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Abstract. The 2-parameter family of certain homogeneous Lorentzian 3-manifolds
which includes Minkowski 3-space, de Sitter 3-space, and Minkowski motion group is consid-
ered. Each homogeneous Lorentzian 3-manifold in the 2-parameter family has a solvable Lie
group structure with left invariant metric. A generalized integral representation formula which
is the unification of representation formulas for minimal timelike surfaces in those homoge-
neous Lorentzian 3-manifolds is obtained. The normal Gaufl map of minimal timelike surfaces
in those homogeneous Lorentzian 3-manifolds and its harmonicity are discussed.

Introduction. In [5], the author considered the 2-parameter family of 3-dimensional
homogeneous spacetimes R3(xY, x!, x?), 9(u1.12)) With Lorentzian metric

sy = —(dx®)* + e_zmxo(dxl)2 + e_zﬂzxo(dxz)z.

Every homogeneous Lorentzian manifold in this family can be represented as a solvable ma-
trix Lie group with left invariant metric

1 0 0 x°
0
0 eMHt¥ 0 Xl 0 1 2
G(ut, u2) = 0 0 em® 2 xt,x*eR

0 o0 0 1

As special cases, this family of homogeneous Lorentzian 3-manifolds include Minkowski 3-
space [E3, de Sitter 3-space S? (c?) of constant sectional curvature ¢ as a warped product
model, and S% (c?) x E!, the direct product of de Sitter 2-space S%(cz) of constant curvature
¢? and the real line E'. (In fact, Minkowski 3-space and de Sitter 3-space are the only ho-
mogeneous Lorentzian 3-manifolds in this family that have a constant sectional curvature.)
These three spaces may be considered as Lorentzian counterparts of Euclidean 3-space E3,
hyperbolic 3-space H3(—c?) of constant sectional curvature —c2, and H?(—c2) x E!, the
direct product of hyperbolic plane H?(—c?) of constant curvature —c? and the real line E!,
respectively, of Thurston’s eight model geometries [8]. In [5], the author obtained a gen-
eralized integral representation formula which is the unification of representation formulas
for maximal spacelike surfaces in those homogeneous Lorentzian 3-manifolds. In particu-
lar, the generalized integral formula includes Weierstraf3 representation formula for maximal
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spacelike surfaces in Minkowski 3-space studied independently by O. Kobayashi [4] and L.
McNertney [7], and Weierstral} representation formula for maximal spacelike surfaces in de
Sitter 3-space.

In this paper, the author obtains a generalized integral representation formula which is
the unification of representation formulas for minimal timelike surfaces in those homoge-
neous Lorentzian 3-manifolds. In particular, the generalized integral formula includes Weier-
straf} representation formula for minimal timelike surfaces in Minkowski 3-space ([3], [6]) and
Weierstral} representation formula for minimal timelike surfaces in de Sitter 3-space. The har-
monicity of the normal Gaufl map of minimal timelike surfaces in G (i1, ) is also discussed.
It is shown that Minkowski 3-space G (0, 0), de Sitter 3-space G(c, c), and Minkowski motion
group G(c, —c) are the only homogeneous Lorentzian 3-manifolds among the 2-parameter
family members G (@1, ;2) in which the (projected) normal Gaufl map of minimal timelike
surfaces is harmonic. The harmonic map equations for those cases are obtained.

1. Solvable Lie group. In this section, we study the two-parameter family of certain
homogeneous Lorentzian 3-manifolds.
Let us consider the two-parameter family of homogeneous Lorentzian 3-manifolds

M (RGO x 6%, g ) | (1, 112) € R}
where the metric g(,,,u,) is defined by
) Gy ) = —(dx"? + 725 (dx")? 4 722 (dx?)? .
PROPOSITION 1.1. Each homogeneous space (R3, g, uy)) is isometric to the follow-
ing solvable matrix Lie group:

1 0 0 xY

0
0 et 0 x!
0 )co,xl,)c2 eR
0 0 et 2

0 0 0 1

G(u1, w2) =

with left invariant metric. The group operation on G (w1, (2) is the ordinary matrix multipli-
cation and the corresponding group operation on (R, (. 0)) 1S given by

(xo, xl,xz) . (560, i1 )22) = (xO +70 x4 e“‘xoil, x4 e“”oiz) .
PROOE. Fora = (ao, al, az) € G(u1, n2), denote by L; the left translation by a. Then
Lgl(xo, Lt = @0+ 40 eta’y 1 +al, eH2a” 2 +a%)
and
ng(m,uz) - _ {d(xo ~|—a0)}2 _I_e_Q.l,Ll(_xO-’—aO){d(e'u]anl _I_al)}z
4 o2 g (2”2 4 g2))2

= — (@x"? 4 72 (@x")? 4 722 (dx?)?.



