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Abstract.  We give a complete characterization of the classes of weight functions
for which the higher rank Haar wavelet systems are unconditional bases in weighted norm
Lebesgue spaces. Particulary it follows that higher rank Haar wavelets are unconditional bases
in the weighted norm spaces with weights which have strong zeros at some points. This shows
that the class of weight functions for which higher rank Haar wavelets are unconditional bases
is much richer than it was supposed.

1. Introduction. The wavelet analysis, since its creation, has been used in many areas
of applied mathematics. The main idea is simple: find a function (wavelet or wavelet function)
defined in R or in R? so that the system of its dilations and translations constitute a complete
orthonormal system (ONS) in L2(R) or in LZ(RY). Previously that idea was used by A. Haar
for constructing a complete ONS in L2([0, 1]) such that the expansion of any continuous
function on [0, 1] converges uniformly. In the univariate case the simplest dilation is the
dyadic dilation. Thus for the simplest case a function g € L?(R) is a wavelet if { Gk,j ik, J €
7}, where g j(x) = 2K2g(2kx — j)isa complete ONS in the space L*(R).

Weighted norm inequalities have been studied by Hardy and Littlewood [17],
Babenko [3], Hirschman [22], Gaposhkin [13], Edwards [9], Chen [4], Helson and Szegd [19]
and others. Probably M. Rosenblum [40] was the first one who obtained a complete charac-
terization of weight functions for which a certain weighted norm inequality holds. Afterwards
B. Muckenhoupt [38] proved that the Hardy-Littlewood maximal function is a bounded oper-
ator LP(R, ) — LP(R, v), 1 < p < oo if and only if ¢ satisfies condition (A ): for every

interval I C R
p—1
|1|‘1/der[|1|‘1flw‘”“"”dt} < B,,

B), is independent of /. The last result boosts investigations in the harmonic analysis and
related areas, several important weighted norm inequalities were obtained for weights which
satisfy (Ap) condition. It is clear that if y satisfies condition (A)), p > 1 then the function
¥~ 1/(P=1 is Jocally integrable, hence, if f € L” (R, ) is locally integrable. The character-
ization of weight functions w for which families of some operators related with generalized
Fourier series are uniformly bounded in weighted norm L? (w) spaces gives classes of weight
functions which are different from (A ) (see [29]). Particularly, w=1P=1 are not integrable
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on some intervals. Interestingly discussed cases came together when we study the class of
weight functions w > 0 for which a given wavelet system {gx ; : k, j € Z} is a basis in a
certain sense or unconditional basis in the weighted norm space L? (R, w), 1 < p < oo. Let
us distinguish two cases:

(a): w1~ js Jocally integrable.

(8): w1/~ is not locally integrable.

In terms of the above cases we can classify the publications related with the study of weight
functions for which a given wavelet system is an unconditional basis in the weighted norm
space L? into two main groups. In [10], [11],[12], [1], [2] and others the study is done with
some restrictions which reduce it to the case («). While in [35], [45] and [32] the aim is to
give a complete description without any additional restrictions.

Unfortunately in these papers the case (8) is not considered. It should be mentioned
that in [11] the description of the class of all weight functions w for which the dyadic Haar
wavelet system is an unconditional basis in weighted norm space L”(R, w),1 < p < oo
was formulated. The proof of the mentioned result follows easily from the results obtained
in [28]. Remarkably that class of weight functions contain weights which correspond to both
cases («) and (B). At this point it would be appropriate to bring a citation from [1]: “we have
to say that, as it was pointed out by our referee in a previous version of this article, we are
unable to prove, without some extra condition on the weight, the implication (D1)= (D3) in
[35] which gives A, as necessary condition for the fact that the Daubechies wavelet system is
an unconditional basis for L?”(du). Actually for the Daubechies case our result is contained
in Corollary 2 and we are only able to show that A, is necessary under the extra assumption
of the local integrability of w~!/(P=1 » The purpose of the present paper is to shed some light
on the doubts expressed by authors in [1].

To give a preliminary idea about the main subject of our study let us suppose that for a
given weight function w there exist some functions / such that

(a) Jg 9k, j(OR(xX)dx =0 forall k,jeZ

(b) b LV (R w), 1/p+1/p =1.

Then any non trivial function % as linear continuous functional will be a non trivial element
in the dual space Lp/(R, w). Moreover, this functional vanishes on all gx ; : k,j € Z .
Hence our wavelet system is not complete in the space L? (R, w). A necessary condition for
completeness of the system {gx ; : k, j € Z} in the space L? (R, w) is the following condition:
% ¢ L?' (R, w). Thus if we are going to describe all weight functions w for which the system
{gk,j : k, j € Z} is a basis in a certain sense in L” (R, w), we have to consider all those weight
functions w for which the condition (b) is not true. For our study we will use the technique
by which similar questions were studied for incomplete systems in the weighted norm spaces
(see [26], [27], [28]). We also will show that the conditions (@) and (b) are not hypothetical
cases.

If we are going to study the wavelet system in L? (R, w) it will be natural to suppose that

g e L"(R) N L™P-P\(R) .
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On the other hand the purpose of the present paper is not to obtain the most general results.
Hence, instead of the last restriction we will suppose that g € L'(R) N L®(R). It is well
known that if a wavelet ¢ € L'(R) N L2(R) then its Fourier transform § should vanish at the
origin and thus the constant functions satisfy to condition (a). Which means that if someone
has studied the formulated question without describing the class of functions for which the
condition (a) holds and without considering weighted norm spaces L? (R, w) with weights w
which does not satisfy the condition (b), then his proof is not complete.

In order to show that the question under consideration is not a technical problem we
revise the study done in [32] consisting of characterization of all weight functions w for
which the Haar wavelet system for m-dilations, m = 2,3, ... is an unconditional basis in
LP (R, w). We have modified a little bit the definition of the higher rank Haar wavelets given
in [32] to make it real valued. It should be considered that we are complementing the results
obtained in [32] with results which correspond to the case (8). From the corollary of the main
theorem of the last section it follows that higher rank Haar wavelets are unconditional bases in
the weighted norm spaces L? (R, w), where w(x) = |x|",r > p — 1, which shows that higher
rank Haar wavelets are unconditional bases for weight functions from the case (8). For the
convenience of the reader we give complete proofs of all results giving preference to classical
methods.

We would like to add one more remark related with the given above citation from [1].
One can say that Daubechies wavelets are smooth so probably the question which we study
for the higher rank Haar wavelets is different for the Daubechies wavelets. Here we would
like to share our intuition about this question because at this moment we have no intention
to continue the research in this area. It should be mentioned that in [10], [11] there were
obtained all necessary tools for the study of the problem for the spline wavelets. Particularly
it was obtained the subspace of the functions 4 for which (a) holds which depends on the
smoothness of the splines. The last fact gives some hint for the Daubechies wavelets: it seems
that the solution depends also from the smoothness. The present paper is not a survey article
and we do not pretend to give a detailed review of all publications related with weighted
norm inequalities. Some publications have been dedicated to the decompositions in terms of
scaling and wavelet functions (e.g. [23], [24] and others). In those cases the weight function w
satisfies the condition («) and the phenomenon which we are studying is not present. Review
of some other results on weighted norm inequalities can be find in [39].

In Section 2 we prove an inequality for the orthogonal wavelet systems which particularly
shows that in the case of general orthogonal wavelet systems the set of nontrivial functions
h for which the condition (a) holds is not empty. In Section 3 we give all preliminary results
which will be used for our study. Next two sections are dedicated to the mth rank Haar system
on [0, 1]. The results of these sections have certain interest.

It should be mentioned that they are used for proofs given in the last section, where the
main results for the higher rank Haar wavelets are obtained. As in the case of the dyadic Haar
wavelet the solution of the problem is obtained combining two cases on the interval [0, 1]:
the description of weight functions w for which the mth rank Haar system by {h;(x)};°, and
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{h;(x)};2, are unconditional bases in L? ([0, 1], w), 1 < p < oo.

2. An inequality for wavelet type systems. If w > 0 be a weight function on R, i.e.
a non negative locally integrable function then we write ¢ € L?(R,w),1 < p < coif ¢ :
R — C is measurable on R and the norm is defined by

lollLr@®w) = </R |¢(t)lpw(t)dt)p < +oo.

Forag e Lz(R) and m = 2, 3, ... we will denote

(1) G jom () = m*PgmFx — j),  kjel.

In this paper we will use a slightly modified version of the classical definition of the Fourier
transform. For a function f € L R) N LZ(R) we put

= /R fO)e T dx

The characteristic function of a set E is denoted by xg and No = N U {0}.
The following lemma is a well known result (cf. [8], p. 132; [20], p. 71).

LEMMA 2.1. The system {h(- — j) : j € Z}, where h € L*(R), is an orthonormal
system if and only if
Zlﬁ(t+j)|2=1 forae teR.
JEL
As an obvious corollary of the above lemma we have that if ¢ € L?(R) is a wavelet then

[g@®)| < 1ae.onR.

THEOREM 2.2. Let g € L>(R) and m = 2,3, .... Suppose that the system {9k, jm :
k € Ny, j € Z} is orthonormal. Then

@) Yo m ™ P < 1.
k=0

PROOF. Itis easy to check that

o — _ e _ _ . _k
A3) G m () = m =K 2Gam =k yye=2miim "y

It is well known that for any interval I C R, |I| = 1 the trigonometric system {e 27>
is a complete orthonormal system in L?(I). Hence, forany k € Z and A C R, |A| = m
the system {m ~K/2¢=271j m_ky} jez will be a complete orthonormal system in L?(A). Thus for

any f € L?(R) such that suppfg I,|I| = 1 we will have that

}iez
k

Sotfi0 =Y /R FOR @ dtgo ) = 3 fl FOTO™ dt go ()

JEZ jez



WAVELETS IN WEIGHTED NORM SPACES 571
Which yields

S0 = X [ T argoe i = FoamP?

