
erations.

By Corollary 2.4, we have

T 424 =[CCXM + 24)) —CC(X(+ + 14))]
—[CCXA + +4)) —CCX+ + +4)],
T 124 =CCX(+124) —CC(X(+ 1 + +)).

Computing as in prior examples we obtain:

.T*

— *
+124) = (+12+)+T

(1+2+4)°

54 T(+12+) —T+12+)+T(+123)
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REMARK 3.2. Itis relevant to observe that the formula for s4 - T

124 and that for s3 -
differ by a + at the begging of each clan.

s
T(l 2+)

2 T sy =Tt 2T s+ T 2e it T 120+ T4 10y
$4 - Thwany =T+ 1423

REMARK 3.3. The following observations will be relevant to us.

(a) If T(*l ) occurs in sq4 - T(*l t24)

(b) If T} occursin s3 - T} then T

(+1+) (le)

(c) The conormal bundle contributes to T(*l o

* s *
then T occurs in s3 - T( AT
occurs in s4 - T, 5 .

oceurs in 53 - Ty, , ) if and only if 77

occurs in sy - T(’; ny
3.4. One example in type Cs. The examples considered so far suggest an inductive
algorithm to compute the action of simple reflections on the conormal variety. For example,

one can check that:

(3.4) 52T 42

=T

sk
(1+24) +T

*
+T, (I++2)°

*
+T, +124)

+27T (12+4)

(1+++)
S3'T(yi+1+2+)
=T

*
+1+24)

+2TF

* * *
(+1+++)+T(+12++)+T(++12+)+T

+1++2)"

On the other hand, the formula

(3.5 $a° T 0030 =T0s2430 2T 0400 v 1142344

* * *
T ss230 T Tasov43 T 1034,

shows that the inductive argument needed is more subtle than the one used in [3]. Inducing
data from the pair (G’, K’) ~ Sp(2(n — 1)), GL(n — 1)) to (G, K) provides useful but partial
information.

Observe that T(*Jr + 1234 Occurs in sy4 - T(*1 2434 and T(*Jr 1 2 4 Oceurs in sq, -T(*l 2
The clan (+ 1 2 +) is obtained from (+ + 12 3 +) by deleting the symbols +1 in the second
and third entries.

4. Coherent continuation. Our study of the W-module structure on H,(Tg B, Z) is
indirect. The Weyl group W acts on the Grothendieck group K (M, (g, K)) of Harish-Chandra
modules of infinitesimal character p via coherent continuation. The characteristic cycle of the
localization of Harrish-Chandra modules induces a W-equivariant map between K (M, (g, K))
and Hmp(TI’gB, Z), see [13]. Concrete knowledge of the characteristic cycles of highest weight
Harish-Chandra modules, available in [3], allow us to transfer information on the coherent
continuation representation to information about the W-action on the Borel-Moore homology
of the conormal variety.

4.1. A brief survey on the coherent continuation representation. We include a
brief summary of results on the coherent continuation representation. The reader might want
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to consult [18, Chapter 7, 8], [16], [19], [20]. In order to avoid introducing further notation
we write relevant results in the context of highest weight (Sp(2n), GL(n)) modules.

We use the Beilinson-Bernstein classification of irreducible (g, K)-modules of infinitesi-
mal character p. Highest weight (g, K) modules are parametrized by pairs (Q., 1) consisting of
a K-orbitin B, as described in Subsection 1.1, and the trivial local system over Q.. We keep the
notation of prior sections and we write X (Q.) = X(c) for the highest weight Harish-Chandra
module attached to the pair (Q., 1). In particular, the localization of X (Q.) has support Q..
When consulting the reference the reader might want to be aware of various classifications of
Harish-Chandra modules. For example, in [20], irreducible (g, K)-modules are parametrized
by regular characters. The correspondence of parameters, (Q., 1) < v, is explained in [19,
Proposition 2.7]. The modules X (Q.), we are interested in, lie in both categories M, (g, K)
and M(g, B). As an element of M(g, B), X(Q.) is the irreducible highest weight module
L(w,). The localization of L(w,) has support equal to the Schubert variety B,,. = Q.. Hence,
Sq - X(9Q¢) can be viewed in the context of (g, B)-modules.

We refer the reader to [18, 7.3.8] for the notion of T-invariant of an irreducible Harish-
Chandra module. It follows from the remarks surrounding [18, 7.3.8] that for X (¢) = X(Q,),
a highest weight (g, K)-module, 7(c) = 7(X(Q¢)) = Tweak(Qc)-

THEOREM 4.1 ([18, Corollary 7.3.18], [16, Theorem 3.10], [19, Theorem 5.10], [20,

Lemma 14.7]). Let X(c) be an irreducible highest weight (g, K)-module. If @ € A* is simple
and a € 7(X(c)), then

Se - X(c)=—-X(c).
If @ € A* is simple and a ¢ 7(X(c)), then there exist positive integers u®(c, ¢;) so that

4.2) Sar - X(€) = X(0) + X(sq 00) + D 1" (e,c) X(ci).

For each clan ¢; with ®(c, ¢;) # 0 the following holds:

(1) AV(X(ci)) € AV(X(c)); _

(2) dim(9Q,) < dim(Q.) —1,and 9., € Q;

(3) @ € T(X(ci));

(4) if y is a simple root perpendicular to @ and y € 7(X(c)), theny € 7(X(c;)).

Moreover, if 8 is a simple root with {a, ) of type A, then there is exactly one c¢; with
1 (c,cj) #0and B ¢ 7(X(c;)). In this case u“(c,c;) = 1.

REMARK 4.3. (1) By [18, Chapter7], sq - X = X + U,. In [19, Theorem 5.10], the
author proves that U, is completely reducible. Information on the constituents of U,
can be found in [18, Theorem 8.5.18] and [18, 8.3.2].

(2) The statements in Theorem 4.1 regarding r-invariant follow from [16, Theorem 3.10].

(3) The inclusion of associated varieties follows, for example, from [20, Lemma 4.7].
Note that if X(c) is a highest weight Harish-Chandra modules, then AV (X (c)) C p*.
Thus, each module Y that contributes to s, - X(c) has AV(Y) c p*. It follows from
Lemma 2.1, that Y is a highest weight module.



CONORMAL VARIETY 183

(4) When X(c;) contributes to s, - X(c), the corresponding Kazhdan-Lusztig-Vogan
polynomial is of maximal possible degree and u® (c, ¢;) is the coefficient of the largest
power of g, see [20, Lemma 14.7]. The coefficients u®(c, c;) encode important
geometric information on the singularities of Q_C = B—wc, see [0, Theorem 4.3] and [9,
Theorem 1.2].

4.2. The theory of coherent continuation will be used in §5 to help describe an inductive
algorithm that computes s, - 7. Our inductive procedure is compatible with the induction
used in [2] in the study of coherent continuation. In this section we relate coefficients u®(c, d)
to appropriate coefficients u®(c’, d’) occurring in coherent continuation formulae for smaller
pairs. We also study the behavior of u®(c, d) when operators 7; ;_; are applied to the clans c,
d.

We continue with our notation (G, K) for (Sp(2n), GL(n)), b for the Borel subalgebra of
g asin §1, A* for the corresponding positive system, S for the set of simple roots, etc. We use
the notation (G’, K’) for (Sp(2(n — 1)), GL(n — 1)), b’ = b N g’, A’ for the corresponding
positive system, etc. For @ € S N A’ c §, we write u%(clany, clany) for the multiplicity of
X (clany) in s, - X(clany).

LEMMA 4.4. LetX(Q.,), X(Qc,) be highest weight (g, K) modules attached to K -orbits
with parametrizing clans ci, ca, respectively.