MINIMAL SURFACES IN A HOMOGENEOUS (2+1)-SPACETIME 623

The Lie algebra g(ut1, 12) is given by

0 0 0 O
0wy 0 ! 0.1 .2
= R
(3) g(:ul’ H’Q.) O 0 /J«2y0 y2 y 7y ay €
0 0 0 0
We take the following basis {Eg, E1, E2} of g(i1, (2):
0 0 0 1 00 0O 0 00O
0 gy 0 O 00 0 1 0 0 0O
()Ooomo’l 0000 2" fooo01
0 0 0 O 00 0O 0 0 0O
Then the commutation relation of g(xt1, ©2) is given by
[E1, E2] =0, [E2, Eo]l = —u2kE2, [Eo, E1] = ni Ey .
The left translation of Eg, Ey, E, are the vector fields ey = %, el = e’“}‘()%, e =
e’ %, respectively such that
(€0, e0) = =1, (e1,e1) =(ez,e2) =1,

(ei,ej)zo ifi;éj.

That is, {eg, e1, e} forms a Lorentzian frame field on (R3 , 9(uy,10))- Hence we see that
{Eo, E1, E2} forms an orthonormal basis for g(u1, (2).

For X € g(u1, u2), denote by ad(X)* the adjoint operator of ad(X) i.e. it is defined by
the equation

(ad(X)(Y), Z) = (¥, ad(X)*(2))

forany Y, Z € g(u1, n2). Here ad(X)(Y) = [X, Y] for X, Y € g. Let U be the symmetric
bilinear operator on g(u1, () defined by

1
UX,Y):= E{ad(X)*(Y) +ad(Y)"(X)}.
LEMMA 1.2. Let {Ey, E1, E2} be the orthonormal basis for g(iu1, u2) defined in (4).

Then
U(Ey, Eo) =0, U(Ey, E1) = u1Eo, U(E2, E2) = ua ko,

231 M2
U(Ep, E1) = 7E1 , U(E1,E2) =0, U(E, Ep) = 7E2-

Let ® be a simply connected domain and ¢ : ® —> G(u1, 42) an immersion. ¢
is said to be timelike if the induced metric / on © is Lorentzian. The induced Lorentzian
metric / determines a Lorentz conformal structure C;y on ®. Let (¢, x) be a Lorentz isothermal
coordinate system with respect to the conformal structure C;. Then the first fundamental form
I is written in terms of (¢, x) as

5) [ = e®(—dt* +dx?).
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The conformality condition is given in terms of (¢, x) by
dp 0
op d¢ —0.
ot ax
_ (29 3¢\ _ [0 9e\ _ o
ot ot ox’ dx '

A conformal timelike surface is called a Lorentz surface. Letu :=t + x and v := —¢ + x.
Then (u, v) defines a null coordinate system with respect to the conformal structure C;. The
first fundamental form 7 is written in terms of (u, v) as

(6)

@) I = e“dudv .
The partial derivatives g—‘,f and g—‘l’j are computed to be

ap 1 /dp d¢ ap 1 dp  Jdo
8 —=—|—=+=), —==\-———+=—] .
®) ou 2<8t+8x) v 2 8t+8x

The conformality condition (6) can be written in terms of null coordinates as
dgp d¢ d¢ e\ _,
ou’ du v’ v ’

dp Jdo L,
—,— )= <e”.
ou v 2

DEFINITION 1.3. Let®(z, x) be a simply connected domain. A smooth timelike im-
mersion ¢ : ® —> G(u1, (2) is said to be harmonic if it is a critical point of the energy
functional'

(10) E((/))=/ e(p)dtdx,
D

©)

where e(p) is the energy density of ¢

1 _, 0@ 2 _ 8<p2
11 =_J—lp7 1= e I
(11) e(p) 2{ ‘w o ‘ o
_ 2 Ry 2 _ Y
|¢’ 1_83(5 =<¢ 1_%f’¢ —3‘p><0and |¢’ 1_a(p| —<¢ 1%"/’ 1_3f>>0’ 50 e(¢) > 0 and

hence E(¢) > 0.