JEZ
if y € 1. It should be observed that the last equality holds because f(-)g(-) € L2(I) which is
true because of Lemma 2.1. If for any £k € N we put

SitF) = X [ FO5 Ot )
jez 'R
in the same way we obtain that

@ Sc(f ) = FDIGm™ P> if yel.
By the orthogonality of the system {gx, jm : k € No, j € Z} we have that
Sk(f)LSe (£, in L*(R)  if k#£K.

Hence,

l l 1
/|Zsk(f,x)|2dx=2f |Sk(f,x>|2dx=2/ |Se(f. () Pdy
R k=0 k=0 & =0 YR

1 I 2
= [ S isimPay = [ 1F0F| Y g
R =0 R k=0

dy.
By (4) we have that

/|f(y)|2
1

1
> lgm ™ P
k=0

I
< [ S ISGIRdy.
R =0

By the above relations and Bessel’s inequality we obtain that
! 2 !
f IFOP Y G 3P| dy < / 1> Sk(f, 0)Pdx
! k=0 R k=0

< 1f172m = /1 | F0)IPdy.

The last inequality can be interpreted as follows. Let

2 !
dy = f D ISk )Py
=0

I
w(y) =Y [gm~ P if yel.
k=0

Then for any [ € N the multiplicative operator 7;(¢)(y) = u;(y)¢(y) is a bounded operator
L2(I) — L2(I) with the norm less than or equal to 1. Which is true if and only if u;(y) <
1. O
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By a simple modification of the last part, related with the application of the Bessel in-
equality and the proof of Theorem 2.2 we obtain the following

THEOREM 2.3. Let hV) € LZ(R),l <v<puandm = 2,3,.... Suppose that the
system {h(v) ckeNy,jeZ,1<v < u}isorthonormal. Then

k,j.m
o mo
ZZ RO (m*x))> < 1.
k=0 v=1
We formulate the following corollary for g € L'(R) N L?(R). In the general case a
similar result can be proved using the concept of points of approximate continuity (cf. [5],

(6D.

COROLLARY 2.4. Letg € LIR)NL2R)andm = 2,3, .... Suppose that the system
{ok,j,m : k € No, j € Z} is orthonormal. Then the continuous function g vanishes at the
origin, g(0) = 0.

PROOF. Letg(0) # 0. Without loss in generality we can suppose that g(0) > 0. Which
yields that g(y) is greater than §(0)/2 in a neighborhood of the origin. The last condition
contradicts to (2). O

By Corollary 2.4 we have that when for g € L' (R) NL2R)andm = 2,3, ... the system
{9k,jm : k € No, j € Z} is orthonormal then the set of nontrivial functions 4 defined on R
such that

(@)m / Gk, jmn(X)h(x)dx =0 forall k,jeZ
R

is not empty. Hence, having in mind that the constant function belongs to L°°(R) we obtain

COROLLARY 2.5. Let {g(”)}’::1 Cc LYR) N LA(R) and m = 2,3, .... If the system
{glgvj)m ckelZ,jeZ,1 <v < u}isorthonormal then it cannot be complete in LI(R).

3. Preliminary results.

3.1. On M-sets. Further in this section we will consider that m > 2 is a fixed natural
number. Let M = M(m) = {[jm;kl, mlk] : k € Z, j € Z}. Further, the parameter m will
be omitted to make the notation understandable. We will assume that any m-adic rational
point & = mLk’ k € Z, j € Z is “split” into two distinct points & and &, characterized by the

following conditions: for any —oco < a < & < b < 400 we have

§re(agl, & ¢l§,b), and & €[£,b), & ¢ (a,§].
Hence, there can be easily established one to one correspondence between any y € R and the
sequences {Aj(y)}‘;i_oo C M such that

Ajp1(y) C Aj(y) forall jeZ and |A;(y)=m7.
When talking about the neighborhoods of the points & and &,, we will understand some in-
tervals (a, &) and (&, b), respectively. The measure of the set of all m-adic rational points is
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equal to zero, hence, this assumption will not affect the results that we are going to consider.
In the last section we need concept of M-neighborhoods of +00 and —oco. For j € Ny we
put

) Aj(+00) =R*\[0,m'], and Aj(—00) =R\ [-m’,0],

where RT = [0, +00) and R™ = (—o00,0]. If Bis a family of sets then for some set E we
use the following notation BN E ={GNE : G € B}.
3.1.1. Maximal function. Let

1
©) Muf) = sip — / Ol feLl ®).
xeA Aem 1Al Ja

Let us consider also a maximal function with respect to a weight function @ defined by the
following equation

1
7 Mpgof(x) = L
@ Mal()= S A

where w(A) = [, w(r)dt.
PROPOSITION 3.1. Letw(x) > O0forx € R, w € L}OC(R) and let f € L}OC(R, ).
Then for any A > 0
1
®) ot € R: Mg f© =) = - [ 1@k,

PROOF. Ifx € £2,(f) :={t € R: Mpnf(t) > A} then for some A € M such that
xeA

/A IfOlo@®dt,  fe Ll (R w),

ﬁfAlf(t)lw(t)dt > A.

Observe that among all intervals which have the above properties there exists Ay € M with
maximal w-measure. Thus, having in mind that M is numerable we can find a sequence of
mutually disjoint intervals {A,} C M so that 2, = [ J)2, 4A,. O

We also have

PROPOSITION 3.2. Let w(x) > O forx € R w € L}UC(R). Then for any [ €
LZC(R, w),p>1

2P p
© / MptofOPo@)dt < =L / FOPo)d: .
R p—1Jr

PROOF. Following the proof of the corresponding result for the Lebesgue measure
(see [42], p.7) we split f into two parts, f = f1 + f2, where fi1(x) = f(x) if |f(x)| >
% and fi(x) = 0 otherwise. Then we have | f(x)| < |fi(x)| + % Hence, Mpq, f(x) <
Mg o f1(x) + % and £2,(f) C Q% (f1). Thus by Proposition 3.1 we have that

2 2
(10) @) = 5 / Ol = /
R

2, (
2

[ f(O)|w(t)dt .
13
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Afterwards we have to use the following equality for any measurable function g : R — R

f (P (t)dt = p / / APl i o (1)dt
R R J[0,lg()]]

+o0
= p/ A oW 1g@0)] > A)dA.
0

Hence, by (10) we obtain

+o0
/ Mto f(O (0t < 2p / e / \f (D)o @)dtdh
R 0 Qg(f)

251 2
—2p / Ol / A2dnds = 2P f [f O Pt
R 0 p—1Jr
O

3.1.2. Calderéon-Zygmund decomposition for m-adic intervals. We need a modi-
fied version for the Calderén-Zygmund decomposition (see [43]) for the m-adic intervals. Let
f € L'0, 1], f = 0and let A > 0 is such that

f@®dt < A.
[0,1]
At the first step we take m intervals {1}, C MN[0, 1] such that |I;| = %, 1<k <mand
Uiz I = [0, 1]. Let {Ix, };’21 C {Ik};, be all those intervals for which Ny, > A, 1<il<
m1 < m, where

1
m/lf(f)dl =nr.

Those intervals are renamed Gy, ..., G, . Clearly,

(11) Ff@dt <mx.

A< —
1G] Jg,

If nj, < Aforall 1 < k < m then we put m; = 0. On the next step we repeat the same
procedure on any of those intervals that were not renamed. The collection of all m-adic inter-
vals which are separated on the second step are renamed G, 41, . . . , G, . For those intervals
the condition (11) holds again. On the vth step all m-adic intervals which are separated are
renamed G, 41, ..., Gp,. If no any interval is separated then we put m, | = m,. This
procedure produces a collection of disjoint m-adic intervals {G;} for which the condition (11)
holds and

1 1
12 2| = G — NHdt < — t)dt ,
(12) 12| Xln l'<A2,:/c,f() —A/[o,uf()

where 2 = |, G; and forany I € M N[0, 1], C £2¢:=[0, 1]\ £2 we have that n; < A.
The collection {G,} will be called Calderén-Zygmund m-adic decomposition at level L. Let

13) g(x) = fX)xex) + Z nG6,xG,(x) and  b(x) = f(x) — g(x).

l
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We skip the details of the proof of the following

PROPOSITION 3.3. Let f € L'[0, 1], and let A > 0 be such that Sy 1f®lde < .
Then there exists a family of disjoint sets {G}jey C M such that

(14) |f(x)| < A a.e on QC, where $£2 = U G[ ,
leY

(12) is true and for anyl € Y holds (11). Moreover, f(x) = g(x) + b(x), where g is defined
by (13) and the following conditions hold:

(15) lg(x)] <mA a.e. on [0,1];
(16) g5 < m)P~ N flln forall 1< p < oo;
17 / b(t)dt =0 forall [leY.

G|

For dyadic intervals a similar result was obtained by C. Watari [44].
3.1.3. Classes of M, p > 1 weights.

DEFINITION 3.4. We say that a non negative locally integrable function w satisfies the
condition M, p > 1if

p—1
(18) w(A)[/ w‘pl—l(t)dz} <C AP VAeM,
A

where C,, > 0 is independent of A € M. For p = 1 it is understood that

1 Pt 1
|:/ w 7l (t)dt} = o L (a)-
A

We say that w satisfies the condition M ,(G), where G C R if (18) holds forall A € MNG.
The reader should observe that the conditions M, ([0, 1]) and M ,((0, 1]) are distinct. In the
second case the intervals [0, 2-J ], j € N should be excluded when one checks the inequality
(18). The following lemma is obvious.