(1) Ifcy = (1 ¢))and ca = (1 ¢}) and a € SN A" C A" satisfies a ¢ t(c}) and a €
7(c)), then a & 7(cy) and @ € 7(c2) and

KL e (1e))) = u(cfych) .
(@) Ifcr = (+ ¢]) and ¢ = (+ ¢}) and @ € SN A" C A" satisfies a ¢ 7(c}) and a €
7(c}), then a & 7(c1) and @ € 7(c2) and
Y ((+ e, (+¢))) = u*(c], ¢3) .
PROOF. By Lemma 1.8 and Lemma 1.9, associated to the clans cy, ¢, are Weyl group

elements we,, we, so that X(Q.,) = L(w,,) and X(Q.,) = L(wc,) and w;zlwcl e W’. The
lemma follows from [2, Lemma 3.10]. O

LEMMA 4.5. Let a;, a1 be consecutive short simple roots in A*. Assume c,d are
clans with a; ¢ T(c) Ut(d) and a;jy+1 € 7(c) N 1(d). Furthermore, assume (3 is a simple root
perpendicular to a;, aj+1 and so that B & t(c) but 8 € 7(d). Then,

# (c.d) =1 (Tiis1 - . Tii1 - d) .
PROOF. Thislemma is a special case of Theorem 4.2 in [5], written in clan notation. O
LEMMA 4.6. Let a be a simple root perpendicular to the long simple root. Let ¢ be
a clan of the form ¢ = (1 ¢’+). Assume a ¢ 1(c) and let X(c) be the highest weight (g, K)

module with support Q.. If X (+ - - - +) occurs as a summand in sq - X (1 ¢’+), then X (+--- 1)
occurs as a summand in Sq - X (Typn-1 - (1 ¢’+)).
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PROOF. Let a;, denote the long simple root. Since « € {a,}*,
SaySa * X(1 ¢'+) = sa8a, - X(1 c'+).

We argue that X(+--- + 1) contributes to sq, 5o - X(1 ¢’+). Hence, X(+---+ 1) occurs
as a summand in 544, - X(1 ¢’+). Comparing the 7-invariant of the constituents of s4q,, -
X(1 ¢’+), we conclude that X (+--- + 1) occursin sq - X (T -1 - (1 ¢'+)).

Write

4.7 S XA ) =X )+ u* (A +),(+ - +) X(+-+-+) + Za,, + Z%,

where Za, (Z %) is a sum of irreducible modules that have « and «,, in their T-invariant (sum
of irreducible modules that have a but not «,, in their r-invariant, resp.).

By Lemma 1.10, a,—; € 7((1 ¢’+)) and @,y ¢ 7 ((+---+1)). If & € {@,—1}, then
Theorem 4.1 guarantees that each irreducible summand of Z, has a,-; in its 7-invariant.
Hence, X(+--- + 1) can not be one such summand. If @ = @, then X (T,,—5.,—1 - (1 ¢’+))
is the only summand in s, - X (1 ¢’+) with @, and not @, in its T-invariant. As (+--- +
1) starts with +, 7;—2. 41 - (1 ¢’+) # (+--- + 1). Thus, X(+- - - + 1) does not occur in Z,. It
follows that X (+ - - - 1) is not cancelled out in

4.8)  sq, (5o X(A '+)) =54, - X(1 ¢'+) + 5q, Loy
+u (A )+ ) X+ 1)+ X+ D] = Za, .

Hence, X (+--- + 1) contributes to g, So - X(1 ¢’+) = $oSq, - X(1 ¢’+).
On the other hand,

Sa, XA ') =XA "+) + X(Typ-1 - (1 "4H)) + Yo +Y%,

where Y, and Y, are sums of irreducible modules. The irreducible modules occurring in ¥,
have @,_1, @, and « in their 7-invariant. The irreducible modules contributing to Y, have
an-1, @y, but not « in their T-invariant. By Lemma 1.10, the last two symbols of the clans
that parametrize constituents of Y% are natural numbers. Then,

4.9) S (Sa, - X(Lc"+)) =50 - XA '+)+ 50 X(Typ-1 - (1"+)) = Yo + 54 - Y}{.

We know that X (+--- + 1) does not occur in s, - X(1 ¢’+). In order to complete the
proof we need to show that X(+ - - - + 1) does not contribute to s, - Y. If @ € {a—1 }*, each
constituent of s, - Y, has @, in its 7-invariant. Hence, X(+--- + 1) is not one of them.
Assume a = a,,-». ngnce X(+---+1)has @, and not @,,—; in its T-invariant, for X (+-- - +
1) to occurin s - Y;{ we would need to have X (¢), summand of Y%’ with

(4.10) X+ +1) =X (Tpoopt ) -

Our observation on the shape of such a clan ¢ indicates that equation (4.10) can not
hold. ]
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4.3. We continue our study of the coherent continuation representation.

PROPOSITION 4.11. Let X(c) be the highest weight (g, K) module with support Q..
Assume c is of the form ¢ = (1 ¢’+). If a is a simple root perpendicular to the long simple
root with @ & 7(c), then X (+ - - - +) does not contribute to sq - X(1 ¢’+).

PROOF. We use induction on 7 to obtain a contradiction. The cases n < 3 have been
established in §3. Let n > 3 and assume that the (Sp(2n), GL(#n)) module X (+ - - - +) occurs
in sq - X(1 ¢’+). By Lemma 4.6, if
Tn,n—l(1 ¢"+4) =({c"+k), or

Tn,n—l(1 C,+) =
Ton-1(1c”k+) ={c"+k),

then u® (Tpn-1(1 ¢’+),(+---+ 1)) #0. Both (+---+ 1) and (1 ¢” + k) are in the domain
of the operator 7,1 ,—>. Hence, Lemma 4.5 gives

lla (Tn,n—l(1 C’+)’ (+---+ l)) = lla (Tn—l,n—2(1 "+ k), Tn—l,n—2(+ st l)) #0.

By choosing an appropriate sequence of operators 7;;_1, as in Lemma 1.15, and applying
Lemma 4.5 we conclude that

u((+k1c”),(+14+---4)) #0.
Now, for clans corresponding to a smaller pair (Sp(2(n —2)), GL(n — 2)), Lemma 4.4 gives,
4.12) u (A, (+---+)) 0.

Note that 7 ((1 ¢”’)) € 7 ((+---+)), implies that the clan (1 ¢”) ends on a + sign. Hence,
(4.12) contradicts our induction hypothesis. O

PROPOSITION 4.13. Let ¢ = (1 ¢’) be a clan consisting of n symbols. Assume « is a
simple root not in t(c). If u® ((1 ¢’), (+ d")) # 0O, then either
M) ec=0+c"),a=er—¢e3and (+d") =T ¢, or
2)c=0+---+¢cj=2c"), disoftheform (+---+dj=1d"),anda # gj_1 — &; .
Moreover, there is at most one cland = (+---+d; =1 d") with
A+ +ci=2c"),(+---+d;=1d")) #0.
We prove an auxiliary lemma.

LEMMA 4.14. Letc = (c1 ¢2---c -+ cy) be a clan consisting of n symbols. Let a be
a simple root not in t(c).

(1) Assume k > 1, c1 - cx € Nand cx+1 = +. If X(d) contributes to sq - X(c), then d is
of the formd = (1 d’).

(2) Assumefork >2(cicy -+ cps1) = (1 +---+2). Ifa = gk — &r+1 and X(d) occurs
insq - X(c), then either k =2 and d =Tz, ¢ or k #+ 2 and d is of the form (1 d’).

(3) Assume a # €3 — €3 and ¢1 € N. If ¢ has all simple roots but « in its T-invariant and
X (d) contributes to sq - X(c), then d is of the form d = (1 d’).
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PROOF. We prove (1) by induction on n. The cases n < 3 have been established in §3.
Let n > 3 and assume that there exists a clan of the form d = (+ d’) for which u®(c,d) #
0. Then, by Theorem 4.1, @ € 7(d). Moreover, each simple root y € {a}* N 7(c) is in 7(d).
The description of the T-invariant of clans in Uy Cy(k) given in Lemma 1.10, implies that for
some £ > k +1disofthe form (+---+d,=14d").