LEMMA 1.4. Let® be a simply connected domain. A smooth timelike immersion ¢ :
D —> G(u1, u2) is harmonic if and only if it satisfies the wave equation

9 ([ _0¢ el _109
a1 (‘0 8t)+8x (‘0 ox
e\ (i dp 99\ 109
_ad (o122 199 alo-122 1993\ _ o
{ 4 <‘0 8t> (‘0 8t>+a <‘p ox ) \? ox

IThis is an analogue of the Dirichlet energy.

12)
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PROOF. Let g5, s € (—¢, €) be a smooth variation of ¢ = ¢g such that ¢5|3o = ¢|yo,
where 09 is the boundary ®. Let

d _
A=—(p "o ls=0 1 D —> 911, 12) -

d d _10¢ _100
~E = (= 177 , 177
a5 L (@e)ls=0 /@{ <ds <‘p at)‘s_o ¢ az>
d _109 _109
— — , — )¢ dtd
+ <ds ((0 8x> 5=0 ¢ 8x>} *
_1 09 oA _,0¢
_ _ 177 177

0 A 0
+ w_l—(p,A + — ,go_l—(p dtdx
X 0x 0x

le-b 6226
() () (e

This completes the proof. |

In terms of null coordinates u, v, the wave equation (12) can be written as

0 _1 0@ 0 _1 0@ 10 _; 0@
13 o)+ L (o) 2u (o' o122 =
13 u (‘” 8v>+8v <‘p Bu) <‘p o’ v

Let 9~ 'dg = o’du + o dv. Then the equation (13) is equivalent to
(14) o, +a, =20, d").

The Maurer-Cartan equation is given by

(15) o), —a, =[o,a"].

The equations (14) and (15) can be combined to a single equation
1
(16) a,=U(,a") + E[a’, a’l.

The equation (16) is both the integrability condition for the differential equation ¢ ~'dgp =
a’du + o” dv and the condition for ¢ to be a harmonic map.
The Levi-Civita connection V of G (i1, (2) is computed to be
Vepeo =0, Veer = —uier, Veer = —uzer,
Veieo = —pier, Veer = —pieg, Veer =0,

Ve,e0 = —p2ez, Ve,e1 =0, Ve,ea = —p2e.
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Let K (e;, ej) denote the sectional curvature of G(u1, (u2) with respect to the tangent plane
spanned by ¢; and e; fori, j = 0, 1,2. Then
(17) K(e1,e2) = g"' Ry = pipsa,

K(eo, e3) = ¢" R}y = 13,

where gi;j = g(u,,0)(€i, ej) denotes the metric tensor of G(u1, u2). Hence, we see that
G (i1, n2) has constant sectional curvature if and only if ,u% = M% = 2. Ifc:= 1 =
W2, then G (w1, pp) is locally isometric to S% (c?), the de Sitter 3-space of constant sectional
curvature c2. (See Example 1.6 and Remark 1.7.) If u; = —ua, then w1 = pp = 0, so
G(u1, n2) = G(0, 0) is locally isometric to ]E? (Example 1.5).

EXAMPLE 1.5 (Minkowski 3-space). The Lie group G(0, 0) is isomorphic and iso-
metric to the Minkowski 3-space

E} = R x', x%), 4)
with the metric —(dx%)% 4+ (dx1)? + (dx?)2.
EXAMPLE 1.6 (de Sitter 3-space). Take u; = u2 = ¢ # 0. Then G(c, ¢) is the flat
chart model of the de Sitter 3-space:
SHeDs = R xt 12, —@x®? + 72 (dx")? + (@xP)?)).