[— 1 .
LEMMA 3.5. Let w satisfy the condition M, p > 1 then = o »~T satisfies the
condition My, where % + ﬁ =1

We follow the ideas given in [7] to prove the following result.

PROPOSITION 3.6. Let w(x) > 0 forx € R, @ € L} (R). Then for any f €

loc
L? R,w),p>1

loc

19) /MMf(t)”w(t)dt = Bp/ |[fOIPw(n)dt
R R

for some B, > 0 independent of f if and only if w satisfies the condition M p.
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PROOF. Suppose that (19) is true. For any A € M we have by (6) that

1
L / FOldixa() < Marf ().
Al Ja

Hence, by (19) we have that

1 14
(—f If(t)ldt> w(A) < Bpf lfOIPw(t)dt .
Al J A R

1
Letting f(t) = @ »~T(¢) xa(¢) we obtain (18) with C,, = B,,. To prove the opposite assertion
one has to use Proposition 3.1 and the following

LEMMA 3.7. Let w satisfy the condition M, p > 1 then there exists ¢ > 0 such that
o satisfies the condition Mp_.

We skip the rest of the proof because the proof in [7] works with small changes. O
DEFINITION 3.8. We say that a non negative locally integrable function w satisfies the

condition M if there exists C > 0 and § > O such that for any A € M and any measurable
subset E C A

E EN’
20) @E) _ - <U> .
w(4) |A]
We skip the detailed proofs of the following two lemmas because the corresponding proofs in
[7] for A, weights work with obvious changes.

LEMMA 3.9. Let w satisfy the condition M, p > 1 then there existr > 0 and C >
0 such that

1
! LT ()

LEMMA 3.10. Let w satisfy the condition M, for some p > 1 then w satisfies the
condition M.

We need also the following related with M-neighborhoods of +o00 and —oo (see (5)).
LEMMA 3.11. Let w satisfy the condition M, for some p > 1 then
w ¢ L(Aj(+00)), w ¢ L(Aj(—00)), VjeNo.

PROOF. We prove the assertion for the neighborhoods of +oco. For this purpose we
observe that there exists C, > 0 such that for any j € Ny

(22) w(A_j-1) =Cpw(A_j_1\A_)).

For any j € Np and any locally integrable function f > 0 we have that M f(x) >
m=7 [io.miy f@)dt if x € [0, m/]. By Proposition 3.6 we obtain that

p
<m_j/ _ f(t)dt) ([0, m’]) < Bp/ [P w(t)dr .
[0,m/] [0,m/]
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Putting j + 1 instead of j in the above inequality and letting f be the characteristic function
of the set A_;_1 \ A_; we obtain the inequality (22). If w € L(A j,(4+00)) then for any ¢ >
0 there exists N € N such that

/ w()dt < .
[mN ,400)

Which leads to a contradiction with the condition (22). Evidently the proof for the neighbor-
hoods of —oo is similar. O

DEFINITION 3.12. Letw > 0 be a weight function defined on R*. We will say that @
satisfies the condition MZ(RJF), p > 1forsome y € RT if

p—1
(23) w(Aj(Y))[/ w_l’l‘(t)dt} <CplAjMIP Vj€eL,
RT\A;(y)

where C), > 0 is independent of j € Z.

We will not formulate the definition of the condition M}V,(R_) because it is clear from
the context.

DEFINITION 3.13. Let w > 0 be a weight function defined on A, where A € M,
|A| = m!. We will say that w satisfies the condition M%(A), p > 1forsomey € Aif

p—1
(24) w(Aj(y))[/ w_l’l‘(t)dt} =Cla;mIP V=1,
A\A;(y)

where C), > 0 is independent of .

LEMMA 3.14. Let w > 0 be a weight function defined on [0, 1] such that w satisfies
the condition MZ([O, 1]) for some y € [0, 11and 1 < p < oo. Then there exists q, > 1 such
that

~1
1 1
/ w‘ﬁ(t)dt(/ w_l’_‘(t)dt> >qp
[0,1NA ;41 () [0.1N\A4;(y)
forall j € N.

PROOF. For any j € N we have that

-1
1 1
/ w pT (t)dt(/ w T (t)dt)
[0,1NAj+1(») [0,1NA; ()

~1
1 1
>1 +/ w_l’T‘(t)dt(/ w_PTl(t)dt)
Aj(WON\Aj1(y) [0,1\A;(»)
)4

1
1 -1 __L
=1+ w‘ﬁ(t)dt(wm,-(y»)" C, 7N 1A ()77
AjI\Aj1(y)

P

. . Z] _Pl—l . - Z] _Pl—l m _1 !
Z1H[A; DM\ AjOIPTC, T A T =2 1+ C) — -
m
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f— 1 D
Putting g, =1+ C), Pt (’”T_l)ﬁ we finish the proof. O

Following three lemmas will be used in the last section. In the proofs we will use the
following notation: aE = {at : t € E}.

LEMMA 3.15. Let w > O satisfy the condition M,,(Rﬂ, p > 1 with a constant
Cp > 0. Then for any N € N the weight function wy(x) := w(m™ x) satisfies the condi-
tion M ([0, 1]) with the same constant C ).

PROOF. Forany E € M N[0, 1] we have

_ 1 p—l1 1 p—1
a)N(E)[/ wN’”(t)dz} =m_N/ w(x)dx[m_N/ w_PTl(x)dx:|
E mNE mNE

<m™PNC, |mNE|P = C,|E|P.
We have used that mN E € M. O

LEMMA 3.16. Let N € Nand let y € [0,m"N]. Suppose that @ > 0 satisfies the
condition M ([0, mN1\ {yD, p > 1 with a constant Cp > 0. Then the weight function
wn(x) = wmVx) satisfies the condition M, ([0, 1]\ {yn}) with the same constant Cp,
where yn = m_Ny.

PROOF. Forany £ € M N ([0, 17\ {yN}) we observe that the interval m¥ E € M N
([O, mN]\ {y}). The rest of the proof is the same as above. O

LEMMA 3.17. Let N € Nand let y € [0,m"]. Suppose that @ > 0 satisfies the

condition MZ([O, m™Y), p > 1 with a constant Cp > 0. Then the weight function wy (x) =

w(mN x) satisfies the condition MZN ([0, 11) with the same constant C, where yy = m~Ny.

PROOF. Forany j € N we have

1 p—1
wn (A ,-(ym)[ / oy (r)dt}
[0,1\A;(yn)

1 p=l1
=m_N/ w(x)dx[m_N/ w_l’l(x)dxi|
Aj_N(y) [0.mNN\A;_n ()

<m PNC, AN = CplA;(0IP.

d

3.2. Higher rank Haar wavelets. We bring the definition of higher rank Haar
wavelets without recalling the general theory of multiresolution analysis. For relations of
these type of wavelets with p-adic analysis see [33]. Let ¢ (x) = x0,17(x) and let

(25) V(m) = span{g,jm(x):0 < j =m —1}
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forany m = 2,3, .... Afterwards, let {#")(x) : 0 < v < m — 1} be an orthonormal basis in
V (m) such that 19 (x) = ¢(x). The system

(26) Hmwzm%muykeﬁjeﬁlgvgm—u,

where

(27) @ﬂmu)znﬁﬂmwmﬁx—j)

will be called m-th rank Haar system. Sometimes we will use also the following notation
(28) 1Y = n), () when A:[ﬁpjif]

The orthogonality of the system (26) is obvious.

THEOREM 3.18. The system H(m) is complete in LP(R), 1 < p < oo.

PROOF. Let p,1 < p < oo be fixed. It is easy to observe that the proof will be finished
if we show that for any ¢1 j,»(x),0 < j < m — 1 and any ¢ > 0 there exists a finite linear
combination P; of functions {h,({'jl)’m(x) 1k e Z\No;l € Z;1 < v < m — 1} such that
o1, jm — PjllLrr) < €.

Let [ € N be such that m'/2m!(1/P=D < ¢ We set

VO (m) = span{gy jm(x):0<j<m™ —1}.

It is clear that dim V) (m) = m'*!. Let us show by induction that there are exactly m!™! — 1
functions from the system {h,({'j;’m(x) 1>k>—-1+1;je€Z;1 <v<m— 1} with supports
in [0, m'].

If I = O then it is obvious. Suppose that for some u € N we have that the number of
functions from the system

(29) e

@) :1>2k>—p+1;jeZ;1<v<m-—1}

with supports in [0, m*] is equal to m#*! — 1. Then it is clear that there are (m**! — 1)m
functions from the system (29) that have their supports in [0, m**!]. Note that the functions
{h(—sz,O,m(x) : 1 < v < m — 1} vanish outside the closed interval [0, m**1]. Thus we have
(m*t — Dm 4+ m — 1 = m**t? — 1 mutually orthogonal functions in (29) which have their
supports in [0, m"T1].