We claim that the clans c, d are in the domain of the operator Ty_1 ,—>. Observe that «
is not adjacent to a,—; = €¢-1 — &¢. Indeed, if @ were adjacent to a,—1, by Lemma 1.10, we
would have @ ¢ 7(c), ap—1 € 7(c), @ € 7(d), ap—; ¢ 7(d). Insuch a case, Theorem 4.1 would
force d = Ty,q,_, c. Thatis not possible as the first entry in c is an integer and the first entry in
d is a sign. Since @ not adjacent to ay—1 and a,—; ¢ 7(d), we conclude that ay_; ¢ 7(c). The
root ag—» € 7(c) N 7(d) according to description of the 7-invariant of clans in Lemma 1.10.
Thus, both ¢ and d are in the domain of T,_; ¢—». Lemma 4.5 gives

u(e,d) = u*(Te-1,6-2 - ¢, Tr-10-2-d) #0.
Choosing an appropriate sequence of operators 7; ;_1, as in Lemma 1.15, Lemma 4.5 yields

(4.15) HE((HLcre e feoi fecn)($1 4 Kl dpsy -+ dy)) #0.

Applying Lemma 4.4 to (4.15), we obtain clans associated to a smaller rank pair (Sp(2(n—
2)), GL(n - 2)), for which

U ((cr-Fer decn), (+o - F L dpgy -+ dn)) #0,

a contradiction to our inductive hypothesis.

The proof of (2) is similar. For (3), observe that each clan d with u®(c, d) # 0O satisties
(3) and (4) of Theorem 4.1. Assume there is a clan d that starts with a + sign satisfying
1%¥(c,d) # 0. Since the clan c starts with an integer d ¢ T, gc for any root § adjacent to «.
Hence, 7(d) contains @ and the roots adjacent to @. On the other hand, (4) of Theorem 4.1
and our assumptions on 7(c), imply that {a}* N S C 7(d). Thus 7(d) = S. By Lemma 1.10,
there is no clan d with its first entry equal to + and 7(d) = S. O

PROOF OF PROPOSITION 4.13. We use induction on n. The cases n < 3 have been
established in §3. Let n > 3 and assume that for a clan d = (+ d’), u®(c,d) # 0. Note that
Proposition 4.11 shows d # (+---+). Moreover, Lemma 4.14 implies that c is of the form
(1+---¢cj=2c")forsome j > 3. Whenj=3,a=e-gand (+ d’) =T c, Theorem4.1
gives u®(c,d) # 0. This is case (1) in the statement of the proposition.

If j > 3, by part (2) in Lemma 4.14, o # ;-1 — &;. We have two possibilities, either
aj-1 €t(d)oraj_ ¢ T(d). If aj_1 € 7(d), then forsome £ > j,d = (+---+cer1 =1d").
Arguing as in the proof of Lemma 4.14, we conclude that both clans ¢ and d are in the domain
of the operator 77 o—1. Thus,

U (c,d) = p* Tpe-1- ¢, Tpp-1-d) #0.



CONORMAL VARIETY 187

Choosing an appropriate sequence of operators 7;;—1, as in Lemma 1.15, Lemma 4.5 and
Lemma 4.4 produce a pair a clans with n — 2 symbols with

u((1 +"'+Ci=2"'ﬂ(€—l ¢g~--cn),(+-~~;|//fdg+1-~~d,,)) £0.

This is a contradiction to our inductive hypothesis. Hence, aj_1 ¢ 7(d) and d is of the form
prescribed by the proposition.
A similar inductive argument gives the uniqueness statement in the proposition. O

PROPOSITION 4.16. Let ¢ be a clan of the form (+ 1 ¢’). Assume T = {a :
« is a short simple root a # ay and o & v(c)} # 0. Let j be the least integer so that j = &; —
gist €T Ifu™ ((+1¢"),(+ + d3ds---dy)) #0, thenforalli < jd; =+anddjz = 1.

PROOF. It is clear from Lemma 1.10 that a; # «@>. Assume there is a clan d =
(+ + d’) with @;j € 7(d) and u®(c,d) # 0. Since a; ¢ 7(c), by Theorem 4.1,
U ((+1c¢"),(++ d’)) #0. By Lemma 4.4, we conclude that for smaller clans

4.17) 1 (1), (+d)) = u% (c,d) #0.

Now, (4.17) contradicts Lemma 4.14. Hence, a; ¢ 7(d) and the proposition follows form (3)
and (4) of Theorem 4.1. O

PROPOSITION 4.18. Let ¢ be a clan consisting of n symbols of the form ¢ = (+ 1 ¢’).
Then u® ((+ 1 ¢’), (+---+)) # 0 if and only if either

c=(+1,d=((H+) n=2or
4.19)
c=(H12+---4) n is even.

PROOF. We first argue that u® ((+ 1 ¢’), (+---+)) # 0 implies that ¢ satisfies (4.19).
It follows from Proposition 4.16 that the tau-invariant 7 ((+ 1 ¢’)) = S — {a}, @, }. Hence, the
clan cis of the formc = (+ 1 2---k +---+). On the other hand, if g™ ((+ 1 ¢'),(+---+)) #
0 then X (+---+) contributes to s,, - X(+1 ¢’). By Theorem 4.1, 0_,’1‘ = AV(X(+---+4)) C
AV(X(+ 1 ¢’)). Hence, we musthave AV(X((+ 1 ¢’)) = O_,’{ The computations of associated
varieties in [3, Proposition 36] force us to have

OporO;_, ifniseven,or

(4.20) BT 5 s )={ .
= +eh) or if n is odd.

Using the algorithm that computes moment map images, [21], we conclude that (4.20) can
only hold if

{(+1+---+) or
c=(HH12---k+---4)=

- (+12+---+) withneven.
It remains to show that u® ((+ 1 +---+4),(+---+)) # 0 if and only if n = 2. The examples in

Section 3 give u®' ((+ 1), (++)) # Oand u®' ((+ 1+), (+ + +)) = 0. We proceed by induction
on n to arrive to a contradiction. Assume that clans with k& symbols so that 3 < k < n
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have u® ((+ 1+ ---+),(+---+)) =0.Letc = (+ 1 + - - - +) consists of n symbols and have
U (e, (+---+)) # 0. By Lemma 4.6,

4.21) L ((+14-2), (+--- 1)) #0.

Applying an appropriate sequence of operators 7; ;_; to the clans in displayed equation (4.21)
and arguing as in the proof of Proposition 4.13, we conclude that

PO (KL + 24 4), (KL + 1)) #0,

a contradiction to our inductive hypothesis.

We conclude that u® ((+1+---+),(+---+)) vanishes when for n > 2. In or-
der to complete the proof of this proposition we need to show, for n even, that
U ((#12+---4),(+---+)) # 0. The argument is identical to that used in the proof of
Proposition 4.11. O

44.

NOTATION 4.22. A sequence of consecutive integers (or a sequence of consecutive +
signs) in a clan is called a block. If the i-th block in a clan consists of + signs, we denote by
r; the number of symbols in the i-th block. If the i-th block of a clan consists of integers, we
write #; for the size of the i-th block. We refer to the sequence [y, ¢, . . ., r;, t5] as the size-type
of the clan.

LEMMA 4.23. Let A € Nandletc = (A+ c’) be a clan consisting of n symbols and
of size-type [1,r,t,...]. Let d = (+ d’) be a clan consisting of n symbols and of size-type [r +
L,s,...]. Assume « is a simple root with « ¢ 1(c’). If u®(c,d) # 0, then either

(1) r=s=t; or
2) r=t<s;or
3B)s=t<r.

PROOEF. First observe that @ # &,.1 — &-4+2. Indeed, this is the content Lemma 4.14, (2).
We consider thirteen possibilities, i.e.,

Casel: r<s<t, Case2:r<t<s, Case3:s<r<t, Cased: s<t<r
Case5S:t<r<s, Caseb:t<s<r, Case7:s<r=t, Case8: s=t<r
Case9:t=r<s, Case 10: r<s=t, Casell:s=r<t, Casel2:t=r=s
Case 13:t<r=s.

The goal is to show that all cases other than Cases 8, 9, and 12 contradict our results in
Subsection 4.3. We argue that Cases 1, 3, 6 can not hold. Other possibilities are excluded by
similar arguments.

Assume u® (c,d) #0and r < s < t. By Lemma 4.5, we have

HE (- Trvrr ¢, To1 - Trgrp d) = ¥ (c,d) 2 0.
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That is,
/,1"((+1A+---;|//1/2---t+---),(+1+---;|//1/2---s+---));tO.