REMARK 1.7. Let ]E‘l1 be the Minkowski 4-space. The natural Lorentzian metric (-, -)
of E‘l1 is expressed as

() = —(du®? + (du")? + (@u?)? + (du®)?

in terms of natural coordinate system @, u', u? u®). The de Sitter 3-space S%(cz) of
constant sectional curvature c¢> > 0 is realized as the hyperquadric in ]E‘f:

S = (@’ u' i 0’y € BY 0 =) + ) + ) + ) = 1/¢%).
The de Sitter 3-space S% (c?) is divided into the following three regions:
S?(c2)+ ={® u', u® u’) € S?(cz) e +ul) > 0);
ST =@’ u',u, u?) € S}(c?) : u® +u' = 0};
S?(cz)_ ={® u', u® u’) € S%(cz) e +ul) <0y

S3(c?) is the disjoint union S3(c?)4 + S3(c?)o + S3(c?)— and S3(c?)+ are diffeomorphic to
R3. Let us introduce a local coordinate system (xo, xi, x2) by
witl

1 .
0 _ 0 1 _ -
X _Zlogc(u +u), xf_m, (G=12).
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This local coordinate system is defined on S3 (cz)Jr The induced metric of 83 (c?)4 is ex-
pressed as:

_ —(dx0)2 +e2cx0{(dxl)2 + (dxz)z}'

The chart (83 (c®) 4, go) is tradmonally called the flat chart of S3 (c2) in general relativity [2].
The flat chart is identified with a Lorentzian manifold

+0
Rj(c?) := (R, —(dx")? + & {(dx")? + (dxD)*)
of constant sectional curvature c2. This expression shows that the flat chart is a warped product

E} X f]E2 with warping function f (x9 = ¢ In particular, S? (c?)4 is a Robertson-Walker
spacetime.

EXAMPLE 1.8 (Direct product E! x R%(cz)). Take (1, n2) = (0,c) with ¢ # 0.
Then the resulting homogeneous spacetime is R with metric:

—(dx0)2+(dx1)2+e_2”‘0(dx2)2,
or equivalently,
(dxl)z _ (dx0)2 + e—Zch(dx2)2 .

Hence G(0, c) is identified with the direct product of the real line E! (x!) and the warped
product model

RY(?) = R, 2%), —(@x")? + 72" (dx?)?)
of S%(c2)+. Here, R%(cz) denotes the flat chart model of S%(cz). Thus G(0, ¢) is identified
with E! x R% (c?). Note that G(0, ¢) is a warped product with trivial warping function.

EXAMPLE 1.9 (Homogeneous spacetime G(c, —c)). Letu; =c, ur = —c with ¢ #
0. Then the resulting homogeneous spacetime G(c, —c) is the Minkowski motion group
E(1, 1) with the Lorentzian metric:

_ (dx())z + e—2cx0 (dxl)z + e2cx0 (dx2)2 .
2. Integral representation formula. Let (i, v) be a simply connected domain and

¢ 1D —> G(u1, 42) an immersion. Let us write ¢(u, v) = @O, v), xt(u, v), x2(u, v)).
Then

/ _18(/)
o =@ a
(18) ! )
= ax _|_a_e H1x E1~|—8—e pox? E,
8u ou u
and
_109
" = 1%
19
19 ax? ax! ax2

= avl’j —i—a—e ,LL]X E1+a—e sz E2
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It follows from (14) that

LEMMA 2.1. ¢ is harmonic if and only if it satisfies the following equations:

32x0 axlax! , o ax? ax? 0
— = T o x LT o2 ) —
<M1 u av * il au v * ) ’

oudv
32x! ax%ax!  ax%ax!
20 — — 4+ ——1]=0,
20) dudv “1<au v T o 8u>
8%x? ax0 9x2 " ax0 9x? —0
audv 2\ Bu av v ou )
The exterior derivative d is decomposed as

d=29 + 8”,
where 8’ = a%du and 3" = %d v with respect to the conformal structure of ©. Let

9 0
(% = aidu =9'xY,
u

@%" = aaiodv =9"x",
v

— i x0 0
(a)l)’ = X a’xl, (a)z)’ = H2¥ B’xz,
0 0
( 1)// e H1¥ 8”)61, ( 2)// e H2x gl 2'

Then by Lemma 2.1, the 1-forms (w;)’, (w;)”, i = 0, 1, 2 satisfy the differential system:

@1 30" = 1@ A (@) + pa(@® A (@*),
(22) 3" (@) = i@ A (@), i =1,2,
(23) 0'(@")" = @) A @)+ pa(@®) A @)
(24) 3 (@) = pi(@) A", i=1,2.