Let {g; };”:]Y] ~! be all functions from the system

)1 =k>—l+1;jeZl<v<m—1)

that have their supports in [0, m']. Evidently { g,'}l"":l?_l c VO@m).
Let go(x) = Xjo,m/j(x). Then go € VD (m) and go is orthogonal to all elements of
{gl-}l’,'fll_l. Hence, {gi};”zlgl_l is a basis in V¥ (m) and

mitl_1

@1 jm = Z aPg;, where a\) =m™ @1, jm(@)dt .
i 0 [0.m!]
i=0 "
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Thus we obtain that forany 0 < j <m — 1

4. m-th rank Haar system on [0, 1]. Let ho(x) = 1 forx € [0, 1]. Foranyn € N
we have a unique representation

mlt1—1

@1, j,m — Z (/)gz

i=1

a(()/)go 1/2

=m!/2p!A/P=D g
LP(R)

LP(R)
O

(30) n=mg+j—1, where keN, 1<j<mk,
and
(31 mp=14+m+m?>+- +m m=1.
Forany 1 <v <m — 1 we put

() =i}y, () forx €[0,1].
Afterwards we enumerate the functions in the following way
(32) h(x) =hPx) for 1<l<m-—1;
(33) hi(x) =h(x) for I=v+nm—1),neN,

We denote the mth rank Haar system by H (m) = {h;(x)};2,,. We also let

(34) o =0, w1 =po+m—1,..., w1 = i + (m — Hm*,
The following lemma is the analogue of Schauder’s lemma for the classical Haar system
(see [41]). For any f € L'[0, 1] and for any 1 < j < m*, k € N we put

j—1lm—1

Ot jim—1)(f. X) = Zaz(f)hl(X) +3 3 @) (HOR), ()

s=0 v=1
where

a(f) = / Fohode al () = / FORY) 0yt
[0,1] [0,1]

LEMMA 4.1. Let f € LI[O, 1landlet1 < j < mk,k € No. Then the partial sum
O+ jm—1)(f, x) is constant on any interval from the collection of sets

s s+ 1 .

(35) {[W,W}IOSSS]m—l},
I I+1

(36) {[—k,ik}:jglgmk—l}.
mk’ m

Moreover, for any A from (35) or from (36)

1
37) @Mk+j(m_1)(f,x)=—/f(t)dt for xeA.
Al Ja
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PROOF. At first we show that the assertion of the lemma is true for ®,, (f, x), k € Np.
Indeed,
span{h;,0 <1 < mk — 1} =V@m),

where V (m) is defined by (25). Hence, for any A from (36) with j = 1 we have that for x €
A

mk—1
1
Ot = Y [ FO0anOdtointn = o [ fn
= JI0.1] 1Al Ja
Afterwards we observe that in the general case

. J
Ot jn-1(f:3) = Oy (fr) if x e [0, ]

and

: J
Ou+jm-1(f,x) = O (f,x) if xe€ [ﬂ 1].
Which finishes the proof. g

By Lemma 4.1 we obtain the following corollaries.

COROLLARY 4.2. For any m = 2,3,... the system H(m) is a basis in any space
LP[0,1],1 < p < 0.

PROOF. By Lemma 4.1 as in the case of the classical Haar system we have that
1Oue+jm—nllr—srr <1 forall 1<j<m* keN.

To finish the proof we have to check that limy_, o |a; (f) ||| Lr0,17 = 0. We skip the techni-
cal details because afterwards we are going to return to the similar question in the weighted
norm case. O

COROLLARY 4.3. Forany f € L'[0, 1] the Fourier series of f with respect to the
system H(m), m = 2,3, ... converges almost everywhere to f on [0, 1].

PROOF. For every x € [0, 1] which is a Lebesgue point of f we have that
lim Oy, (f.x) = f(x).
k—o00

Afterwards we observe that |a;(f)||h;(x)| < CMa(f, x) which finishes the proof. o

k

For any k € Np and any 1 < j < m" consider the kernel

j—1m—1

Mk
(38) Kij(t.x) =Y hOh) + Y 3 ) 0h) | (x).
=0

s=0 v=1

Let{G;:1<i<mk+ jm—1)}be mutually disjoint sets from (35) and (36). Further in
the paper we will need the following result.
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LEMMA 4.4. Letk e Nopand1 < j < mX. Then the kernel
1
(39) Kij(t,x) = o for (1) € Gl 1<i<m+jom—1;
i
and
mk4j(m—1)
Kij(t,x)=0, if ¢t.xel0.1P\ |J G}
i=1

kyim— .
PROOF. We have that {|G;|~'/?xg, (x)};"=1+1 m=1"is an orthonormal system of func-

tions. From Lemma 4.1 it follows that the orthonormal system of functions {hl(x)};‘ =k0 U

{h,({'iz’m(x) :0<s <j—1,1 <v < m— 1} can be obtained from the set of functions

ky _ .
(1Gi|7 2y, (x)};":f” =1 by an orthogonal transformation. Hence,

mk+j(m—1)

Kijt,x)= Y 1Gil™?x6,0IGil X6, (x)
i=1
mF4j(m—1)

= > Gl %6 0x6 () .
i=1

a

DEFINITION 4.5. We say that a system of functions {¢y}7>; C L*°[0, 1] is total with
respect to L'[0, 1] if

(40) / f@®or(t)dt =0 forall ke N forsome f € LI[O, 1]
[0,1]

if and only if f = O a.e. on [0, 1].
By Lemma 4.1 it follows immediately
COROLLARY 4.6. The system H(m), m = 2,3, ... is total with respect to L! [0, 1].

THEOREM 4.7. Foranym = 2,3, ... the system H(m) is an unconditional basis in
any space LP[0,1],1 < p < oo.

The reader can find well known facts about unconditional bases in [36]. For any sequence
£ = {Sl}fio, where ¢ = +1 we consider an operator /I, : L'10,1] — L]0, 1] defined as
follows I (f, x) = > 720 erar (f)hy.

PROPOSITION 4.8. The operator I is of weak-(1, 1) type.
PROOF. We adopt the idea of the proof given in [44]. Let f € L°°[0, 1] and suppose

that A > || f]l;. Without loss in generality we can suppose that f > 0 (see [42], pp. 21—
22). By Proposition 3.3 we write f(x) = g(x) + b(x), where g satisfies the condition (15).
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The system # (m) is a complete orthonormal system. Hence, I : L2[0,1] — L?[0, 1] is an
isometry. Thus by the Tchebychev inequality we will have

1 m m
41D H{x €[0,1]: [Le(g, x)| > A} < 2 /[0 ; g (x)dx < IHQHLI[O,I] < IHJC”LI[O,I],

where the last inequality follows by (16).Afterwards, we apply the following property of m-
adic intervals. If A1, Ay C M then only two relations are possible or Ay N Ay = ¢ or one
of those intervals is a subset of another interval. By the definition of the system H(m) and by
(17) it is easy to deduce that I (b, x) = 0 for x € £2¢. Thus by (12) and (41) we obtain

m

+1
- (FARICRIE

From the last inequality readily follows that for any f € L'[0, 1] the series Yoo erar(fHh
converges in measure on [0, 1]. Observe that in the proof of the inequality (42) the condition
f € L°°[0, 1] was used only to claim the existence of I, (f, x). Hence, the proof is complete.

a

(42) x € [0, 1] [Le(f, x)| > A} <

The analogue of Proposition 4.8 for the Haar system was obtained by S. Yano [47].

PROOF. By Proposition 4.8 and the Marcinkiewicz interpolation theorem (see [48]) we
obtain that 7 (m) is an unconditional basis in L”[0, 1], 1 < p < 2. Afterwards by duality we
finish the proof of Theorem 4.7. g

For the system H(m) we put

00 1

Gm(f,x)z(Z|a,(f)h,(x)|2)§, where f e L'[0,1].

1=0
For the operator G,, : L'[0, 1] — L°[0, 1] the following proposition holds.

PROPOSITION 4.9. The operator G, is of weak-(1, 1) type.

PROOF. Let f = leio a;h; be any polynomial with respect to the system H(m) and
let e = {81}11\; o be any Rademacher sequence. By a well known inequality (see [25],p.8) we
have that for any 0 < o« < 1 and any x € [0, 1]

P(f, x) > aGp(f, x)) > é(l —a)?.

Observe that G, (I (f, -), x) = G (f, x) for any Rademacher sequence ¢. For any A > 0 we
have that if for some x € [0, 1] I.(f, x) > G, (f, x) and G,,,(f, x) > g then I (f, x) > A.
Hence, by Proposition 4.8 we finish the proof for the polynomials with respect to the system
H(m).

For arbitrary f € L'[0, 1] we have that the sequence G, (©,(f,-), x) is an increasing
sequence which a.e. converges to G, (f, x). Hence,

{Gu(fx) > M) = lim [{Gu(On(f. ). x) > A}
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C Ci
< —sup |G (f, Mzt = Ity -
Y A
O

By standard arguments (see [46]) one can derive from Theorem 4.7 that forall 1 < p <
00

(43) Byl fllLroa) < NGm(fs dliLeio.n < Cpll fliLeio,ny s

where B, > 0, Cj, > 0 are independent of f € L?[0, 1].
4.1. Haar wavelet systems as unconditional bases in L”(R), 1 < p < co. From
Theorem 4.7 we easily derive

THEOREM 4.10. Foranym = 2,3, ... the system H(m) is an unconditional basis in
any space LP(R), 1 < p < oo.

Further we will use the following notations: RT = [0, +00), R™ = (—o00, 0] and Z+ =
R* N Z having in mind the agreement introduced in Subsection 3.1. For technical reasons we
divide the system H (m) into two parts:

(44) HYm) = (1), (1) k€ Z; j= 01 <v=m—1,
(45) H‘(m):{h,(c'jj.’m(x):keZ;j5—1;lfvgm—l}.

We are going to show that the systems H ™ (m), H~ (m) are unconditional bases respectively
in the spaces L” (R™) and LP(R™), 1 < p < oo. Let us prove the following

THEOREM 4.11. Foranym = 2,3, ... the system H™Y(m) is an unconditional basis
in any space LP(R%), 1 < p < oo.