Moreover, Lemma 4.4 gives clans with n — 2 symbols with

p"((A+---%12---t+---),(+---;|//1/2---s+---));tO.

Repeating the argument, we get
(4.24) UE (AL oo (t=r)+ ) (+1 2 (s=r) +---)) 0.

Note that the block A 1 --- (¢ —r) consists of at least two integers. Also note thata; = €1 — &2
is perpendicularto @ , @1 € T((A1l -~ (t—r)+---)Danda; €7 ((+1 - (s—r)+---)).
Thus, equation (4.24) contradicts both (4) of Theorem 4.1 and Lemma 4.14. We conclude that
Case 1 can not hold.

Assume u® (c¢,d) # 0Oand s < r < t. After applying an appropriate sequence of operators
T; ;-1 to both ¢ and d, Lemma 4.4 yield

425) 0 % 4% (c.d)
=ut (A4 +crogpn =12 (t=85)+ ) (+--+dp=1--)),

where £ > r — s + 3. Since ¢,_s12 = 1, equation (4.25) contradicts Proposition 4.13. Hence,
Case 3 can not hold.

Next, we consider the case u® (¢,d) # 0 and ¢ < s < r. Once again, after applying an
appropriate sequence of operators 7; ;1 to both ¢ and d, Lemma 4.4 yield

(4.26) pe@d) =" (A+-+cropa=+-), (4 +dpmia=1--)) £0.

Note that @ # &,_s1+2 —&r—s4+3. Otherwise, equation (4.26) would imply that d= Tr—t42,r—1+1 C.
This is not possible as the clan d starts with + while ¢ starts with an integer. Then, €,_;42 —
&r_t+3 € T(¢) butnot in T(c?). This is a contradiction to (4) of Theorem 4.1. We conclude that
Case 6 can not hold. O

PROPOSITION 4.27. Let A € Nandlet c = (A+ ¢’) be a clan consisting of n symbols
and of size-type [1,r,t1,r2,t2,...]. Let d = (+ d’) be a clan consisting of n symbols and of
size-type [r1 + 1,51, ...]. Assume « is a simple root with @ ¢ 7v(c). If u*(c,d) # 0, then either
r1 = t1 or there exists and index j so that t; = Z{_l(rk —tg) +7j.

PROOF. By Lemma 4.23, either r| =tj orry > t] = 5.

Assume r; > t1 = s1. We claim thatclan d hasits entry d;, +,+1,+2 € N. In particular, @ #
Eltr 4114 — E24r+1,+r,- We prove the claim arguing by contradiction. Assume d,,+r,+s,+2 =
+. Let ¢ be the clan obtained from ¢ by deleting its third block and #; signs from its second
block. Write d for the clan obtained from d by deleting its second block and 7, signs from its
first block. Lemma 4.5 and Lemma 4.4 give

U (e d) = p(8,d)

= /JQ((A"' "'Cl+r1—t1+r2 = 1)5 (+"'Cl+r1—tl+r2 =+-- )) * 0’
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contradicting part (2) of Lemma 4.14. Hence, the size-type of c is [1, 7, 1,72, 2, ... ] and the
size-type of d is [r| + 1,11, 12, 52, . . . ]. Moreover,

428)  u(c,d)

=:ua((A+"'C1+r1—t1+r2 = 1"'t2+"')’(+"'C1+r1—t1+r2 = 1S2+))

By Lemma 4.23, for (4.28) to hold either 1, = (r1 — 1) + o, 01 (r| — 1) + 12 > tp = s55. If
tr = (r; —t1) + rp, the proposition holds. If (r; —#1) + rp, > t» = 57, we repeat the above
argument to conclude that either ¢3 = Z%(rk —tr) +r3or Z%(rk —tx) +r3 > t3 = s3. Using
the description of 7-invariants in Lemma 1.10, we gather that if @ # a,,, then for some index
J we must have t; = Z{_l(rk — 1) + 1.

In order to complete the proof of the proposition we assume that @ = «,, is the only simple
root with @ ¢ 7(c) buta € 7(d). Assume that the size-type of cis [1,r1,21,72,...,t¢—1, F¢] and
the size-type of dis [l +r, 11,72, ..., te—1 +re]. I tp_) < Zf‘z(rk —tg) +re—1,then u®(c,d) =
ur((A+---+---+),(+---+1---rp)). This is a contradiction to part (4) of Theorem4.1. O

COROLLARY 4.29. Letc = (1 + ¢’) be a clan consisting of n symbols. Assume that
uTy) = 02:22. If « is a simple root with a & 7(c), then u®((1 +¢’), (++ d’)) = 0 for all
clans (+ + d’).

PROOF. We use the algorithm that computes moment map images in [21] to conclude
that if ¢’ has u(T?%) = O™ then ¢’ is of the form (+---+ ¢}, = 1---1; +---) with £ >
t1. Write the type-size of ¢ as [1,r] = € + 1,11, 72, ... ]. Assume that for some clan (+ + d’),
HOY((A+c"), (++ d’)) #0. As £+ 1 > 1, Proposition 4.27 implies that for some index j, t; =
Z{_l(rk —tx) =rjandrg >t forallk = 1,...,j— 1. Itis easy to see, using the algorithm in
[21], that no clan ¢’ of size-type [£, t1, 2,12 - - - Z{_l(rk —tg)+rj--1has u(T:) = Or’l‘:zz. |

COROLLARY 4.30. Letc = (+ 1+ ¢’) be a clan consisting of n symbols. Assume that
w(T’) = OZ:;. If a is a simple root with @ ¢ 7(c), then u** ((+1 + ¢’),(+ ++ d")) =0 for
all clans (+ ++ d’).

PROOF. The are two cases. Either a; is the only simple root not in the r-invariant of
¢, or there exists a simple root a; # @1 not in 7(c). Assume S — 7(c) = {a} and further
assume that u® ((+1 +¢’), (+ + + d’)) # 0. By Theorem 4.1, (+ + d’) = (+---+). This is
a contradiction to Proposition 4.18. Hence, we must have a; # @1 in § — 7(c). As u(T})) =
02‘:33, the clan ¢’ starts with a + sign and a; # &3 — 4. The examples §3 show that the
Corollary holds for n = 4. We proceed by induction on 7 to arrive to a contradiction. Let n >
4. Assume that y® ((+1 +c’),(+ ++ d’)) # 0. If a; ¢ 7((+ + d’)), using an appropriate
sequence of operators 7;;—1, Lemma 4.4 produces smaller clans with n — 2 symbols ¢ =
(+1+ - Hcpp=T---)andd = (+ + +-+ Fcpr=T---) with u®(&,d) # 0. This is a
contradiction to our induction hypothesis. Thus, we have a; # a1, ¢; ¢ 7(¢), and a; € 7(d).
If u ((+1+c"), (+++d’)) # 0, then u% ((+1+c¢’), (+++ d’)) # 0. By Lemma 4.4, u% ((1+
¢’), (+++ d’)) # 0. This is a contradiction to Corollary 4.29. O
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COROLLARY 4.31. Ifu® ((1+c"),(++ d')) #0, then w(T},) < w(T,).
If U (+1+ "), (+++d") #0, then u(T,) @ u(T7,).

PROOF. We prove the first statement of the Corollary. The proof of the second statement
is similar. Write the size type of (1 + ¢’) as [1,r(,t1,72,...,7},tj,...]. Similarly, let [r| +
1,s1,...] be the size type of (+ + d’). If r{ = t; and 5| > t1, then we must have s; = #| +
1. Indeed, by Lemma 4.5 and Lemma 4.4, u® (1 + ¢’), (+ + d’)) = u®(&,d) # 0, where ¢
is the clan obtained from (1 + ¢’) by deleting the second and third block and d is the clan
obtained from (+ + d’) by deleting the first r| numerical entries and ;| signs at the beginning
of the clan. The clan é is of the form (1 + ---) and d is of the form (+1---). Hence, ¢ and
d are related by an operator of the form Ty, o,. The claim s; = f; + 1 follows. The algorithm
that computes moment map images proves the Corollary in this case.