PROPOSITION 2.2. If (w;), (w;)”, i =0, 1, 2 satisfy (21)-(24) on a simply connected
domain ®. Then

(25) (p(u’ U) — /((wo)/’ ellleo(wl)/’ e,U-ZXO (w2)/) + /((wo)//’ ellleo(a)l)//’ e,U-ZXO(a)Z)//)
is a harmonic map into G (1, 12).
Conversely, if {(w;)’, (w;)” :i =0, 1, 2} is a solution to (21)-(24) and
—(@") ® (") + (") ® (") + (@) ® (@) =0,
~(@9)"® @)+ @) ® @)+ @) ® @) =0

on a simply connected domain ®, then ¢(u, v) in (25) is a weakly conformal harmonic map
into G(u1, o). In addition, if

27) —(@%) ® (@) + (" ® (@) + (@Y & (*)" #0,

(26)
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then ¢ (u, v) in (25) is a minimal timelike surface in G (w1, (12).

3. Normal GauB map. Lety:® — G(u1, u2) be a Lorentz surface i.e. a confor-
mal timelike surface. Take a unit normal vector field N along ¢. Then by the left translation
we obtain the smooth map

o7 'N D — Si(D),
where
S21) = {uPEo + u' Ey + u?Ez - —®)? + @")? + @H? = 1} C g(u1, 1)

is the de Sitter 2-space of constant GauBian curvature 1. The Lie algebra g(u1, o) is iden-
tified with Minkowski 3-space Ef (uO, ul, uz) via the orthonormal basis {Eg, E1, E2}. Then
smooth map @~ N is called the normal Gauf§ map of ¢. Let ¢ : ©® — G (i1, 12) be a min-
imal timelike surface determined by the data ((«°)’, (@), (@?)") and ((0°)”, (@")", (@*)").
Write (')’ = &E'du and (0')” = n'dv,i =0, 1, 2. Then
I=2(=(@" ® @)+ (@) ® @) + (@) ® (@)

(28) 0.0 1,1 2.2
=2(=&"n"+&n +&n)dudv.

The conformality condition (26) can be written as
29) —EN+EN+E =0,
-+ @+ mH* =0.

It follows from (29) that one can introduce pairs of functions (g, f) and (r, g) such that

- 0 £l
q=@, f=&-£&,
(30 )
r:ﬂ0+771’ g=_(’70+771)

In terms of (g, f) and (r, ), ¢, v) = (x°u, v), x'(u, v), x2(u, v)) is given by Weierstrafl
type representation formula

O, v) = %/(1 +¢?) fdu— (1 +rHgdv,
31 xMu,v) = —%eﬂlx(’("-“ /(1 —g) fdu+ (1 -r?)gdv,

x2(u, v) = —ehax W) / qfdu +rgdv
with first fundamental form

(32) I =0+4qr)fgdudv.
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REMARK 3.1. In the study of minimal timelike surfaces in Minkowski 3-space, one
may assume that f = g = 1 so that (31) reduces to a simpler form called the normalized
Weierstraf3 formula. This is possible as there are no restrictions on f and ¢ other than f and
¢ being Lorentz holomorphic and Lorentz anti-holomorphic respectively. (See [3] and [6].)
However, this is not the case with minimal timelike surfaces in de Sitter 3-space as we will
see later.