PROOF. Let f € LP(RT) andlet 2 C Z x Z™ be a finite set. Forany 1 <v <m — 1
consider the sum

SO0 = > (O,
(k,j)es2

where
(f) = fR OB, (0

Let N € N be such that for all (k, j) € 2 h"

Lim®) = 0if x € [m", +00). Consider

the dilation operator Dy (¢)(x) = m %cﬁ(me). It is clear that Dy (h(”)

k,j,m) € H(m) for any

h,(;);. » Which satisfies to the above conditions if we consider the restriction on [0, 1] of the
image of the operator. Thus

Dn(SY(f D@ = Y (DN B, ()

(k,j)es2
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on [0, 1] is a finite linear combination of elements from # (m). We also have that if (k, j) €
2

e (f) = /mmN] FOR, 0t = /m DN (HODN B Y@

Hence, Dy (S_g)) (f, -))(x) on [0, 1] coincides with the sum of a subsequence of the expansion
of the function Dy (f) with respect to the system H(m). By Theorem 4.10 we obtain that
there exists C, > 0 which depends only on p such that

/ IDN(SY(f, N@)|Pdt < CP / |Dy (f)(0)|Pdt
[0,1] [0,1]
which yields

1SS Cf, MLr@ty < Coll Lo -

d

It is clear that in a similar way we can check that H ~ (m) is an unconditional basis in any
space L?(R7), 1 < p < oco. Thus we the proof of Theorem 4.10 is finished.
4.2. m-th rank Haar systemin L” ([0, 1], w), 1 < p < c0.

THEOREM 4.12. Foranym = 2,3, ... the system H(m) is a basis in the weighted
norm space LP ([0, 1], w), 1 < p < oo if and only if w satisfies the condition M ([0, 1]).

PROOF. By Corollary 4.6 we easily obtain that the system H(m) is complete in
LP([0,1],w), 1 < p < oo. Suppose that w satisfies the condition M ([0, 1]). Then it
is evident that

/ 1 1
A0 pp ([0, 1], w), where —+ — =1.
w p p
Hence, the system H(m) = {h;(x)};2, is minimal in LP([0, 1], w) and its conjugate system
is the system H*(m) = {ﬁh;(x)}fio. Thus for any f € LP([0, 1], w), the coefficients of
its expansion with respect to the system H(m) are equal to

1
bi(f) =/ f@O)—=h(Hw@)dt =/ fOh(dt = ai(f).
[0,1] w(t) [0,1]

Hence, forany k € Nand 1 < j < m* the partial sums of the mentioned expansion with
indices px + j(m — 1) coincide with 4 ju—1)(f, x) (see the beginning of Section 4). By
Lemma 4.1 it follows easily that

(46) 1O+ jm—1)(fs derqo, 11wy < CllfllLrqo,11,w) »
where C = C(w, p, m) is independent of f. If we prove that

47 lim b ()N lleqo,1,w) =0
[—+00
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then it will follow that (46) holds for all » € N. Which yields that the system 7 (m) is a basis
LP ([0, 1], w). We have that b;(f) = f[o 1 [f(@®)—P(t)]h;(¢)dt forany P(t) = f{_:%) drhi (2).
Ifhy(x) = k", (x) forx € [0, 1]and A = [-£, Z51] then

k,j.m
h(”)
k,j,m ) k 1
i (Ol e qo.11,w) < I — Pllerqo.11,w) 1A oo o, 1ym 2 [w(A)]»
wr LY (&)

)2 k 1 L
<IIf = Pllerqorwlh ||L00([0,1])m [w(A)]» w P
A

1
< If = Plirqo.n.w A 10,1 Cr

The last inequality yields (47) because the system #H(m) is complete in L7 ([0, 1], w). To
prove the necessity suppose that the system H(m) is a basis in the weighted norm space
LP([0, 1], w), where 1 < p < oco.

Let H*(m) = {h] (x)};2,, be the conjugate system of the basis 7 (m). Then we have that

/ (ho()w() — 11h(t)dt =0 forall [eNp.
[0.1]

Hence, h{j(r) = € L? ([0, 1], w). Thus we obtain that

w(t)
hj(x) = ——= forall [ eNy.
w(x

Thus for any f € LP([0, 1], w) n-th partial sums of its expansion with respect to the basis
‘H(m) coincide with @, (f, x). By Lemma 4.1 it follows that for some C > 1 such that for

any A € M
/ ft)dt

where the supremum is taken over all || f||Lr([0,17,wy < 1. The last inequality easily yields
(18) with C, = C”. O

sup— w(A) <C?,

|A[P

The prove of the following result technically is much more complicated. The main line
of our proof is close to the one given in [16](see also [7] and [28], [10]).

THEOREM 4.13. Foranym = 2,3, ... the system H(m) is an unconditional basis in
the weighted norm space LP ([0, 1], w), 1 < p < oo if and only if w satisfies the condition
M ([0, 1D).

LEMMA 4.14. Let w be a weight function which satisfies the condition M ([0, 1]).
Then for any . > 0, any 0 < y < 1 and for any f € L'[0, 1]

w({x €[0,1]: G, (f, x) >2% and Mpf(x) < yA})
< Cy’w({x €[0,11: Gu(f.x) > AD),
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where C > 0 is independent of f, A > 0 and y > 0, while § > 0 is the corresponding
constant from Definition 3.8.

In the formulation of the following assertion we use the agreement formulated in Sub-
section 3.1.

LEMMA 4.15. Forany f € L'[0, 1] and any 1 > O there exists a finite or denumer-
able set of disjoint closed intervals { Ay }kex such that the set

(48) Ex(f)={x €[0.11: Gu(f.x) > 1} = ] Ax.
keY
PROOF. According to our agreement for any x € [0, 1] there exists a unique sequence
of closed intervals I';(x) C M such that I'y(x) C I'y—1(x) forall k € N and |I}(x)| =
m=* (M, I(x) = x. For any xo € E;(f) there exists k(xo) € No so that I(x,)(x0)
E (f) and Iy, —1(x0) at least contains a point which does not belong to £, (f). Indeed, if
G (f, xo) > A then there exists N € N such that

N
(G (f, x0)* = Y lar(f)hy(xo)]* > A%

1=0
Hence, for some v € N the sum le\io |a;(f)hl(x0)|2 is constant on I,(xg). Which means
that I, (xg) € E(f). The number k(xo) will be the smallest index for which the last relation
holds. Afterwards, one observes that max,cg, () [Tkx)(x)| := po exists. There exist only
finitely many disjoint intervals in the set {I;)(x) : x € E,(f)} with length equal to po.
Let Aj(1 < j < nj) be all such intervals. Let Ex = E;(f) \ (U;”=1 Aj) and repeat the
same procedure taking E» instead of E,(f). Thus step by step we construct the finite or
denumerable set of disjoint closed intervals { A }rey Which satisfy the conditions of lemma.
O

PROOF OF LEMMA 4.14. Let A; be an arbitrary closed interval from (48). At the first
step we have to prove the following relation

(49) {x € A1:Gu(f.x)>21 and M f(x) <yAr}| < CylAl,

where C > 0 is independent of f,A,y and A;. Suppose that there is at least a point y; € A

such that M rq f(y;) < yA. Otherwise there is nothing to prove. Let A} € M be the interval

which satisfies the following conditions: A} D A;, |Af| = m|A|. Let f(x) = fi(x)+ f2(x),
where

1

700 = (F0) = foaay @ fa= [ Fod aem

A

and fo(x) = f(x) — fi1(x). By Proposition 4.9 we have that

2C 4C,
(50) < T”fl“Ll[O,l]:T/ |f(@)|dt
At

G A
{ m(flv-x) > E}

4mC1
A

< Al M f (1) < 4mCry|Al.
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On the other hand we have that |Af| = m™ for some ¥ € Ng. Thus forall 0 </ < u,
we have that a;(f) = a;(f2), which yields G, (f2, x) = G (O, (f, ), x) if x € AF. There
exists at least one point z; € A} such that G,,(f, z;) < A. Thus if x € A} then

G (f2,x) = Gm(Op, (f, ), x) = Gm(f. 21) < X.

We have that if x € A} then

Gm(fsx) =< Gm(flvx) + Gm(f2vx) =< Gm(flsx) +A.

Hence, by (50) we finish the proof of (49).
We have that the weight function w satisfies the condition M, ([0, 1]). Thus we obtain
that

w({x € A : Gu(f,x) > 2hand Mpq f (x) < yA)) < CyPw(A)

where C > 0 is independent of f, A > 0, y > 0 and A;. Hence, by Lemma 48 we finish the
proof. O

PROOF OF THEOREM 4.13. The necessity follows from Theorem 4.12. Suppose that
w satisfies the condition M, ([0, 1]). By Lemma 4.14 we derive

+00
/ Gh(f, x)wx)dx = p2p/ AP lw{x €10, 1] G (f, x) > 2A)dM
[0.1] 0
+o0
< K,,/ AP w(x €10, 1] Maqf(x) > yADdA
0
+00
+ K,,Cy3/ AP w(x €10, 11 : Gu(f, x) > AdA.
0
Let yo > 0 be such that K,Cy{ < 4. Then we obtain that

/ Gh(f, x)w(x)dx < 2K,,y0‘f’/ MY, f (0)w(x)dx .
[0,1] [0,1]
By Proposition 3.6 we finish the proof. O

5. The system Ho(m) = {h;(x)};2, in LP([0, 1], w) . In this section we will use the
following result (see [26]-[30])

THEOREM 5.1. Let {fy};2 | S L°°(E) be an orthonormal system of real-valued func-
tions defined on a measurable set E,0 < |E| < +00 and suppose that { f,}°° , is total with
respect to L' (E). Let, furthermore, N € N and w € L'(E) be a weight function. For the
system { f}°0 41 1o be closed and/or minimal it is necessary and sufficient that the following
conditions 1) and/or 2), respectively, are satisfied.:

1) any function of the form (w)_1 Zflvzl Cn fn, where c,(1 < n < N) are real numbers,

belongs to LY (E, w) if and only if every c, is zero;
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2) for every k(k = N + 1, N + 2, ...) there exist uniquely determined real numbers
b,(lk) (1 <n < N) such that the function

T
G = E[Zbﬁk)fn + fki|

n=1
4 1,1 _
belongsto L? (E, w) (p + = 1).
The following two lemmas are easy consequences of Theorem 5.1. We skip the details
of the proofs because they are similar to the case of the Haar system [31].