When r; ;& t1, Proposition 4.27 and Proposition 4.11 guarantee that for some index j,
s;p >t = 21 (rk - tk) + rj. We argue that s; = ¢; + 1. Indeed, u® ((1 +¢’),(++ d')) =
ue (Z, d) #0, where ¢ is obtained from (1 +¢’) by deleting the second through the j-th blocks
and d is obtained from (+ + d’) by deleting the second through the Z{(r,- + t;)-th entries.
Note that c is of the form (1 +---) and d is of the form (+1---). Since u* (Z, Z) # 0, we must
have ¢ = Tei—ey,9-e5 ° d. In particular, s; = t; + 1. Moreover, the size-type of clan (1 + ¢”)

is[l, r1, t1i,...,tj, Tjs1,.. ., Tk tk,...] and the type-size of (+ +d’) is [1 +ry, 11,...,1; +
1, riy1—1,...,7% &, ...]. A careful implementation of the algorithm that computes moment
map images settles the corollary. O

5. The conormal variety. In this section we compute the action of simple reflections
on conormal bundles 7¢; when Q is the support of a highest weight (g, K) module.

5.1. We summarize known results on the action of the Weyl group W on the conormal
variety T B. We begin by proving a refined version of Theorem 1.19.

PROPOSITION 5.1. Let Q be a K-orbit in B. Assume that Q is the support of a highest
weight (g, K)-module, X(Q). If @ ¢ Tweax(Q), then
Sa T =To+ Th oo+ Z m*(Q,0) T} .
Qj CE, a€Tyeak (25)
W(TG )=u(T3)
Moreover, if y € Tyear(Q) is perpendicular to a, then y € Tyear(Q)) for each Q; with
m*(Q,9Q;) # 0.

PROOF. The first statement is Theorem 1.19. We need to show that for each j,
Tweuk(Q) N {a'}l - Tweak(Qj)~ By [3], we have

CC(X(Q) =T, + D T}

Qg Cg,
Tweak (L) CTweak (L)

P

W-equivariance of the characteristic cycle functor implies

Sa TG = CCsq - X(Q) = > a0 T,
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where
o T = - Tg( if @ € Tyear(Qr)
¢ 2 net Téé)r if @ ¢ Tyear(9Qe),
for some positive integers ng ;.
Thus,
Sa T = CC(saX(Q)) + Z TS, - Z ne: T,

Qr:aetyear (L) (C1):a¢tpear ()
Theorem 1.19, asserts that s, - Tg is a positive integer combination of conormal bundles.
Hence, 3 sy aerpen (Qr) Mot Tg( is cancelled out by CC(s, - X(Q)).
, a
Let v € Tyear(Q) N {a}*. The inclusion Tyear(Q) C Twear(Qe) implies that y €

Tweak(Q¢) for each £. On the other hand, since in our context 7(X(9Q)) = Tyear(Q), Theo-
rem 4.1 gives

(5.2) Se - X(Q) = X(Q) + X (54 0Q) + Z 4£*(9,9;) X(Q).

Qi CE
a,yer(X(2Q;))

It follows form identity (5.2) and [3] that the conormal bundles contributing to the
characteristic cycles of the modules on the right hand side of (5.2) contain y in their weak
T-invariant. The proposition follows. O

THEOREM 5.3. Let X(Q") be a highest weight (G’, K") module. Write ¢’ for the clan
that parametrizes Q'. Let « € A(9’,Y’) be simple with « ¢ T(c’). Assume
Sa * Tc*' = Z ma’(c', Ci) T:’ .
i

Then a ¢ 7((+ ¢)) and

* — ./ *
So T, o= E me(c’, i) T, -
i

PROOF. By Corollary 2.4, there exist integers n, so that

T, = an CcC(X(c)))

4

T = an CC(X(+c)),
4

where X (c;) and X (+ c;) are highest weight Harish-Chandra modules. The W-equivariance
of the characteristic cycle functor yields;

(5.4) So T = an CC(sq - X(c})) = Z me(c'ye;) T,
4 i

Sa Tl o= Dm0 CCse - X(+ ).
4
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When a ¢ T(CZ,), by Theorem 4.1 and Lemma 4.4, we have
Sa+ X(c)) = X(cp) + ) (efc)) X(e)),
t
(5.5) Sa - X(+ ¢p) = X(+ ) + Y 1" (epe)) X(+ ).
t

Thus,
Sa T = Z m®(c’,¢;) T,
;

- Z ne CC(X(c))) + Z ne W% (chcl) CC (X(c))) -
3 &,1)
aer(cy) agr(cy)

*
Sa T, o

- Z ne CC(X(+ c))) + Z ne w®(chcl) CC (X(+ ¢))) .

(&,1)
act(cy) agr(cy)

Since for each conormal bundle T; that contributes to CC(X(c;)), T(*+ &) contributes to
CC (X(+ ¢})), the theorem follows from (5.4), (5.5), and part (1) of Theorem 2.3. O

THEOREM 5.6. Let X(Q) be a highest weight (G’, K’") module. Write ¢’ for the clan
that parametrizes Q. Let « € A(g’,Y’) be simple with @ ¢ 1(c’). Assume

Sa * Tc*' = Z ma’(c', Ci) T:’ .
i
Then a ¢ 7((1 ¢’)) and each conormal bundle T{ . occurs in sq - T} ,. Moreover, the

coefficient m*((1 ¢’), (1 ¢;)) of T} . in sa - T} ., equals m*(c’, c;).

PROOF. The argument is similar to the one used in the proof of Theorem 5.3. By
Corollary 2.4, there exist integers n, so that

(6.7 T = Zn[ cC(X(c)))
¢
Yene CC(X(1¢p)) if (1¢") €eCylk)k<n—-1,
Ti . ={Xene CC(X(1c))) if (1¢)eCy(n—1), nodd,
Yene [CC(X(1¢p)) —CC(X(+cp))] if (1¢") € Cy(n—1), neven;
where for each ¢, X (+ ¢;) and X (1 c;) are highest weight (g, K) modules. Since the charac-
teristic cycle functor is W-equivariant, we have

(5.8) Sa T = ) ng CC(sa - X(c))) = Y m(c',e) T,
t i

o T = Yene CC(sq - X(1¢p)) or,
T Dene [CC(sa - X(1 ¢))) = CClsa - X(+ )] -
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When a ¢ ‘r(cé), the coherent continuation formulae in Theorem 4.1, Lemma 4.4 and Propo-
sition 4.13 imply
Sa - X(c)) = X(e)) + )" (c)y i) X (ery),

e

se - X(Lep) =X(1cy)+ Zu"((}f cp) (L e)) X1 ey,)

FHE(L e, (+ er)) X+ €,
Sa - X(+¢)) = X(+¢p)+ Y u () X(+ i)

te

In particular, X(1 ¢;,) contributes to so - X(1 c;) if and only if X(c;,) occurs in 54 -

X(ep) and g ((1 ), (1 ¢1,)) = p(eprer) = ((+ €, (+ €1,).
On the other hand, it is important to observe that the conormal bundles contributing to
CC (X(+ ¢,)) or CC (X (+ ¢4,)) are parametrized by clans that start with + sign. Moreover,
by Theorem 2.3, a conormal bundle T(*1 &) contributes to CC (X (1 ¢,)) if and only if T}
contributes to CC (X(c;,)) and their multiplicity are both equal to one. The theorem follows.
m]

REMARK 5.9. Theorem 5.6 does not provide a formula for s, - Tl* o Our example
in §3.4 shows that conormal bundles of the form T: d might contribute to s, - Tl* o Such
occurrence is not accounted for in Theorem 5.6.

5.2. In this section we determine the action of simple reflections on conormal bundles
of the form 77" ,. Some of the proofs require the study of various subcases. In occasions, and
due to space considerations, we have included complete arguments for some subcases and gave
enough information for the reader to produce the argument that settle the left easier cases.