It turns out that the pair (g,r) is the Normal GauB map ¢~ !N projected into the
Minkowski 2-pane ]E% To see this, first the normal Gaull map is computed to be

1
(33) o 'N= [(g—r)Eo+ (g +rE+ (gr — DE].
qr +1

Let o : S%(l) \(x2 =1} — Ef \ H(l) be the stereographic projection from the north pole
N = (0,0, 1). Here, H is the hyperbola

B = OB +x By € B ~0% 4+ ()2 = 1),

Then
0 1

(34) onOCEo +x By + x2Ey) = — E0 4
1 —x2 1 —x2

So, the normal GauB map ¢~ ! N is projected into the Minkowski plane E% via par as

E'.

q-—r q+r

(35) oo !N = "o Eo+ " —E € Ei(.x).
In terms of null coordinates (u, v), (35) is written as
(36) pn o9 !N =(g,r) €Eiu,v).

The pair (q, r) is called the projected normal Gaufs map of ¢. It follows from (21) and (22)
that

9g0
- = i €' pan?e?,
(37) v
0! i0
—=wné,i=12.
ov
Using (37), we obtain
of  0g%  og!
(38) v dv av
M1 2
= 7(1 —r)fg+uaqrfg
and
9E2 20f
dq _ _wf =8
(39) v f?
M1 J7%)
= -l - r?)g + - (- qirg.
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It follows from (23) and (24) that

8770

e = &t + wgn?,
(40) o

a—”u— En0 i =12

Using (40), we obtain

(41) u  ou du
M1 2
= —7(1 —q)f9—wnaqrfyg
and
a2
or_ Sy
(42) du 92
= SH1—ghrf =B =r)f .
REMARK 3.2. Setting f = g = 1, we obtain from (38), (39), (41), and (42)
M
(43) pagr=——-(1 - r?),
dq 23 2 m2 2
44 —~=—""(1- ey
(44) ™ 2( r)q+2( qr
and
M
(45) pagr=——-(1 - 7.
or i 2 n2 2
4 —="1- — 2240 =19,
(46) 0 2( qr 261( ro)

It follows from (43) and (45) thatg = +r. Let u; = up = ¢ # 0. If g = r then g—z =¥ =,
This means that ¢ = r is a constant, say A. By (31) ¢ is computed to be

1 1 1.
o (u, v) =(5<1 + A (u —v), —Ee%“”’*z)w—“)(l — AHu+v),

_ e%c(l-‘:—Az)(u—v)(u 4 U))

or
0(t, x) = (1 4+ A2)r, —eCUHAD . pec(I+AN1 41y
This surface cannot be minimal as it is not conformal. If ¢ = —r 7 0 then from (44) and (46)
we obtain the separable differential equations
1 ad
@7 l )

gi—g)ov
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1 or

@ =) ou

(47) has solution

(49) =2 = Awe,
14+g¢g

where A(u) > 0 is a Lorentz holomorphic function. (48) has solution

1—r

50 —— = B(v)e™,
(50) N1ty (v)e
where B(v) > 0 is a Lorentz anti-holomorphic function. Since ¢ = —r, (50) can be written
as

1 i
1) g [~T9 — e

l—gq
(49) and (51) yield

> = —Aw)B@)e ™™ < 0.
This case cannot occur as ¢ is a real-valued function.

As seenin Section 1, G(0, 0) = E? and G(c,c) = S? (c?) are the only cases of solvable
Lie group G (i1, o) with constant sectional curvature.

REMARK 3.3. For G(0,0) = E3,

B d
 _d%_
ov av
8g_ or _
du  du

That is, f,q are Lorentz holomorphic and ¢, r are Lorentz anti-holomorphic. From (31),
we retrieve the Weierstral3 representation formula ([3], [6]) for minimal timelike surface
o, v) = (x°u, v), x'(u, v), x*(u, v)) in E3 given by

xo(u, V) = %/(l +q2)fdu - +r2)gdv,
(52) xl(u,v)=—%/(1—q2)fdu+(l—r2)gdv,

x2(u,v) = —/qfdu +rgdv.

REMARK 3.4. If w1 = u2 = ¢ # 0, then (39) and (42) can be written respectively as

0 X

(53) £= cgr —q)(1+qr),
or )

(54) L - +qr).

u 2
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If g is Lorentz holomorphic,theng = r or 1+gr = 0. If 14+gr = Othen / = 0. ¢ = r cannot
occur as discussed in Remark 3.2. Hence, g cannot be Lorentz holomorphic for minimal
timelike surfaces in Si (c?).. For the same reason, r cannot be Lorentz anti-holomorphic for
minimal timelike surfaces in S? ().