LEMMA 5.2. Foranym = 2,3, ... the system Hy(m) is complete in a weighted norm
space LP ([0, 1], w), 1 < p < oo if and only if there exists at least one point y € [0, 1] such
that

1) $¢Lﬁmj(y)) forall jeN.

LEMMA 5.3. Foranym = 2,3, ... the system Ho(m) is minimal in a weighted norm
space LP ([0, 1], w), 1 < p < oo if and only lf% S Ll([O, 1]) or for a point y € [0, 1]

1 L
(52) — € Lr=1([0, 1]\ 4A;(»)) forall jeN.
w
By Lemmas 5.2 and 5.3 it follows easily

LEMMA 5.4. Foranym = 2,3, ... the system Ho(m) is complete and minimal in a
weighted norm space LP ([0, 1], w), 1 < p < oo if and only if there exists only one point y €
[0, 1] such that the conditions (51), (52) hold.

Further in this section we will suppose that the weight function w satisfies the conditions
(51) and (52). Hence, the system Ho(m) is complete and minimal in the weighted norm
space L ([0, 1], w), 1 < p < oo with the unique conjugate system #;(m). By Theorem 5.1
applied for our case it is easy to see that the system Hg(m) = {hy (x)}2, is defined by the
following equations:

hi(x) = hi(y)

(53) hy (x) = w00

For any f € L?([0, 1], w) and forany 1 < j < m*, k € N we put

Mk J—1m—1
(54) O, ety (F ) =Y P+ Y e (R, (),
=1 s=0 v=1

where
a(f) = f Fohf@ds () = f FOBY 0 — ) o)dr
[0,1] [0,1]

Let Ag;(y) be the interval from the collection of sets (35), (36) such that y € Ag;(y).
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LEMMA 5.5. Forany f € LP([0, 1], w) and forany 1 < j < m*, k € N we have that
e© tj (m—1) (f, x) is constant on any interval from the collection of sets (35), (36). Moreover,

55) O oy (fiX) = fdt for x € Ag(y),

12501 oamay o)
and for any A from (35) or from (36) which does not coincide with Ay (y)

(56) O, ey (o x) = / fydt for xeA.

14]

PROOF. In the proof we use the notation of Lemma 4.4. Let A be any interval from the
collection of sets (35), (36) such that A N Ag;(y) = @. Then we have that

00, 1)) = f[o O, = Rig0. 01

m +j(m 1)

- > [ rorgy 0 - Koo,

where Kij(1,x) = Ky;j(1, x) — 1, hence, Ki;(1, x) — Kij(y, x) = Kij(t,x) — Kij(y, %).
Suppose that G, = Agj(y) and take any i9p # v,1 < iy < mk + j(m — 1). Then by
Lemma 4.4 we obtain that for x € G;, we obtain that

m +](m 1)

Z / FOLK (1, x) = Kij(y, x)1dt = / FOK (2, x)dt

= (H)dt .
|Gi0| G,‘O f

On the other hand if x € G, by Lemma 4.4 we will have that

mk+j(m—1)
O oy ()= > / FOIKj(t, x) — Kij (v, x)dt
i=1,i#v
m +J(m 1)
= — tdt = t)dt .
| =TTy /f() IGI 01]\Gvf()

Lemma 3.14 and Lemma 5.4 easily yield

LEMMA 5.6. Let w > 0 be a weight function defined on [0, 1] such that w satisfies
the condition M%([O, 1]) for some y € [0, 1]and 1 < p < oo. Then the conditions (51), (52)
hold and the system Ho(m) is complete and minimal in a weighted norm space L? ([0, 1], w).

THEOREM 5.7. Foranym = 2,3,... the system Ho(m) is a basis in the weighted
norm space LP ([0, 1], w), 1 < p < oo if and only if there exists a point y € [0, 1] such that
w satisfies the conditions M, ([0, 1]\ {y}) and MZ([O, 1D.
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PROOF. Necessity. If the system Ho (i) is a basis in the weighted norm space L” ([0, 1],
w) then it is a complete minimal system in L? ([0, 1], w). Then we will have that for any f €
LP([0, 1], w)andforany 1 < j < m¥, k € N the partial sum operators are uniformly bounded

sup [ o [
_sup 1+ (m=1) 1 LP ([0, 11,w)— L7 ([0,1],w)
1<j<mk keN

where B, > 0. We have that

::MOSBps

0 ”
wk+jm—=DILP([0,1],w) *

/ ft)dt

My > max sup H ®
1<ism*+jm=1) | flip G, m=1

If G; N Agj(y) = 9 then by Lemma 5.5 we will have that

1
sup ” ,(Lok).;_j(m—l) HL”(Gi,w)

w(G; )1’
IAllr Gy =1 |G | HfHLP(G =1

= |G,»|_1w(Gi); Hw_ﬁ ||LP’(Gi) ’

If G, = Ag;(y) then in the same way as above we obtain that

p—1
|Akj(y>|—f’w<Akj(y>>< /A w_l’]‘dt> < Bl

ki ()
Sufficiency. By Lemma 5.6 we have that the system Ho(m) is complete and minimal in
a weighted norm space LP([0, 1], w). Hence, by Lemma 5.5 we obtain that for any f €
LP([0,1],w) and forany 1 < j <m¥ k e N
/ w(t)dt
Gi

p
fw(t)dth{j/ | f(OPw(t)dt .
G, [0,1]

/[O 1]|0(0)+,<m By DIPw(nde = ‘|G|/ f(0dt

l<t<mk+j(m 1)
i#v

),
+ ft)dt
‘ Gyl Jio,1\G,

The last inequality follows because w satisfies the conditions M, ([0, 1] \ {y}) and
M%([O, 11). To finish the proof we have to show that lim;_.« [c;(f)[IIN ()l L7 q0,17,w) = O.
We skip the details because a similar result we have proved for the proof of Theorem 4.12. O

In the case p = 1 we have the following result.

THEOREM 5.8. Foranym = 2,3,... the system Ho(m) is a basis in the weighted
norm space L' ([0, 11, w), if and only lf% ¢ L°°([0, 1]) and there exists a point y € [0, 1]
such that w satisfies the conditions M ([0, 1]\ {y}) and M’Y([O, 1.

We will not give the details of the proof because it is similar to the proof of Theorem 5.7.
The main theorem of this section is the following

THEOREM 5.9. If the system Ho(m),m = 2,3, ... is a basis in the weighted norm
space LP ([0, 1], w), 1 < p < oo then Ho(m) is an unconditional basis in the same space.
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PROOF. By Theorem 5.7 we have that there exists y € [0, 1] such that the weight func-
tion w satisfies the conditions M, ([0, 1]\ {y}) and MZ([O, 1]). For any f € LP([0, 1], w)
there exists a unique sequence {a;(f)};2, such that

(57) f=> aph.
=1

The coefficients which correspond to the functions h(A”; ) in the series (57) we denote by b .
We split formally the series (57) into two parts

00 oo m—1
(58) YoahHh =" b(Hhy) )+ D aHh,
=1 j=0 v=1

where by Y’ we have denoted the series obtained after excluding the terms which are present
in the first series.

For any k € Ny let Gy € M, 1 <1 < m — 1 be mutually disjoint intervals such that
Gul=m™*1. 1 <1 <m—1and A(y) = A1 (») U G

By Theorem 4.13 we easily obtain that the series ) ‘a( f)h; converges unconditionally
in L?(Gy;, w) for any k € N and forall 1 </ < m — 1. Hence, if we check that the
series y /a;( f)h; converges in L ([0, 1], w) we will have that it converges unconditionally
in L? ([0, 1], w). Thus the proof of theorem will be finished if we prove that the first series on
the right hand side of the equality (58) converges unconditionally in L? ([0, 1], w).

Recall that we are using the notation introduced in (28). Let

oo m—1
(59) Fy=Y Y ij(f)h(A”J)_(y)(x) =d if xeGy
j=0v=1

forallk e Npand 1 </ <m — 1. By Lemma 5.5 we have that

1
di=—— | fd:, for xeGy.
|Gk1| G

The weight function w satisfies the condition M , ([0, 1]\ {y}). Hence,

oo m—1

/[O ; IF)|Pwx)dx =Y |di|Pw(Gr)

k=0 I=1

m—1

oo m— p—1
<> D IGul™” / If(t)lf’w(t)dt< / w(r)‘p”d:) w(Gr)
Gl Gy

k=0 [=1
<c, / F )P w(odr
[0,1]

The system Ho(m) is a basis in the weighted norm space L? ([0, 1], w). Hence, the first se-
ries in the right hand side of the equality (58) converges in L? ([0, 1], w). Thus to finish the
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proof of Theorem 5.9 we have to prove that the series in (59) converges unconditionally in

LP([0, 1], w).
For any j € Ng we have that

m—1
1
biv(HRY () =dt = — / fdt,
g jv Aj(y) J |Gjl| G

forx e Gj;,1 <l <m—1and

m—1 m—1
Y b)) = —cj ==Y dj, for xe€Aj().
=1

v=1

Let {y;};”z_ol be a collection of numbers such that

m—1 m—1
(60) Y yi=1 and Y y=0.
=0 =0
We put
X m—1
(61) §i(x) =141 (0|2 |:VOXAj+|(y)(x) + Z YIXGj (X)}
=1
and
(62) aj(f) = /[O 1]f(t)[-’Ej(t) - |Aj+1(y)|_%7/0]dl