THEOREM 5.10. Letc = (1+ ¢’) be a clan consisting of n symbols and so that u(T?,) =
Or’l‘:zz. Let a € A(¢', k") be a simple root so that a ¢ T (c’) . If

Sq - T(*Jr oy = Z m¥((+ ¢"), ¢;) T.,
then '

Sa Ty 4 oy = Z m((+¢"),ei) Ty ¢y -
7

PROOF. Write
T an CC (X(+ dp)) withng € Z,

+c’) =
l

as prescribed by Corollary 2.4. By Theorem 2.3, CC (X(c’)) = LTC (X (c’)) . It follows that,
for each £, u(T})) = O"~3. Thus, each clan d, has a + as its first symbol and u(Ty, 4) =
O;Z:ll. Corollary 2.4 gives

T =

{Zzn(’ CC(X(1 +dy)) when 7 is odd
(4 ey =

Sene [CC(X( + dp))—CC(X(++ de))] whennis even.
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As the characteristic cycle functor is W equivariant, in order to compute s, - T(*1 Lon dts
necessary to understand the coherent continuation action of s, on X (1+dy) and X (++ d¢). On
the one hand we know, by Corollary 4.29, that every irreducible module occurring in s, - X (1 +
dp) is parametrized by a clan that starts with 1. On the other hand, the shape of the clans d, and
(2) of Theorem 4.1 imply that the irreducible summands of s, - X(1 + d¢) are parametrized
by clans of the form (1 + - --). Moreover, by Lemma 4.4, u® ((1 + d¢), (1 + d)) # 0 if and

only if u® ((+ d¢), (+ d)) # 0. When this is the case, we have

(5.11) U (1 + de), (1 + d)) = u ((+ dp), (+d)) = u® (de, d)
=p" (++ do), (++ d)) .

In particular, we know that X(1 + d) contributes to s, - X(1 + d¢) if and only if X(d)
contributes to s, - X(d¢), if and only if X(+ + d) contributes to s, - X (+ + d¢), if and only
if X (+ d) contributes to s, - X (+ dp).

In view of Theorem 2.3, in order to compare the characteristic cycles of the relevant
modules we must keep track of u (7, d)). By (1) of Theorem 4.1, we have

U(T}, 4) €AV (X(+ d)) € AV (X (+ d¢) = O] .

When d = 54 0 d¢, by Lemma 1.18, u(T)) € OZ:% U OZ:%. Hence , in this case we have

w(TE 4) = O"~!. When d # sq o dg, the orbit closure inclusion Oy C Qg, implies 0'3c

u(T}), see [3, Prop 38]. Hence, for each such clan, OZ:II = /,z(T(’jr d)).
The theorem follows form (5.11) and the computation of characteristic cycles in Theo-
rem 2.3. =

PROPOSITION 5.12. Letc=(12---r+ ¢’) be a clan consisting of n symbols where
r > 2. Assume @ € A(g’,Y) is simpleanda ¢ T ((2---r+ ). If

Sa Tyopy oy = ) M (2 r+ €),e) TE,
i

then

Sa * T(*l 2rtcl) T Zmﬂ((z r+ C’)’ ci) T(*l i)
i

By Theorem 5.6, each conormal bundle T(*l ¢;) OCCUrs in s - T(*l et o) with multiplicity
m*((2---r + ¢’),c;). The content of Proposition 5.12 is that no other conormal bundle

: *
contributes to so - Ty 5.,y oy

PROOF.  We prove the proposition when r = 2, n is odd and (+ ¢”) € Cep2(n-2)) (n —2).
Other cases are easier to handle by similar techniques.

Assume r = 2, n is odd and ,u(T(*Jr ) = 0;’:%. We start the proof with an argument
similar to the one used in the proof of Theorem 5.10. In particular, we observe that under our

assumptions, Theorem 2.3, Corollary 2.4 and W-equivariance of CC give,
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(5.13) Sa T3y o= ) 10 [CC(se - X2 +¢})) = CClsa - X(+ + )]
4

Sa Ty 9y o = an [CC(sa-X(12+¢)))—CC(sq-X(1 ++cp))],
7

where foreach £,n; € Zand (+ ¢;) € Csp2(n-2)) (n—2). Observe that (2+ ¢;) € Cspn-1)) (n—
2).

The formulas for coherent continuation in Theorem 4.1, Lemma 4.4 and Lemma 4.14 (a)
imply that

(5.14) Sa - X(12+¢;)=X(12+c¢p)+ Zu“((Z +cp), dgj) X(1dy),
J
when a ¢ 7((2 + cz,)). In particular, X(1 d¢;) contributes to s, - X(1 2 + cz,) if and only if

X (dq;) contributes to sq - X(2 + ¢;). Hence, u(T; ) S AV(X(2+¢))) = ol
Similarly, Theorem 4.1, Lemma 4.4 and Coroljlary 4.29 yield

(5.15) S - X(1 ++¢))=X(1 ++c;)+zu“((+ +ep)re) X(Lre,),
J

with (7}, ) € O;Z:ll. Note that every irreducible module in the right hand side of equation
J
(5.15) is parametrized by a clan that starts with 1. This statement is proved in Corollary 4.29,
as u(T7, C})) =03,
Combining (5.13), (5.14) and (5.15) we obtain,
(5.16)

Sa Tl 4o = Z m*((2+ ¢'),¢) T;,
i

== > mCC(XQ +cp)+ Y. ne (2 +c¢p),dg) CC(X(dyy))

aer((+ ) ate((h e0)
+ Z ne CC(X(+ +c})) - Z ne 1 ((+ +¢),re,)CC(X(re)) -
wer(( ) aezr(([(li)c;))
Similarly,
(5.17)
Sa Ty gy o
- Z neCC(X(12 +c))) + Z nep® (2 +c¢p),de,)CC(X(1 dg))
aer((+ cp)) a$‘f((t()’+j)02))
D mCCXU + +ep) = D nep ((+ +eprg)CC(X (1 7)) -

¢ ((9))
aer((+ c))) agt((+ ¢y))
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It is important to observe that
* _ n-1 .
(T, C})) = 0,”, where n — 1 is even

(T ) u(T2 ) = Oy~ forsome k <n—1,0r
Hildg > HSre ) = O~ wheren — 1 is even,
as by Theorem 2.3 (b) and (¢) T contributes to CC(X (1 d¢;)) (CC(X (1 r¢;))) if and only if d
is of the form (1 d’) and T}, occurs in CC(X(d¢;)) (CC(X(r¢;))), resp. Now, the proposition
follows from (5.16), (5.17) and Theorem 2.3. O

In the following theorem we view G’ ~ Sp(2(n— 1)) and G; =~ Sp(2(n—2)) as subgroups
of G = Sp(2n) as in Section 1. The group G; ~ Sp(2(n — 3)) is embedded into G so that the
Cartan subalgebra is h= {Heb:e(H) =¢i(H) =g;1(H) =0}, and A(G;, Efi) ={aeA:
(a, 1) = (@, &) = (@, &i+1) = 0}.

It is useful to observe that:

Simple roots in A(g, h) = {e] — &2, €2 — €3,...,2¢€,},
Simple roots in A(g”,b") = {e2 — £3,63 — &€4,..., 28},
Simple roots in A(g;,h;) = {1 — &2, ..., 8i-2 = &i—1, Ei=1 — €i+2, Eix2 — Ei43s- - -, 2En},

Simple roots in A(6:,0;) = {€2 — €3, ..., 8i=2 — Ei-1, Ei=1 — Eis2, Eis2 — Einds- - - 2En]) .
In particular, each root @ = £; — £, with j > i +2 is simple for A* (g, b), A* (", b"), A (g;, bi)
and A (dj,b;).