From here on, we assume that g2 1 and r2 # 1. It follows from (38), (39), (41), and
(42) that the projected normal Gaull map (g, r) satisfies the equations

9q il =r?) +2u0gr  dq g
dudv  —pu1g(l —r?) + ua(1 — g)r du dv
(55) (W2 =31 —g>H A +rg ar dq
[—1g (1 = r2) + po(1 — ¢Arll—p1(1 — ¢2)r + pag (1 — r2)] du dv
=0
and
9%r uni(l — qz) + 2uagr Jar or
wdu  —p1 (1 —g2r + pag(1 — r2) ou dv
(56) 1 =121 +gHA —rdr dr dg
[—u1(1 = gDr + g (1 — r)1[—p1g(1 — r2) + pa(l — ¢2)r] du dv
=0.

The equations (55) and (56) are not the harmonic map equations for the projected normal
Gaul map (g, r) in general. The following theorem tells under what conditions they become
the harmonic map equations for (g, r).

THEOREM 3.5. The projected normal Gauf3 map (q, r) is a harmonic map if and only
ipr% = u%. If w1 = w2 # 0 then (55) and (56) reduce to

92 1—r242 9g 0

(57) 4 e L . T
udv (1 —qg»r—q( —r2) du dv
92 —1=¢3 =2 ar o

(58) T (1—g*)—2qr oror —0

wdu (1 —q2)r —q(1 —r2) du dv
(57) and (58) are the harmonic map equations for the map

2dadp
(I—a?)p—a(l — /32)) '

(q,r): D(u,v) — (E%(a, B),

If ;11 = — o then (55) and (56) reduce to

92 —1=rH+2 9g 9

(59) 1 A-rD+2ar 9499 _
udv (1 —qg>r4+q(0 —r2) 9u dv
92 —1=¢3+2 ar o

(60) ’ (=g)+2qr oror_,

dvou (1 —q2)r +q(1 —r2) ou 0v
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(59) and (60) are the harmonic map equations for the map

2dadp )
(I—a)p+a(l-pH/)"
PROOF. The tension field 7(g, r) of (¢, r) is given by ([1], [9])

(q,7r): D(u,v) — (E%(a, B),

9%g dg dg 9%r g or 8r>
61 =47 —— 4+, L1, ——,
®1) v(q.n) <8u3v ey 50 Gou T P ou ow

where A is a parameter of conformality. Here, Iy, I’ égﬁ are the Christoffel symbols of
E%(a, B). Comparing (55), (56) and 7(gq,r) = 0, we see that (55) and (56) are the har-
monic map equations for (g, r) if and only if M% = ,u%. In order to find a metric on E% (o, B)
with which (55) and (56) are the harmonic map equations, one needs to solve the first-order

partial differential equations

ro — gap 998
“ Ja
1— B%+2ap .
(1—a2)B—a(l — B2 if ur=u2#0,
—(1— %) +20p ” o
(62) 1—a®)p+al—p? M1 = =2,
b = gap 3ap
BB 3B
—(1—a?) —2a8

—ahp—ati—pn | MTH2E0
—(1 —a?) +2ep

T—edprai—py M7

The solutions are given by

(63)
1
(I—aM)p—a =B | i mr=pu2 #0,
0
(1 —a®)B —a(l —B2)
(9ap) =
1
0 1 —a?)B+a(l—p2)
1 « o it w=—u.
0
(I—a®)B+a(l—p?)
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REMARK 3.6. Clearly, the projected normal Gaull map (g, r) of a minimal timelike
surface in G(0, 0) = ]E% satisfies the wave equation

(64) O(g,r) =0,
where O denotes the d’ Alembertian

o[ 3% 3 , 92
65 O=A"|\—-—+— | =4\~ .
(65) < 012 + 8x2> udv

REMARK 3.7. Theorem 3.5 tells that Minkowski 3-space G(0,0) = E?, de Sitter
3-space G(c,c) = S?, and G(c, —c) = E(1, 1) are the only homogeneous 3-dimensional
spacetimes among G (i1, (£2) in which the projected normal Gaufl map of a minimal timelike
surface is harmonic.
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