S - f F(o)dt + f
VIAj+1DI Jo,ma; 1) [0,11\Aj41(»)

m—1
1
=142 Y — yo)dl —
=1

FE;()dt

Y0 /
- f(@®dt
VIAjr11 J10,114;()
] m—1 Jj—1 )
=141 (M2 (Z(Vl — 70—y Zm/_s_lcs) :

=1 s=0
LEMMA 5.10. Foranye = {&;}32 let

(63) Frx) =Y ejoj&(x).
j=0

Then for allk € Nand x € Ax(y) \ Ag+1(Y)

k m—1

k—1
1 .
Fl=2) 0 ) Ml +——= m eyl
s=0

s=0 =1 a
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PROOF. By (61) and (62) we obtain that for x € Ggy,, 1 <v <m —1

k—1m—1 m—1
|F} ()| <Z|a,sj(x)| = 1wl Y_ D v — wlldl] + Inl Zm yolldy|
j=0 s=0 [=1
k—=1j-1 k m—1 k—1j-1
FY Y mI T e <2 D Nl A Y DY mI T ey
j=1s=0 s=0 I=1 j=1s=0
k m—1
<2ZZ|d’|+ ka Sles] .
s=0 [=1

O
LEMMA 5.11. Forany f € LP([0,1],w), 1 < p < oo and any ¢ = {8]}] o the
Sunction F} € LP([0, 1], w) and

IF N Leqonw < Coll fllzeqonw) »
where C;7 > 0 is independent of f and ¢.

PROOF. By Lemma 5.10 we have that

m—1 p
/ |F*(x)[Pw(r)dt < 4p< |d£|) w(Ak(y))
AW\ Ak+1() s=0 =1
P P P
+W<[w(Ak(y))] z Szom ‘Icsl> .

Afterwards write

m—1
At Y 1y Tw(Ar(y)]7
=1

1
<

1
< (/ If(t)lpw(t)dt) ’ (/ w(t) 7 ‘dt) :
As(WN\As1() As(D\As41(y)

1
> v
<Cy (/ If(t)l”w(t)dt) | Ak(D)] -
As(y)\AH»l()’)

[w(Ac()]?

Hence, we obtain that

k m—1

1
SO w( AP < ,,(/A

1
If(t)l”w(t)dt) L
s=0 [=1 n

sON\Ags1() -

Now we apply the following lemma which is a consequence of Theorem 274 from [18]
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LEMMA 5.12. Letu = {u]} Cpandv = {v]} 2 o be numerical sequences such that
uelandv € 1?,p > 1. Then the Cauchy product w = {wn}o2 o, Wy = Z]=0 Up_jvj of
the sequences u and v belongs to IP. Moreover ||w|ip < |lu||;t||v]r.

Which gives us the convergence of the series

oo k m—1

> (Z > 1dl ) w(Ar(y)) <2°C, /[O : |f O w(e)dr .

k=1 s5=0 I=1
To finish the proof of Lemma 5.11 we have to show that

e¢]

k-1 »
(64) 3 ([w(Ak<y)>]z'> Zm"ﬂcn) < +00.

k=1 s=0

k—1 p
(Zm_s‘llcsl>
s=0
( / If(t)I”w(t)dt> ( f wit)” 1"dt>
Gyl

We have that

k—1m—1

(zz

s=0 [=1

)I’
k—1

1
( If(t)l”w(t)dt) '
s=0 As(W\As+1 ()

L \TY
X / w(t) r-1dt .
As()’)\As+l(y)

Recall that w satisfies MZ([O, 1]). By Lemma 3.14 we obtain that

1

1 r 1
mk</ w(t)_PTldt) " w(G)?
Ay ()7)\A5+1 (y)

1

1 1 rd 1 -
< C,é’(/ w(r)‘z?ldz)‘ [/ a)_ﬁ(t)dti|
As(ON\As+1(») [0, ITNAk(y)

1 k=s

P, P
<Cpqp .

~ |

If we write

- k—s—1 1
> m e lw(Gry v
s=0
k—s

k—1 1 ks

1 P
<c} ( / If(t)l”w(t)dt) ap "
As(M\As41(y)

Ny

s=0
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1 _L
andputv; = (-[Aj(y)\Aj-H(y) | f(OIPw(t)dt)?,uj = q, " thenby Lemma 5.12 we will obtain

[e'e) k—1 p
Z( mk—s—1|cs|> w(Gi) < CpB, f |F 1P w(n)dr .
0 [0,1]

k=1 "s=
O
Lemma 5.11 yields the convergence of the series
o0
) )
D¢ biv(Hhaj )
j=0
forany 1 < v <m — 1 and for all 6™ = {8;”) 0> where 8;”) = =+1. Moreover, we obtain
that for some B, > 0
oo m—1
>N SEV)ij(f)h(AvJ).(y) = Byl fllzrqo,11,w) -
=0 v=1 LP([0.1],w)
O

6. Higher rank Haar waveletsin L?” (R, w). Let® > 0 be a locally integrable func-
tion defined on R. In this section we study the phenomenon described in the introduction with
respect to the higher rank Haar wavelet systems H (m),m = 2,3,.... Let x " (x) = xr-(x)
and x T (x) = xg+(x). The following result is the first step in that direction.

LEMMA 6.1. Foranym = 2,3,... let H(m) be the wavelet system defined by (26)
and (27). Let U, be the linear subspace of locally integrable functions & on R such that

(65) / s(t)h,i”j.m(x)(t)dt =0 VjkeZl<v<m-—1.
R s
Then dimU,, =2 and x~, x+ as vectors constitute a basis in U,,,.

PROOF. Itis clear that if we prove that a locally integrable function & such that £(x) =
0 if x € R~ and holds (65) if and only if £ = cx™ for some ¢ € R then the proof will be
finished. By Corollary 4.6 we have that the system H(m), m = 2,3, ... is total with respect
to L'[0, 1]. Hence, by definition of the system 7 (i) and by (65) it follows that

EMhi(t)dt =0 forall [ eN.
[0.1]

Which yields that £(x) = chg(x) for x € [0, 1]. We finish the proof by induction. Suppose
that for some N € N it is true that if £ is a locally integrable function such that £(x) = 0 if
x € R™ and (65) is true then £(x) = ¢g if x € [0, m™], where ¢y € R. If & is a function
which satisfies to all mentioned conditions then by definition of the system H (m) it follows
that the functions &, (x) = £(x —vm™), 1 < v < m — 1 also satisfy to those conditions. Thus
by our supposition it follows that &,(x) = ¢, if x € [0, m"], where ¢, € R. Hence, &(x) =
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cy if x € [vm™, (v + Dm™],0 < v < m — 1. Afterwards we observe that the functions
R (mN+1x), 1 < v < m — 1 belong to the system H (m), which yields

mN+1

f ERYm " x)dx =0  forall 1<v<m-—1.
0
After a change of the variable we have that
1
/ eEm N O ()dr =0  forall 1<v<m-—1.
0

By definition of the functions K™ 1 < v < m — 1 we obtain that S(m_N_lx) =cifx €
[0, 1]. O

It is convenient to continue our study considering the systems H ™ (m), H ™ (m) respec-
tively in the spaces LP(R™, w) and L?(R™, w). It is easy to see some sort of symmetry
between those systems. Thus it would be sufficient to study the system H™ (m) in the space
L?(R™). In fact we have proved the analogue of the above lemma for the system H™ (m)
which is formulated as follows.

LEMMA 6.2. Let U} be the linear subspace of locally integrable functions & on R
such that

(66) / é(t)h,({v;m(x)(t)dt =0 VkeZVjeZt,1<v<=m-—1.
R+ ”

Then dimU,} = land x* € U,;.

We need the analogues of Lemmas 5.2, 5.3 for this case.

LEMMA 6.3. The system HV(m) is complete in L (R*, w), 1 < p < oo if and only
if

+
67) Log L RY).
w

1
PROOF. Suppose that H (m) is complete in L? (R™, w). If g = % e L»-T(R™) then
g € LP (RT, »), where % + # = 1. Thus

(68) f g(t)h,((v;m(x)(t)a)(t)dt =0 VkeZVjeZt l<v<m-—1.
R+ ”

Which yields that H(m) is not complete in L? (R™, w). Which is a contradiction.

Suppose that % ¢ L = (RT). If H* (m) is not complete in L? (R™, w) then there exists
g € LP' (R, w) such that (68) holds. By Lemma 6.3 it follows that g(H)w(r) = cxt (1) a..
on R, where ¢ € R. We came to a contradiction which finishes the proof. O

From Lemma 6.3 it follows that
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LEMMA 6.4. The system HT(m) is complete in LP (R, ), 1 < p < oo if and only
if there exists at least one point y € [0, +00] such that
(69) % ¢ LPT(Aj(y)  forall jeN.

We also have

LEMMA 6.5. The system H(m) is minimal in LP(R™, ), 1 < p < oo if and only if

(v) (v)

For any h;, i (X)) € H™ (m) there exists a coefficient akvj m Such that
M) a’ oyt +h” |
glgv} = k,j.m k,j,m c LT (R+) )

w

PROOF. Suppose that the system H T (m) is minimal in L? (R*, ). Then there exists a
system {g,ﬁ”}m :ke€Z,jeZ", 1 <v<m-—1}byorthogonal to H™(m). Hence, if for some
vo,1 <vo<m—1wefixanyl/ € Zandany u € Z* thenforallk € Z, j € ZT and 1 <

v<m-—1
(70) fR g1 o) = O, (Odx = 0.