THEOREM 5.18. Let ¢ = (1 + d) be a clan consisting of n symbols. Assume u(T) =
OZ‘_Z withk < (n—=3). Writec=(1+ d) =1+ (+---+ciz1 =2c")) wherei > 2. Let a =
gj —&jy1 for some j > i +2witha ¢ t(c’). Then,

a¢T(UT((+d))UT((1+(+ Fewr ) .
Moreover, the following statements hold.
(1) A conormal bundle of the form T, (1 ) contributes to Sq -
contributes to sq - T( " d) When this is the cases, we have
m® ((1+ d),(1w)) =m® ((+ d), (w)) .
(2) A conormal bundle of the form T, ( "+ ) contributes to sq -
(+ -+ wiy1 = 1 ') and the conormal bundle T*

(1+ &) if and only if T,

if and only if (+ w) =
conmbutes t0 Sq -

(1+ d)

b f et of

. When this is the cases

T;
(1+(+..7|ZM C/))
m® (1 +d), (+ ) =m (1 ++ - K ), (++ - K Wirr @) .
Statement (1) of Theorem 5.18 is Theorem 5.6. When proving statement (2), in order to
simplify the exposition, we will assume that i = 2. An identical argument settles the theorem

when i > 2. Hence, we take ¢ = (1 + 2 ¢’) and consider two cases.
CASEL u(T%) =0y withk < (n-3).
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CASEIL u(T%) =0y withk = (n—-3).
The remainder of this section is devoted to the proof of this theorem.

PROPOSITION 5.19. Letc = (1+ 2 ¢’) be a clan consisting of n symbols. Assume that
u(Ty) = 02‘3 with k < (n—3). Let @ = gj — €41 for some j > 4 witha & ©(c’). Then, a ¢
T((1+ 2¢))Ut((1L¥ Z c")). Moreover, a conormal bundle of the form T(*Jr ) contributes
10 Sq - T(1+ 2¢h) ifand only if (+ w) = (++ 1 &’) and T(+ﬂ o) contributes to sq 'T(lﬂ o
When this is the cases

m® (142D, (++ 1w) =m®(AxZ ). (+41 o).

PROOF. The description of characteristic cycles of highest weight (g.K) modules given
in Theorem 2.3 and its Corollary 2.4 allows us to find integers n, such that

{0,2"3 when £ is even,

n-3 n-3 :
Ok , or Ok+1 when k is odd.

Y = Z ne CC(Xq,), where u(T; ) =
4

It is then easy to show that Theorem 2.3 yield,
Ti oy = ) e CC(X(1 dyp)
‘

teaen =Y ne CCX(1+ 2dyp),
4

where
(5.20) u(T g, = {Ozj o when %S e
O™, or O}77  when k is odd;
T2 {08 on, vt
k+2° k+3 :
Thus,

Sa Ty = ), ne CC (sq - X(1+ 2.d0)) .
4

When a ¢ 7(d¢), by Theorem 4.1 and Lemma 4.4, CC(sq - X(1+ 2 4,)) €quals

CC(Xar2dp) + Y 4 ((+2d), (+dg,)) CC(X(1+ dy)))
J

+ (LK 2 de), (+41 cg,)) CC(X(++ 1cg)).

In particular, X(1 + d¢;) contributes to sq - X(1 + 2 d¢) if and only if X(+ d¢;)
contributes to s, - X(+ 2 d¢). By (1) of Theorem 4.1,

. O"1 when k is even,
(521 u(Ty, 4, ) € AV(X(+ 2 dg) € AV(X(+2dy) = {ﬁ

n—1 :
Ok+3 when £k is odd.
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Inclusion (5.21) and Theorem 2.3 imply that each conormal bundle that occurs in
CC(X(1 + dg,)) is parametrized by a clan of the form (1 ---). Similarly, the module X (+ +
1 ¢¢.) occursin so - X(1 + 2 dg) if and only if X (+ c¢, ) occurs in s, - X(1 d¢). Hence,

. 0;"*  when k is even,
(522) (T, ,, ) SAV (X(+c)) S AV (X(1dp) = {—£—
r n-2 H
el when £ is odd.

Since k + 1 < n — 2, inclusion (5.22) and Theorem 2.3 imply that each conormal bundle
that occurs in CC ((X(+ + 1 ¢g.)) is parametrized by a clan of the form (+ + 1 w’). This
settles the first statement of the proposition.

It is important to note that T(*+ 1w contributes to s, - T(*l 120 if and only if it occurs in
(5.23) Z ne k(LK 2 de), (+#K1 ¢g,)) CC(X(++ 1cg)).
A
a¢r(de)

In order to prove the second statement of the proposition we need to compare s, - T(*1 +2¢)
to Sq - T(*1 oy = Sene CC(sq - X(1dp)). When a ¢ 7(d¢), by Lemma 4.5 and Lemma 4.4,
we have

CC(sq - X(1dg)) =X(1 dz)+Zu“ ((1.de), (1 77)) CC(X(1r;))
+ U ((L# 2 de), (+#1 ¢¢,)) CC(X(+# [ cg,)) .

We observe that ;1(T(*1 ri)) C AV (X(1 dy)). It follows from (5.20) and Theorem 2.3 that
each conormal bundle that contributes to CC (X (1 r;)) is parametrized by a clan of the form
(1--+). Moreover, a conormal bundle of the form T(’;___) occurs in §q - T(*1 o if and only if it
contributes to

(5.24) D e u (K 2dp), (+#] ¢,)) CC(X(+ cq,)) -

&
agr(de)

By Theorem 2.3 and (5.22), T(*++ 1 o) contributes to CC (X(+ + 1 ¢g,)) if and only if

T contributes to CC (X (+ c¢,.)) . Now the proposition follows from (5.23) and (5.24). O

(+w’)

PROOF OF THEOREM 5.18. Letc = (1+ 2 ¢’) and assume that u(T,) = 0,’1‘:3. When
n is odd, the argument used in the proof of Proposition 5.19 settles the theorem. Assume 7 is

even. Write

T = Y ne CC(Xq,), where p(T},) = Op73 .
l
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By Corollary 2.4 we have
T3y ey = Y e [CC(X(1 d)) = CC (X (+ dp))],
4

G2 =Zn€ [CC(X(1+ 2d;)—CC(X(++ 1d¢))]
4

—an [CC(X(1+ +dp)—CC(X(++ +dp))].
¢

If @ ¢ 7(d¢), then Theorem 4.1 and Corollary 4.29 imply that
Sa - X(1 + +dp) =X+ +dyp) +Zu“ (A + +dp),(1+ dg)) X(1+ dy,).

On the other hand, by Lemma 4.5 and Lemma 4.4, we have
s (L + +do), (L+ dg)) = u* ((+ + +do), (++ de))
Thus,
So  X(++ +dp) =X(++ +dp) + Zp“ (1 + +de), (1 + dg)) X(++ dg,).
i

It follows that
(5.25) CC(sq -X(1+ +dp)—5q-X(++ +dyp))
=CCX(1++de)—X(++ +dp))

+ Z s+ +de), (1+ dg))[CC(XA + dg)— X(++ dg))]
(1+ dg,.);tsl;,o(l++dg)
+[CC(X(sqo (1 ++dp))—X(sqo(+++dp)))].

We claim that all the conormal bundles that contribute to (5.25) are parametrized by clans
of the form (1 ---). Indeed, part (1) of Theorem 4.1 gives the inclusion AV (X (1 + dgj)) c

AV (X(1 + + dg)) = O. On the other hand, [3, Proposition 16] gives p(T(*Her[)) c

'U(T(*H dé’,-)); as Qi+ de;) C Q1 ++ d,)- Hence, O | C ;1(T(*1Jr dq)) C O". The description of

the set Cy(n) in Lemma 1.6 allow us to conclude that ,u(T(*H d[i)) =0, _, and ,u(T(*Jr d[i)) =

OZ: 11 . Part (3) of Theorem 2.3, then implies that each conormal bundle contributing to the first
two summands of equation (5.25) are parametrized by clans of the form (1---).

The clan s, o (1 ++ d¢) = (1 ++ 5o ©dy). By Lemma 1.18, u(T;Odf) = OZ:? U
Or’l‘j. In either case, by Theorem 2.3, the third summand in equation (5.25) is a combination
of conormal bundles parametrized by clans of the form (1 ---).

Similarly, when « ¢ 7(d¢), we have

se - X(1+ 2de) =X(1 + 2d€)+2ﬂ“((1 + 2de), (1+ dg)) X(1 + dy,)
J

+ u ((L# 2 de), (+4T cg)) X(++ 1cg).
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Observe that u®((1+ 2 d¢), (1 + dg;)) # 0 if and only if

L+ 2dp),(1+ dey) = 1@ ((+2de) (+ dgy)) = 5 (2 do). d,)
=" ((++ ldp),(++ dg)) #20.

