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Abstract. This paper concerns a local characterization of 5-dimensional pseudo-
Hermitian manifolds with maximal automorphism group in the case the underlying almost
CR structures are not integrable. We also present examples of globally homogeneous model
of maximal dimensional automorphism group.

1. Introduction. One of classical and fundamental problems in differential geom-
etry is to characterize homogeneous models in terms of their automorphism groups. This
characterization is tightly related with local equivalence problems for the given geometric
structure. The local equivalence problem between Levi non-degenerate CR manifolds was
first established by E. Cartan in dimension 3 (cf. [3]). His idea on the absolute parallelism
was developed further by N. Tanaka (cf. [11]) and Chern-Moser (cf. [4]). Tanaka’s theory
on the graded Lie algebra has led the development of the canonical connection theory for the
parabolic geometry. A. Čap and H. Schichl proved in [2] that if an almost CR structure is
partially integrable, then the homogeneous model is the standard Heisenberg group and hence
one can construct a canonical Cartan connection by the connection theory for the parabolic
geometry.

On the other hand, if we do not assume the partial integrability, then we can construct
another homogeneous model of strongly pseudoconvex almost CR manifolds. K.-H. Lee and
the author introduced in [7] a family of homogeneous models with almost CR structures that
are not partially integrable. (They call the homogeneous models the generalized Heisenberg
groups. See also Section 3 for the construction.) They also developed Webster’s pseudo-
Hermitian theory ([13]) in almost CR cases to characterize the generalized Heisenberg groups
by the non-proper action of the automorphism group in low dimensional cases.

The aim of this paper is to characterize the local structure of the generalized Heisenberg
groups by the local action of the automorphism group. The main result is Theorem 3.4 on the
local characterization of 5-dimensional pseudo-Hermitian manifolds with maximal automor-
phism group whose underlying almost CR structures are not integrable.

In Section 2, we briefly discuss about almost CR structure and pseudo-Hermitian struc-
ture equations. In Section 3, we define a family of homogeneous strongly pseudoconvex
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almost CR manifolds, the generalized Heisenberg groups. After reviewing the basic prop-
erties for the generalized Heisenberg groups, we present Theorem 3.4, the main theorem of
this paper for the local characterization of homogeneous models. We also introduce another
homogeneous models in Theorem 3.5 which do not satisfy the hypothesis of Theorem 3.4.
The proof of Theorem 3.4 is based on the method of prolongation of local automorphisms to
frame bundles. In Section 4, we discuss about the prolongation argument that is required in
the proof, and we will complete the proof of Theorem 3.4 in Section 5.

Notation and Convention. Throughout this paper, the summation convention for dupli-
cated indices is always assumed. We denote the complex conjugate of a tensor by taking the
bar on the indices, that is, Zα = Zᾱ, Wα

β̄
= Wᾱ

β and so on. We will also use the matrix of

the Levi form (gαβ̄) and its inverse matrix (g β̄α) to raise and lower indices: θα = gαβ̄θ β̄ ,

R
α

β μν̄ = g γ̄ αRβγ̄μν̄ . In this paper, we consider frame bundles of a base manifold. We distin-
guish tensors on the base manifold from those on the frame bundle by adding ′.

2. Preliminaries: Basic definitions for almost CR and pseudo-Hermitian struc-
tures.

2.1. Almost CR manifolds. Let M be a (2n+1)-dimensional manifold for a positive
integer n. An almost CR structure on M is by definition, a sub-bundle H = ⋃

p∈M Hp ⊂ T M

of fiber dimension 2n with a smooth family of endomorphisms J = {Jp : Hp → Hp} such
that Jp ◦ Jp = −Ip. Here Ip denotes the identity transform of Hp for every p ∈ M . We
call the triple (M,H, J ) an almost CR manifold. We may abbreviate (M,H, J ) by (M, J ) or
simply by M , if there is no danger of confusion. We denote by H1,0 and H0,1 sub-bundles of
C ⊗ H whose fibers are eigenspaces for eigenvalues i and −i of J , respectively. Both H1,0

and H0,1 are complex sub-bundles of C ⊗ H of fiber dimension n with

H0,1 = H1,0 and C ⊗ H = H1,0 ⊕ H0,1 .

A CR structure (H, J ) is said to be integrable if the sub-bundle H0,1 is involutive when it
is regarded as a smooth distribution. That is, (H, J ) is integrable if for every pair of local
sections Z′ and W ′ of H0,1, their Lie bracket [Z′,W ′] is also a local section of H0,1.

The Levi form of an almost CR manifold (M,H, J ) is a Hermitian form L : H1,0 ×
H0,1 → C ⊗ T M/C ⊗ H defined by

L(v, w̄) ≡ i[V ′,W ′] mod C ⊗ H

for v,w ∈ H1,0 at a point p ∈ M , where V ′ and W ′ are local sections of H1,0 such that
V ′(p) = v and W ′(p) = w. Suppose that M is oriented. Since H has a natural orientation
given by J , orientation of M yields an orientation on T M/H . Choose a 1-form θ such that
θ |H ≡ 0 and is compatible with the orientation of T M/H . If we regard θ as a 1-form on
C ⊗ T M , it can be also regarded as a form on C ⊗ T M/C ⊗ H . Let

Lθ(v, w̄) := θ(L(v, w̄)) .
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The almost CR manifold M is said to be strongly pseudoconvex if the Hermitian form Lθ is
positive definite for a 1-form compatible with the orientation of M . Lθ is called the Levi form
of M with respect to θ .

Suppose that an almost CR manifold M is strongly pseudoconvex. Let θ be a fixed
1-form satisfying that θ |H ≡ 0 and Lθ is positive definite. Then it turns out that M is a
contact manifold with the contact distribution H and that θ is a contact 1-form. The quadruple
(M,H, J, θ) is called a pseudo-Hermitian manifold. We will abbreviate it by (M, θ), if there
is no danger of confusion.

By a CR automorphism of M , we mean a diffeomorphism ϕ : M → M preserving
the almost CR structure. That is a diffeomorphism ϕ is a CR automorphism if and only if
ϕ∗H1,0 = H1,0. We denote by Aut(M) the group of all CR automorphisms of M . If (M, θ)

is a pseudo-Hermitian manifold, we denote by Aut(M, θ) the group of pseudo-Hermitian
automorphisms, that is,

Aut(M, θ) = {ϕ ∈ Aut(M) : ϕ∗θ = θ} .

For a given point p ∈ M , we denote by Autp(M) and Autp(M, θ) the isotropy subgroups of
Aut(M) and Aut(M, θ) at p, respectively.

2.2. Pseudo-Hermitian structure equations. We recall the construction of the
pseudo-Hermitian structure equations and the canonical connection. For some details, one
may refer [7]. Let (M, θ) be a pseudo-Hermitian manifold of dimension (2n+1). We call the
vector field X′ on M determined uniquely by

θ(X′) = 1 and ιX′dθ = 0

the characteristic vector field for (M, θ). A moving frame is a set {X′
1, . . . , X

′
n} of local

sections of H1,0 such that X′,X′
1, . . . , X

′
n,X

′̄
1
, . . . , X′̄

n form a basis for C ⊗ T M at each
point. We call a set of 1-forms {θ ′α : α = 1, . . . , n} a coframe of {X′

α} if

θ ′α(X′
β) = δα

β , θ ′α(X′̄
β
) = 0 .

A coframe {θ ′α} is said to be admissible to θ if it satisfies in addition that θ ′α(X′) = 0 for
every α = 1, . . . , n. An admissible coframe is determined uniquely by the choice of moving
frame, since {θ ′α} is admissible to θ if and only if θ, θ ′α, θ ′ᾱ are dual to X′,X′

α,X′̄
α .

Let {θ ′α} be an admissible coframe of (M, θ). Since θ is real, there exist complex valued
functions g ′

αβ̄
, h′

αβ such that

dθ = ig ′
αβ̄

θ ′α ∧ θ ′β̄ + h′
αβθ ′α ∧ θ ′β + h′

ᾱβ̄
θ ′ᾱ ∧ θ ′β̄ ,(2.1)

g ′
αβ̄

= g ′̄
βα

and h′
αβ = −h′

βα .