By Lemma 6.2 we obtain that
a0 x4+ L0

(o) _ “lLpm Lu,m Lot
9 pim = ” e L7 T(RY).
The proof of sufficiency is direct. We easily check that the system { glgvj)m kel je
Z*,1 < v < m — 1} is biorthogonal to H™ (m). O

From Lemma 6.5 it follows easily that

LEMMA 6.6. The system H™ (m) is minimal in L (R", w), 1 < p < oo if and only if
there exists at most one point y € [0, +00] such that (69) holds.

By Lemmas 6.3 and 6.5 we obtain immediately

LEMMA 6.7. The system H™V (m) is complete and minimal in LP(R*, w), 1 < p <
oo if and only if conditions (67) and (M) hold.

Lemmas 6.4 and 6.6 yield

LEMMA 6.8. The system H'(m) is complete and minimal in LP(R*, w), 1 < p <
oo if and only if there exists a unique point y € [0, +00] such that the condition (69) holds.

If we analyze the proofs of results which brought us the last lemma then it is not hard to
see that the following result also holds.

LEMMA 6.9. The system H™ (m) is complete minimal in LP(R™,w), 1 < p < oo if
and only if there exists a unique point y € [—o0, 0] such that the condition (69) holds.

Lemma 6.8 and Lemma 6.9 easily yield
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LEMMA 6.10. The system H(m) is complete and minimal in L’ (R, w), 1 < p < 00
if and only if there exists a unique point y* € [0, +00] and a unique point y~ € [—o0, 0]
such that the condition (69) holds for both of those points.

The following lemma will be used in the proof of the main result of the present section.

LEMMA 6.11. Let{¢; ?:1’ (¥ le=1 be some measurable functions defined on a mea-

surable set E and let
n
K=Y ¢jmy;() () €ExE.
j=1
Furthermore, for a given real valued orthogonal matrix
A = <a,'j) l<i<p
I<j=p

let fi(x) = Yi_y aixgi(x), gr(x) = Y i aixyi(1). If we consider a new kernel ®(x, 1) =
Yoiot fe@)ge () then

Kx,t) =®(x,1) for (x,t) € EXE.

PROOF. We have

=

"
aixi(x) Y avi (t)

i=1 v=1

"
D(x,t) = Z

»
I
-
I

"
G ()Y (1) Y avkaix

k=1

[
M=
M=

I
-
<
Il
-

Il
M=

G ()Y (1) = K(x, 7).

<
Il
-

d

We are going to apply Lemma 6.11 in the proof of the next theorem. As {¢ j}l;:1 and
{ fk}fle we will take two orthonormal bases in V (m) considered in Subsection 3.2. Concretely
we will consider the following orthonormal bases of V (m) : {h(”)(x) :0<v<m-—1}and
{p1,jmx):0=<j=m—1}

THEOREM 6.12. Foranym = 2,3, ... the system H™(m) is an unconditional basis
in the weighted norm space L? (R, w), 1 < p < oo if and only if there exists a point y €
[0, +o00] such that:

If y # 400 then w satisfies the condition M (R \ {y}) and the condition My (R™);
If y = +00 then w satisfies the condition M ,(R™).
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PROOF. Suppose that HT(m) is an unconditional basis in the weighted norm space
LP(R*,w), 1 < p < oo. Then H*(m) is complete minimal in L? (R, ) and there exists
a unique point y € [0, +o00] such that the condition (69) holds. First consider the case y =
+o00. In this case the uniqueness of the point y means that for any h,(;j;.’m(x) € Ht(m)

)
W) _ "kjm Lot
(71) gk:)qu_TeLP T(RT).

The proof of the necessity can be easily completed following the scheme of the proof of
Theorem 4.12.

If y € [0, +00) then by Lemma 6.5 the system byorthogonal to H* (m) is defined by the
following equations:

(72) ™) (1) = h;ﬁ?},m(t)—h,fj,m(y)ﬂ(t)
Ao (1)

forallk € Z,jeZTand1 <v <m — 1.
Let A = Aj+1(y)andlet A;(y) = A1(0)+jym_l, where j, € Ny. For f € LP(RT, w),
consider the sum

m—1
Do mHA) @)
v=1
m—1
0 0
=2 / FOg") L Oo®dth) ) =) (AL @)
v=0 R* » »

m—1
= /R OG0 wOR L @e®dt =) (R ).
v=0

where hl(f)}yﬁm(x) = XA(y)(x) and
Oy 2 M = My 10
Jrogm 00 = w(0)
By Lemma 6.11 it follows that
m—1
(v) (v)
(73) /R o ZO ) W Oh") @)
y=
m—1
(74) = fR SO @i OV O (@)
j=0

where

Gl jyrjm ) = @ity jm (D X (@)

w(t)

Y jm(t) =
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Thus we obtain that if x € A;41(y) then

m—1
> el (FIB ) = = [ swar—n' [ gwar.
=1 R\A11(y) RT\A; ()

If f(t) > 0 fort € RT then it follows that for x € A;y1(y)

/ Fydr
R\ A1 (»)

Afterwards in the same way as in the proof of Theorem 5.7 we obtain that for some B, > 0
and forall/ € Z

> (A ()] 7!

m—1
Yo WO @)
v=1

p—1
|Az<y>|—"w<Al(y>>< i a)_l’lldt> < Bl

N4
Let E;; € M, 1 < j < m—1 be mutually disjoint intervals such that | E;;| = m~ A (], 1<
I <m—Tand A;(y) = Aj+1(y) U U'}:ll Ejj. By (73) we obtain that if f(¢) = 0 whenx €
R*\ A;(y) then
m—1
WY = Ej | fode if xeEjd<j<m—1)
L jy,m Ljym ¥ = 1= - i =j= .
v=l1 1j

Which yields

1 p-l
|E1j|_pa)(E1j)</ a)_ﬁdt> < B,’; forany/ € Z andl <j<m-—1.
Ejj
Let A € M, |A| = m™'~! be such that A N A;(y) = ¥. We consider the interval A* €
M, |A*| = m~! be such that A C A*. Let = A;(0) + k*m~", where k* € No.
For f € L?(R*, w) consider the sum

m—1
> e (O A ()
v=1

Using the same idea as above we show that if x € A then
m—1
A VS ) = 18171 [ gar =127 [ parar.
'l A A
Thus if £(r) = 0forz € R\ A it follows that
m—1 1

e (P 1R ) = A / f(0dt
. o " 4
and the proof of the necessity is completed easily.

The proof of the sufficiency will be given following the same idea as in proof of The-
orem 4.10. By Lemma 6.8 we have that the system H™(m) is complete and minimal in

LP(RY, w). Let Gt (m) = {g,ﬁ”/)m ckeZ,jeZ", 1 <v<m~— 1}be the conjugate sys-
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tem of the basis H*(m). Suppose that w satisfies the condition M p(R+). Then the system
G (m) is defined by the equations (71). Let f € L?(RT, ) and let £2 C Z x Z* be a finite
set. Moreover, let N € N be such that h,(gj;.’m(x) = 0if x € [m", 400) for all (k, j) € £2.
Forany 1 < v <m — 1 consider the sum

(75) S (0= Y (PR,

(k.j)e@
where
)= [ Fon, o
Applying Lemma 3.15 as in the proof of Theorem 4.10 we obtain that
158" (f Lo @er < Bpllf o) -
where B, > 0 is independent of f and (2.
If y € [0, +00) then we take N € N so that "} (x) = 0if x € [m", +o0) for all

(k, j) € 2 and y € [0, m"]. By Lemma 6.5 the system G (m) is defined by the equations
(72). In this case the coefficients of the sum (75) are defined as follows:

N = [ PO 0 = h0]ar.

We write f(t) = fi(1) + f2(t), where fi(t) = f(®)x[0m,~ (). By Lemma 3.16 and
Lemma 3.17 in the same way as above we obtain that

156" (f1 Mer @ < Bpll fillrs.o

where B, > 0 is independent of fi and §2. The proof will be complete if we show that

1S5’ (f2. MLt < Byl fallr o -
where B;‘; > ( is independent of f> and §2. We have that

S = Y e (), (x)

(k,j)es2
:_/ L fwar Y O, ()
(m™,+00) (k,j)eR
Let fy(t) = m_N)([O’mN](t) then
> O, 0 = / FROU) @) = B, DB, ()
(k,j)es2 (k,j)es2

=Sy (fy. %)
Thus we have that

1SS (f2 lr @t ) = ‘ f f)dr

N +00)

1SS (e M e @)
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1
__1 rd
=< ||f2||L1’(]R+,a>)|:/ w(t) ”"dt} Byl fallLr®+,w)
[mN ,+00)

-N __1 # 1_17
= B,m w(t) »-Tdt o@)dt | |l f2llLr®+,w) -
[m" ,+00) [0,mN]

Using that w satisfies the condition M%(RJF) we complete the proof. O

It is easy to check that any function w,(x) = x" if r > p — 1 satisfies the condition
MY (R") and the condition M ,((0, +00)).

COROLLARY 6.13. Letl < p < oo and let w,(x) = |x|" ifr > p — 1. Then the
system HV (m) is an unconditional basis in the weighted norm space L” (R™, w,).

THEOREM 6.14. Foranym = 2,3, ... the system H(m) is an unconditional basis in
the weighted norm space LP (R, w), 1 < p < oo if and only if there exist two points y| €
[0, +00], y2 € [—00, 0] such that:

If y1 # +00 then w satisfies the condition M ,(R* \ {y1}) and the condition M3, (RY);
If y1 = +o0 then w satisfies the condition M ,(R™);
If y» # +00 then w satisfies the condition M ,(R™ \ {y2}) and the condition M%z R7);
If yo = —o0 then w satisfies the condition M ,(R™);

COROLLARY 6.15. Let1l < p < oo and let w,(x) = |x|" ifr > p — 1. Then the
system H (m) is an unconditional basis in the weighted norm space L (R, w,).
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