Thus,

So - X(++ 1dp)=X(++ 1dyp) +Zu“((+ Lde), (+dg;)) X(++ dy;).
J

Combining the above information we conclude that
CC(Sq - X(1+ 2dp)—5q-X(++ 1dp))=CC(X(1+2 de)—X(++ 1dy))
+ Z M1+ 2de), (1+ dg))[CC(X(1 + dg;) = X(++ dg,))]

(526) (1% deyresace
+[CC(X(sa 0o (1 +2dg) = X(sq 0 (++1dr))]

+ D U ((F 2 do), (+# ) CC (X(++ 1)) -
o

Once again, the first two summands in equation (5.26) are linear combinations of conormal
bundles parametrized by clans of the form (1 - - -). So is the third term when u(7; | d{) =0"3

n-3"°
We conclude that T(*+ 1 1 o) Contributes to sq - T(*l + 2 oy if and only if it occurs in

DT e p (U 2 de), (44K cr,)) CC (X(++ 1 cg,)

12
agr(de)

(5.27) - Z ne CC (X (sq 0 (++1dy)) .
4

« _n-3
'“(Ts(,od[)—O::—4

In order to prove the theorem we need to show that a conormal bundle T(*+ 1) contributes

to Sy - T(*1 2 if and only if T(*+ W) contributes to s, - T(*l oy We compute s, - T(*1 o =

Dene [CC(sq - X1 a,) — CC(Sq - X+ a,)]- When a ¢ 7(c’) we have,
CC (sq - X(1dg) = 5 - X(+ d)) = [CC(X(1 d¢) - X(+ do))]
DT (o). (se)) [CC(X sg) = X (+ 5,)]

J
(1 se; Y£sqo(1 dp)

+[CC(X(sq o (1 de¢) = X(sq 0 (+dr))]
(5.28) + D N ((LH 2 do), (+#1 ) CC(X(+ ¢q))
4

As before, the first two summands of equation (5.28) are linear combinations of conormal
bundles parametrized by clans of the form (1---). So is the third term when u(T* _,) =

sqodp
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O;Z:;’. Now, it is important to note that a conormal bundle of the form T(’;___) contributes to

Sq - T(*1 o if and only if it occurs in

Do e p (L Zde), (+#1 c)) CC(X(+ ¢,))
2
ad¢r(de)

(5.29) - > m CC(X(sa o (+4dp)).

¢
w(T;

saodp

)=0"73

We compare the characteristic cycles of the modules that occur in (5.27) and (5.29) to
complete the argument. This is done by using Theorem 2.3. O

PROPOSITION 5.30. Let ¢ = (1 ¢’) be a clan consisting of n symbols. Assume c is of
theformc= 1+ (+---+cit1 =2¢")). Letaj = &; — &;41. IfT; occurs in Sq - T, then either
(D d=04d),or
(2) i =2 and T} contributes to CC (X(Ty, - ¢)).
Moreover, the multiplicity m® (¢, (1 d’)) = m®*-'(d’,c’).

PROOF. The statement about multiplicities is Theorem 5.6. The argument needed to
prove the proposition is identical to the one used in the proof of Theorem 5.10. The necessary
bookkeeping of the coherent continuation action is included in Lemma 4.14, Proposition 4.11,
Corollary 4.29 and Corollary 4.31. O

5.3. We compute the action of the reflection s,, on conormal bundles of the form
T(y:. 1-)"

PROPOSITION 5.31. Assume j > landletc=(+12---j +---+). Then,
T*

(+1+-+)

Say - T,

(*+1+---+) = "'T(*1++---+)""11(>:-+1+---+)"'ZT(JF

+ 4+ t)
* _ % *
Say - T(+ 120 +oed) — T(+ 12:f +---4) + T(] + 2o )

PROOF. Write

. ~ CC(X(+1 + +...+)) if n — 2 is even
(F 14 +ed) = CC(X(+1 + +.--+))—T(* if n — 2 is odd.

+ 4+ t)

When j > 1, write

CC(X(+12---j +---4))
ifn—(j+1)iseven
CCX(+12---j +---+)-T

(*+12---j—1+---+)
ifn —(j+ 1) is odd.

*

(F 120 +od) —
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The coherent continuation action of s,, on the relevant modules is computed by using
Theorem 4.1, Proposition 4.11, Corollary 4.30, and Proposition 4.18. We obtain

*
Say * T(+ 120ef +oet)

CCX(+12--j+-H)+ XA +2:--j +---4))

ifn—(j+1)iseven,

(5.32) 3 CCX(+12--j+--H)+XA +2---j +---4))
’ =Sar " T0 1 gt 4oty ifn—(j+1)isodd,j #2,
CCXH+124+---H)+XA +2 +---H)+X(+---4))
=S T4y ifn—3isodd, j =2.
Say - T(y; 1+-4)
CCX(+1 +---H)+XI +--- )+ X++ 1+---4))
ifn—2iseven,n # 2,
3 CCX+D+XTIH+XH++)
ifn=2,
CCX(+1 +---H)+X( +---H)+X(+ + 1~~-+))+T(’:++m+)
ifn—2isodd, n # 2.
We apply Theorem 2.3 to complete the computation of s, - T(*+ 4oty The general case
follows from (5.32) by induction on j. O
THEOREM 5.33. Letc = (+ 1 + ¢’) be a clan consisting of n symbols. If u(T,) =
O0"73 then
n-3
Sor Toiven =Thieen* Thvwen T Thoviont 2T 4 1oy -
PROOF. The computation is identical to the computation of s, - T(’: | 4.4 in Proposi-

tion 5.31. O

THEOREM 5.34. Letc = (+ 1 + c¢’) be a clan consisting of n symbols. Write ¢ =
(+1 +(+--+c;=2c")) withi > 4. Assume p(T},) = 02‘3 with k < n —3. Then,
+ T

(I++¢")

%
+ T(+ +1 c’)+

ngl“”((+l +(+ K =20"),(+ + - K H =14d))) T(i+---+d,¢=ld;,)'
‘ :

% _ %
Say T(+ l+c¢) ~ T(+ 1+¢)

PROOF. First, we write T( Y14y i the form

ey = an CC (X(dyp)), withng € Z.
4
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Second, we use W-equivariance of the characteristic cycle functor to write

(5.35) Sar Tu 1 1 ey = D 1e CC (say - X(d0)) -
¢
The explicit computation of the right hand side of (5.35) depends on the parity of n
and on u(T,). It is necessary to consider various cases. It is not difficult to verify, using

Proposition 4.16 and Theorem 2.3, that s,, - T(’; 1418 of the following form:

an PO+ (Ko ) (+ K dD)CC(X(+---+ di = 1d)))
4

*k sk sk
+

*
c1een T Tssen T T 1oy 27,

(+++ ')

when n is odd and u(T%) = O"~3;

n-4>
an PO+ (e Ko ) (+ K H dD)CC(X(+---+ di = 1d)))
4

* * *
+T(+1+c’) + (1 ++¢’) +T(++1c’) +

*
(+++¢’)°

when 7 is even and (7)) = 0"~ UO""3; and
an T2 ((+ 1 + (- K D)+ - K FHd))CC(X(+---+ di = 1dy))

4
+

*
+1+c

*
(I ++¢

*

)+ by Tl 1 ey

. * _ n_3 . . . * _ n_3
either when u(T?,) = OJ. with j <n -5 or when n is odd and u(77,) = O)"%.

By Corollary 4.31, u(T;, ) & u(T%,). It follows that a conormal bundle T(’:___H »y CON-
t
tributes to CC(X(+---+ 1 d})) if and only if CCX(+--- d;)) has T(* as a
, , e

£

is analogous. The theorem

summand. When this is the case, the multiplicities agree.
The action of the single reflection sz, —, on T

(+ 1 +(+F o e)

follows from a careful comparison of the resulting formulae. O
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