The matrix (g ′
αβ̄

) determines the Levi form Lθ and hence it is positive definite.
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PROPOSITION 2.1 ([7]). Let {θ ′α} be an admissible coframe for θ . Then there are

functions T ′ α
β γ , N ′ α

β̄ γ̄
, A′α

β̄
, B ′α

β and 1-form (ω′ α
β ) uniquely determined by the following

equations:

dθ ′α =θ ′β ∧ ω′ α
β +T ′ α

β γ θ ′β ∧θ ′γ +N ′ α

β̄ γ̄
θ ′β̄ ∧θ ′γ̄ +A′α

β̄
θ∧θ ′β̄+B ′α

βθ∧θ ′β ,(2.2)

dg ′
αβ̄

− ω′
αβ̄

− ω′
β̄α

= 0 ,(2.3)

T ′ α
β γ = −T ′ α

γ β , N ′ α

β̄ γ̄
= −N ′ α

γ̄ β̄
,(2.4)

and

B ′
αβ̄

= B ′̄
βα

.(2.5)

Here, we lower indices by (g ′
αβ̄

), that is,

ω′
αβ̄

= ω′ γ
α g ′

γ β̄
, B ′̄

γ β = B ′α
βg

′
αγ̄ .

We call the 1-form ω′ = (ω′ α
β ) the canonical connection form and the functions T ′ α

β γ ,

N ′ α

β̄ γ̄
, A′α

β̄
, B ′α

β and h′
αβ the coefficients of torsion tensors. The equations (2.1) and (2.2)

are called the structure equations for (M, θ) with respect to the coframe {θ ′α}.
REMARK 2.2. Comparing with the structure equations in integrable case (see [13]),

we have more torsion tensors h′
αβ , T ′ α

β γ , N ′ α

β̄ γ̄
and B ′α

β . Although these tensors arise from

the non-integrability of the almost CR structure, they are not mutually independent. Non-
integrability tensor of the almost CR structure is given by

[X′̄
α,X′̄

β
] mod Γ (H0,1) ≡ −h′

ᾱβ̄
X′ − N ′ γ

ᾱ β̄
X′

γ

by Cartan’s lemma and the structure equations (2.1) and (2.2). That is, N ′ α

β̄ γ̄
measures the

part of non-integrability tensor lying on the complex direction and h′
ᾱβ̄

measures that escaping

to the real direction. The relations between torsion tensors can be obtained from the Bianchi
identity (2.19) below.

DEFINITION 2.3. We say the almost CR structure of M is integrable at p ∈ M if

N ′ α

β̄ γ̄
(p) = h′

ᾱβ̄
(p) = 0 for every α, β, γ = 1, . . . , n. We say that the almost CR structure

is partially integrable at p ∈ M if h′
ᾱβ̄

(p) = 0 for every α, β = 1, . . . , n. One should

notice that the definitions for the integrability and the partial integrability do not depend on
the choice of contact 1-form θ .

Let {θα} be another admissible coframe for (M, θ). Then there exists a local GL(n,C)-
valued function U = (U

α
β ) such that

θα = θ ′βU
α

β .(2.6)
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Let gαβ̄ be the coefficients of the Levi form, let (ω α
β ) be the canonical connection form and let

hαβ , T
α

β γ , N
α

β̄ γ̄
, Aα

β̄
, Bα

β be the coefficients of torsion tensors with respect to the coframe

{θα}. Then it turns out that

gαβ̄ = (U−1)
γ

α (U−1)
σ̄

β̄
g ′
γ σ̄ , hαβ = (U−1)

γ

α (U−1)
σ

β h′
γ σ ,(2.7)

ω
α

β = (U−1)
γ

β ω′ σ
γ U α

σ − (U−1)
γ

β dU
α

γ ,(2.8)

T
α

β γ = (U−1)
μ

β (U−1)
ν

γ T ′ σ
μ νU

α
σ , N

α

β̄ γ̄
= (U−1)

μ̄

β̄
(U−1)

ν̄

γ̄ N ′ σ
μ̄ ν̄U

α
σ ,(2.9)

Aα

β̄
= (U−1)

σ̄

β̄
A′γ

σ̄ U
α

γ , Bα
β = (U−1)

σ

β B ′γ
σ U

α
γ .(2.10)

Let π : F → M be the bundle of coframes admissible to θ over M . Then F is a principal
fibre bundle with structure group GL(n,C). Exploiting U

α
β as a vertical coordinates of F ,

we may assume that θα, (ω
α

β ), gαβ̄ , hαβ , T
α

β γ , N
α

β̄ γ̄
, Aα

β̄
, Bα

β are defined on F from the

equations (2.6)–(2.10). Moreover, if we denote π∗θ by θ , then from (2.1)–(2.5), we see that

dθ = igαβ̄θα ∧ θ β̄ + hαβθα ∧ θβ + hᾱβ̄θ ᾱ ∧ θ β̄ ,(2.11)

dθα = θβ ∧ ω
α

β + T
α

β γ θβ ∧ θγ + N
α

β̄ γ̄
θ β̄ ∧ θ γ̄ + Aα

β̄
θ ∧ θ β̄ + Bα

βθ ∧ θβ ,(2.12)

dgαβ̄ − ωαβ̄ − ωβ̄α = 0 ,(2.13)

gαβ̄ = gβ̄α, hαβ = −hβα , T
α

β γ = −T
α

γ β , N
α

β̄ γ̄
= −N

α

γ̄ β̄
,(2.14)

and

(2.15) Bαβ̄ = Bβ̄α

on F . Notice that we lower indices by gαβ̄ on F , that is, ωαβ̄ = ω
γ

α gγ β̄ and so on. We also
call (2.11) and (2.12) the structure equations for (M, θ).

Let

Ω ′ α
β = dω′ α

β − ω′ γ
β ∧ ω′ α

γ

on M and let

(2.16) Ω
α

β = dω
α

β − ω
γ

β ∧ ω α
γ

on F . By a straightforward computation, it turns out that

(2.17) Ω
α

β = (U−1)
γ
β Ω ′ σ

γ Uα
σ .

To simplify the notation, we introduce the following forms on F :

Θ = dθ − igαβ̄ θα ∧ θ β̄ = dθ − iθα ∧ θα

= hαβ θα ∧ θβ + hᾱβ̄ θ ᾱ ∧ θ β̄ ,

Θα = dθα − θβ ∧ ω
α

β
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= T
α

β γ θβ ∧ θγ + N
α

β̄ γ̄
θ β̄ ∧ θ γ̄ + Aα

β̄
θ ∧ θ β̄ + Bα

βθ ∧ θβ .

We define matrix-valued forms ω and Ω by

ω =
⎛

⎜
⎝

0 θα θ

0 ω
α

β iθβ

0 0 0

⎞

⎟
⎠ , Ω =

⎛

⎜
⎝

0 Θα Θ

0 Ω
α

β iΘβ

0 0 0

⎞

⎟
⎠ .

Then the equations (2.11), (2.12) and (2.16) are components of

dω − ω ∧ ω = Ω .(2.18)

Differentiating (2.18), we obtain the Bianchi identity:

dΩ − ω ∧ Ω + Ω ∧ ω = 0 .(2.19)

A differential form ϕ on F is said to be semi-basic if ιV ϕ = 0 for every vertical vector
V on F . By (2.17), we see that Ω

α
β is semi-basic. Therefore,

Ωαβ̄ = Rαβ̄μν̄θ
μ ∧ θ ν̄ + Pαβ̄μνθ

μ ∧ θν + Qαβ̄μ̄ν̄θ
μ̄ ∧ θ ν̄ + Sαβ̄μθ ∧ θμ + Wαβ̄μ̄θ ∧ θμ̄

for some functions Rαβ̄μν̄ , Pαβ̄μν , Qαβ̄μ̄ν̄ and Wαβ̄μ̄ on F , where Pαβ̄μν = −Pαβ̄νμ and
Qαβ̄μ̄ν̄ = −Qαβ̄ν̄μ̄. We call these functions the coefficients of the curvature tensor. Differen-
tiating (2.13), we see that

Ωαβ̄ + Ωβ̄α = 0 .

Equivalently,

Rαβ̄μν̄ = Rβ̄αν̄μ , Qαβ̄μ̄ν̄ = −Pβ̄αμ̄ν̄ and Wαβ̄μ̄ = −Sβ̄αμ̄ .(2.20)

REMARK 2.4. Let

Rμν̄ = R α
α μν̄ , Sμν̄ = R

α
μ αν̄

and let

R = Rμν̄g
μν̄ , S = Sμν̄g

μν̄

where (gμν̄) = (gμν̄)
−1. We call Rμν̄ and Sμν̄ the coefficients of the Ricci curvatures of the

first kind and the second kind, respectively. We also call R and S the scalar curvatures of the
first and the second kind, respectively. Note that the curvatures of the first and the second kind
coincide with each other if the almost CR structure is integrable, since in integrable case, we
have an additional symmetry relation for the curvature tensor that

Rαβ̄μν̄ = Rμβ̄αν̄ .

See [13] for details.
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3. Generalized Heisenberg groups and the main theorem. We first recall the def-
inition and fundamental properties of a family of homogeneous models with non-integrable
almost CR structure which was introduced in [7]. We denote by (t, z) = (t, z1, . . . , zn) the
standard coordinates of R × Cn. (n ≥ 2.) For any P = (Pαβ) ∈ so(n,C), the space of n × n

skew-symmetric complex matrices, we endow R × Cn with a Lie group structure ∗ = ∗P

defined by

(t, z) ∗ (t ′, z′) = (t + t ′ + 2Im
〈
z, z′〉− 2Re P(z, z′), z + z′)

where
〈
z, z′〉 is the usual Hermitian inner product of Cn and P(z, z′) is the skew-symmetric

bilinear operator defined by P = (Pαβ):

〈
z, z′〉 = δαβ̄zαz′β̄ , P (z, z′) = Pαβzαz′β .

We call HP = (R × Cn, ∗P ) the generalized Heisenberg group associated to P . Let

X′
α = ∂

∂zα
+
(
izᾱ + Pαβzβ

) ∂

∂t
.

Let J = JP be the almost CR structure defined by H1,0 bundle spanned by {X′
α : α =

1, . . . , n}. Then it turns out that:

(i) the vector field X′
α is left invariant with respect to the group operation ∗P for every

α = 1, . . . , n and the almost CR structure JP is strongly convex,
(ii) the almost CR structure JP is not integrable unless (Pαβ) = 0, while H0 is the classic

Heisenberg group,
(iii) if

θP = dt + 2Re
(
izαdzᾱ + Pαβzαdzβ

)
,

then θP is a contact form for the distribution H = Re H1,0 and is also left invariant.

From (i), (ii) and (iii), we see that (HP , θP ) is a homogeneous pseudo-Hermtian manifold
for every P ∈ so(n,C).

Taking exterior differentiation for θP , w have

dθP = 2iδαβ̄dzα ∧ dzβ̄ + Pαβdzα ∧ dzβ + Pᾱβ̄dzᾱ ∧ dzβ̄ .

Therefore, {θ ′α = √
2dzα} forms an admissible unitary coframe for the pseudo-Hermitian

manifold (HP , θP ). Since dθ ′α = ddzα = 0, we see that all torsion coefficients except
h′

αβ(= Pαβ) vanish identically, and that the connection 1-form and hence the curvature tensor
also vanish.

In fact, every HP has the map Λε defined by Λε(t, z) := (ε2t, εz) as its CR auto-
morphism, for every ε > 0. In particular, the CR automorphism group of HP acts on HP

non-properly. In [7], we have characterized HP with this property in low dimensional cases,
as a generalization of Schoen’s theorem [10].
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THEOREM 3.1 ([7]). Let M be a strongly pseudoconvex almost CR manifold of dimen-
sion 2n+1 = 5 or 7. Suppose that the CR automorphism group of M acts on M non-properly.
Then M is CR equivalent with HP for some P ∈ so(n,C) in case M is noncompact. If M is
compact, then the almost CR structure of M is integrable and M is CR equivalent with the
unit sphere S2n+1 in Cn+1.

Although every HP has Λε as its CR automorphism, the group of CR automorphisms of
HP for nonzero P is quite different with that of H0. It is very well-known (cf. [11]) that the
Lie algebra of CR automorphism group of H0 has a graded Lie algebra structure

g−2 ⊕ g−1 ⊕ g0 ⊕ g1 ⊕ g2

where, g−2 ⊕ g−1 is the subalgebra generating the translation which is isomorphic to the Lie
algebra of H0, g0 consists of vector fields generating Λε and the pseudo-Hermitian isotropy
group of (H0, θ0) which is isomorphic to U(n), and g1 ⊕ g2 generates CR isotropic automor-
phisms determined by the second order jet at the origin. (g0 ⊕ g1 ⊕ g2 is the Lie algebra of
Aut0CR(H0).) On the other hand, if P �= 0, then the group of CR automorphism fixing the
origin does not contain any CR automorphism determined by the second order jet. In fact,
it has been shown in [7] that the CR isotropy subgroup of HP is generated by Λε and the
pseudo-Hermitian isotropy subgroup of (HP , θP ) which is given by

Aut0(HP , θP ) = {U ∈ U(n) : Ut P U = P } .(3.1)

This difference between CR automorphism groups of H0 and HP is in fact a consequence of
the difference between pseudo-Hermitian automorphism groups of (H0, θ0) and (HP , θP ). To
see this difference locally, we introduce a notion of local infinitesimal automorphisms.

DEFINITION 3.2. A local vector field V ′ on a pseudo-Hermitian manifold (M,H,J, θ)

is called an infinitesimal pseudo-Hermitian automorphism if it generates a 1-parameter family
of local pseudo-Hermitian automorphisms, that is, V ′ is an infinitesimal pseudo-Hermitian
automorphism if and only if

LV ′θ = 0 , LV ′J = 0

(L denotes the Lie derivative). For p ∈ M , we denote by autp(M, θ) the Lie algebra of germs
of infinitesimal pseudo-Hermitian automorphisms at p and by Aut0p(M, θ) the subalgebra of
germs of infinitesimal pseudo-Hermitian automorphisms vanishing at p.

Note that LV ′J = 0 if and only if LV ′θ ′α ≡ 0 mod {θ ′β} for an admissible coframe
{θ ′α}.

In 1969, S. Tanno proved that only integrable models can admit maximal dimensional
space of infinitesimal pseudo-Hermitian automorphisms.

THEOREM 3.3 ([12]). Let (M, θ) be a (2n + 1)-dimensional pseudo-Hermitian man-
ifold. Then dim autp(M, θ) ≤ (n + 1)2. Moreover, if dim autp(M, θ) = (n + 1)2, then all
torsion coefficients and all coefficients of curvature tensors except Rαβ̄μν̄ vanish on π−1(p),
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and

Rαβ̄μν̄ = R

n(n + 1)
(gαβ̄gμν̄ + gαν̄gμβ̄ )

on π−1(p) for some real constant R. (R is the scalar curvature.) In other words, the germ of
(M, θ) is equivalent to one of the integrable homogeneous models of constant curvature.

Therefore, if the underlying almost CR structure of a (2n + 1)-dimensional pseudo-
Hermtian manifold (M, θ) is not integrable, then dim autp(M, θ) < (n+ 1)2. However, even
for the generalized Heisenberg group (HP , θP ), the dimension of pseudo-Hermitian automor-
phism group does not depend only on the dimension of HP but on the shape of P from (3.1).
This ambiguity disappears in case 2n + 1 = 5, since in this case, P is determined by a single
complex number P12. Note that if 2n+ 1 = 5 and P �= 0, then Aut(HP , θP ) is 8-dimensional
and is generated by

Aut0(HP , θP ) = {U ∈ U(2) : Ut P U = P } = SU(2)

and translations by the group operation of HP . With this observation, we state the main
theorem of this paper.

THEOREM 3.4 (Main Theorem). Let (M, θ) be a 5-dimensional pseudo-Hermitian
manifold with almost CR structure which is not integrable at p. Assume that
dim autp(M, θ) = 8. Then

(i) the almost CR structure of M is not partially integrable at p, and
(ii) aut0p(M, θ) ∼= su(2) as Lie algebras.

If we assume more that the characteristic vector field X′ is an element of autp(M, θ), then

(iii) all the coefficients of torsion tensors but (hαβ) vanish on π−1(p), and
(iv) all the coefficients of curvature tensors but Rαβ̄μν̄ vanish on π−1(p). Moreover,

Rαβ̄μν̄ = R

6
(gαβ̄gμν̄ + gαν̄gμβ̄ )

on π−1(p) for some real constant R.

Here, su(2) stands for the Lie algebra of SU(2), which is the algebra of trace-free 2 × 2
skew-Hermitian matrices. Note that HP is the flat model of Theorem 3.4.

We are focusing on 5-dimensional case, since this is the most fundamental case of non-
integrable model. But we are also interested in 5-dimensional case, since we can find another
model structure of 8-dimensional automorphism group. In case when the characteristic vec-
tor field belongs to autp(M, θ), we call it the characteristic automorphism. In the proof of
(iii) and (iv) in Theorem 3.4, the existence of characteristic automorphism is crucial. Then
one may ask if there exists a homogeneous model of pseudo-Hermitian manifold with 8-
dimensional automorphism group which does not contain the characteristic automorphism.
The following theorem is an answer to the question.
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THEOREM 3.5 (Spherical SU(3)-model). There exists a homogeneous pseudo-Hermi-
tian structure on the 5-dimensional sphere S5 with 8-dimensional automorphism group, which
does not admit the characteristic automorphism.

PROOF. The Cayley number system on R
8 induces a cross product structure × on R

7

and an almost complex structure J̃ on the six sphere S6 ⊂ R7. The almost complex structure
J̃ on S6 is defined by

J̃x(Y ) = x × Y

for every x ∈ S6 and Y ∈ TxS
6. See for instance [1, 6] for the fundamental geometric

properties of (S6, J̃ ). An expression of J̃ in terms of the Euclidean coordinates of R7 is given
as follows:

J̃x =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 −x4 −x7 x2 −x6 x5 x3

x4 0 −x5 −x1 x3 −x7 x6

x7 x5 0 −x6 −x2 x4 −x1

−x2 x1 x6 0 −x7 −x3 x5

x6 −x3 x2 x7 0 −x1 −x4

−x5 x7 −x4 x3 x1 0 −x2

−x3 −x6 x1 −x5 x4 x2 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

where x = (x1, . . . , x7) ∈ S6. For 0 ≤ r < 1, let

Sr = {x = (x1, . . . , x7) ∈ S6 : x7 = r}.
It is known that the holomorphic automorphism group of (S6, J̃ ) is isomorphic to the 14-
dimensional exceptional Lie subgroup G2 of SO(7) and the isotropy subgroup at x0 =
(0, . . . , 0, 1) is SU(3) = G2 ∩ SO(6). Note that this holomorphic isotropy subgroup acts
on Sr transitively for every r . Therefore, Sr is a homogeneous almost CR manifold for every
0 ≤ r < 1. Lehmann and Feldmueller ([8]) proved that a homogeneous integrable CR struc-
ture on the sphere of dimension ≥ 5 is the standard CR structure induced from the complex
structure of Cn and hence it is strongly pseudoconvex. On the other hand, the 5-sphere S0

contains S2 as a Riemann surface. Therefore, it turns out that the almost CR structures S0 and
hence Sr are not integrable for sufficiently small r , since the non-integrability is stable under
a small perturbation of the structure.

We first prove that in fact, the almost CR structure of Sr is non-integrable and strongly
pseudoconvex for every 0 < r < 1 by an explicit computation.

Let x = (x1, . . . , x6, r) ∈ Sr and let s =
√∑6

i=1(x
i)2 = √

1 − r2. Let

Y =
(

r

s
x1, . . . ,

r

s
x6,−s

)t

∈ TxS
6

be the unit tangent vector perpendicular to Sr and let

X′ = J̃xY = s−1(−x3,−x6, x1,−x5, x4, x2, 0)t .
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We denote by J the induced almost CR structure on Sr from J̃ . Let

X1 = (v1, x1, v3, 0, 0, 0, 0)t and X2 = (u1, 0, u3, 0, x1, 0, 0)t

where

v1 = − (x1)2x2 + x1x3x6

(x1)2 + (x3)2 , v3 = (x1)2x6 − x1x2x3

(x1)2 + (x3)2

and

u1 = x1x3x4 − (x1)2x5

(x1)2 + (x3)2 , u3 = −x1x3x5 + (x1)2x4

(x1)2 + (x3)2 .

Then X1 and X2 are in TxSr that are perpendicular to X′. Therefore,

Z′
1 = 1

2
(X1 − iJX1) and Z′

2 = 1

2
(X2 − iJX2)

form a local frame for (Sr , J ). Let

θ := 〈X′, ·〉
on Sr , where 〈·, ·〉 is the Euclidean inner product of R7. Then θ(Z′

α) = θ(Z ′̄
α) = 0, since the

Euclidean inner product is invariant under J -transformation. Let xR = (s, 0, 0, 0, 0, 0, r) ∈
Sr be a reference point. By a straightforward computation, we see that

[X1, JX1] = [X2, JX2] = −2sr
∂

∂x3 ,

[X1,X2] = [JX1, JX2] = 0 ,

[X1, JX2] = [JX1,X2] = −2s2 ∂

∂x3

at xR . Therefore,

[Z′
1, Z

′̄
1
] = −isr

∂

∂x3
= [Z′

2, Z
′̄
2
]

and [Z′
1, Z

′̄
2
] = [Z′

2, Z
′̄
1
] = 0 at xR. Since X′ = ∂/∂x3 at xR , this yields that Sr is strongly

pseudoconvex at xR if r > 0 and the Levi form g ′
αβ̄

for θ is

g ′
11̄

= g ′
22̄

= sr , and g ′
12̄

= 0 .

Note that Sr and θ is invariant under the action of SU(3) = G2 ∩ SO(6), since J̃ is invariant
under G2 action. Therefore, we conclude that (Sr , θ) is a pseudo-Hermitian manifold which
is homogeneous by the 8-dimensional Lie group SU(3) action for every 0 < r < 1. Moreover,

[Z′
1, Z

′
2] = 1

4
[X1 − iJX1,X2 − iJX2]

= 1

4
([X1,X2] − [JX1, JX2]) − i

4
([X1, JX2] + [JX1,X2])

= is2 ∂

∂x3
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at xR . Therefore,

h′
12(xR) = −θ [Z′

1, Z
′
2] = −is2 ,

and this implies that the almost CR structure J is not partially integrable. Since
dim autxR(Sr , θ) < 9 by Theorem 3.3, we see that

autxR (Sr , θ) � su(3) .

To see that the characteristic vector field X′ is not an infinitesimal automorphism, it
suffices to show that (A′α

β̄
) �= 0 by Theorem 3.4. Note that at xR, X1, JX1,X2, JX2 form

an orthogonal set of norm s with respect to the Euclidean inner product of R7. Therefore, if
we denote the admissible coframe of Z′

1, Z
′
2 for θ by θ ′1, θ ′2, then

θ ′α = 2

s2 〈Z ′̄
α, ·〉

at xR . From the structure equation,

A′α
β̄ = dθ ′α(X,Z ′̄

β
) = −θ ′α[X,Z ′̄

β
] = − 2

s2
〈Z ′̄

α, [X,Z ′̄
β
]〉

at xR for every α, β = 1, 2. Then by a straightforward computation, we can see that

(A′α
β̄) = 3i

2

(
0 −1
1 0

)

at xR. This yields the conclusion that the pseudo-Hermitian manifold (Sr , θ) does not admit
local automorphisms generated by the characteristic vector field for every 0 < r < 1. �

4. Prolongation of infinitesimal automorphisms.
4.1. Canonical lift. Let V ′ is a vector field on M . A vector field V on F is called a

lift of V ′ if

π∗(V ) = V ′ .

PROPOSITION 4.1. Let V ′ be an infinitesimal automorphism. Then there exists a lift
V uniquely determined by

LV θ = 0, LV θα = 0 .(4.1)

PROOF. Let {X′,X′
α,X′̄

α} be the dual frame of {θ, θ ′α, θ ′ᾱ} on M and let {X,Xα,Xᾱ,

E
β

α ,E
β̄

ᾱ
} be the dual frame for {θ, θα, θ ᾱ, ω

α
β , ω

ᾱ

β̄
} on F . Let

V ′ = v′X′ + v′αX′
α + v′ᾱX′̄

α

and let

V = vX + vαXα + vᾱXᾱ + v
α

β E
β

α + v
ᾱ

β̄
E

β̄

ᾱ
.

From the fact that dπ(V ) = V ′, we see that

v = v′, and vα = v′βU
α

β .(4.2)
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Therefore, it can be immediately seen that LV θ = 0 on F if and only if LV ′θ = 0 on M .
Moreover, LV θα = 0 if and only if

E
β

γ (vα) + vβδα
γ = 0 , E

β̄

γ̄
(vα) = 0 ,(4.3)

X(vα) − Aα

β̄
vβ̄ − Bα

βvβ = 0 ,(4.4)

Xβ̄(vα) − 2N
α

β̄ γ̄
vγ̄ + Aα

β̄
v = 0 ,(4.5)

and

v
α

β = Xβ(vα) − 2T
α

β γ vγ + Bα
βv .(4.6)

The equation (4.3) follows immediately from (4.2) and the fact that

E
α

β = −U α
γ

∂

∂U
β

γ

.

Equations (4.4) and (4.5) are the consequences of LV ′θ ′α ≡ 0 mod {θ ′β} on M . Therefore,
the lift V satisfying (4.1) is uniquely determined by (4.2) and (4.6). �

We call the lift V of an infinitesimal automorphism V ′ determined by (4.1) the canonical
lift of V ′.

COROLLARY 4.2. Let V be the canonical lift of an infinitesimal automorphism V ′ of
(M, θ). Then

LV ω = 0(4.7)

on F .

PROOF. Let ϕt be the 1-parameter family generated by V . From (4.1), we see

ϕ∗
t θ = θ , ϕ∗

t θα = θα .(4.8)

Differentiating (4.8),

dθ = i(ϕ∗
t gαβ̄)θα ∧ θ β̄ + (ϕ∗

t hαβ)θα ∧ θβ + (ϕ∗
t hᾱβ̄ )θ ᾱ ∧ θ β̄ ,

dθα = θβ ∧ φ∗
t ω

α
β + (ϕ∗

t T
α

β γ )θβ ∧ θγ + (ϕ∗
t N

α

β̄ γ̄
)θ β̄ ∧ θ γ̄

+ (ϕ∗
t Aα

β̄
)θ ∧ θ β̄ + (ϕ∗

t Bα
β)θ ∧ θβ .

Since the coefficients of the Levi form and the connection 1-form are determined uniquely by
the structure equations, we have

ϕ∗
t gαβ̄ = gαβ̄ , ϕ∗

t ω
α

β = ω
α

β .(4.9)

Therefore, ϕ∗
t θα = ϕ∗

t (gβ̄αθ β̄ ) = θα, and hence ϕ∗
t ω = ω. Differentiating this equation, we

achieve the conclusion. �
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Let

FV = ιV ω =
⎛

⎜
⎝

0 vα v

0 v
α

β ivβ

0 0 0

⎞

⎟
⎠ .

Then

0 = d(ιV ω) + ιV (ω ∧ ω + Ω) = dFV + [FV ,ω] + ιV Ω(4.10)

where the bracket [·, ·] denotes the commutator between matrices.

Since (4.10) is a complete system of PDE’s for V in the sense of [5], the germ of an
infinitesimal automorphism V ′ at p ∈ M is completely determined by the value of V , the
canonical lift of V ′ at a point u ∈ π−1(p). In fact, the map

autp(M, θ) � [V ′] → V (u) ∈ TuF

is a linear injective homomorphism.
4.2. Fundamental properties for canonical lifts of infinitesimal automorphisms.

We call an admissible coframe {θ ′α} unitary if the corresponding coefficients of the Levi form
is (δαβ̄). We denote by F̃ the bundle of admissible unitary coframes. Then π : F̃ → M is the
U(n)-reduction of π : F → M . Then the structure equation (2.18) and the Bianchi identity
(2.19) are still valid for F̃ . Moreover, the canonical lift V of an infinitesimal automorphism
V ′ to F̃ is also uniquely determined by (4.1) or (4.7) which are equivalent to (4.10). From
now on, we make use of this U(n)-reduction for simplicity. Then we always have

gαβ̄ = δαβ̄

and

ω
α

β = ωβᾱ = −ωᾱβ = −ω
β̄

ᾱ
.

Moreover, if we denote by X,Xα,Xᾱ,E
β

α the dual vectors of θ, θα, θ ᾱ, ω
α

β on F̃ , then

obviously, E
β

α = −E
ᾱ

β̄
and a tangent vector V ∈ TuF̃ has a unique expression V =

vX + vαXα + vᾱXᾱ + v
α

β E
β

α for some v ∈ R, vα ∈ C and (v
α

β ) ∈ u(n).

PROPOSITION 4.3. Let V be the canonical lift of an infinitesimal automorphism V ′ to
F̃ . Then

V hαβ = V T
α

β γ = V N
α

β̄ γ̄
= V Aα

β̄
= V Bα

β = 0 ,

and

V R
α

β μν̄ = V P
α

β μν = V S
α

β μ = 0 .
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PROOF. Since LV ω = 0,

LV Ω = LV (ω ∧ ω + Ω) = LV dω = dLV ω = 0 .

Equivalently, we have

LV Θ = 0 , LV Θα = 0 , and LV Ω
α

β = 0 .

Therefore, V hαβ = 0 since

0 = LV Θ = LV (hαβθα ∧ θβ + hᾱβ̄θ ᾱ ∧ θ β̄) = (V hαβ)θα ∧ θβ + (V hᾱβ̄ )θ ᾱ ∧ θ β̄ .

(Recall that LV θα = 0.) Other identities follow from LV Θα = 0 and LV Ω
α

β = 0. �

We introduce an equivalence relation ∼: Let Φ and Ψ be differential forms on F̃ . We
write Φ ∼ Ψ if Φ −Ψ is semi-basic, that is, the interior product of Φ −Ψ with E

α
β vanishes

identically for every α, β = 1, . . . , n.
Let us consider the component

dΘ = iθα ∧ Θα − iΘα ∧ θα(4.11)

of the Bianchi identity (2.19). Since the right hand side is semi-basic, we have

0 ∼ dΘ = d
(
hαβθα ∧ θβ + hᾱβ̄ θ ᾱ ∧ θ β̄

)

∼ (∇hαβ

) ∧ θα ∧ θβ +
(
∇hᾱβ̄

)
∧ θ ᾱ ∧ θ β̄

where

∇hαβ = dhαβ − ω γ
α hγβ − ω

γ
β hαγ

the covariant derivative of hαβ . Therefore, we see that ∇hαβ is semi-basic. Let

∇hαβ = hαβ;0θ + hαβ;γ θγ + hαβ;γ̄ θ γ̄

and let

V = vX + vγ Xγ + vγ̄ Xγ̄ + v
α

β E
β

α

be the canonical lift of an infinitesimal automorphism V ′ to F̃ where v ∈ R, vγ ∈ C and

v
α

β = vβᾱ = −vᾱβ = −v
β̄

ᾱ
. Since V hαβ = 0,

0 = V hαβ = (∇hαβ + ω γ
α hγβ + ω

γ
β hαγ

)
(V )(4.12)

= (v hαβ;0 + vγ hαβ;γ + vγ̄ hαβ;γ̄ ) + v γ
α hγβ + v

γ
β hαγ .

From (2.19), we also have

dΘα − θβ ∧ Ω
α

β + Θβ ∧ ω
α

β = 0 .(4.13)

Since Ω
α

β is semi-basic,

0 ∼ dΘα + Θβ ∧ ω
α

β
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∼
(
∇T

α
β γ

)
∧ θβ ∧ θγ +

(
∇N

α

β̄ γ̄

)
∧ θ β̄ ∧ θ γ̄ +

(
∇Aα

β̄

)
∧ θ ∧ θ β̄ +

(
∇Bα

β

)
∧ θ ∧ θβ

where

∇T
α

β γ = dT
α

β γ − ω
σ

β T α
σ γ + ω α

σ T
σ

β γ − ω σ
γ T

α
β σ ,

∇N
α

β̄ γ̄
= dN

α

β̄ γ̄
− ω

σ̄

β̄
N α

σ̄ γ̄ + ω α
σ N

σ

β̄ γ̄
− ω

σ̄
γ̄ N

α

β̄ σ̄
,

∇Aα
β̄

= dAα
β̄

+ ω α
σ Aσ

β̄
− ω

σ̄

β̄
Aα

σ̄ ,

∇Bα
β = dBα

β + ω α
σ Bσ

β − ω
σ

β Bα
σ ,

the covariant derivatives of torsion coefficients. Therefore, ∇T
α

β γ , ∇N
α

β̄ γ̄
, ∇Aα

β̄
and ∇Bα

β

are all semi-basic. We denote the coefficients of the covariant derivatives by adding subscripts

after semicolon as before. From V T
α

β γ = V N
α

β̄ γ̄
= V Aα

β̄
= V Bα

β = 0 we also have

0 = (T
α

β γ ;0v + T
α

β γ ;μvμ + T
α

β γ ;μ̄vμ̄) + v
σ

β T α
σ γ − v α

σ T
σ

β γ + v σ
γ T

α
β σ ,(4.14)

0 = (N
α

β̄ γ̄ ;0v + N
α

β̄ γ̄ ;μvμ + N
α

β̄ γ̄ ;μ̄vμ̄) + v
σ̄

β̄
N α

σ̄ γ̄ − v α
σ N

σ

β̄ γ̄
+ v

σ̄

γ̄ N
α

β̄ σ̄
,(4.15)

0 = (Aα

β̄;0v + Aα

β̄;γ vγ + Aα

β̄;γ̄ vγ̄ ) − v α
σ Aσ

β̄
+ v

σ̄

β̄
Aα

σ̄ ,(4.16)

0 = (Bα
β;0v + Bα

β;γ vγ + Bα
β;γ̄ vγ̄ ) − v α

σ Bσ
β + v

σ
β Bα

σ .(4.17)

Finally, from

dΩ
α

β − ω
γ

β ∧ Ω α
γ + Ω

γ
β ∧ ω α

γ = 0 ,(4.18)

the component of (2.19), we see that ∇R
α

β μν̄ , ∇P
α

β μν and ∇S
α

β μ are also semi-basic, where

∇R
α

β μν̄ = dR
α

β μν̄ − ω
σ

β R α
σ μν̄ + ω α

σ R
σ

β μν̄ − ω σ
μ R

α
β σ ν̄ − ω σ̄

ν̄ R
α

β μσ̄ ,

∇P
α

β μν = dP
α

β μν − ω
σ

β P α
σ μν + ω α

σ P
σ

β μν − ω σ
μ P

α
β σν − ω σ

ν P
α

β μσ ,

∇S
α

β μ = dS
α

β μν − ω
σ

β S α
σ μ + ω α

σ S
σ

β μ − ω σ
μ S

α
β σ .

Therefore, from V R
α

β μν̄ = V P
α

β μν = V S
α

β μ = 0, we have

0 = (R
α

β μν̄;0v + R
α

β μν̄;γ vγ + R
α

β μν̄γ vγ̄ )

+v
σ

β R α
σ μν̄ − v α

σ R
σ

β μν̄ + v σ
μ R

α
β σ ν̄ + v σ̄

ν̄ R
α

β μσ̄ ,(4.19)

0 = (P
α

β μν;0v + P
α

β μν;γ vγ + P
α

β μν;γ̄ vγ̄ )

+v
σ

β P α
σ μν − v α

σ P
σ

β μν + v σ
μ P

α
β σν + v σ

ν P
α

β μσ ,(4.20)

0 = (S
α

β μ;0v + S
α

β μ;μvμ + S
α

β μ;μ̄vμ̄) + v
σ

β S α
σ μ − v α

σ S
σ

β μ + v σ
μ S

α
β σ .(4.21)

We have proved the following proposition.
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PROPOSITION 4.4. Let V be the canonical lift of an infinitesimal automorphism V ′.
Related with the coefficients of torsion and curvature tensors, V satisfies the linear equations
(4.12), (4.14), (4.15), (4.16), (4.17), (4.19), (4.20) and (4.21).

5. Proof of the main theorem. In this section, we complete the proof of Theorem
3.4. Let (M, θ) be a pseudo-Hermitian manifold and let p ∈ M . We have already seen that
for a fixed u ∈ π−1(p), the map

autp(M, θ) � [V ′] → V (u) ∈ TuF̃
is a linear injective homomorphism, where V is the canonical lift of V ′. Therefore, we may
regard autp(M, θ) as a linear subspace of TuF̃ . Under this identification, aut0p(M, θ) is a
subspace of the vertical space

Vu = {Z ∈ TuF̃ : dπ(Z) = 0} .

Now assume that dim M = 5 and dim autp(M, θ) = 8. Then since dim aut0p(M, θ) ≤
dimVu = 4, either dim aut0p(M, θ) = 4, or dim aut0p(M, θ) = 3 in the case autp(M, θ) is
transverse to Vu.

5.1. CASE 1: dim aut0p(M, θ) = 4. We show that this case does not happen by prov-
ing the next proposition.

PROPOSITION 5.1. Let (M, θ) be a pseudo-Hermitian manifold of dimension 2n + 1.
If dim aut0p(M, θ) = n2, then the almost CR structure of M is integrable at p.

PROOF. Since aut0p(M, θ) is a subspace of Vu
∼= u(n), we see that aut0p(M, θ) =

u(n) from the assumption. Therefore, V = v
α

β E
β

α ∈ aut0p(M, θ) ⊂ autp(M, θ) for every

(v
α

β ) ∈ u(n) and hence

v γ
σ (δσ

α hγβ + δσ
β hαγ ) = 0

at u by (4.12). Since (v
α

β ) ∈ u(n) is arbitrary, this implies that

δσ
α hγβ + δσ

β hαγ = 0 .

Contracting σ and γ , we deduce that

hαβ + hαβ = 2hαβ = 0

at u. Therefore, hαβ = 0 on π−1(p). Similarly, by (4.15), we see that

δβ
σ N

α
ρ̄ γ̄ + δγ

σ N
α

β̄ ρ̄
+ δα

σN
ρ

β̄ γ̄
= 0

on π−1(p). Contracting ρ and σ , we have

N
α

β̄ γ̄
+ N

α

β̄ γ̄
+ N

α

β̄ γ̄
= 3N

α

β̄ γ̄
= 0

on π−1(p). Therefore the almost CR structure of M is integrable at p. �

5.2. CASE 2: dim aut0p(M, θ) = 3.
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PROPOSITION 5.2. Let (M, θ) be a (2n+1)-dimensional pseudo-Hermitian manifold.
Then the restriction of the linear homomorphism autp(M, θ) � [V ′] → V (u) ∈ TuF̃ to
aut0p(M, θ) induces a Lie algebra homomorphism into u(n) ∼= Vu.

PROOF. Let V ′ = vX′+v′αX′
α+v′ᾱX′̄

α be an infinitesimal automorphism with V ′(p) =
0. Then from (4.6),

v
α

β = Xβ(vα)

on π−1(p), where V = vX + vαXα + vᾱXᾱ + v
α

β E
β

α , since v = vα = 0 on π−1(p).

Therefore, if we denote by W ′ = wX′ + w′αX′
α + w′ᾱX′̄

α the Lie bracket [U ′, V ′] for a pair
U ′, V ′ of infinitesimal automorphisms vanishing at p, it suffices to show that

Xβ(wα) = Xβ(uγ )Xγ (vα) − Xβ(vγ )Xγ (uα)(5.1)

on π−1(p). By straightforward computations, we see that

Xβ(v) = (U−1)
γ

β X′
γ (v) ,(5.2)

Xβ(vα) = (U−1)
ρ

β X′
ρ(v′σ )U α

σ , Xβ̄(vα) = (U−1)
ρ̄

β̄
X′̄

ρ(v′σ )U α
σ(5.3)

on π−1(p) for every infinitesimal automorphism V ′ with V ′(p) = 0. By the first equation of
(5.3), the equation (5.1) is equivalent to

X′
β(w′α) = X′

β(u′γ )X′
γ (v′α) − X′

β(v′γ )X′
γ (u′α)(5.4)

at p. To prove (5.4), we first observe that

w′α = uX′(v′α) − vX′(u′α) + u′βX′
β(v′α) − v′βX′

β(u′α)

+u′β̄X′̄
β
(v′α) − v′β̄X′̄

β
(u′α) + Q ,

where Q consists of quadratic terms in u′, v′, u′α, v′α . This yields that

X′
β(w′α) = X′

β(u)X′(v′α) − X′
β(v)X′(u′α)

+X′
β(u′γ )X′

γ (v′α) − X′
β(v′γ )X′

γ (u′α) + X′
β(u′γ̄ )X′̄

γ (v′α) − X′
β(v′γ̄ )X′̄

γ (u′α)

at p, since u(p) = v(p) = u′α(p) = v′α(p) = 0. Therefore, the equation (5.4) will follow, if
we show that

X′
β(v) = X′̄

β
(v′α) = 0(5.5)

at p for every infinitesimal automorphism V ′ with V ′(p) = 0. From (4.7), we see that the
canonical lift V of V ′ satisfies

dv + ivαθα − iθαvα + ιV Θ = 0(5.6)

and

dvα + vβω
α

β − θβv
α

β + ιV Θα = 0 .(5.7)
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From (5.6) and (5.7),

Xβ(v) = ivβ − 2hαβvα = 0

and

Xβ̄(vα) = 2N
α

β̄ γ̄
vγ̄ − Aα

β̄
v = 0 ,

since v = vα = 0 on π−1(p). The above identities yield (5.5) by (5.2) and (5.3). �

Therefore, if dim M = 5 and dim aut0p(M, θ) = 3, then aut0p(M, θ) can be regarded as a
3-dimensional subalgebra of u(2). Note that u(2) contains only one 3-dimensional subalgebra,
which is su(2). This implies the assertion (ii) of Theorem 3.4.

Equation (4.12) implies that

v γ
α hγβ + v

γ
β hαγ = 0

for every (v
α

β ) ∈ su(2) = aut0p(M, θ). This is equivalent to

(v 1
1 + v 2

2 )h = 0(5.8)

where h = h12 = −h21. But this is always satisfied for every h ∈ C, since (v
α

β ) ∈ su(2).

LEMMA 5.3.

T
α

β γ = N
α

β̄ γ̄
= 0(5.9)

for every α, β, γ = 1, 2.

PROOF. Equations (4.14) and (4.15) imply that

v
σ

β T α
σ γ − v α

σ T
σ

β γ + v σ
γ T

α
β σ = 0

and

v
σ̄

β̄
N α

σ̄ γ̄ − v α
σ N

σ

β̄ γ̄
+ v

σ̄

γ̄ N
α

β̄ σ̄
= 0

for every (v
α

β ) ∈ su(2). Then we see that

v 1
1 T 1

1 2 + v 1
2 T 2

1 2 = 0 , v 1
1 N 1

1̄ 2̄
+ v 1

2 N 2
1̄ 2̄

= 0

for every v 1
1 ∈ iR and v 1

2 ∈ C. This yields the conclusion. �

Since we assume that the almost CR structure of M is not integrable at p, we see that
h �= 0 at u and hence on π−1(p). This implies the assertion (i) that the almost CR structure
is not partially integrable at p.

From now on, we assume that the characteristic vector field is an infinitesimal automor-
phism, that is, V = v X ∈ autp(M, θ) for every v ∈ R.

LEMMA 5.4.

Aα
β̄

= Bα
β = 0(5.10)

on π−1(p) for every α, β = 1, 2.
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PROOF. From (4.16) and (4.17),

v
σ̄

β̄
Aα

σ̄ = v α
σ Aσ

β̄
, v

σ
β Bα

σ = v α
σ Bσ

β

for every (v
α

β ) ∈ su(2). This is equivalent to

A1
1̄

= A2
2̄

= 0 , A1
2̄

= −A2
1̄

=: A

and

B1
2 = B2

1 = 0 , B1
1 = B2

2 =: B

for some A ∈ C and B ∈ R.
Let V = v X for a given v ∈ R. Then from (4.12), we see that v hαβ;0 = 0. Since v is

arbitrary, this implies that

hαβ;0 = 0(5.11)

on π−1(p). Thanks to (5.9) and (5.11), we see that the equation (4.11) induces the following
relations among h, A and B by comparing the type of each term.

B = i(h̄A − hA) , A = i(2hB + h12;0) = 2ihB .

Plugging the second equation to the first one,

B = −4|h|2B ,

which implies the assertion that A = B = 0. �

Lemma 5.3 and Lemma 5.4 yield the assertion (iii).

LEMMA 5.5. All the covariant derivatives of hαβ , T
α

β γ , N
α

β̄ γ̄
, Aα

β̄
, Bα

β vanish on

π−1(p).

PROOF. Since autp(M, θ) is transverse to the vertical space Vu, for every v ∈ R, vα ∈
C, there exists (v

α
β ) ∈ u(2) such that V = vX + vαXα + vᾱXᾱ + v

α
β E

β
α ∈ autp(M, θ).

Then by (4.14) and Lemma 5.3, we have

T
α

β γ ;0v + T
α

β γ ;μvμ + T
α

β γ ;μ̄vμ̄ = 0 .

Since v ∈ R and vμ ∈ C are arbitrary, this yields that ∇T
α

β γ = 0. Repeating this argument

for N
α

β̄ γ̄
, Aα

β̄
and Bα

β , we see that

∇N
α

β̄ γ̄
= ∇Aα

β̄
= ∇Bα

β = 0

on π−1(p).
It remains to prove that ∇hαβ = 0 on π−1(p). We have already hαβ;0 = 0 as in (5.11).

Note that from Equation (4.11) we can reduce

hαβ;γ̄ = −2iTαγ̄β − 2N σ̄
α βhσ̄ γ̄ .
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Lemma 5.3 implies that hαβ;γ̄ = 0 on π−1(p). Thus it suffices to show that hαβ;γ = 0 on
π−1(p)

Since aut0p(M, θ) = su(2) is the algebra of trace-free elements of u(2), for each (vα) ∈
C2, there exists unique V (v) = vγ Xγ + vγ̄ Xγ̄ + v

α
β E

β
α ∈ autp(M, θ) such that both

v 2
1 = −v 1

2 and v 2
2 are zero at u. We consider the value of v 1

1 at u as a iR-valued function
with variable (vα) ∈ C

2. Applying V (v) to (4.12),

vγ hαβ;γ = −v σ
α hσβ − v

σ
β hασ .(5.12)

In case of α = β, we have vγ hαα;γ = 0 for each (vα) ∈ C2 so that hαα;γ = 0. For α �= β,
we consider only

vγ h12;γ = −v 1
1 h12 = −v 1

1 h .

The value vγ h12;γ at u is a complex linear functional of (vα) ∈ C2, but −v 1
1 h at u is not

complex linear because v 1
1 is iR-valued. This means that v 1

1 = 0 and vγ h12;γ = 0 for each
(vα). Therefore we conclude that hαβ;γ = 0. �

In the final step of proof above, we show that v 1
1 = 0 for V ; thus

PROPOSITION 5.6. For any v ∈ R and (vα) ∈ Cn, V = vX + vαXα + vᾱXᾱ belongs
to autp(M, θ).

Applying this Proposition to (4.19)–(4.21), we get

LEMMA 5.7. All the covariant derivatives of Rαβ̄μν̄ , Pαβ̄μν , Sαβ̄μ vanish on π−1(p).

Lemma 5.3, Lemma 5.4 and Lemma 5.5 imply that

Θα = 0 , dΘα = 0

on π−1(p). Therefore, (4.13) is reduced to

θβ ∧ Ω
α

β = 0 .

Equivalently,

Pαβ̄μν = Sαβ̄μ = 0 , and Rαβ̄μν̄ = Rμβ̄αν̄ .(5.13)

From (4.19), we see

v
σ

β R α
σ μν̄ − v α

σ R
σ

β μν̄ + v σ
μ R

α
β σ ν̄ + v σ̄

ν̄ R
α

β μσ̄ = 0

for every (v
α

β ) ∈ su(2). Via component-wise computation, it turns out that

R11̄12̄ = R11̄21̄ = R12̄11̄ = R21̄11̄ = R12̄22̄ = R21̄22̄ = R22̄12̄ = R22̄21̄ = 0 ,

R12̄12̄ = R21̄21̄ = 0 ,

R12̄21̄ = R21̄12̄, R11̄22̄ = R22̄11̄ ,

R11̄11̄ = R22̄22̄ = R12̄21̄ + R11̄22̄ .
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From the last equation of (5.13), we also have

R12̄21̄ = R11̄22̄ .

Altogether, we conclude that

Ωαβ̄ = Rαβ̄μν̄θ
μ ∧ θ ν̄

where

Rαβ̄μν̄ = R

6
(δαβ̄δμν̄ + δαν̄δμβ̄)

on π−1(p). This completes the proof of the assertion (iv).

6. Remarks on the higher dimensional cases. One of key points for proving Lemma
5.3, Lemma 5.4 and Lemma 5.5 is that SU(2) is sufficiently large in the sense that this group
acts on S3 transitively. Thus we can generalize these lemmata.

PROPOSITION 6.1. Let (M, θ) be a (2n + 1)-dimensional pseudo-Hermitian mani-
fold whose almost CR structure is not partially integrable at p ∈ M . If Aut0p(M, θ) acts
transitively on the holomorphic sphere SHp = {v ∈ Hp : ‖v‖ = 1}, then n = 2k and
aut0p(M, θ) ∼= sp(k) = u(2k) ∩ sp(k,C). If we additionally assume that the characteristic
vector field belongs to autp(M, θ), then

(i) all the coefficients of torsion tensors but (hαβ) vanish on π−1(p), and
(ii) all the coefficients of curvature tensors but Rαβ̄μν̄ vanish on π−1(p). Moreover,

Rαβ̄μν̄ = R

n(n + 1)
(gαβ̄gμν̄ + gαν̄gμβ̄ )

on π−1(p) for some real constant R.

PROOF. A smallest subgroup of U(n) acting transitively on the sphere S2n−1 is SU(n)

if n �= 2k and Sp(k) if n = 2k (see [9]). But the isotropy group Aut0p(M, θ) should be a

subgroup of {U = (U
β

α ) ∈ U(n) : U
μ

α U
ν

β hμν(p) = hαβ(p)}. Since (hαβ(p)) is non-
zero by assumption, the possible case is that skew-symmetric matrix (hαβ(p)) has the same
non-zero eigenvalues with respect to (gαβ̄(p)) so that n = 2k and Aut0p(M, θ) ∼= Sp(k).

Now we may let (hαβ(p)) = λ
(

0 I−I 0

)
and

aut0p(M, θ) = sp(k) =
{(

U S

−S U

)

: U ∈ u(k), St = S

}

.(6.1)

Taking V = (
iI 0
0 −iI

)
and V = (

0 I−I 0

)
in aut0p(M, θ), we get Lemma 5.3, Lemma 5.4 and

Lemma 5.5, except the vanishing of hαβ;γ at π−1(p). By the concrete form of sp(k) as

in (6.1), for each v = (vα) ∈ C
2k, there is unique V (v) = vγ Xγ + vγ̄ Zγ̄ + v

α
β E

β
α ∈

autp(M, θ) with

(v
α

β ) =
(

U W

−W
t

0

)
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where U ∈ u(k) and W is strictly upper-triangular. The matrix expression of the complex
linear functional (5.12) is

(vγ hαβ;γ ) = −λ

(
U W

−W
t

0

)(
0 I

−I 0

)

− λ

(
0 I

−I 0

)(
Ut −W

Wt 0

)

= λ

(
W − Wt −U

Ut W
t − W

)

.

Then all entries of both W −Wt and W
t −W = −(W − Wt) are complex linear for v ∈ C

2k;
thus W − Wt = 0 for all v. Since each W is strictly upper-triangular, W = 0. Consider
u(k)-valued complex linear functional U . The skew-Hermitian condition of U means that
each entry of U can not be complex linear, so that U = 0. Therefore vγ hαβ;γ = 0 for every
v ∈ C2k . This concludes Lemma 5.5 and Proposition 5.6 �

Note that this is not a local characterization of pseudo-Hermitian structure by the maxi-
mality of dimension of automorphism group, even in the case of n = 2k. Consider generalized
Heisenberg group (HP , θP ) of dimension 2n + 1 with n = 8. If all Pαβ are vanishing except
P12 = −P21, then Aut0(HP , θP ) = Sp(1) ⊕ U(6) and its dimension is 39. If all eigenvalues
of (Pαβ) are the same non-zero constant, then Aut0(HP , θP ) = Sp(4) is of 36-dimensional.
Hence the assumption in Proposition 6.1 does not imply the maximality of the automorphism
group.
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[ 2 ] A. ČAP AND H. SCHICHL, Parabolic geometries and canonical Cartan connections, Hokkaido Math. J. 29
(2000), 453–505.

[ 3 ] E. CARTAN, Sur la géométrie pseudo-conforme des hypersurfaces de l’espace de deux variables complexes,
Ann. Mat. Pura Appl. 11 (1933), 17–90.

[ 4 ] S. S. CHERN AND J. K. MOSER, Real hypersurfaces in complex manifolds, Acta Math. 133 (1974), 219–271.
[ 5 ] C.-K. HAN, Complete differential system for the mappings of CR manifolds of nondegenerate Levi forms,

Math. Ann. 309 (1997), 401–409.
[ 6 ] R. HARVEY AND H. B. LAWSON JR. Calibrated geometries, Acta Math. 148 (1982), 47–157.
[ 7 ] J.-C. JOO AND K.-H. LEE, Subconformal Yamabe equation and automorphism groups of almost CR mani-

folds, J. Geom. Anal. 25 (2015), 436–470.
[ 8 ] R. LEHMANN AND D. FELDMUELLER, Homogeneous CR-hypersurface-structures on spheres, Ann. Scuola

Norm. Sup. Pisa Cl. Sci. (4) 14 (1987), 513–525.
[ 9 ] D. MONTGOMERY AND H. SAMELSON, Transformation groups of spheres, Ann. of Math. (2) 44 (1943),

454–470.
[10] R. SCHOEN, On the conformal and CR automorphism groups, Geom. Funct. Anal. 5 (1995), 464–481.
[11] N. TANAKA, On non-degenerate real hypersurfaces, graded Lie algebras and Cartan connection, Japan. J.

Math. (N.S.) 2 (1976), 131–190.
[12] S. TANNO, The automorphism groups of almost contact Riemannian manifolds, Tohoku Math. J. (2) 21 (1969),

21–38.
[13] S. M. Webster, Pseudo-Hermitian structures on a real hypersurface, J. Differential Geom. 13 (1978), 25–41.



510 J.-C. JOO AND K.-H. LEE

DEPARTMENT OF MATHEMATICS AND STATISTICS

KING FAHD UNIVERSITY OF PETROLEUM

AND MINERALS

DHAHRAN 31261
KINGDOM OF SAUDI ARABIA

E-mail address: jcjoo@kfupm.edu.sa

DEPARTMENT OF MATHEMATICS

AND RESEARCH INSTITUTE OF NATURAL SCIENCE

GYEONGSANG NATIONAL UNIVERSITY

JINJU, GYEONGNAM, 660–701
KOREA

E-mail address: nyawoo@gnu.ac.kr



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 1
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ARA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /BGR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHT (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CZE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DAN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ENU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ESP (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ETI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /FRA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /GRE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HEB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HRV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HUN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ITA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /KOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LTH (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LVI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NLD (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /POL (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /PTB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUM (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SKY (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SLV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SUO (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SVE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /TUR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /UKR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFFff08682aff0956fd969b6587732e53705237793e306e51fa529b6a5f306b90693057305f002000410064006f0062006500200050004400460020658766f830924f5c62103057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e30593002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


